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ABSTRACT

We apply the theory of saturated logarithmic de Rham—-Witt complexes to prove the
log crystalline comparison of Aj,-cohomology in the case of semistable reduction.

1. Introduction

Let X be a formal scheme over O¢ with semistable reduction', where C' is a completed algebraic
closure of a finite extension of Q. Let k£ = O¢/mo,, = O% /mobC be the residue field of O¢.
Write X for the formal log scheme with the divisorial log-structure from its mod p fiber Xo, /.-
In [BMS18], Bhatt-Morrow-Scholze constructs a cohomology theory RI'A, (X) valued in the
derived category of Fontaine’s period ring A, = W((’)bc), which interpolates various p-adic
cohomology theories. We shall briefly review their construction below in Section 3 and refer the
reader to [BMS18] and [CK17] for more detail.

This paper studies the specialization of the Aj,s-cohomology RI's. (X) along the base change
~ —1
0 : W(OL) — W(k), obtained by the Witt vector functoriality from the map O% — k “*— k.

Theorem 1 There is a Frobenius compatible quasi-isomorphism
~L
RFAinf(%)@)Ame(k) = erog—criS(ﬁ/W(k))v

relating the specialization of R 4, (%) to W (k) with the log crystalline cohomology of the special
fiber of X over k. Here the (derived) completion on the left is p-adic.

This result has recently been obtained by Cesnavicius and Koshiwara [CK17] from an “ab-
solute” crystalline comparison over A.s, generalizing [BMS18]. In our approach, we avoid the
comparison over the larger ring Ays, and directly analyze the base change to W (k).

The key ingredient we use to prove Theorem 1 is the theory of saturated logarithmic de
Rham—Witt complexes developed in [Yaol9b]. When X has good reduction over O¢, Theorem
1 is proved in [BLM18] as an application of the saturated de Rham-Witt complexes without
log structures. However, in the semistable case, the nontrivial log structures impose additional
difficulties, as it is not clear how to read off the logarithmic data from the A;,;-cohomology. In
the rest of the introduction we outline the proof of Theorem 1.

We first recall the theory of saturated log de Rham—Witt complexes. Let N be a monoid and
equip k with a log structure N — k where N\{0} — 0. Let R = (R, M) be a log algebra over
k = (k,N). Let DA°8P be the category of log Dieudonné algebras, which consists of commutative
differential graded algebras (A*, d), equipped with a Frobenius map F, a log structure L and a log
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derivation §, satisfying dF = pFd,0F = pF¢ and other compatibility relations (see Section 2).
Also recall the décalage operator 7, on a p-torsion free cochain complex A*, giving a sub-complex
np(A*) C A* defined by
npA" = {x € p'A’|dx € p"TT AT

For each p-torsion free object A* in DA°®P there is a morphism ¢p : A* — np(A*) of log
Dieudonné algebras. If ¢ turns out to be an isomorphism, then A* is naturally equipped with
the Verschiebung maps V. The full subcategory DA;’f’p of strict log Dieudonné algebras consists
of log Dieudonné algebras A* € DA8 such that ¢p is an isomorphism and A* is complete with
respect to the V-filtration (see Section 2). The saturated log de Rham-Witt complex Ww}, Jk is

a certain “initial object” in DA%, The main result of [Yaol9b] is the following.

Theorem 2 ([Yaol9b]) Let X be a coherent log scheme over k. There is an étale sheaf Ww
valued in log Dieudonné algebras, such that on a local chart R = (R, M) of X, there is a canonical
F and V' compatible isomorphism of cdga’s Ww*ﬂ/b — I'(Spec R, Ww*&/b)' Suppose that X is
log-smooth of log-Cartier type, then Ww&/k agrees with the Hyodo—Kato complex and computes
the log crystalline cohomology RI'iog-cris(X /W (E)).

We need another ingredient. Consider the category DC of Dieudonné complexes, which are
cochain complexes equipped with Frobenius maps (satisfying the usual relation dF = pFd). As
before, we have a full subcategory DCg consisting of strict Dieudonné complexes. Denote by
lA)(Zp)L"P the Ln,-fixed points in derived p-complete Z,-modules.

Theorem 3 ([BLM18]) The canonical functor DCgsy — lA?(Zp)L”P is an equivalence of cate-
gories. In particular, objects in D(Zp)L"P admit canonical cochain representatives.

Now we return to the setup of Theorem 1 and let k = (k, Oc\{0}). Denote by X the adic
generic fiber of X over C. Recall from [BMS18] the definition of AQy := Ln,(Rvy Ainfx.), where
Ln, is the derived décalage operator with p := [e] — 1 € Ajng, v 1 (X0)proet — Xt is the nearby
cycle map (see Section 3), and Ajpx, = W(@;rcb) is the basic period sheaf constructed in [Sch13].
The sheaf Ajufx, is equipped with a natural Frobenius, which induces a Frobenius ¢ on AQx
and the Ajpg-cohomology RI'a, (%) := RI'(X¢, AQx).

The first issue we need to overcome (in attempting to invoke Theorem 2) is that X is not
a coherent log scheme (hence not log-smooth over k). This turns out not to be a serious issue
once we work with small enough local charts for Xj. More precisely, we shall prove Theorem 1
by restricting to small enough affine opens Spf S € X¢ which admit semistable coordinates (see
Subsection 3.1). For such S, let AQg := RI'(Spf S, AQx) € D(Ain). Write S, = S ®o,, k where
S is equipped with the divisorial log structure from its mod p fiber Spec S/p. Theorem 1 will
follow from the following key local statement.

Theorem 4 There is a canonical Frobenius-compatible quasi-isomorphism
« ~ ~L
Ww&/k — AQS®Aian(k)'
For this we first construct a quasi-isomorphism
~L ~ ~L
AQs®y, W(k) = Lny(AQs@y, W (k)).

This puts AQS<§>21MW(I€) in the category lA)(Zp)L”P7 so we get a strict Dieudonné algebra A% by
the discussion above. To upgrade A% to a log Dieudonné algebra is more subtle compared to the
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non-logarithmic setting, since it is difficult to read off log structures from the derived category
(for example we do not know a version of Theorem 2.8 that takes log structures into account).
To remedy this, we first fix a choice of semistable coordinates O : S® — S, from which one
obtains a chart (S, M D) for the log structure where MY is particularly simple. Using explicit
computations for this chart, we are able to define log structures and log derivations on A% :

oF MY =AY 5P MY AL

This way, Ag becomes a strict log Dieudonné algebra. From the universal property of saturated
log de Rham—Witt complexes, we get a map of strict log Dieudonné algebras

O . * *

The upshot is that, even though the logarithmic data depend on coordinates, on the underlying
complex the morphism ™5 does not depend on this choice. In other words, we have

Proposition 5 As a morphism of Dieudonné algebras, the map T° is independent of the choice
of semistable coordinates. In particular, ignoring log structures on both sides, we get a canonical
isomorphism T : ngk/k — AS of Dieudonné algebras.

Remark 6 The final step replies on the Hodge-Tate (and de Rham) comparison (Theorem 3.7)
of Aing-cohomology. In fact, we only need to analyze ASQdg along the Hodge—Tate specialization
Ain — Oc, instead of objects such as AQdg @ Ag?s) (see [CK17]). Moreover, our approach sees

no difference in treating formal schemes of semistable type or generalized semistable type.

Remark 7 In a forthcoming paper we give another proof of Theorem 1, by constructing a func-
torial map from RI‘(bg_)Cris(iOC/p) to RFAinf(%)@)L Acris- The map we construct there goes in the
opposite direction compared to the one used in [BMS18] and [CK17]. Moreover, our construction
is enough to recover most of the results in loc.cit., including the By, comparison theorem (in fact
in a slightly more general setting). See [Yao19a] and the introduction thereof.

Outline of the paper

In Section 2 we briefly recall the theory of saturated log de Rham—-Witt complexes, and state the
precise versions of Theorem 2 and 3. In Section 3 we recall the construction of Aj,s-cohomology
via perfectoid spaces following [BMS18] and [CK17], and carry out some local computations in
an example of the standard semistable reduction. Section 4 is the technical core of the paper,
where we prove the main following the strategy outlined above.

Conventions

We use the language of derived co-categories in the article, where we mostly follow the conventions
of Section 10 of [BLM18]. In particular, for a commutative ring A, we use D(A) to denote the
derived oco-category of A-modules and identify the usual (triangulated) derived category D(A)
with the homotopy category of D(A). For log geometry we follow the conventions of summarized
in the appendix of [Yaol9b] and freely use results there.
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2. Saturated log de Rham—Witt complexes

In this section we recall the necessary background on log de Rham—Witt complexes needed for
the proof of the main theorem.

