Logarithmic de Rham—Witt complexes
via the Décalage operator

Zijian Yao

ABSTRACT

We provide a new formalism of de Rham-Witt complexes in the logarithmic setting.
This construction generalizes a result of Bhatt—Lurie-Mathew, and agrees with those
of Hyodo—Kato and Matsuue for log-smooth schemes of log-Cartier type.
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1. Introduction

Recently Bhatt—Lurie-Mathew [BLM18] gives a relatively elementary construction of the de
Rham-Witt complex (hence the crystalline cohomology) for smooth varieties over a perfect field
of characteristic p. This paper extends their construction to the logarithmic setting, which in
turn allows us to study the Aj,;-cohomology in the case of semistable reduction in [Yaol9].

1.1 Main Results

Let k be a perfect log field of characteristic p. Let X be a coherent log scheme (with underlying
scheme X) over k, and R = (R, M) be a local chart for its log structure. To contextualize our
construction, we first define the category DA!®® of log Dieudonné algebras, which consists of
commutative differential graded algebras (cdga) A*, equipped with a Frobenius map F, a log
structure L and a log derivation ¢ in a compatible manner. In particular, the data are required
to satisfy dF = pFd and §F = pFd§. There is a full subcategory DAﬁtg of strict log Dieudonné
algebras, which essentially consists of log Dieudonné algebras that admit the Verschiebung maps

V and are complete with respect to the V-filtration.! This allows us to give the following primitive
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"We will formulate the strictness condition using the log version of décalage operator 7,, which on p-torsion free
cochain complexes is given by
A" = {x € p'A’|dz € p"TT AT,


http://www.ams.org/msc/

Z1JIAN YAO

definition.?

Definition 1 The saturated log de Rham—Witt complez, as a functor from the category Algy of
log k-algebras to strict log Dieudonné algebras, is the left adjoint of ¢ : DA Algy,, which

str

sends A* — AY/im V. Denote by Ww}}/k the saturated log de Rham—Witt complex of R (if exists).
Our first main result states that
Theorem 2 Ww*ﬂ/& exists and glues to a sheaf Ww*&/& on the étale site X¢g of X.

Our version of the log de Rham-Witt complexes agrees with the existing ones in [HK94],
[LZ04] and [Mat17] under the additional smoothness assumptions.

Theorem 3 Let X be a log scheme over k which is log-smooth of log-Cartier type, then there
exists isomorphisms of sheaves of complexes

compatible with the Frobenius operators, where W A% /k s the complex constructed by Matsuue
[Mat17] (see Section 6), and WHKw}/k is the Hyodo—Kato complex constructed via the log crys-

talline site in [HK9j]. In other words, in this case all three versions of “log de Rham—Witt
complezes” agree, and compute the log crystalline cohomology RT'\og-cris(X /W (k)).

Remark 4 In general, the saturated complex WwE/k differs from the crystalline construction of
Hyodo-Kato. This distinction is already present in the case of ordinary schemes and has little to
do with log structures. See Section 6.3 of [BLM18] for an explicit example of a cusp.

One notable feature of our construction is that we start with the Frobenius and produce the
Verschiebung and Restriction maps “along the way”. Another feature is that our formulation
makes essential use of the décalage operator 7,. To be more precise, we turn the isomorphism

or : Wwy j = mpWwx

which is typically an output * of previous constructions of the log de Rham-Witt complex, as
part of the input. As a result, our complex is characterized by a different universal property,
which makes it easier to compare to cdga’s equipped with Frobenius.

Remark 5 This is essentially what makes this formalism suitable for studying the log crys-
talline comparison of Aing-cohomology in [Yaol9]. To explain further, let RT' 4, (X) be the Ajn¢-
cohomology of a formal scheme X over O¢ with semistable reduction, where C is a completed
algebraic closure of W(k:)[%] Write X for the formal log scheme with the divisorial log structure
from its mod p fiber Xo, /p- In [Yao19] we apply the main results of this article to prove

Theorem 6 ([Yao19]) There is a Frobenius compatible quasi-isomorphism
~L
RU A, (X)® 4, W (k) = Rl ogcris(Xx /W (K)),

relating the specialization of RI 4, (%) to W (k) with the log crystalline cohomology of the special
fiber of X over k.

For each p-torsion free object A* in DA%, there is a morphism ¢ : A* — 1,(A*) of log Dieudonné algebras. The
existence of V is closely related to ¢ being an isomorphism.

2Strictly speaking, we need to restrict to subcategories DAEP of DANE, spanned by objects for which the log
Frobenius is given by multiplication by p. We ignore this issue in the introduction for the sake of exposition.
3This isomorphism is due to Illusie for (ordinary) de Rham-Witt complexes and to Hyodo—Kato in the logarithmic

setting. See Definition 2.3 and Lemma 6.4.
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1.2 The construction

The construction of the saturated log de Rham-Witt complex is modeled after [BLM18]. Assume
for simplicity that R is reduced so W (R) is p-torsion free. We first consider W (R) = (W (R), M),
where the log structure is obtained from the Teichmuller lift. The log de Rham complex w;jv( R)/W
admits a canonical structure of a log Dieudonné algebra. We then construct a certain left adjoint
W( )sat : DA® — DA of the inclusion functor DA'® < DA® and define the saturated log

str ste

de Rham-Witt complex of R/k as

Finally, for a quasi-coherent log scheme X over k, we show that the construction Ww’ Jk satisfies

étale descent, hence globalizes to an étale sheaf Ww¥, Ik of log Dieudonné algebras.

Remark 7 Although it might be possible to develop the global theory directly, we prefer to work
locally, and then globalize only in the last step. This is especially convenient for our application
to Aing-cohomology in [Yaol9], where local charts are used in an essential way.

From the construction it is not difficult to prove the following comparison theorems, which
ultimately amounts to the existence of the Cartier isomorphism in the logarithmic setting.

Theorem 8 Suppose that R is log-smooth over k of log-Cartier type. Then Ww}“%/k satisfies the
following “de Rham comparisons”. o

— (mod V). There is a canonical isomorphism of cochain complexes
Wk — Wi
— (mod p). There is a canonical quasi-isomorphism
Wk s/ PWWe = Wiwgyy = Wy

— (with Frobenius lifts). Suppose that there exists a log-Frobenius lift (A, ) of R over W (k) in
the sense of Subsection 4.2.2, then there is a quasi-isomorphism
tot Waywy — WeWkyp

As notation suggests, the map v, depends on the choice of ¢ (compare with the canonical iso-
morphism in Proposition 4.18).

Remark 9 These comparisons typically fail for general log rings R without any additional as-
sumptions. For example, the F,-algebra Wlw% i 18 always reduced by Remark 2.5, but w%/k =R
could be arbitrary. In particular, this implies the following interesting corollary. o

Corollary 10 Let X be a fine log scheme over k that is log-smooth of log-Cartier type, then the
underlying scheme X is reduced.

This recovers a result of Tsuji in [Tsul9]. Note that, unlike the non-logarithmic case, a log-
smooth scheme over a log point may fail to be reduced. For a simple example, let n be a positive
integer coprime to p. The map

(Fp,N:1—0) — (Fplz]/2",N: 1~ x)

of fine log algebras is log-smooth, with the map of monoids N — N given by 1 — n. The ring
F,[x]/z" is obviously non-reduced when n > 2.
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As another application, the formalism of saturated log de Rham—Witt complexes also provides
a convenient framework to reconstruct the monodromy operator of Hyodo—Kato on log crystalline
cohomology in a slightly more general setup.

Theorem 11 Let X /k be a log scheme of generalized semistable type (see Subsection 7) over
the standard log point k = (k,N). Let k° = (k,0) be the trivial log point. Denote the saturated
log de Rham—Witt complex of X over the trivial log point by Wa*&/& = sz/ko. Then there is
a short exact sequence of cochain complezes

over Xg. The connecting homomorphism on cohomology
N 2 Hiog eris(X/W (k) = H* (X, Wwy ) — Hiog cris(X/W(K))

satisfies N = ppN, where ¢ is the functorial Frobenius on the log crystalline cohomology, and
agrees with the monodromy operator constructed in [HK94] when X is of semistable type.

1.3 Outline of the paper

Section 2 is largely expository, where we summarize relevant results from [BLM18]. In Section 3,
we define log Dieudonné algebras, and its subcategories consisting of p-compatible strict objects.
The saturated log de Rham—Witt complex lives in the latter subcategory. Section 4 and 5 consist
of the technical core of the construction of Ww*ﬂ Ik and its globalization to Xg. In Section 4
we also compare Ww*ﬁ Ik to the (completed) de Rham complex of a log-smooth “log-Frobenius
lifting”. In section 6, we show that our construction agrees with the existing ones due to Hyodo—
Kato and Matsuue in the case when the log scheme is sufficiently smooth. We then construct the
monodromy operator on the log crystalline cohomology for semistable log schemes in Section 7.
Appendix A is included as a briefly review of the necessary background on log schemes.

1.4 Conventions

We fix a prime p once and for all. We say that a cochain complex M* is p-torsion free if each M?®
is p-torsion free. By a cdga we mean a commutative differential graded aglebra (A* = @;>0A, d).
In particular, the differential operator d increases grading by +1 and satisfies d(ab) = (da)b +
(=1)*a(db) for a € A*; commutativity requires that ab = (—1)*ba for a € A*, b € A and that
a’? =0 for all a € A%*!, The last condition is redundant unless p = 2.

For log schemes we refer to Appendix A, where we mostly follow [Kat89] except that we
denote a log scheme (X, Mx) by X. In addition, by a log algebra (R, L) we mean an algebra
R together with a monoid morphism L — R, this is the same data as giving a pre-log scheme
Y = (SpecR, L) with constant pre-log structure 8 : Ly — Oy. We often denote by L% the
associated log structure of L on Y = Spec R, and denote its global section by L% = I'(Y, £%).

Throughout the article, k is a perfect field of characteristic p. We denote by W a log alge-
bra (W (k), N) where N could be arbitrary, and reserve the notation W (k) for the log algebra
(W(k),[a] : N — W(k)), where the log structure comes from the Teichmuller lift of a log point
k = (k,N). The reader is welcome to take W = W (k) for convenience.
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2. Saturated de Rham—Witt complexes

In this section, we summarize the relevant results of Bhatt-Lurie-Mathew [BLM18].

2.1 Dieudonné algebras, saturation and V-completion
First recall the décalage operator .

Definition 2.1 Let R be a ring and pu € R a nonzero divisor. Let (M*,d) be a cochain complex

of p-torsion free R-modules, then (n,M)* C M*[%] is defined to be the sub-complex given by

(uM)' = {x € W’'M": dx € " M}
ny kills g-torsion in the cohomology. More precisely, H'(n, M*) = H*(M*)/H*(M*)[u).

2.1.1 Dieudonné algebras and saturated Dieudonné algebras

Definition 2.2 A Dieudonné algebra is a triple (A*,d, F) where (A* = @ A%, d) is a cdga,
i>0

F: A* — A* is a graded algebra map satisfying the conditions dF(x) = pF(dzx) for all x € A*,

and F(z) = 2P mod p for all z € A°.

Definition 2.3 Let A* = (A*,d, F) be a p-torsion free Dieudonné algebra, then F determines
a map of cochain complezes ¢pp : A* — np,A* by sending x — p"F(z) for x € A". A Dieudonné
algebra A* is saturated if it is p-torsion free and ¢p is an isomorphism.

Morphisms between two Dieudonné algebras are morphisms between cdgas compatible with
the Frobenius maps. The category of Dieudonné algebras (resp. the full subcategory spanned by
saturated algebras) is denoted by DA (resp. DAgqt)

2.1.2 Verschiebung Consider A* € DAq. For each i € Z, the composed map
pp: A SLEN {x € A" dx € pA™} X, (npA)*

is an isomorphism, hence F' is injective and F'(A*) contains pA*. Therefore, for each z € A",
there is a unique element Va such that F(Vx) = px. It is straightforward to check that

FV=VF=p, FdV=d, Vd=pdV, zVy=V(Fz-y).

2.1.3 Saturation Suppose A* € AD is p-torsion free, then (1, A)* with its inherited differen-
tial and Frobenius structure is again a Dieudonné algebra. The only thing to check is that for
any z € (n,A)Y, F(x) = 2P+ py for some y € (n,A)° (not just in AY). The map ¢ : A* — (n,A)*

“The décalage operator was first introduced in [BO78]. It was later used in [IR83] for the crystalline construction
of the de Rham-Witt complex WQ% . (and similarly in [HK94] to construct the log de Rham-Witt complexes
from the log crystalline site). Recently it appeared in [BMS18] to define Ajns-cohomology.
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is a morphism of Dieudonné algebras. The inclusion functor ADg < AD admits a left adjoint,
A* — A7, which we call the saturation of A*, described as follows. We replace A* € AD by
its p-torsion free quotient if necessary and suppose that A* is p-torsion free, and then dfine A}
to be the direct limit of

« Mp(0F)

A* 28 (g, Ayt 228 (o, A) (PA)* = -

By the discussion above, the saturation A}, inherits the structure of a Dieudonné algebra, and
the natural map A* — A}, is a morphism of Dieudonné algebras.

2.1.4 Strict Dieudonné algebras and V -completion Let A* be a saturated Dieudonné algebra.
For each r > 1, we form the quotient

Wh(A*) == A" /(V"A* 4+ dV" AY),
which is a cdga as V" A*+dV" A* is a differential graded ideal. Next we define the V-completion of
A* to be the limit W(A*) := im W, A* along the natural projection maps R : W, A* — W, A".

It is easy to check that the map F' on A* induces F' : W, (A*) — W,_1(A*) on the quotients.
Similarly, the Verschiebung map induces maps V' : W,.(A*) — W,.;11(A¥).

Definition 2.4 A saturated Dieudonné algebra A* is strict if the canonical map A* — W (A¥)
is an isomorphism. The full subcategory of DAsat spanned by strict algebras is denoted by DAg.

Remark 2.5 Let A* be a saturated Dieudonné algebra as above.

— A%/V A is a reduced Fp-algebra by Lemma 3.6.1 of [BLM18].

— W(A*) in the definition above becomes a Dieudonné algebra with F the inverse limit of
F W, (A*) = W,_1(A*). It is in fact still saturated. One needs to check that (i). W(A*) is
p-torsion free, (ii). if v € A' := (W(A*))" is an element with dv € pW*HL, then x € im(F),
and (iii). the inverse limit F' on W (A*) satisfies F(x) = 2P mod p, for the detail we refer
to Section 2.6 and 3.5 of [BLM18].

Remark 2.6 The V-completion W (A*) for A* € DAgy is strict. More precisely, for eachr > 1,
the canonical map W,(A*) — W,.(W(A*)) is an isomorphism (by [BLM18] Proposition 2.7.5).
The completion functor A* — W (A*) provides a left adjoint of the inclusion DAgge — DAgg.

Remark 2.7 For a strict Dieudonné algebra A*, each A' is p-complete. Moreover, A is the
ring of Witt-vectors of W1(A)? = A°/V AY. In other words, there is a canonical isomorphism
p: AY — W(A/V AY) such that the composition A — W(A°/VA®) &2 A0/VAC is the
projection map. The Frobenius F on A° corresponds to the Witt vector Frobenius under .

2.2 The Cartier criterion
Let A € DA be a p-torsion free Dieudonné algbera. Consider the cochain complex (H*(A*/pA*), )

where ( is the Bockstein differential induced from 0 — A*/p 2, A /p?> — A*/p — 0. Then we
have the following commutative diagrams where each arrow is a map of cochain complexes:

(A*/pA*,d) % (H*(A*/pA*), B)
~ 2

(np(A*)/p, d)



LOG DE RHAM—WITT COMPLEXES

Here v is defined by sending = € (1,A4)" to 2/p’. Suppose that A* is in addition saturated, then
the composition F' in the diagram factors through the quotient cochain complex Wi (A*), as in
the diagram below:

(W1(A*),d)
y \\flu
(A*/pA*,d) ——L—— (H*(A*/pA*),B)

Lemma 2.8 ([BLM18] Proposition 2.4.1 & 2.7.1) Let A* be a p-torsion free Dieudonné al-
gebra, then

(1) v :np(A*)/p — H*(A*/p) is a quasi-isomorphism of cochain complexes;
(2) Suppose that A* is saturated, then Fy : W1(A*) — H*(A*/p) is an isomorphism.

Definition 2.9 We say that a Dieudonné algebra A* € DA is of Cartier type (or satisfies the
Cartier criterion) if F: (A*/p,d) — (H*(A*/p), B) is an isomorphism of cochain complezes.

In the case in the above definition, we denote the map F~! by C.

Corollary 2.10 Let A* be a p-torsion free Dieudonné algbera.

(1) If A* is of Cartier type, then ¢p : A*/p — n,(A*)/p is a quasi-isomorphism, therefore we
have a quasi-isomorphism
A pA" > Al A

sat
(2) If A* is saturated, then q : A*/p — W1(A*) is a quasi-isomorphism of cochain complexes.