2.1 Log Dieudonné algebras
First recall the décalage operator

Definition 2.1 Let R be a ring and p € R a nonzero divisor. Let (M*,d) be a cochain complex

of p-torsion free R-modules, then (n,M)* C M*[%] is defined to be the sub-complex given by
(uM)' = {x € W’'M" : dx € " M}

The operator 1, kills y-torsion in cohomology. More precisely, H'(n, M*) = H'(M*)/H(M*)[u].

In particular, 7,, descends to the derived category, inducing a functor Lz, : D(R) — D(R). For

other properties of 7, and L, we refer the reader to §6 of [BMS18].

Let W = (W(k),N) be a log algebra.
Definition 2.2 A p-compatible log Dieudonné W -algebra ? is a tuple (A*, L,d, 5, F), where
— (A* = ®;>04%, d) is a cdga over W,
— A" = (A% a: L — A% is a log algebra over W,
— §:L — Al is a map of monoids, and
— F: A* — A* is a graded algebra homomorphism.
The data are required to satisfy the following conditions:
(1) F(z) = 2P mod p for all z € A°; while F(a(l)) = a(l)P for alll € L.
(2) dF (z) = pF(dx) for all x € A*.
(8) (d:A° — A' 6 : L — A') is a log derivation of A°/W , where we further require that the
composition L O A2 A2 s 0.
Let A* be a p-torsion free log Dieudonné algebra, then the Frobenius F' determines a map of
cochain complexes ¢p : A* — 1, A* by sending « — p"F(x) for x € A". A log Dieudonné algebra

A* is saturated if it is p-torsion free and ¢p is an isomorphism. Suppose that A* is saturated,
then for each degreei, the composed map

pp: A £, {x € A" : dx € pA™} X, (npA)*

is an isomorphism, hence F' is injective and F'(A*) contains pA*. Therefore, for each z € A",
there is a unique element Vz such that F(Vz) = px. In other words saturated log Dieudonné
complexes are equipped with a natural Verschiebung map.? In particular, suppose that A* is
saturated, for each r > 1, we may form the quotient

W, (A*) = A*/(VTA* + dV"A*),

which is a cdga as V" A* +dV"A* C A* is a differential graded ideal. Define the V-completion
of A* to be the limit W (A*) := 1'£1WTA* along the natural projection maps.

2The term p-compatibility refers to the condition that F(a(l)) = a(l)? (compare with [Yaol9b]), and will be
omitted in the rest of the paper since all log Dieudonné algebras are assumed to be p-compatible here. Moreover,
when no confusion should arise, we simply denote a log Dieudonné algebra by A*.

31t is straightforward to check that FV = VF =p,FdV =d,Vd = pdV, and zVy = V(Fz - ), etc.
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Definition 2.3 A saturated (p-compatible) log Dieudonné algebra A* is strict if the canonical
map A* — W(A*) is an isomorphism.

Notation. Denote the p-compatible log Dieudonné algebras by DAI/O‘%,’p where morphisms are the

obvious ones. We often suppress notations and write DA8P = DAl/O‘;gV’p when W is understood.
The full subcategory of DA°®P spanned by strict algebras is denoted by DAL(Ztg’p )

Remark 2.4 Let A* be a saturated log Dieudonné algebra then A°/V A° is reduced. If A* is
in addition strict, then each A' is p-complete, and A° is identified with the Witt-vectors of
Wi (A)? = A°/V A°, where Frobenius F on A° corresponds to the Witt vector Frobenius.

Finally we record the following useful lemma.

Lemma 2.5 ([BLM18] Corollary 2.7.4) A map f : A* — B* between two strict log Dieudonné
algebras is an isomorphism iff its reduction f : W1(A*) — W1(B*) is an isomorphism.

2.2 Saturated log de Rham—Witt complexes

Let Alg}:g be the category of log algebras over k. There is a functor DAL(ztg’p — Alg}:g given by

A* 5 AY/V(A%), where A°/V (A%) consists of the data (A%/V(A%),a: L — A® — A0V (A%)).

Definition 2.6 Let R = (R,M) € Alg}fg be a log algebra over k. The saturated log de Rham—

Witt complex Ww}k%/k of R is a strict log Dieudonné W (k)-algebra in DAL??’p equipped with an

isomorphism e : B — Wlw%/k, such that for any A* € DAﬁrg’p, the natural map
HomDAﬁ% Wuwpgps A7) — HomA1g'£g (R, A%V (A%)
s a bijection.
The following theorem is proved in Section 4, 5 and 6 of [Yaol9b]:

Theorem 2.7 Wwy, . exists and glues to a sheaf WwY ;. on the étale site Xg when X is a
coherent log scheme over k. If moreover X is log-smooth of log-Cartier type over k, then there is
a natural Frobenius compatible quasi-isomorphism R (X, Ww}/k) 2 Rl log-cris(X/W (K)).

2.3 Lny-fixed points of the p-complete derived category

In this subsection we consider the category DC of Dieudonné complexes. A Dieudonné complex
(M*,d, F) is a cochain complex (M*,d) of abelian groups equipped with a Frobenius operation
F: M* — M* satisfying dF = pFd.* The full subcategory DCg of strict Dieudonné complexes
is similarly defined as above. Consider the subcategory D(Z), of D(Z) (viewed as a triangu-
lated category) generated by derived p-complete objects. For applications later, we also need
the derived oo-category enhancement D(Z) of its homotopy category D(Z), and similarly define
ﬁ(Z)p C D(Z). Denote by ﬁ(Z)£”P (resp. ﬁ(Z)ém’) the Ln), fixed points ofﬁ(Z)p (resp. ﬁ(Z)p),
which consists of an object X equipped with an isomorphism X — Ln,X.

4For future references: a Dieudonné algebra is a triple (A*, d, F) where (A*, d) is a cdga concentrated in nonnegative
degrees and F is a graded ring homomorphism satisfying dF = pFd and F(z) = P mod p on A°.
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Theorem 2.8 ( [BLM18] Theorem 7.3.4 & 7.4.8) °

The natural functor DCgpe —> B(Z)IEW factors through the following sequences of equivalences
of categories:

DCye =+ D(2)," =+ D(2),™.
We refer the interested readers to Section 7 of [BLM18] for more detail.

Remark 2.9 We describe an explicit quasi-inverse functor (which is not presented in [BLM18]
but not difficult to obtain). Let (X, : X — Ln,X) be an Ln,, fixed point in the category D(Z)p.
For each r > 1, we define the cochain complexes (X}, Bn) by
X = HI(X @" Z/p"),
where the differentials B, are given by the Bockstein differentials (associated to X @% Z/p" —
X ol Z/p* — X @Y Z/p"). Next define maps
iy HY(X @& Z/p") — H¥(Ln,X @ Z/p"")

by sending y € H*¥(X @ Z/p") to pFy € H*(Ln,X @Y Z/p"=Y). This leads to the “restriction
maps” R, := X} — X* | by setting R, := " o p,., namely the composition

H*(X @V Z/p") 2 H*(Ln,X @ Z/p"")

T,

H*(X ®L Z/prfl)

We build a cochain complex X* = @R X by taking the inverse limit along the restriction
maps R,. Equipped with Bockstein differentials, X* becomes a Dieudonné complex as follows:

r—1

the canonical projection Z/p" — Z/p"~' and map Z/p" ! SN Z/p" respectively induce the maps

F:X!— Xr VX = X

They are compatible with R, and therefore induce operators F,V on X*.

3. Ajnr-cohomology theory

In this section we ecall the theory of Aj,s-cohomology developed in [BMS18] and [CK17] via
perfectoid spaces. In particular, we need the de Rham and Hodge-Tate comparisons (Theorem
3.7) and the fact that Ln commutes with a certain form of global sections on small enough objects
(Theorem 3.4). We also carry out some local computations.

Notation 3.1  — For simplicity let C be a completed algebraic closure of W(k)[%] Let m be

the mazimal ideal of O¢. Fiz a choice of p@ C C (in particular a choice of compatible p™th
roots of unity {Cpn} € ppn(C)) and consider the element € = (1, (p, G2, ...). This determines

p—1
= [e] — —__H dr, €:=
p=ld=1 = s ;H , E=0(8)

This equivalence is already hinted in [TR83] (and in [HK94] for the log version). For example, compare the inverse
functor described below and the Hyodo—Kato construction in Subsection 6.1 of [Yaol9b]
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in Fontaine’s period ring Ainy = W((’)bo), where (9% 1s the tilt of Oc. The ring Ajnr s
equipped with the (p, u)-adic topology.