(3) Let f: A* — B* be a morphism of saturated Dieudonné algebras, then f : A*/p — B*/p is
a quasi-isomorphism if and only if f: W1(A*) — W1 (B*) is an isomorphism, if and only if
f:W(A*) — W(B*) is an isomorphism (see Corollary 2.7.4 in [BLM18]).

Corollary 2.11 Let A* be a p-complete and p-torsion free Dieudonné algebra satisfying the
Cartier criterion, then the canonical map A* — W (A%,) is a quasi-isomorphism.

Proof. 1t suffices to show that A*/p — AZ,/p — W(A%,)/p is a quasi-isomorphism since each
A’ is p-adically complete and p-torsion free. The first map is a quasi-isomorphism by Corollary
2.10 (1), and the second map is a quasi-isomorphism by Remark 2.6 and Corollary 2.10 (3). O

3. Log Dieudonné algebras

In this section we describe an enhancement of Dieudonné algebras that incorporates log
structures, which serves as a basis for our theory of saturated log de Rham—Witt complexes on
local charts. Some of the definitions in this section are analogous to those in [BLM18], with minor
differences. In particular, we prove that, for a strict Dieudonné algebra with a p-compatible log
structure, its log structure is “valued in” Teichmuller representatives (Proposition 3.12). For
notations on log geometry we refer to Subsection 1.4 and Appendix A. In this section and in the
construction of saturated log de Rham—Witt complexes, we do not require the log structures to
satisfy additional properties such as being integral or coherent.
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3.1 Log Dieudonné algebras
Definition 3.1 Let W = (W(k),N) be a log algebra. A log Dieudonné W -algebra is a tuple
(A*,L,d,d, F, Fp), consisting of the following data:

— (A* = ®i>04%, d) is a cdga over W,

— A% = (A%, L) is a log algebra over W,

— 6:L— Al is a map of monoids, and

— F: A* — A* a graded algebra homomorphism,
satisfying the following requirements:

(1) (A*,d, F) is a Dieudonné algebra in the sense of Definition 2.2.

(2) (d: A" — AY§: L — A') is a log derivation of A°/W, where we further require that the
composition L S oAt A2 450,

(3) 6 is compatible with F : A* — A' in other words it satisfies Fy, = pF§.

(4) Fr: L — L is a monoid homomorphism satisfying F oo = o Fp,.
Notation. We often suppress notations and simply write A* for a log Dieudonné algebra.

Remark 3.2 In contrast to the non-logarithmic setting, for the definition of log Dieudonné
algebras we specify a base W. In the non-logarithmic case, Qpp, = 0 (and Qwwyz, = 0) for
a perfect field k of char p, so the base is to some extent irrelevant (as one can see from the
construction in Subsection 4.2, for example). On the other hand, if we have two distinct log
structures N1, Na on k, Q. ny)/(k,No) @5 typically nonzero.

Definition 3.3 A morphism between two log Dieudonné W -algebras A* and B* is a pair (f, ),
where f : (A*,d,F) — (B*,d',F'") is a morphism between Dieudonna algebras over W, and
Y : Lg— Lp is a monoid morphism over N which is compatible with Fr, o and §:

(1) fod=d of and foF = F' o f on each A’
(2) The structure map N — Lp agrees with N — L Y, Lp (resp. W — B agrees with

W — A° M BP). Moreover foas = agotp on L. This is simply saying that (fs¥)a0,2.)
is a morphism of log W -algebras.

(3) ¢ satisfies Y o Fr,, = Fr,, 01, and foda = dp o).

Notation. We denote the category of log Dieudonné algebras by DAI/OIE,, and we often suppress

notations to write DAS —= DAI/O‘%,

when W is understood.
Lemma 3.4 A morphism (f,v) : A* — B* of log Dieudonné algebras over W is an isomorphism
if and only if both f and v are isomorphisms.

Proof. Suppose that f has an inverse g : B* — A* as Dieudonné algebras over W and that
has an inverse x : Lp — L4, the lemma claims that y satisfies the compatibilities (2) and (3) in
Definition 3.3. This is straight-forward. O
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3.2 p-compatible log Dieudonné algebras

Definition 3.5 We say that a log Dieudonné algebra A* over W is p-compatible if the Frobenius
on the log structure L is given by Fr, = p.

Let DA!°8P denote the full subcategory of DA® spanned by p-compatible objects. In this article
we are mostly interested in p-compatible log Dieudonné algebras (see Proposition 4.5).

Remark 3.6 The p-compatibility condition imposes some restrictions on what (pre-)log struc-
tures are allowed. For example, for a log structure £ on an affine Z,-scheme X = Spec A, the log
algebra (A, T'(X, L)) is usually not p-compatible. A typical example that arises is (Zy[x,y]/xy, L =
N2) with the pre-log structure (a,b) — x%® and Frobenius Fy, given by multiplication by p. On the
(sections of the) associated log structure L* = 7, & N2, the induced Frobenius is Fra = id @ F.
For this reason we prefer to work with pre-log structures.

3.3 Saturated log Dieudonné algebras

In this subsection and next we discuss saturation and V-completion in the logarithmic setting.

Definition 3.7 Let (A*,L % A° d,§,F,Fy) be a p-torsion free log Dieudonné algebra. We
define n,(A*) to be the tuple (np(A*),L AGN npA°, d, ny(5), F, FL> where

— Al = {x € p'A" : dx € p"TL ALY} as in Definition 2.1,
— the log algebra (n,A°, L) is given by ny(a) : L RN Fr(L) < n,A°,
— the log derivation n,(0) is given by ny(J) : L I, Fr(L) LN npAL, °

Both n,(a) and 7,(d) are well-defined by the relations dFF = pFd and 0F = pFé. It is
straightforward to verify that 7,(A*) is in fact a log Dieudonné W-algebra, with its W-structure
given by W — A% — (n,4)° and N — L (compare with Remark 3.1.7 in [BLM18]). Now let

log
DAp_tf

logarithmic décalage operator DA;iff — DA;;?%f. For a morphism f = (f,v) : A* — B* between
log Dieudonné algebras, one obtains a morphism 7,(f) : 7,(A*) — 1,(B*) in a functorial way.
The operator 7, clearly preserves the p-compatible objects. Moreover, for a p-torsion free object
A* in the category DA°® (resp. in DA8P) we have a natural map

¢ = (¢r,id) : A" — (A7)

of log Dieudonné algebras, where ¢ is the map p’F on A?, which by 2.1.3 is a morphism between
Dieudonné algebras.

be the full subcategory of DA% spanned by p-torsion free complexes, then np induces a

Definition 3.8 A log Dieudonné algebra A* € DA%® is saturated if A* is p-torsion free and ¢
s an isomorphism, in other words, if the underlying Dieudonné algebra is saturated.

Notation. The full subcategory of DA% spanned by saturated objects (resp. p-compatible
saturated objects) is denoted by DA (resp. DA%%P).

sat sat

SEquivalently, 1, (8) is given by the composition L LN/LE AN npA'. Likewise, n,(a) is given by the composition
L2 A5 A0
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Remark 3.9 The definition of being saturated has nothing to do with the log structure L. More-
over, by the same discussion in Subsection 2.1.2, a saturated log Dieudonné algebra admits the
Verschiebung operator V : A — A satisfying the relations listed there.

Since the log structure is irrelevant in the condition of being saturated, the construction
of the saturation of a log Dieudonné algebra is essentially the same as in the non-logarithmic
setup. First we replace A* = (A*, L) by (A*/A*[p*°], L) to reduce to the p-torsion free case while
keeping the monoid L. For a p-torsion free log Dieudonné algebra A*, we apply the log décalage
operator 7, to the morphism ¢ = (¢F,id) : A* — n,(A*) repeatedly and obtain

(A% )gat == colim(A* ¢—F> np(A") ¢—F> Npnp(A*) — -+ )

More explicitly, we take Lgq¢ := colim(L RN Fr(L) RN FLF(L) — ) in the category
of monoids (colimit exists in the category of monoids, as both coproducts and coequalizers
exist). This is compatible with the colimit lim b5 1, (A*), hence we get natural monoid maps

Qsat * Lsat — (Asat)® and Ggqt : Loat — (Asat)'. The saturation is then

* Qgq dsa
((A )5at; L — Lsat —t> (Asat)oa L — Lsat —t> (Asat)1>~

3.4 Strict log Dieudonné algebras and V-completion

Let A* € DA°® be a saturated object, in Subsection 2.1 we formed the inverse limit W(A*) =
@WT(A*) along the restriction maps R : W, (A*) — W,_1(A*), where W, (A*) = A*/Fil" is the
quotient of A* by the differential graded ideal Fil" = V"(A*) +dV"(A*) C A* (which defines the
V-filtration on A*). The Dieudonné algebra W (A*) inherits a log structure L — A% — W (A)°
and a log derivation L — A — W(A)! from A* which makes it a log Dieudonné algebra.
The canonical map p : A* — W(A*) of saturated Dieudonné algebras upgrades to (p,id) as a
morphism in DA°8, which we still denote by p. By Remark 2.5, we know that, if A* € DA°®
is saturated (resp. saturated and p-compatible), then W (A*) is again saturated (resp. saturated
and p-compatible).

Definition 3.10 A saturated log Dieudonné algebra A* is strict if p : A* — W(A*) is an
isomorphism, in other words, if its underlying Dieudonné algebra is strict.

Notation. The full subcategory of DAL‘;‘% (resp. DAL%%’D) spanned by strict objects is denoted by
DASE (resp. DALSEP).

str str

Lemma 3.11 (1) The saturation functor sat : DA — DAL(;% is the left adjoint of the inclusion
DA « DAS | The same is true for DASP.

sat sat

(2) The completion W(A*) of a saturated log Dieudonné algebra is strict. Moreover the com-
pletion functor W : DA'8 — DA® provides a left adjoint of the inclusion DASE c DA

sat st st sat’
similarly for the p-compatible subcategory.

Proof. Immediate from definitions and Subsection 2.1. O

The condition of being strict and p-compatible imposes some rather strict restrictions on the
log structures. For the setup, let A* € DASE® and recall from Section 2 that we have a canonical
isomorphism g : A% = W(A°/V A®) respecting Frobenii on both sides. We use u to identify
A% with the Witt vectors of A°/V A in the following proposition, which is important for our
construction of log de Rham—Witt complexes in Section 4.
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Proposition 3.12 Let A* € DAy be a strict Dieudonné algebra. Let o : L — AY be a log
structure on A°, such that F(a(m)) = a(m)P. Then the image of o consists of Teichmuller lifts
of elements of A°/V A°. In other words, consider the log algebra @ : L — A° — A®/V A% with log
structure inherited from «, then

a(m) = [a(m)]
for any m € L. This in particular applies to the case of a strict p-compatible log Dieudonné
algebra.

Proof. Tt suffices to show that a(m) — [a(m)] € Fil*(A°%) = V*(AY) for every s € Z>; since A°
is complete with respect to the V-filtration. We proceed by induction. By assumption a(m) —
[@(m)] € Fil'. We claim that if a(m) — [@(m)] € Fil" for r > 1, then a(m) — [@(m)] € Fil*".
Suppose that a(m) — [@(m)] = V"b, then

Fr(a(m)) = F"([@a(m)]) = a(m)”" — [@(m)P”" =p"-b.
In the first equality we use that A* is p-compatible. On the other hand

a(m)" = ([&(m)] + Vrb)pr

= )+t Vo S (0 )i ()
k=2

Note that since xV"y = V" ((F"z)y), we have
(V7b)? = VI ((F"V"b)b) = VI (p"b%) = p' V' (b%).

Therefore
p" r
P =Tl v V)Y () ()
k=2
Since A° is p-torsion free, we conclude that b € V" (A°). O

Corollary 3.13 Retain notations from above. Let A°/V AY be the log algebra (A°/VA° @ :
L — A%V A®), and W(A°/VA°) be the log algebra obtained via the Teichmuller lifts. Then
e AY =5 W(AY/V A) induces an isomorphism of log algebras

p=(nid) : A” = (A° L) — W(A"/VA").

Proof. This is immediate from Proposition 3.12. 0

4. Saturated log de Rham—Witt complexes

The goal of this section is to construct the saturated log de Rham—-Witt complexes Ww*l Jk for
a log scheme X over k, which is a sheaf on X valued in log Dieudonné algebras. We construct
this object locally on charts in Subsection 4.1, and compare it with de Rham complexes in the
subsequent subsections. In Subsection 5 we glue the local construction on the étale site of X.

For this section, we fix the base log algebra W = W (k) where k = (k, N) as before®. In

This is less general than the previous section, namely we require that the log structure on W (k) comes from the

Teichmuller lift from log structure on k. Examples include the trivial log structure on W (k), or N EiadiN Wi(k),

1—p

but excludes N —— W (k).
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Subsection 4.1, we do not impose any condition on the log structures, but later on we gradually
impose restrictions on the log algebra to prove various forms of comparison theorems.

4.1 Saturated log de Rham—Witt complexes for log algebras

Let Alglog be the category of log algebras over k. An element R = (R, M) € Alg}fg can be
equipped with a pair of Frobenius (F, F);) where F(x) = 2? for all x € R and Fy;(m) = pm for
all m € M. From the previous section, we have a functor

DAlogp Alglog given by A* - A°/V(A?),

str

where A°/V (A°) consists of the data (A°/V(A%),a: L — AY — A%/V(A®)). Now we are ready
to give the definition of saturated log de Rham—Witt complexes for log algebras (Definition 1 in
the introduction).

Definition 4.1 Let R = (R, M) € Alglog be a log algebra over k. The saturated log de Rham—
Witt complex Ww}‘%/k of R is a strict p-compatible log Dieudonné W (k)-algebra equipped with an

isomorphism e : R —> Wlw%/k, such that for any A* € DAL.(zf’p the natural map

HomDAlﬁcE(Ww*E/E, A*) — Hom,, log( LAYV (A%Y)

s an isomorphism. In particular, the association R — WwR/k (if exists) provides a left adjoint
of the functor DAIOg’p — Algk sending A* — (A°/V(A°), L).

ste/y

Remark 4.2 The restriction to the subcategory of p-compatible objects seems necessary to ob-
tain the desired universal property. In partzcular, we do not obtain a left adjoint of the functor
DAL‘Lg — Alglog from the larger category DAStt

4.1.1 Preliminaries 1 Let A = (A,L4) and B = (B, Lp) be two log W-algebras equipped
with Frobenius maps (¢4, Fr,) and (¢p, FL,), where @4 (resp. ¢p) lifts the p-power Frobenius
on A/p (resp. B/p).

Notation 4.3 We denote by Homp (A, B) the set of Frobenius compatible W -morphisms between
A and B, which are pairs (f,1) of morphisms making every square in the cube below commute.

Y

Fr , L > Lp

K “
Ly— Lp Lp
¢
Loa o 4=l
A % B
The following setup is of particular interest. Let R, R’ € Alg10g be two log algebras over k.
Let W(R) = (W(R),[a]), where [a] = []oa : M — R — W(R) is the Teichmuller lift of
the log structure on R. W(R) is equipped with the Frobenius map (F,p) where F is the Witt

vector Frobenius. Similarly define W (R'). Then Hompg(W (R), W (R')) consists precisely of the
homomorphisms (f,1) : W(R) — W(R') of log W-algebras, such that fo F = Fo f.

Lemma 4.4 Let R R € Alg %% be as above. Suppose that both R and R' are reduced, then
HOIHF(W(E), W(E)) = HOHlAlglog (Ea El)
k

12
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Proof. Let (f,): R — R’ be a map over k. We observe that, since W (R) is p-torsion free (since

R is reduced), and F': W(R) — W(R) lifts the Frobenius on R, the map W (R) — R Iy R Lifts
uniquely  to a map f : W(R) — W(R') which is compatible with Frobenius on both W (R) and
W(R'). Similarly we have structure morphisms W (k) — W(R) and W (k) — W(R') such that
f:W(R) — W(R') is a map of W(k)-algebras (by uniqueness of the lifting).

Now we show the compatibility between f and . This is implied by the compatibility between
f and taking Teichmuller lifts: namely that f([z]) = [f(z)] for every z € R. Since W(R') is
complete with respect to the V-filtration, it suffices to show that f([z])—[f(z)] € Fil* = VW (R)
for every s € N. We proceed by induction. Clearly f([z]) — [f(z)] € Fil', now suppose that

f([z]) = [f(x)] € Fil", then f([z]) = [f(x)] + V" (y) for some y € W(R'), so we have

F(fla)) = (@) = ([F@)] + V")) = FF@) mod pv W (R)

which implies that there exists some ¢y € W(R') such that
F(fla]) = FIF@) + V() = F([F@] + V).

But F is injective on W (R') since R’ is reduced, hence f[z] = [f(z)].
Applying the same argument again, we see that the map (f,v) is a morphism over W (k),

where the latter is equipped with the log structure N — k l> W (k). O

4.1.2 A key example of log Dieudonné algebra The construction of log de Rham—Witt com-
plexes for R € Alg};g relies on the following proposition.

Proposition 4.5 Let (A,a: L — A) be a log algebra over W. Suppose that A is p-torsion free
and that the pair (A, L) is equipped with morphisms ¢ : A — A and Fy : L — L such that

— o(z) = 2P mod p is a lifting of the absolute Frobenius mod p;
— Frp =p on L and is compatible with ¢, that is, poa = o Fp.