— Let 0 be the surjection Aijs — O¢ lifting the canonical morphism (’)bc — Oc¢/p, and define

0 := 0 o o', Therefore we have ker(9) = (£) (resp. ker(0) = (£)). We will call the map 0
(resp. 0) the de Rham (resp. Hodge-Tate) specialization map.

— Let U : Apmp — W (k) be the unique lift of the quotient map An¢ AN Oc — k, which will be
referred to as the (log) crystalline specialization map. All maps Aijne — W (k) in the rest of
the article are assumed to be ¥ unless otherwise stated.

3.1 Semistabe coordinates and log structures

Let X be a p-adic formal scheme over O¢ of generalized semistable reduction, which means that
there exists a covering by affine opens 4 = Spf R in the étale topology of X, such that each
admits an étale morphism (called a semistable coordinate)

O: ¢ — Spf R = Spf(RY® - -- ®RY)
over O¢, where each RZ-D is of the form
Oc(To, ... Tp, T2, TN ) (To -+ Ty — @)

with 0 < r < d, where @w € m\{0} a non-unit of rational valuation. The adic generic fiber
Xo = .’{%d is smooth over C' by the requirement above. We equip O¢ (resp. O¢/p) with the log
structure Oc\{0} — O¢ (resp. its pullback log structure), and X its “divisorial log structure”
My given by the sheafification of ((’)35[1%])X N Ox. The log scheme X, /,, over Spec Oc/p and its
special fiber X, are equipped with the pullback log structures. Similarly define { and ;.

Note that the semistable coordinate morphism 4 = Spf R — Spf(RID(X\) e @RE) is the p-adic
completion of (the O¢-base change of) some étale O-morphism

U — Spec (O[Th’i, T;f;]lghgs/(HTh,i — wh)lghgs)
= Spec (O[Tl,i, Tfjl]/(TLO'”Tl,rl*Wl)) Xoee

x Spec (O[T, T/ (Tyg- o, ~3))

where O C O¢ is a discretely valued subring, and w7, ..., ws € O. We still call this a semistable
coordinate and continue to denote it by [J. It determines a choice of charts for the divisorial log
structure on U as follows. Let M" be the following push-out of monoids.

N diag s N™1 Tl ..o N7t

| |

OV0} — M7= (| & N+ e (0\{0))

Here the top horizontal map is the “diagonal” map, given by 1+ (1,...,1) on each N — N"»+1;

and the left vertical map N® — O\{0} is (m,...,ms) — @] ---wl*. Then the log structure

(OU[%])X N Oy has a chart given by M" — (U, Op), where ({my,;}1<n<s,a) gets mapped to
0<i<ry,

(H(Thvi)mhﬂ') -a € T'(U, Oy). Moreover, the pre-log structure described by the chart above is the
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base change of

MO = & NOt s R, = T(U,0p)

1<h<s
diagT T
NY:=N¢* > O

along (O, NY = N*) — (O, 0\{0}), here the underlying map of rings is identity and the monoid
map is (my, ...,mg) —> wy -y,

In the following remarks we remedy the issue that the log structures on X are not coherent.

Remark 3.2 Although U = Spf R is not log-smooth over Oc (as the log structures are not
fine), we may treat it as if it were so, since the map Oc — R is the base change of the log-
smooth morphism (Oc, NY) — (R, M) of fine log rings along (Oc, NY) — (O¢, O\{0}).

Consequently, the (continuous) log differentials WE;E’LC and wzkll%c,tMD)/(Oc,ND) are isomorphic, and
the Ox-module W;’/CZOC is locally free of finite rank. For the special fiber Ry, = R Qo k of U, the

local chart (R, MP) of X, over (k, Oc\{0}) is the base change along (k, NP) — (k, Oc\{0}) of
kD = (k, NO) — (Ry,, M©), which is log-smooth of log-Cartier type. Hence

w* ~ w* N ~ w*,ct ® k
(Re.MO) /D = (R, MO) /(k,0c\{0}) — “R/Oc =0Oc

is locally free over Ry and satisfies the Cartier isomorphism. More importantly, by Remark 4.16
in [Yao19b], the comparison with de Rham complezes (in particular the conclusion of Proposition

4.22 thereof) still applies to WW?R;@,MD)/&D and the étale sheaf szk/k’ where k = (k, O\{0}).

Therefore, the map (Ry,, MY) — Ry = (Ry, T'st (U, My)) induces an isomorphism

~ *
W k0~ WWr i

YRy, MD)/

on the underlying Dieudonné algebras, by Corollary 2.10 of loc.cit.

Remark 3.3 In our setup, we still have Ww;k/k — WHKoJ;"Ek/k,G and both compute the log

crystalline cohomology of Xi,. The first claim essentially follows from the same line of arguments
as the proof of Theorem 6.1 in [Yao19b] the key being the Cartier isomorphism (which still
holds by the previous remark). The rest follows from the fact that there is a canonical quasi-
isomorphism Wwa;k/E e Rulg/;wm*((’)l/%) for each n > 1. Note that the proof of Theorem
4.19 in [HK94] goes through (this again amounts to the Cartier isomorphism,).

3.2 Aj,r-cohomology

Following [BMS18], we define AQx := Ln,Rv.(Ainfx.), where v @ Xc progt — X is the compo-
sition of X¢ prost — Xcer and Xogy — Xgp, and Ajpg g 1= W((/Q\;r’cb) is the period sheaf on the
pro-étale site of X¢ which takes an affinoid perfectoid object (S, ST) to W (S*) (cf. [Sch13]). The
Frobenius automorphism on @;Cb lifts to a Frobenius on Aj,fx,. By functoriality this induces
an Ajnp-linear Frobenius map ¢y : AQx — ¢, AQx, which is the composition *

AQx 5 0 Ly Rvs Angxe = O LmgAQx — 0. AQx.

SEven though in the original work of [HK94], all log schemes are assumed to be fine, we may still define the Hyodo—

Kato complex by taking the inverse limit of R*ul)c;%WTL .(Ox,w, ) as discussed in Subsection 6.1 of [Yaol9b].

"The isomorphism @k is called the divided Frobenius in [BLM18].
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We consider the site X¢; ¢ consisting of open affine formal schemes 4 € Xg which admit étale
semistable coordinates, where the topology is given by étale coverings. As in [BMS18], there are
two presheaves on X o that play important roles for us, which we define now. Let D (X4t aff, Aint)
be the derived oco-category of sheaves of Aj,;-modules on X¢; aff, and Psh(X¢ afr, D(Aing)) the oco-
category of presheaves valued in D(Ayyy). ® Let

L D(Xep af, Aing) — Psh(Xese,am, D(Aing))

denote canonical fully faithful functor which takes F to «(F) : & — RI'(L, F). ¢ admits a left
adjoint j~! which is the sheafification functor. We will interchangeably denote ¢(F) by FP* to
emphasize that it is the presheaf associated to F (viewed as a sheaf taking values in the derived
oo-category D(Ainf)). Now we define the following two objects in Psh(Xst afr, D(Ainf)):

_ AQFX)TG = L(AQ}:) — (LUMRV* Ainf)pre;
- AQFX)Sh = L (e(Rvs Agng)) = Lnu(Rvs Agug) P

Unwinding definitions, we know that on each affine open i = Spf R € X¢; afr, the global sections
of the two presheaves are

AQRC(U) = R4 (Spf R, AQx);  AQR™ () = L1, R proge (U, Aine)
where U = ﬂ%d is the adic generic fiber of 4. Both presheaves sheafify to A€, so we have a natural

map AQPSh — AQpre by adjunction. To simplify notation we will often write AQpg := AQ%G(M)
and Agpsh Asth(u)

3.3 Local perfectoid covers and group cohomology

We now recall the local theory of A s-cohomology for small enough Spf R in X¢;, mostly developed
in [BMS18] and [CK17]. The strategy is to compute both AQ%Sh and AQp (thus to relate them)
using continuous group cohomology. Let us assume that Spf R € X admits an étale coordinate
map O : Spf R — Spf(RY® - -- ®RY), with each

Ry = Oc(Ths, T )/ (] [ Thi — =n)

where the variables range over 0 < ¢ <7y, 1, +1 < j < dj and wy, = p? for some g € Q=g as

in Subsection 3.1. In particular, our choice of pQ € O¢ determines a choice of w,ll/ P e O¢ for
each m > 1.