Then there exists a unique graded ring homomorphism F' : w;‘l/W — WZ/W which extends ¢ on
A, such that - -

_ P
F(dz) = 2P 'dx + d(ap(a:)px) for all x € A.
Moreover, this makes w* := (WZ/W(ky L,d,d, F,Fr) a p-compatible log Dieudonné W -algebra.

Proof. For the first claim we need to show the existence of F : w}4 Wk w114 W) We regard
the second copy of w}4 W) S an A-module where A acts by a twist of ¢, namely a - A = p(a)A
for all A € w114 W) By the universal property of wil JW (k) and Remark A.5, it suffices to supply

the structure of a log derivation from (A, L) to wil W (k) with this twisted A-module structure.
For this we define o

respectively as follows:

— we set 6(1) := §(1), and

"This is sometimes called Cartier’s Dieudonné-Dwork lemma. Another way to produce this lifting is to observe
that the Witt vectors provide a right adjoint to the forgetful functor from the category of d-rings to rings, in the
sense of [Joy85].
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— d(z) := 2P~ dx + df(x) where §(z) = W. 8
To proceed we need to show that § and d form a log derivation of A over W (k), which requires
(1) d(yz) =7 - da := F(v)dz for all v € W(k),z € A;
(2) d(z+y) = J( )+£lv( ) for all z,y € A;
(3) J(:):y) zody+y- dx = <p( )dy + go(y)c?x for all z,y € A;
(4) o
(5)

5) 6(u(n)) =0 for all n € N, where ¢ : N — L is map of monoids in W (k) — A.

(1) follows from (3) since pd(\) = d(F())) = 0, where F : W(k) — W (k) is the Frobenius map
on Witt vectors. (2 ) and (3) follow from the explicit description of 6(z) (for example see [BLM18|
Proposition 3.2.1). For (4), since 0(«(l)) = 0, we have

p(al1)d(l) = a(D)P6(1) = a(l)P~d(all)) = d(a(1)).
(5) is clear since 6(¢(n)) = 0 for all n € N. We thus get the desired map F' : WE/W(@ — WA/W(E)
which satisfies F(6(1)) = 6(1) = §(1) and Fd(x) = d(x) = 2P~ dx + db(x).
To finish the proof of the proposition, we need to check that (i). dF' = pF'd on all of w? AW (k)

and (ii). 6Ff = pF'd on L. For (i), note that Wi w (k) 1 generated over A by wA/W(k), and it is

clear that we only need to check the relation on x,dz for all # € A, and on §(I) for all I € L. The
fact that dF (z) = pFd(z) follows directly from the construction of F on w Jwi(x) Since F'd = d

by construction; on dz and §(1), both dF and pFd evaluate to 0 (since d6 = 0 on L). Part (ii) is
automatic by construction of F' again, since F'§ = . O

We record a variant of the proposition above, which allows slightly more flexible Frobenius
F;, on the monoid L.

Proposition 4.6 Let (A, : L — A) be a log algebra over W. Suppose that A is p-torsion free
and p-separated, and that w}MW is p-torsion free. Also suppose that the pair (A, L) is equipped
with Frobenius morphisms ¢ : A — A and Fy, : L — L such that

— ¢(z) = 2P mod p is a lifting of the absolute Frobenius mod p;

— Fp is compatible with .

Then the same conclusions of Proposition 4.5 hold except for p-compatibility.
Proof. First we need the following sublemma:

Sublemma 4.7 Retain the notation and assumption of the proposition. For any k € N, if
p*lo(x), then p*|(z?dz + db(z)).

Proof of the sublemma. The case k = 0 is tautological. We proceed by induction. Suppose that
k > 1 and that the sublemma has been verified up to & — 1. Now let ¢(x) = p*y = 2P + pd(z),
since p|e(x), we know that plz, so x = pz for some z € A. Since A is p-torsion free, p(z) =
pp(2) = pPy implies that () = p*~ 1y, so pkill(zpfldz + dQ(z)) by induction hypothesis. Note
that 2P~ 'dz + df(z) = (pz)P~'d(pz) + df(pz) = p(zF~'dz + df(z)), so the lemma follows. O

8Remark on notation: 6(x) here defines what is usually called a d-structure in literature, which features for example
in the theory of prismatic cohomology. In this article we reserve the letter § for log derivations.
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Now we proceed as in the proof of Proposition 4.5, but replace 5 by

o(1) = 8(FL () /p.
We need to show that p|§(FL(1)) for any | € L for & to be well-defined. For this we need the
assumption that A is p-separated: write z = (1), then there exists some k& € N such that p*|o(z)
but p**1 { ¢(z). By the sublemma above we know that p*+!|d(y(z)). Now since

p(x) 0(FL(l)) = aFL (1)) 6(FL() = da(F(1)) = dp(x)

and that p**1 { o(2), p**1dp(x), we know that p|6(Fr(1)) (here we use the assumption that
wi W (k) is p-torsion free). The rest of the proof of part (1) is the same, except that to check

a(l) - 8(1) = d(a(l)), we need to use

pd(a(l)) = de(a(l))
= a(FL(1))0(Fr(l))
= pp(a())3(l) = pa(l) - 3(1).
The rest of the proof is identical to that of Proposition 4.5. O

4.1.3 An interlude: Frobenius on finite level Proposition 4.5 will be applied to A = W(R)
where R is a reduced F,-algebra. For applications later, we also record the following remark,
which the reader may skip in first reading.

Remark 4.8 The graded ring homomorphism F can be constructed on the finite length Witt
vectors, namely there is a natural graded ring homomorphism

F ()W) = W1 (B)/ W1 (8)
extending the Frobenius F': Wy(R) — Wy,_1(R). We prove the claim using the same strategy as
Proposition /.5, by constructing a log derivation (d,d) of Wy (R)/Wy(k) into F*wll/vn,l(Ry where
wll/vn,l(R) is regarded as a Wy (R) structure via F : Wy, (R) — Wy_1(R). We define d as follows:
write x € Wy, (R) uniquely as x = [zo] + V&' with 2/ € W,_1(R) and x¢ € R, then define
dz = [wo]P~ ' d[mo] + da’
where [z] now lives in Wy_1(R). We then define 5(m) := 6(m).

e Let us first check that d(z+y) = d(z)+d(y), for which it suffices to show that if [zo] +[yo] =
[zo + yo] + V 2/, then
[0]P~ d[x0] + [yo]" ™" d[yo] = [wo + yol? ™ dlwo + yo] + d='.
We check this equality in wil,V(R)/W(k). For any element z = [z] + Vy € W(R), we claim that

[x]P~d[x] + dy = 2P dz + d(F(Z)p_ZP).

This is straightforward by expanding the terms on the right hand side:

[z]P +py — ([2] + Vy)p)
p .
Now the desired additivity follows from the proof of Proposition 4.5.

(Ia] + V)" d(la] + V) +
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e Next we check that
d(wy) = (fwo]? + pa’) (Iwol”dlyo] + dy) + ([wol” + py') (T}~ o] + o’

= F(z)dy + F(y)dz =z - dy +y - da
As (d,8) forms a log Wy (k)-derivation from Wy(R) into wll/Vn_l(E)/Wn_l(k)’ we have the desired
map F : wll/vn(g)/wn(@ — wll/Vn_l(B)/Wn_l(E)‘ Finally, this extends to a graded ring homomorphism
O W (B) W (8)

4.1.4 Preliminaries II Now the final ingredient for the construction of the saturated log de
Rham-Witt complexes.

Lemma 4.9 Let A be a log algebra over W = W (k) satisfying the conditions in either Proposi-
tion 4.5 or 4.6, and w* = @*A/W be the corresponding log Dieudonné W -algebra constructed there.
Let B* be a p-torsion free log Dieudonné W -algebra. There is a canonical bijection between

Homy, y 10 (w*, B*) = Homp (A, BY),
where Hompg is as defined in Notation 4.5.
Proof. Given a morphism (f,1) € Homp (A, B%), we need to extend it to a morphism f : w* — B*

of log Dieudonné W-algebras. As in the proof of Proposition 4.5, we first construct a map
f: w}q w B! that fits into the following commutative diagram:

BO dp Bl

Define dy : A — B! by dy =dpo fanddy: L — B! by 0y = dp o). One easily verifies that
dy is a derivation of A/W (k) into B'. To show that (d,d¢) is a log derivation of A/W, we check
that d¢(¢(n)) = 0 and that

a(l) - 6r(1) = ap(¥(l) 65(¥(1))
— dp ap(¥(l) = dg f(al)) = 6;(a(l)).
Therefore, we have the dotted map f : wlé Wk B! in the diagram above.

Next we extend f to wz Jw @S a differential graded morphism (as wz W is generated over A by
wg /E>' Note that f is compatible with § by construction, so it remains to show its compatibility
with F'. For this we proceed as the proof of Proposition 4.5, namely we check it on z,dx for z € A
and (1) for [ € L since both F' and f are algebra morphisms. We know that F' f(x) = fF(x) by
assumption. For dx (where x € AY), we have

pfF(dz) = fdF (x) = d(fF(z))
=dF(f(z)) = pF(df (x)) = pF f(dx)

and since B* is p-torsion free, we get fF(dz) = F f(dz). The proof for 6(l) is similar. O

4.1.5 The construction Now we prove our first main result (Theorem 2 in the introduction).
We continue to assume that k has the form (k, N) where N\{0} — 0 € k.
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Theorem 4.10 Let R = (R, M) € Alg}?g be a log algebra over k. The saturated log de Rham—
Witt complex Ww}}/k of R/k exists. Moreover, the association of R — V\/w}“%/,C 1s functorial.

Proof. Without loss of generality assume that R is reduced by replacing it with its reduced
quotient if necessary (for an object B* € DANEP BO/V(BO) is reduced by Remark 2.5). Let

st
W(R) = (W(R),L = M LN W(R)) be the Witt vector of R. Since R is reduced, W(R) is p-
torsion free. ¥ By Proposition 4.5, there exits a unique log Dieudonné W-algebra on the relative
log de Rham complexes:

wi* = (W;V(E)/W(E)v Lv d7 55 Fu FL)

where L = M, F;, = p and F(dx) = 2P~ 1dx + d(W). Define

WW*E/E = W(Wi*)ﬁat'

The construction is clearly functorial in R. We claim that Wwj, Tk is the log de Rham-Witt
complex of R/Ek. To prove the claim, consider any strict p-compatible log Dieudonné W (k)-
algebra B* € DA'®”_ then we have

st

HomDAﬁg,p (Wwh )y, BY) = Homp pieg. (w”, BY) by Lemma 3.11
= Homp(W(R), B°) by Lemma 4.9
= Homp(W(R), W (B°/V B®)) by Cor 3.13
= HomAlgfg (R, EO/VEO) by Lemma 4.4
) O
Notation. We denote W”W*E/E = Wn((wi*)ﬁut).
Remark 4.11 For each n > 1, write w}, = wa/,L(E)/Wn(E)’ then in the construction above we

*

may use limwy,

instead of w;V(R)/W(k). In other words, consider l&nw,ﬁ as a p-compatible log
Dieudonné algebra (see for example Remark /.8), then we may define Ww};/k as W(l<£n W )sat-

It suffices to show that the canonical map w;jV(R)/W(k) — yinw*n induces a bijection 'V

HOmDAlog,p(wi*, B*) L) HOmDAIOg,p(].iHle:“B*).

For this, we show that any map w* — B* of log Dieudonné algebras induces a map w;; — Wy (B*),
which is compatible with transition maps as well as Frobenius on both sides, hence giving rise
to imwy, — B* on the inverse limit. Note that we have W) = W,(R) - W,,B° = B/V™(BY).
Similar to the proof of Lemma 4.9, we claim that the map w‘l/V(R)/W(k) — B! factors through

wl — W,B'. This follows from the description of wtl/V(R)/W(k)’ which is given by the quotient

(see Subsection A.2.2)
Qi ryywimy © (W(R) @ M®)/ ~ .
This tells us that the kernel of w%,V(R)/W(k) — wl is generated by im(V™) +im(dV"™) as desired.

Remark 4.12 (Choice of charts) In forming the saturated log de Rham—Witt complexes for
a saturated log algebra (R, M), we might have different log structures on R which give rise to

%and in fact p-separated (since W(R) — W (K) — W(KP*f) where K = Fr(R)), however wéV(R)/W(M is not
p-torsion free.

10T his is slightly different from the setup in Lemma 4.17, where & there denotes the p-adic completion, while our
limit here is the “V-completion.”
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the same affine log scheme (Spec R, M®), which amounts to different choices of charts for M.
This choice is almost irrelevant in our discussion, since the underlying Dieudonné algebras will
be the same. More precisely, let (R, : M — R) be a log algebra over k, and M® be the log
structure associated to the constant pre-log structure M on Spec R (following our convention in
Introduction 1.4). Let M = T'(Spec R, M®) and denote the log algebra (R, M**) by R".

Lemma 4.13 The induced map Ww}‘%/k — Ww}k%sh/k of the saturated log de Rham—Witt com-

plezes from R — R*™ is an isomorphism on the underlying log Dieudonné algebras. In particular,
if (R, M) and (R, M') are two charts for the affine log scheme (Spec R, M®), then the underlying

Dieudonné algebra of their saturated log de Rham—Witt complezes are isomorphic.

Proof. 1t suffices to show that for each n > 1, the pre-log structures 8 : M — W, (R) and
B . M*h — W, (R) induce isomorphic log structures over Spec W,,(R), thus we have

* ~

W) Wat) (W))Wt

The proposition then follows from Remark 4.11. Now write X = Spec R and Y = Spec W, (R).
Let Ox (resp. Oy) be the structure sheaf of Xy (resp. Y ), and W,,(Ox) be the sheaf sending
U W, (T(U,Ox)). ' We need to show that the following two pushouts

B7H05) — Of (BM)~H05) — OF
l
M Msh

of étale sheaves of monoids over Yy are isomorphic. By topological invariance of étale sites,
we may compute the pushout in X . Over X, the morphism § corresponds to M 2 0y L
W, (Ox), where v is given by Teichmuller liftings. Note that v~!(W,,(Ox)*) = O since for
an algebra R we have W,,(R)* N [R] = [R*], so we have $71(W,(Ox)*) = a~1(O%). Thus the
first pushout can be computed via two steps, first take the pushout of ofl((’))x() — M along
a~HO%) — 0%, then along O — W, (Ox)*. The first step precisely computes M?, which
is isomorphic to (M")% by Lemma A.1, therefore M and M*" indeed induces the same log

structures on Y = Spec W, (R). O

Remark 4.14 The proof we give of Lemma 4.13 is somewhat indirect (for example it involves
Remark 4.11). One issue is that it seems more involved to show that M and M give rise to the
same log structures over Spec W (R). However, if we assume that R/k is log-smooth of log-Cartier
type, then the proposition immediately follows from Corollary 2.10 and Proposition 4.22, since
we have an isomorphism wz%/k - w}sh/k by Lemma A.1.

4.2 Construction via log Frobenius liftings

In this subsection we discuss an alternative construction of saturated log de Rham Witt complexes
for log algebras which admit liftings to W (k) together with lifts of Frobenius.

4.2.1 Log Frobenius liftings We record a (variant of a) definition from [LZ04].

M1 s straightforward to directly check that the pre-sheaf W, (Ox) is a Zariski sheaf, and satisfies the sheaf
condition for an étale cover R — R'. It corresponds to Oy on Y = (Spec W, (R))s under the identification of
étale topos Xg =2 Y7 .
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Definition 4.15 Let (f,) : Spec R = (Spec R, M) — Speck be a morphism of affine pre-log
schemes with integral pre-log structures.
(1) A Witt-lifting of f consists of a system (& = (A, M,), 6, : W,(Spec R) — Spec@)nx,
where (A1, My) = (R, M), and satisfies the following list of conditions:
— Spec A,, = (Spec Ay, My,) is log-smooth over W, (Speck);
— For each n, the following diagram is cartesian

Spec 4,, —% _ Spec A

| ¢ |
W, (Speck) TN Wy +1(Speck)

where R : Ap+1 — Ay, is the transition map of the inverse system.
— The maps &, are compatible with the system (Spec A,,) under the transition maps.
(2) A log Frobenius lifting of f is a projective system (An,0n, @n)n>1 where (Apn,dy) is a Witt-
lifting of f, and ¢, : Spec A, — Spec A,, | is a morphism of pre-log schemes, such that
— the maps @, are compatible with the Frobenius on Spec R given by the pt* power Frobe-
nius on R and multiplication by p on M.
— n are compatible with the Frobenius of Witt vectors on both Speck and Spec R.
(3) A log Frobenius lifting (A, = (An, My),0n,pn) of f is called p-compatible, if the log-
restriction map R : My+1 — M, is identity for all n > 1 (so in particular M, = M
for all n) and the log Frobenius map ¢y, : M — M is multiplication by p.