3.3.1 Construction of Ry, For each m > 1, we define
1 :|:1 1 1/p™
Rhm_O (T, h/lp /p HT/p h/p ),
and then let R := R'im® e @Rgm. In the direct limit we get “perfectoid covers”

R%[OO = (hﬂ RE,m)A? RoDo = R|1:|,oo® e ®Rst,|oo

8The homotopy category of D(Xss,afr, Aint) is identified with the usual triangulated derived category D(Xs¢,aft, Aing)-
Similarly, the homotopy category of Psh(Xe,afr, D(Ainf)) is D(%Etreaﬂ, (Aint)) where I{Streaﬁ is the site consisting of
the same objects as Xst,ar but equipped with the indiscrete (= chaotlc) Grothendieck topology.

9The presheaf AQY® is denoted by AQF™ in [BLM18] in the case of good reductions; the presheaf AQI;h agrees

with the notation used in [CK17], where it is considered as an object in the homotopy category.
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These perfectoid O¢-algebras admit explicit decompositions as Oc-modules by
=, OcTiy T T T = RO e M,

where the completed direct sum ranges over ap,...,and, € Z[%] for 1 < h < s, such that
each ap; > 0 and [],an; = 0 for each h. The RY-module decomposition REO = RYa® MEO
follows the same notation used in [CK17], where MY denotes the completed direct sum of all
Oc¢c - al O T :,fi’sds such that some supscripts ap; or aj; are non-integral (that belongs to

[E]\Z)' This allows us to obtain
Roo := (R®po RY) = R® Mo

Write Z,(1) = (1'£1m>0 ppm (Oc¢)), and define for each 1 < h < s the abelian group

Ay = {(Eh’o, ey €h7dh> S Zp(1)®(dh+1) €no Tt T €nd, = 0}.
Finally we set A := Ay @ --- ® A, with each Ay isomorphic to Z;‘?dh, generated by
- v =(-1,0,...,0,1,0,...,0) fori=1,..,r,, with 1 at the ith entry;
— ;= (0,...,0,1,0,...,0) for j =7, +1,..,dp, with 1 at the j** entry.
Under this identification, the element 73 ; acts on R,E' m Dy sending

1/17 C_W}Tl/opm

T TP = T 1/p T}}’/kpm — Tg’/kpm for k # 0,14

) h’z )

(resp. Yh,; acts by T,i/jpm > Cme;/jpm, T,i/kpm — T,i/kpm for k # j). The product A therefore acts
on R}, and continuously on RS (resp. Ruo).

3.3.2 Construction of A(RY) We next observe that

(B2 = (tim0ev " U /(LU = (@) )

1/p™

where U, hi denotes the elements

1/p™ 1/p™ 1 m—+1 1 m—+2 .

U =@ T P L) e (R = lim Ry
y—=yP

for each ¢ = 0,. rh We likewise define elements Uy ; for j = 71, + 1,. ., dp. Y1 From the

description of (R ) and the decomposition RS, = RY & MY, we have

~ x! 11 1 m
Aine(RY) = ® (@Amf [ /p X /p } HX /P[]l ))
~ ~ aio ai,d Qs.dg
= ah,Ov"'vah,dh EZ[%]>0 All’lf X 1 T X17d11 T XS,d:l
[1; an,i=0,1<h<s

1

ARY) @ NY

10We reserve the symbols X}, ; for the Teichumuller representatives of Uy ; in the Witt vectors.
"The tilt (Roo)” of Reo can be identified with the p’-adic completion of R’, where (R5)” — R’ is any lift of the
étale algebra RS /p — Roo/p to an étale (RS ) -algebra.

10
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with X}ll/l.pm = [U}}L/ipm] (likewise for Xj, ;), and all completions being (p, it)-adic. We pose to
remark that in particular, we have (X }ll/ip m) =T ;/ip ™" under the map 6 : Aing(RY) — R
Here the subring A(R") is given by

Ape(RT) = @h( Agne [Xn i, X5 | /([T X - [wi]))zm

We have similar decompositions for Ajp(Rso) = W(R?,) = A(R) ® Noo. Moreover, A(R) is (by
construction) formally étale over A(R"), and also (p, u)-adically complete. The group A = @A,
acts on Ape(RY) (resp. Aint(Roo)) by functoriality, and the action respects the decomposition
A(RP)® NZ (resp. A(R) @ N4 ) described above. Moreover, by the same analysis in [BMS18] (or
[CK17]), for each i the (continuous) group cohomology H* (A, N3 ) (resp. H (A, No)) is entirely
p-torsion, hence L, RT'«t(A, Noo) = 0 and consequently L, RT'¢t(A, Ainf(Roo)) only involves the
action of A on A(R).

3.3.3 Qr and AQr Let us write O for the pro-étale sheaf (5;0 By almost purity ([Sch13]
Theorem 4.10), the perfectoid pro-étale A-cover uﬂd = Spa(Rs [%],Roo) over U = ﬂ%d =
(Spf R)ad gives rise to an almost quasi-isomorphism e : RI'¢t(A, Roo) —+4 Rl proet (U, O1).12 Let
Qx = L, _1Ru*(’)+ and define QpSh and Qgre as in Subsection 3.2.

Theorem 3.4 ([CK17] 3.9, 3.20, 4.6) There are quasi-isomorphisms

L, —1(RTet(A, Roo)) = Lne,—1 (R prot (U, 07)) = RI(8L, Q%)
where the the quasi-isomorphism is given by Ln,(e) and the second comes from the canonical
map QESh — Qge. Analogously, there are quasi-isomorphisms

LnuRT (A, Aing(Reo)) = Ly RT prost (U, Aing) — RI'(U, AQy).

~

Thus, the canonical map AQg’ESh = AQE® is an isomorphism of presheaves in Psh(Xet agr, D(Ainf))-

Remark 3.5 For notational simplicity, we denote the asserted quasi-isomorphisms by

Q% = QPN = Opand AQE s AQD s AQp.
The proof of the claim ﬁ% - SN)%Sh - ﬁR is similar to [BMS18]. The proof of the isomorphism
AQY = AQpSh uses Lemma 3.18 of [CK17],"> which reduces to the computation of W(m’)-

tor’szon of H, t(A Aint(Roo)/1). In the case when s = 1 in the product R°® = RP® - -®RY,
this computation is carried out in 3.15 — 3.19 of loc.cit. but the same argument goes through in

~

our setting. Finally, the proof of the isomorphism AQ];Sh - AQI;re uses the following claim:

the natural map AQx ®§‘ Oc = Qx is a quasi-isomorphism. The proof of this claim involves
commuting Ln, with certain tensor products, which ultimately relies on

Lemma 3.6 ([Bhal’7] Proposition 5.16) Suppose f,g are nonzerodivisors in a ring A, and
K € D(A) satisfies that each H'(K @ A/f) is g-torsion free, then

(LnsK) @™ AJg = Lnp(K @~ A/g)

is a quasi-isomorphism, where f € A/g is the image of f.

2this, of course, depends on the choice of coordinates.

13This is a variant of Lemma 8.11 and Proposition 9.12 of [BMS18], which states that if a map f : B — B’
in D(Ainf) is an almost quasi-isomorphism in the sense that W(m”) kills Cone(f), and if H*(B ®" At /p) is
W (m”)-torsion free, then Lz, turns f into an actual quasi-isomorphism.

11
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3.3.4 The Hodge-Tate (and de Rham) specialization

Theorem 3.7 ([CK17], 4.11) There is a (non-canonical) isomorphism of cdga’s
H*(Qx) = w00

where the differential on H*(Qx) = H*(AQx @Y Ay /€) is the Bockstein differential."* Conse-
quently, we have a natural quasi-isomorphism

L ~ ok
AQx @4 0 Oc = wy/o, -

Remark 3.8 The key is to show that H'(Qx) = wale/oc{—l}. When X has semistable reduc-
tion, [CK17] uses formal GAGA and a form of the Grothendieck FExistence Theorem in the
non-Noetherian setup to reduce to the case of good reduction (Theorem 8.3 of [BMS18]). The
requirements in their argument are the following: write U = Spf R € X4 o as the formal p-adic
completion of the base change of an affine scheme Uy over a discretely valued subring O C Oc¢,
then we need that (i) the p-adic completion morphism U — LUy of log ringed étale sites is strict;
and (i) the complement Uo\LUG™ of the smooth locus L™ C LUy over Spec O has codimension at
most 2. Both are satisfied for X in our setup.