The requirements on ¢, in the definition of log Frobenius liftings can be summarized in the
following commutative diagrams:

Spec A, 1 R - Wp+1(Spec R)
o 2
Spec A4, R, W, (Spec R)

l

l » o (Speck)
i

W, (Speck)

Also note that, though we stated the definitions on log algebras following [LZ04], it is clear that
one can globalize and extend the definitions to pre-log schemes in general.

Lemma 4.16 Suppose that R is log-smooth over k, then there exists a p-compatible log Frobenius
lifting (4,,, 0n,©n) of R. More generally, let f : X — Speck be a log-smooth morphism of fine
(pre-)log schemes, then a p-compatible log Frobenius liftings exist étale locally.

Proof. This follows from Proposition 3.2 in [LZ04] and Lemma 5.5 of [Mat17]. The morphism
(k,N) — (R, M) factors through the morphism (k, N') — (k®znZ[M], M) — (R, M), where the
second map is étale on the underlying rings. The first arrow admits a p-compatible log Frobenius
lifting given by (T, M) where T), := Wy, (k) ®z(n) Z[M] and ¢y, is given by a ® b — F(a) ® P €
T,—1. Then we need to lift the étale morphism 77 — R along ---71,, — 11 — -+ — 17,
which exists by [LZ04] Proposition 3.2. Note that the log structure on each A, is given by
M — T, — A, (while ¢, |M is still multiplication by p), so in particular we have constructed a
p-compatible log Frobenius lifting. ]
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4.2.2 A p-complete de Rham complex For the rest of this Subsection we make the following

Assumption. R/k is integral and admits a p-compatible log Frobenius lifting (A4,,, 6n, ©n).

Examples include log algebras R that are log-smooth and integral over k (Lemma 4.16). '
Write A = (g, M) where A= @An, which is equipped with the log structure from the

filtered inverse limit. We then form the completed log de Rham complex

w7 = Imwh e = %n “awaw/P")

n

From Subsection A.3.1, f being integral means that the map Z[N]| — Z[M] induced from the map
of monoids is flat, therefore for each n, Spec 4,, — Spec W (k) is log-smooth and integral, hence
flat. Now, since the restriction map R : A,+1 — A, is surjective, so the inverse limit A is also flat
over W (k), hence p-torsion free. This allows us to apply Proposition 4.5 and get a log Dieudonné
* Ak .
algebra w W The completed log de Rham complex & 3w has a unique cdga structure such
: ES Nk : 9 Ak . .
that the canonical map W3 — W3 /w 18 & map of cdga’s. Moreover, Y3 ww) inherits the
Frobenius structure from w*. which makes it a p-compatible log Dieudonné algebra.

A/W (k)
4.2.3 Preliminaries 111 The following lemma is a variant of Lemma 4.9. In this lemma we
do not need to assume that A comes from log Frobenius liftings.

Lemma 4.17 Let A be a log algebra over W (k) satisfying the conditions in either Proposition
4.5 or Proposition 4.6, and let w* = Q*A/W(E) be the log Deiudonne algebra constructed there.
Let w* be the term-wise p-completion of w*. Then for any p-torsion free and p-complete log
Dieudonné W (k)-algebra B*, the canonical map

Homy, 105 (0%, B*) = Homp (A, B°)
is a bijection. Suppose that B* is in addition strict and p-compatible, then in fact
Homy, 105 (&%, B*) = Hom(A/p, B/V B)
where the second set denotes homomorphisms of log algebras over k.

Proof. The first assertion follows directly from Lemma 4.9. For the second assertion, we appeal
to the Cartier-Dieudonné-Dwork lemma, which in our setup says that, since A is equipped with
a lift of Frobenius ¢ satisfying ¢(a) = a” for all a € A, a homomorphism h : A — B%/V B? has

-1

a unique lift to a homomorphism h : A — W(B°/V BY) “—l B such that Foh = hop. We
still need to check that, given a morphism of log algebras (h,), its lift (h,¢) : A — B% is a
morphism of log algebras, namely the top square in the left diagram commutes:

J AN Lg L—Y Lp

l ! |

A \h> B° B°/VB°
" l h \U ]
h

12Note that our definition of log-smooth requires the monoid M to be integral and coherent, but this is different
from requiring the morphism Spec R — Speck to be integral, see Appendix A.3.1.
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This is indeed the case, since the log structure on B factors through the Teichmuller lifts by
Corollary 3.13, as the diagram on the right indicates. Moreover, this also shows that any map
(h,) : A — B of log algebras comes from the lifting of a pair (h,). Finally, since p is 0 in
BY/V B, we get Homp(A, B®) = Hom(A/p, B°/VB°) as desired. O

4.2.4 Comparison with log de Rham—Witt complexes Now let us apply the lemma above to
the setup in Subsection 4.2.2, where A comes from a log Frobenius lifting of R. By Lemma 4.17
there is a canonical bijection

HOmDAlog,p( 9 Ww*ﬂ/k) = HOm(E’ Wlw%/k)

@2?/ W (k)

Lete: R — Wlw% /k be the tautological map from the definition of the log de Rham-Witt
complex ng/k. Then (e,id) : R — Wlwoﬂ/k gives rise to a map v : @E/W(E) — WW*E/E in the
category DA&P of p-compatible log Dieudonné W-algebras.

Proposition 4.18 The map v induces a canonical isomorphism (again denoted by v)

. A~ ~ *
v W(wg/W(@)sat — W
Proof. By construction W(@;? o E))ﬁat € DALEP 5o it suffices to show that for any B* € DALE?P,

the map v : W(CJ*

E/W(k))sa’c — Ww}"%/k induces a bijection between

Homyp, tog.p (Wwgy BY) = HomDAlﬁf‘p(W(WAA/W(E))EM’B )-

This follows from the following commutative diagram

Homp, yios.0 Wy g B) —— Homp e (W(@% ) o BY)
Thm.4.10 Homyy y10g,p (@E/W(k), B*)
Lemma 4.17
Hom tos (B, B°/VB") === Hom atgles (B B°/VBY)

O

Therefore, if R/E is integral and admits a p-compatible log Frobenius lifting, the saturated

the log de Rham—Witt complex of R/k can be constructed by taking @} W k) and then taking

its associated V-complete saturation (cf. Subsection 3.4).

4.3 Comparison with more general log Frobenius liftings

In this Subsection we prove a more general form of Theorem 8 (3). In general, we cannot construct
Ww, . from a non-p-compatible Frobenius lifting of R/k as in Subsection 4.2. However, in some
cases we can still compare the completed log de Rham complexes of non-p-compatible Frobenius
liftings with Ww*E Jk in the derived category. This crucially relies on the notion of log-Cartier
type (cf. Subsection A.3.2). In contrast, the Cartier criterion is not needed in Subsection 4.2.
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Assumption. R/k is log-smooth of log-Cartier type (which is in particular integral), and
(4,,, ¥n,0n) is a log Frobenius lifting such that A = 1'£1An is p-torsion free.

Each w}‘ W (K) is a finitely generated locally free module over A,, = A /D", by log smoothness
of A, /Wy (k), so @t AW Lw A JWa(k) 18 locally free over A, hence p-torsion free. Then A

satisfies the condition in Proposition 4.6 with &L replacing wl The conclusion of

AWk T )
is equipped with a Frobenius

A/W (k)

Proposition 4.6 holds by the same proof. To summarize, &* AW

extending ¢ = lgupn, which makes it a log Dieudonné W (k)-algebra,'® and there is a bijection

Homyy y 1o0g (&0 Wuwp ) = Hom(R, Wlw%/k)

}/W(k)’

by Lemma 4.17. The tautological map R — Wle/k again induces a map v : &% — Ww}‘%/k.

A/W (k)
Remark 4.19 Unlike previous subsection, in general v will not induce an isomorphism from the

complete saturation W(( of QZ/W( K to the saturated log de Rham—Witt complex.

Vi)

Theorem 4.20 Let R and A be as in the setup above, then the map

vk

Awe " VR

induces a quasi-isomorphism on the underlying cochain complexes.

Proof. (1). First suppose that the log Frobenius lift (A4,,, ¥n,dn) in the Assumption above is
p-compatible, then by Proposition 4.18, we have

v - W(@% Jsat —> Wwp .

ST “AIW (k)

Since both @ A AW and Wwi, /i are p-torsion free and p-complete, it suffices to show that v is a
quasi-isomorphism after mod p. In other words, we need to show that

Q*A\/W k)/p — ( A/W ) ﬂt/p — W( A/W k)) at/p = WwR/k;/p

is a quasi-isomorphism. The rest of the proof is similar to the proof of Corollary 2.11. The
key point is that the underlying Dieudonné algebra w* W satisfies the Cartier criterion (cf.
Definition 2.9) by Proposition A.10. In other words, we have

F: A/W /P = Wr — H (Why) = HY (@ :x/Wk)/p

A/W )5ut/p — W(
sat/P are quasi-isomorphisms by Corollary 2.10.