3.4 A basic example
We record a simple example of the Koszul complex that computes L1, Rl (A, Aint(Rs)), which

provides a summary for the previous discussion and will be helpful later.
Example 3.9 In this example let w = p? for some q € Qso and
R =R = 0c(Ty, 1)) (ToT) — ).

Therefore A(R) = A(RY) = Api(Xo, X1)/(XoX1 — [@°]). In this setup, A = Z,(1) has a gen-
erator v which acts on Xo by [] ™ and on X1 by [€]. After applying Ly, the group cohomology
Ln, R (A, Aing(R)) is computed by the complex

" (A(R) 7L A(R) - 61) = AR) 5 ([d—1)- A(R) - e1.

This is in turn quasi-isomorphic to the free complex
~y—1

A(R) = Amt(Xo, X1) /(X0 X1 — [0°]) 25 Ape(Xo, X1)/(Xo X1 — []) - e1,

where ey is our symbol for a dummy basis in degree 1 (this is denoted by dlogX; in [BMS18]).
The differential in the last complex is explicitly given by

(1) Xg* = (7" + -+ []THXE - e,
(2) X" (1+[e+- -+ [ X eq.
e base change to O¢c. Note that the map 0: Ainf(Roo) = Roo sends X; — Tz-l/p, hence the base
change (Ln,RU (A, Aing(R))) ®»§J Oc¢ is given by
Oc(Ty?, ") (T PTP — =17y — Oc(Ty/, 7)) PP — w17) - e
with differentials

'To get a canonical isomorphism, one needs w;/o{—i} instead on the right hand side, where {—1} denotes the
Breuil-Kisin twist.

12
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(1) TP s —(G™ 4+ G T -,
(2) T{"" o (L G T e,
This complex is quasi-isomorphic to
Oc(To, TV /(TV Ty — @) - Oc(Ty, T /(ToTy — @) - e1.

e base change to W(k). Similarly, since U([@"]) = 0 the twisted crystalline base change
(LnuRT (A, Aine(R))) @ W (k) is computed by

WENTS 1) /(T T — WO P T (P - e
with differentials
(1) Tgn/p»—> —mTén/p~el,
(2) TP s mTP ey

r—1 r—1
Note that, since each Tip maps to :i:pTTip -e1, we have

—1
TP € HO(Liu RO (A, Aine(R)) @5 W (k) /0 )

We have presented the simplest possible case to simplify notations, though the example
above easily generalizes to RY with more variables and to the case where s > 1. For example, if
R=R"=0c(Ty, .. T,, T, .. T /(To - Tr — @), LnuRTct (A, Aing(R)) is computed by the
Koszul complex

-1 —-1 u-l 4l
KA(R)(F;I] —1 ?:}l — 1) = <A(R) u A(R) ce1 D - Deg —

1<y <+ <ip<d

4. The log crystalline specialization

We continue to let X be a p-adic formal scheme of generalized semistable reduction over O¢,
equipped with the divisorial log structure as in Subsection 3.1. By topological invariance of étale
sites X¢y = X6, We view Ww;k i 38 2 sheaf on X¢; a. In this section we prove the following

more precise version of Theorem 1.
Theorem 4.1 There exists a canonical, @-compatible quasi-isomorphism
W, = AQE W (k)
in D(Xg, W(k)), which induces a quasi-isomorphism (see Remark 3.3)
RTlog.cris( X/ W () = RT 4, (X) 1, W ().

The idea of proof is the following. We first restrict to the smaller site X¢; o and use Theorem

2.8 to equip the right hand side AQx®LW(k) with a Dieudonné algebra structure. We then
appeal to the universal property of saturated log de Rham—Witt complexes to obtain the desired
morphism, which is easily checked to be an isomorphism using the Hodge-Tate comparison
(cf. Theorem 3.7) and Lemma 2.5. However, as mentioned in the introduction, aside from the

13
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complications caused by allowing the scheme to be more general, we face the additional difficulty
of equipping the right hand side with suitable log structures. In order to remedy this, we will
work locally on small enough charts and produce the log structures using semistable coordinates,
and then show that the morphism on the underlying complexes is canonical (independent of
coordinates). We carry out this procedure in detail in the remaining of the article.

Recall from Subsection 3.2 that AQY® is a commutative algebra object in Psh(Xst e, D(Ain)).-
Taking its (completed) base change along ¥ : Aj,e — W (k) we get

AL 1= AOF B W (K) € Psh(Xean DI(Z,))

which is a commutative algebra object taking the value A R@AKJLW(k) on Y = Spf R € Xt asr-
There is another presheaf

(AQ®"W (k)P = 1 (AQB W (k)),

where ¢ : ﬁ(.’{ét,aﬁ) — Psh(X¢t e, D(Z))) is the fully faithful embedding as described in Subsec-
tion 3.2, which takes the value RIT'(4, Aﬂx@)LW(k)) on 4 = Spf R. Both presheaves sheafify to

AQx®LW(k) after taking the (derived) p-adic completion. In fact, we claim that the following
stronger assertion holds:

Lemma 4.2 The natural map
re re 5L ~ =L re
AQ%W:AQQ ® W(k) = (AQx® W(k:))p
s an tsomorphism.

Proof. On each 4 = Spf R € X¢; o, we have a canonical map

RT(Ug, AQx)® W (k) —— RT(te, AQx® W (k)
1%
Rlim RT (8, AQx @1 W, (k))
To prove the lemma, it suffices to show that for each n, we have a quasi-isomorphism
RT(8er, AQx) @ Wy (k) =5 RI(Ue, AQx @1 W, (k).

By Theorem 4.9 of [BMS18] we know that each W, (k) is a filtered colimit of perfect Ay e-modules,
since higher direct images of qcqs morphisms commute with filtered colimit (see Tag 07U6 or
more generally Tag 0739 of [dJea)]), it suffices to show that AQr @ B = RI'(Ug, AQx @ B)
for a perfect Ajyp-module B. Therefore we are reduced to the case when B is finite projective, in
other words, a direct summand of a finite free A;,;-module, the lemma thus follows. O

By the same argument, in order to prove Theorem 4.1 it is enough to prove the first statement,
for which it suffices to construct a quasi-isomorphism Ww;i’;z = AQYT,. In the subsequent

subsections, we enhance the structure on the right hand side to provide such a map.

4.1 The Dieudonné algebra structure
In this subsection we prove

Proposition 4.3 There exists a canonical isomorphism

AQYY, = LnpAQYY,,

14
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which puts AQ?%V € Psh(Xst afts ﬁ(Zp))L”P. Denote by Agre the image of AQ?;V in the following
sequence of identifications
Psh(Xey,arr, D(Zp)) "™ = Psh(Xey,amr, D(Zp) ") = Psh(Xs,ar, DCato),
then Agre takes values in the category of strict Dieudonné algebras.

For this we need a sequence of lemmas, starting with

Lemma 4.4 There ezists a canonical isomorphism (colim Ainf/gp_T(,u))A — W(k) from the

P
(classical) p-adic completion of the filtered colimit of A /@™ (1) to W (k).

Proof. The map 9 sends p = [¢] — 1 to 0 € W (k), therefore we have the canonical map as above.
As both sides are p-complete and W (k) is p-torsion free, we can check the isomorphism by re-

~

ducing mod p. Note that taking filtered colimit is exact, so colim Aint /¢ ™" (1) = Ajne /U @™ (1),
therefore it suffices to show that the canonical map (induced by 1)

1
Ainf/< U @’T(u),p) = (’)bc/LTJ (7™ = 1) — &
is an isomorphism, which follows by considering the p’-adic valuation of each [e]l/ P_1¢ O%. O
Also recall that the décalage operators behaves well under completions.
Lemma 4.5 ([BMS18] 6.20) For any object C € D(W(k)), the natural maps
L,C = LipC = Rlim Ly (C @ Wi (k)
are quasi-isomorphisms, where all completions are derived p-adic completions.
Corollary 4.6 For any Spf R € X¢; aft, there is a natural Frobenius compatible quasi-isomorphism.:
~L ~L
(LngAQR)@) W(k)) &~ an(AQR@) W(k)))
Therefore, we get an isomorphism of presheaves (valued in TS(Z],)):
(LngAQY)B W (k) = Ly (AQY°B“W (k) = Ln, AQRS,.
Proof. The proof is similar to that of 10.3.10 of [BLM18]. It suffices to show that
(LngAQR) &% Aint /07" (1) = Ly (AR & At /07" (1)) ()

is a quasi-isomorphism. For this it is enough to show that H'(AQp @ Ay /5) is flat over
Oc (hence ™" (u)-torsion free) by Lemma 3.6. Now apply Theorem 3.7, we have H'(AQxr @
Aiyg/ 5 ) = wji 10 which is flat over O¢, since by assumption R is essentially log smooth over O¢
as discussed in Remark 3.2. For completeness we finish the argument by the following sequence
of quasi-isomorphisms:

(LugAQR)E“W (k) = [(LnzAQR) " lim A /0" ()] by Lemma 4.4
= [ting (LngAQp & Asne /0~ ()], (+)
=~ [ling L1, (AQR QL Aint /™" (M))}; by (%) above
= [Lnp (AQR @ (lim Ajnt / s@‘%u))) L: (%)

Il

Mp (AQR®LW(k)) by Lemma 4.5

15
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where (x) uses the fact that both Ln and tensor commute with filtered colimit. O
This proves the first part of Proposition 4.3:

Corollary 4.7 There is a canonical isomorphism AQ?;V - w*anAQ?;V of commutative al-
gebra objects in PSh(%ét’aﬁ,ﬁ(ZP)).

Proof. Recall from Subsection 3.2 that on each Spf R € X¢; . we have the functorial quasi-
isomorphism induced from the Frobenius automorphism on A;s:

L, RU(U, Aing) = @sLngu) BT (U, Ajng) = w*LngLnuRF(U, Aing),

which gives an isomorphism of commutative algebra objects AQI;Sh = go*LngAQI;h. By the last
assertion in Theorem 3.4, this transports to an isomorphism °

AQR =5 o, Lz AQY™.

The corollary then follows by taking base change to W (k) and applying Corollary 4.6, as in the
following diagram

AQRS, = AQRB W (k) — s (puLnzAQY)E W (k)

T re 5 L
Lp*anAQ%%V = . Lmp (AQY QW (k)).

Note that the vertical isomorphism preserves commutative algebra objects, since Ln, is lax
symmetric monoidal by [BMS18] 6.7. O

pre

Ignoring the W (k)-linear structure, the isomorphism AQ%Y,, anAQ?f/V puts the presheaf
AQ?’(;V in Psh(X¢gar, D(Zp)E) = Psh(X g ar, DCste), where the isomorphism follows from The-
orem 2.8. We denote the image of AQYT,, in the latter category by A} to emphasize that it

pre

takes value in strict Dieudonné complexes. Note that AQYY,, (hence AY) takes value in the

subcategory of commutative algebra objects in D(Z,)"" (resp. in DCqg). Next we prove the
remaining of Proposition 4.3.

Lemma 4.8 For each Spf R € X¢; anr, the commutative algebra object in strict Dieudonné com-
plexes A}, := R« (Spf R, AY°) is a strict Dieudonné algebra.

Proof. By Remark 3.1.5 in [BLM18], we need to show that A}, is concentrated in degree > 0
and that F is the p-power Frobenius on W;(4%) = 4%/V(A%). By Remark 2.9 we have

AR = lim H*(AQp @ W (k) /p").
Ry
For the first assertion, it suffices to show that

AQp @ W (k)/p = Qr @6, Oc/m

is coconnective (therefore by induction each AQp QL W (k)/p" is coconnective). This is follows
from Theorem 3.7 (note that since H%(Qr) = R is Oc-flat, we have H(Qr)®k = HO(Qr o k)).

Note that this crucially uses the definition of X¢; afr, which only consists of small enough affine opens.

16
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Now it remains to show that the morphism induced by F on H° ((2 R ®Iéc k) is the p-power
Frobenius. The proof given here mimics the proof of 10.3.15 of [BLM18] but differs slightly
towards the end. We first choose a semistale coordinate [J : R~ — R and (hence) a formally
étale morphism of perfectoid algebras REO — Ry as in Subsection 3.2. From Proposition 3.4 we
obtain a p-equivariant map AQr — Ain(Roo), since AQg =2 Ln, R (A, Aing(R~)). Note that
since R is perfectoid we have a p-equivariant identification Aj¢(Roo) @ W (k) = W(Rso k)
where ¢ equals to the Witt-vector Frobenius on W(Rx 1), by Lemma 3.13 of [BMS18]. Therefore,
after base change to k = O¢/m we get a morphism QR ®%C k — Ruo k- Now taking HY we get
the following ¢-equivariant morphism

Ry, = H'(Qp @8, k) — Reo

where ¢ agrees with F' on the left and identities with the usual Frobenius on the right. It suffices
to show that the map Ry — Ru  is injective. For this note that the following diagram

O O
sz Roo k

[

Rk — Roo,k

is cocartesian. Since R‘:I — Ry, is étale, and RD — RD k 1s injective, the proposition therefore
follows. Note that unhke the situation in [BLM18] here R/ p — Roo/p is not flat (at the singular
point of the special fiber). O

4.2 A log Dieudonné algebra structure (after fixing coordinates)

Now we have two presheaves Ww;f;z and A} on X, both valued in the category DAgg

of strict Dieudonné algebras. In order to obtain a functorial map between them, we want to
enhance the right hand side with log structures. As mentioned in the beginning of this section,
we will do this locally on small enough charts. For this subsection we let Spf R € X4; o and fix
a choice 0 : RP — R of a semistable coordinate as in Subsection 3.1. Our goal is to use this
coordinate and the local analysis in Subsection 3.2 and 3.4, to equip A} with a log structure and
log derivation, hence to upgrade A% to a log Dieudonné algebra.

4.2.1 The log structure Recall from Subsection 3.1 that we have the log algebra (R, M")
over (O¢, NP) where NY = N*. Let A(R”) — A(R) be the (formally) étale morphism given by
0O: R” — R as in Subsection 3.3, this determines the vertical map in the following diagram

HO(Li, RT (A, A(RD)) @b W) 22 HO(< © Ko (35 )) @ W,)

1<h<s le]

| T

HO(Ln, RT (A, A(R)) @ W,) —————— H°(AQp @% W,)

where we have abbreviated notation by using W, for W, (k) and using K A( Rm)( [E] 7 ) to denote
the Koszul complex

Y — 1 Vhd, — 1
KA(RD)( [6]—1 g ey [6]_1 )

The natural composition is denoted by k..
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Definition 4.9 Let by; = (...,0,1,0,...) € MZ = @, N"™ "1 be the element with 1 at the (h,i)-
entry and 0 otherwise. For each r > 1, we define the monoid maps

ar =l MY — HY(AQp @ W)
by sending each by; (where 1 < h < 5,0 < i < 1p) to f-;r(T,fTi_l), where K, is the composition

as defined above. Note that sz_l lives in HO(Ln, RT ¢t (A, A(RP)) @V W,.) by the discussion in
Ezxample 3.9.

Remark 4.10 Since E& p € W(k), the map 9 induces U : Aing /€ — W (k)/p". This gives rise
to the following natural commutative diagram

HO(Ln, RTet(A, A(RY)) @F Aje /€7) —— HO(Ln,RTai(A, A(RD)) @b W)

l ]

HO(AQR @Y Aj /€7) » HO(AQRr @V W)

The map o, can be equivalently described as follows: o, (by;) is the image of

r—1

TV, =0(X},) € H(Ln,RUe(A, A(RY)) @F Ay /€7)
in HO(AQr @ W,.), where 0 : Ainf(Rngb) — RY is defined similarly as before. '

From the next lemma we use the same notation from Remark 2.9, it is convenient to also
recall the diagram
HY(AQR @ W,) - HY(LnzAQR @ W,_1)
X l¢71
HY(AQp @Y W,_1)

that defines the restriction map R,, where p, sends [y] to [p'y]. Note that in the top right entry
we have used the identification Ln,(AQ R<§>LW) = (Lne AQ R)@)LW as proven in Corollary 4.6.

Lemma 4.11 The maps {«,} is compatible with the restriction maps R, and satisfies F(a,(m)) =
ar(m)P. In other words the following diagrams commute

MY —2 s HY(AQp @ W,) MY —% s HY(AQR @ W,)
\ lRT JXp lF
HY (AQg QL We_1) MB 2L HO(AQR QL W,_1)

Consequently, we obtain a monoid morphism
a=a": MP — A} = lim HO(AQR @ W)
R,

which satisfies F(a(m)) = a(m)P for allm € M".

15From Example 3.9, it is clear that Xﬁ; is indeed an element in H°(Ln,RT (A, A(RD))®§‘ Aint /E7).

18



LOG CRYSTALLINE SPECIALIZATION

Proof. The commutativity of the second diagram follows directly from the definitions. For the
commutativity of the first diagram, we reduce to the case of RY by functoriality. To simply
notation, write

AQR, = L RTet (A, Ain(R3))

By Proposition 3.4 we know that AQ%F)D — AQpo is a quasi-isomorphism, and by the same
proof of 4.6, we have a quasi-isomorphism

¥ AQRBUW — L, (AQ, "W).
Now consider the following commutative diagram

HO(AQ® % W) oy HO(Ln, (AQ2 &YW ) /=1y Y HO(AQ. 3 W
(AQLL® W) — HY(Lny R0® /P"7) — HP(AQpre W)

| ! |

~ R -1 N
HO(AQ 0@ W,) 22 HO(an(AQRu@)LW) /) L HO(AQ 08 W, 1)

The top right arrow 1! comes from the quasi-isomorphism 1) described above, and can be
represented by

Yhi — 1 Yhi — 1
¢F : (®h KAinf(RODO)( [Z} 1 )) QW — 771?(( ®n KAinf(RODO)( [Z] 1 )) ® W)7

. . : . =F
given by pFF in degree k. In particular, in degree 0, the map sends 7] hi L) T,I; ;- Therefore,
unwinding definitions, we see that for each r > 2 the top arrow in the digram above sends

r—1 r—1 -1 r—2
P B p ¥ P
Th,i — Th,i _— Th

ji
This proves the commutativity of the triangle, hence the lemma. O
Remark 4.12 Note that we have to use AQ%pD instead of Ln, RT et (A, A(RD)), for otherwise !
is not well-defined. However, keeping track of the element T}ZZTI only involves Ln, RUct(A, A(R)).
Lemma 4.13 (A% M" % A%) is a log algebra over W (k). Here k= = (k, NV) is the log point
with 0 maps to 1 and everything else maps to 0.
Proof. We need to show that for every h such that 1 < h < s, we have

a(bpo+ -+ by ) = 0.
Again it suffices to assume that R = R, and suffices to show that for each r > 1, a,(byo +
ot by ) = ar(bpo) - ar(by ) = 0, but Ly, RUe (A, A(RD))®LW is computed by the product

(over h) of

(KA(RE)( [e]%—?il)) QW

(cf. Example 3.9), and the degree 0 term is (a product of)
1 1 +1 1 1
W NI o T o TPV (T - TP,
In particular, in H°(Ln,RT(A, A(RP)) @t W,.),

r—1 r—1

ay(bpo) - - aT(bb7th) = Ti]f,o ... TP

hirp

=0.
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4.2.2 The log derivation The log derivation is defined in a similar fashion. We start with the
commutative diagram

i—1
H (Ln, RUa(A, ARRY) @E W) — H((| 9 Kao)(B) ) @ W)

|

HY(Ln,RT (A, A(R)) @ W,) ———— HY(AQg oV W)
As in Example 3.9, we specify a collection of dummy basis {ep i} 1<p<s in degree 1 for each
1<i<d),

Tha=l o Thdy Tt
[]-T " -1

Ky ) (=) = AGR)

such that for each i > 1, X7 — (1 + [e] + - + [e]m_l)X,Ti - epi- We denote its image in H' of
the (base change of the) Koszul complex again by ey, ;.

A(RD)'6h,1@-~€BA(RD)-€h,dh—>--~

Definition 4.14 For r > 1, we define a monoid morphism
6, =05 : MP — HY(AQp @V W)
by sending each by ; for 1 <h <s,0 <i <y (cf. Definition 4.9) to

T ) T . *
_(7€h,1 +oe Tt 7€h,Th) i=0

Lemma 4.15 For every r > 1, every m € M, we have
R (6,(m)) = F(6,(m)) = d—1(m).
In other words, the maps {0,} are compatible with R,.. This gives rise to a map

§=0": M" — A = lim H'(AQr @ W;)
R,

of monoids, which satisfies Fé = 0.

Proof. Similar to the proof of Lemma 4.11, we need to show that the map

N -1
HY(AQ, @V W,) 5 HY(Ly, (AQ%)D@LW) Yy s HYAQR, @b W,_y)

sends ey ; to ep; for each h and 1 <1 < ry. As before, AQ%’D can be computed by the complex

KA, (RD )(%:11) Unwinding definitions, the map u, is given by [z] — [px] for a cocycle
[z] € H'(AQSY, @ W,). On the other hand, the map 4 is given by

_ Yhi — 1 Yhi — 1
which is p - F' in degree 1, and sends T,TZ- “ep pT}’:‘i - ep;. In particular it sends ey, ; — p - ep,
therefore w_l(ur(eh,i)) = eyp,,; as desired. O

Lemma 4.16 The monoid maps o and § constructed above satisfy

— a(m)d(m) = d(a(m)) for any m € M".
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— §(diag(n)) = 0 for any n € N©.
— ds(m) =0 form € M".
Proof. The lemma follows from the corresponding statements for each a, and §,, and the last
two claims directly follow from definitions. We need to show that for each » > 1, each h and
1 <i<rp, ap(bpi)d,(bpi) = B(a,(bp;)) where 5 stands for the Bockstein differential.
Again by functoriality, it suffices to show that the Bockstein differential

HO(AQR, @V W,) s (A%, o" W)

r—1

sends Tff 2—1 »’B—T> T f; ; -en;- By Example 3.9 (more precisely the computation of the base change
to W(k)), we know that the differential 8 on

( ®n KA(RD)(%’i - 1)) ® W (k)

] -1
sends T};Tl = (T,%p P to p’“Tf?l - ep,; for every h and every ¢ > 1. Therefore
—1
r—1 B(Tf i ) r—1
br(Ty; ) = Tx =Ty eni

Let us summarize what we have shown so far.

Proposition 4.17 Upon choosing a semistable coordinate O : R — RY, the strict Dieudonné
algebra A}, equipped with MU 5 A% and MO % A}Q is a strict p-compatible log Dieudonné
algebra over W(ED). We denote this log Dieudonné algebra by AE’D (the log data depend on

coordinates).

4.3 The local comparison
We are ready to prove a local version of log crystalline comparison (upon fixing coordinates).
Recall that Qg = AQ R@%‘Oc. We first observe that there is a natural commutative diagram

» RU R

R R

HO(Qpn) —— HO(QR)

where the monoid morphism «; comes from Remark 4.10 (and gives rise to the map a; : M —
HO(AQpn) @Y k via base change), while the map R HO(QRD) (resp. R = H%(Qg)) is
the isomorphism given by part (2) of Theorem 3.7, which sends each T}, ; to T}, ;. Since we have
H 0((2 rR)®k=H 0(§~2 r ®% k), the base change of the diagram above induces an isomorphism of
log algebras over k- = (k, N):

0 (R, MP) = (HO(AQR @ k), M),

By the construction of A%, we have W1 (A%) = HY(AQr®YE), therefore this isomorphism induces
a map

O . * *,D
T .Ww(Rk,MD)/ED —>AR

of strict p-compatible log Dieudonné algebras over W(ED).
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Lemma 4.18 75 is an isomorphism of log Dieudonné algebras.
Proof. By Lemma 2.5, it suffices to show that the dotted arrow in the diagram

W *,D)

19k, M) /10 Wi (AR

..

“lnamype - (B @t i), 9)

is an isomorphism of cdga’s, where Wy (AE’D) is equipped with the Bockstein differential 3. By
Subsection 3.2 we have isomorphisms of graded algebras

H*(Qr @ k) = H*(Qp) ® k = Whiog @k = wh i

The target of 7'1D can be identified with (w};k Ik ﬁ) as a cdga, where the differentials come from

the Bockstein differentials on H*(ﬁR @Y k), associated to 0 —Z/p LN Z/p* — Z/p — 0; and is
equipped with a log structure coming from of : MY — H%(Qg @ k) as in Definition 4.9 (and
similarly for §7).

0
Note that W Ry M) /40

(of the construction of 77), the morphism 7{ on the log algebra (R, M) is given by id :
(Rg, MP) — (Ry, MY). Therefore, to prove the lemma, it suffices to identify the Bockstein

differential 8 with the de Rham differential on wEkR MO /40 = w}k%k/k. By the commutativity of
k> n RIZ=

= Ry, and receives the log structure M“ — R;,. Unwinding definitions

Op = AQR/E —5 5 AQp/® — 5 AQp/E

l l l

AQR ®L W/p L) AQR ®L W/p2 E— AQR ®L W/p

We are reduced to show that the Bockstein differentials on H *(Q r) agree with the de Rham
differentials via H*(€2r) = wp ¢, but this is part of Theorem 3.7. O

Remark 4.19 On the underlying rings, the map 7'1[]’0 created in the paragraph above the lemma
is given by the canonical isomorphism Ry == H°(Qr @Y k), and has nothing to do with the
choice of coordinates. In particular, as a map of cdga’s, the isomorphism 7'1D in the proof above

1s independent of choice of 0.

4.4 Independence of coordinates

We freely use notations from Subsection 3.1. Let be 4l = Spf R € X¢; i as in previous subsections.
Let My = Mzx|y be the log structure on L restricted from X, which is equal to the log structure
associated to the monoid M = I'(Spf R, Mx). We write Ry, for the log algebra (Ry, M ). From
Remark 3.2, for each choice of coordinates [J, we have an isomorphism of strict Dieudonné

algebras
D . * ~ *
A 'Ww(Rk,MD)/ED = Wwﬁ/&
induced by MY — M on the log structures on Ry.
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Proposition 4.20 If we ignore the logarithmic structures, then the isomorphism

(AH! *

TD *

on strict Dieudonné algebras is independent of choice of coordinates.

EKRIWMD)/ED

and of Ww}k Ik for any coordinate 0. Let RY — R and RY" — R be two choices of coordinates.

Proof. In the proof we use A" to identify the underlying Dieudonné algebras of Ww

We need to show that, the morphism of Dieudonné algebras 77 : Ww* o — A%H and
(Rpp,M5) /K R
i WMEFR,C,MD’)/ED' — AED coincide. Note that for each n, both pre-log structures MY and

MY on Spec W,,(Ry) factor through the pre-log structure o« : M — Ry i Wy (Rg). From

Remark 4.11 in [Yaol9b] (see also Lemma 4.9 and the proof of Theorem 4.10 thereof), it suffices
to show that, after we identify

s 1 ~ . 1
AL @ w0y WD) T RO (R W (k)
T 1 ~ . 1
and Aozl o wn ey T EROW (R)/Wa k)
the two maps 72, 77’ from I&nw%/vn (Ri)/Wa (k) to A}%, induced respectively from the log structures
MY and M"Y, agree with each other (see Lemma 4.9 in [Yaol9b] for their constructions). More

precisely, the lemma will follow from the following

Claim. Consider the log differential dlog; : MY — l'glw . For every m €

1
W (R, MD)W (k)
M"Y, let dlog(m) := A1 (dlog,(m)) € l'&lw%,v"(ﬂ)/wn@. The following element in A}, defined by

§ = &(m) := 77(dlog(m)) — 7 (dlog(m))

is equal to 0.
Indeed, wilfvn(Rk)/Wn(k) is generated by elements dx for z € W,,(R},) and dlog(m) for m € M",

as all maps in discussion preserve differentials, the claim implies the lemma by Remark 4.11 and
Lemma 4.9 (and its proof) in loc.cit.

It remains to justify the claim. We first observe that for any m € MY, both 77 (dlog(m))
and 77(dlog(m)) are fixed by the Frobenius F on AL'T Therefore, if we use 7 to identify
Ww}%k Jk e A}%, we have that

0 € ker(lel%k/E K Ww}%/k)'

By Corollary 2.14 of [Lor02], the Frobenius fixed points of Ww}%k /i are precisely the Hodge-

Witt forms lelog, consisting of sections which are étale locally sums of sections dlog(m;) for
m; € (M*)EP, where M® is the log structure on Spec Ry associated to the constant pre-log
structure M. Now from the relations

o(m) - 77 (dlog(m)) = a(m) - 7 (dlog(m)) = da(m),

we know that ¢ satisfies a(m) -0 = 0. The claim, therefore the proposition, follows from the next
lemma. O

"For example, for 7, note that M is generated by M" and R*, so the image of dlog is generated by dlog(mo)
for mo € M and dz/z for € R* as a monoid, both fixed by F.
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We retain the same setup from Proposition 4.20 in the following lemma. For convenience we
also denote Y = Spec Ry and Y = (Y, My) which the log scheme associated to the log algebra

Lemma 4.21 Let m € MP, and § € lelog be a section of the Hodge—Witt forms, such that
a(m)-6 =0, then § = 0.

Proof. We have the following exact sequences of sheaves from [Lor02] (2.13 — 2.14)

prlx/E g — IM(V +dV) —— im(V +dV)

[ l l

0 —— Wwl o, —— Wl S SN Wa ) —— 0

l | |

1 1 1-F 1
0 —— Wy k1o > Wy » Wy /A0y —— 0

where dOy denotes the subsheaf of Q%,/k generated by dy for y € Oy. Note that the induced
V-filtration (given by V + dV') on lex Ik log ABTCES with the p-filtration since F' = id. Write
lelog for the (étale) sections, for any o € lelog, we write o for its image in wllog (reducing mod
p)-

Now for contradiction we assume that § # 0. If § = 0 then we can write § = pd’ for some
S lelog, which still satisfies a(m) - ¢’ = 0 since lelog - Ww}{k /k is p-torsion free. Note that
lelog is p-adically separated, so we may assume without loss of generality that § # 0. Now we

have that & # 0 but @(m) - § = 0, where @ denotes the monoid map M" — RY — Rj. This is
impossible from the explicit description of (the Frobenius fixed points of)

1 ~ 1

1 ~ ~
“Ri/k = YRy, MOy /KD = Y(RY,MO) /KD

which is isomorphic to the free- R modules with basis

{dlog(T),), dlog(Thj) 0 < i <m,— L+ 1< j < dy}
’ ’ 1<h<s

for RV as described in Subsection 3.1. Note that in the indices above we omit 7, as dlog(Th,0) +
-+ +dlog(Th,, ) = 0. O

4.5 The log crystalline comparison

Now we are finally ready to prove the main theorem of this section.

Proof of Theorem /4.1. For each Y = Spf R € X¢ o, we write 7g : Ww}‘{k/k — A} for the
isomorphism obtained from Proposition 4.20. We claim that this supplies a natural map

pre . *,pre ~ pre
T ‘Wwﬁ/k — AQ%,W

of presheaves as desired in the beginning of this section.

Lemma 4.22 Let f : R — S be a morphism in X¢ o, then the following diagram of maps of

24



LOG CRYSTALLINE SPECIALIZATION

Dieudonné algebras commutes

* R *
Ww&/k — Aj

el

* 7s *
Ww&/h —— Aj

Proof. Note that all maps have already been specified (with the vertical arrows obtained from
functoriality). We now choose a coordinate R~ — R, which also serves as a coordinate for S via

R i> S. This equips R and S with pre-log structures M5 as in Subsection 3.1. By Proposition
4.20, g does not depend on [ and in particular 7 = 770 (AY) ™! (and likewise for 75). Therefore,
it suffices to show that the right square in the following diagram commutes (as the left square
commutes by functoriality of saturated log de Rham—Witt complexes)

Wt A7 R, gD
YRy /k P K " AR

le
(A)~! TS *,0
£ k i
stk/k —— Wuw o —— Ay

(S, M) /K
Note the maps in the right square are enhanced to maps of log Dieudonné algebras, where the
log structures on A}D and AE’D are constructed in Subsection 4.2 from the coordinate [J, and
the maps on the monoid MY are all given by identify. Now, both maps A fo TE and TE o I/VfD are

*
(Ry, M)/
(and construction) of the saturated log de Rham-Witt complex, it suffices to show that they

correspond to the same map under the bijection

morphisms Ww W0 A*S’D between log Dieudonné algebras, therefore, by the definition

HomDAlog,p(Ww* A*S’D) —~3s Hom (i?? A%D/im V).

ot (Rye, M) /6D Alg®

This follows from the commutative diagram
Ry —=— H°(Qp @ k)
S, — =~ HO(Qg @ k)
O

Theorem 4.1 now follows, as after sheafification, we get an isomorphism of sheaves valued in
the derived co-categories

TIWWE S AQew s AQx® W (k)

in D (X4t o, W(k)) = D(Xg, W(k)). The quasi-isomorphism on the derived global sections follows
from the same proof of Lemma 4.2. ]
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