To finish the proof, note that both of the maps of (&* )mt/p and

“WAIW(k
YiwawP ™ @)

Umodp

WwR/k/p

is a quasi-isomorphism. The map U depends on the lifting A of R and ¢ of Frobenius, but the
induced map in the derived category does not. More precisely, let A’/W be a p-compatible formal

(2). For the general case, again we need to show that T : QE/W(E) /D= Wi —

B Though we construct the log Dieudonné algebra &% directly using universal properties of &% Lemma

A/W (k) A/W(k)’

4.17 still holds by inspecting its proof (as well as the proof of Lemma 4.9).
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lift of R/k (which exists thanks to Lemma 4.16), and consider the following diagram

Nk

* U * pr *
YW (k) “R/k » Wi /p » Wiwg

y N
P Wiy — Wwh/p —— Wiwg,

Nk

Ca W)
where pr : Wwr, Ik /p = Wuwj, Ik JFill = Wiwy, Jk is the canonical projection. Unwinding defini-
tions, we see that prot = pro@’ (the square commutes). From step (1), we know that ¥’ is a quasi-

isomorphism. By Proposition 4.22, pr o ¥’ is an isomorphism, hence pr is a quasi-isomorphism.
This in turn (using Proposition 4.22 again) implies that T is a quasi-isomorphism. O

Remark 4.21 (1) The proof of the general case (part (2)) uses Proposition j.22, whose proof
builds on the conclusion of the special case (part (1)) of the theorem, but does not use part
(2) of this proof. Therefore there is no circular argument.

(2) In general U does not agree with v if R is non-perfect. Note that v comes from the map
fo: A= W(A) = W(R), where the first map is determined (on ghost coordinates) by

A WA AN, e @@, @), ...).
On Witt coordinates, f,(z) = (2,0(z),...) where () = (p(Z) — 2P)/p mod p € R. The
reduction mod p of f, gives U|g : R = A/p — W(R)/p, which depends on A and ¢. This is

not surprising: without the liftings, we cannot produce a map from R =W (R)/V — W(R)/p
when R is non-perfect.

4.4 Comparison with de Rham complexes in characteristic p

Let R/k be a log algebra and let Ww*ﬂ Ik be its saturated log de Rham—Witt complex. We have a
map (e,id) : R — Wlw%/h, which extends uniquely to a map v : w&/k — Wlw*ﬂ/@ of cdga’s that
is compatible with log structures and log differentials (In fact, v = pro© = pr o ¥’ in the proof

of Theorem 4.20). Our first goal of this subsection is to prove the following proposition.

Proposition 4.22 Suppose that R/k is log-smooth of log-Cartier type, then
v w}‘j/ﬁ = Wlwz%/&
18 an isomorphism.

Proof. The proof is similar to that of Proposition 4.3.2 of [BLM18]. Let (A, M) be a p-compatible
formal lift of R over W, which exists by Lemma 4.16. Then we have a commutative diagram of
cochain complexes

* c! N (0, % _ * (S
“R/k P HY (W) = HY (@ /P)
X
T Wiwh H(T)
po TR
* F * *
WWE/E/]O H (WWE/E/]D)
where both complexes on the right are equipped with the Bockstein differentials (see Subsection
2.2). The vertical maps are both induced by v : @} W) — Wuwj, Ik while the bottom triangle
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is the triangle above Lemma 2.8 applied to the saturated log de Rham—Witt complex. From the
proof of part (1) of Theorem 4.20, T is a quasi-isomorphism, so H(U) is an isomorphism. The
map F is an isomorphism by part (2) of Lemma 2.8. Finally, by the assumption that R/k is
log-smooth of log-Cartier type, C~! is an isomorphism. Therefore, v is an isomorphism. O

Corollary 4.23 We continue to assume that R/k is log-smooth of log-Cartier type. The projec-

-1
tion WWE/E — Wlw*ﬁ/k AN W*E/E induces a quasi-isomorphism of cochain complezes
pr: Wwp ), /PWWE /e = Wk
In other words, Ww*E Ik is a deformation of w}‘j Ik in the derived category.
Proof. Immediate from the commutative diagram above, since T is an isomorphism. O
We now turn to the following interesting corollary (already mentioned in the introduction).

Corollary 4.24 Let X be a fine log scheme over k that is log-smooth of log-Cartier type, then
the underlying scheme X is reduced.

Proof. 1t suffices to work locally on charts. Under the assumption in Proposition 4.22, we have
R = Wlw% Ik the claim then follows from Remark 2.5. ]

Remark 4.25 This is related to a result of Tsuji in log geometry. Suppose in addition that
X and Speck are saturated log schemes as defined in [Tsul9]. From loc.cit. I1.2.14 and II.3.1
(attributed to Kato) it follows that X is of log-Cartier type if and only if the morphism X — k is
saturated, and by Theorem I1.4.2 of loc.cit. the latter condition is equivalent to X being reduced.

Our next remark is helpful for the discussion on monodromy operator and for [Yaol9].

Remark 4.26 In the proof of Theorem 4.20 and Proposition 4.22, the assumption that R/k is
log-smooth of log-Cartier type is only used to guarantee that the following two criterions hold:

(1) There is a lift A/W (k) of R with a lift of Frobenius such that W (k) i p-torsion free.
(2) The Cartier isomorphism C~1 :wiE/E - Hi(w*ﬂ/ﬁ) holds.

Thus the conclusions of Theorem /.20 and Proposition 4.22 continue to hold for log algebras R/k
that meet the two criterions above.

5. Etale base change

In this section, we show that the saturated log de Rham-Witt complex Ww, Jk behaves well with
respect to étale base change, therefore, for any quasi-coherent log scheme X over k, we obtain a
sheaf Ww¥ Tk of log Dieudonné algebras on the étale site Xg;.

To formulate the étale base change we consider the category of log cdga’s, consisting of A* =
(A*, M, d,§) where (A*,d) is a cdga, M % A° a log algebra and § : M — A! a monoid morphism
(with the additive monoid structure on A') satisfying dod = 0 and a(m)§(m) = d(a(m)) for any
m € M. Morphisms between A*, B* are pairs of maps (f, ) where f : A* — B* is a morphism
of cdga’s and ¢ : M4 — Mp is a morphism of monoids, compatible with « and §.

Definition 5.1  — A morphism (f,v) : (A,La) — (B, Lp) of log algebras is naively étale if
f:A— B isétale and ¢ is an isomorphism of monoids.
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— A morphism (f,1) : A* — B* between log cdga’s is étale if its restriction on the log
algebra (f, ) : (A%, M4) — (BY, Mp) is naively étale and that f induces an isomorphism
A* ® 40 BY = B* of graded algebras.

— If A*, B* € DA% are strict log Dieudonné algebras, then (f,v) : A* — B* is V-adically

str

étale if for each n > 1, the induced map of log cdga’s Wy (A*) — W, (B*) is étale.

If A* is a log cdga, we denote by Et A+ the category of log cdga’s étale over A*. Similarly, for
A* € DA, we denote by VEt A+ the category of V-adically étale A*-algebras in DAl

steo st *
Proposition 5.2 (1) The functor B* — B induces an equivalence of categories
Eté* ~5 Et 4o = {étale A -algebras}.

The functor that sends a V-adically étale A*-algebra B* € DAE to the

str

(2) Let A* € DALS

st -

A%/V (A®)-algebra BY/V (BP) induces an equivalence of categories
VE’CA* - EtAO/V(AO) .

Proof. The functor B* — B* forgetting the log structure on B* is an equivalence of categories
between étale A*-algebras and étale A*-algebras. Likewise B* — B* induces an equivalence be-
tween VEt A+ and VEt 4-. Therefore claim (1) and (2) follow from Proposition 5.3.2 and Theorem
5.3.4 in [BLM18] respectively. O

By the same proof of Corollary 5.3.5 of [BLM18], we arrive at

Proposition 5.3 (étale base change) Let R = (R, M) be a log algebra over k, and R — S be
an étale morphism of k-algebras. Let S = (S, M) be the (naively étale) log algebra over R. For
anyn > 1, the map W”wl*j/k — ané/k 1s étale. In other words, WW*E/E — WWE/E 1s V-adically
étale. Moreover, we have a natural isomorphism of graded algebras

Wk @w,(r) Wa(S) = Wawg .

Remark 5.4 When R is log-smooth over k of log-Cartier type, we may also deduce the étale
base change an}‘j/k ®w,(r) Wa(S) — W”WE/E by comparing to the log de Rham-Witt com-
plezes constructed by Hyodo—Kato (which is defined globally on the étale site) or Matsuue (using
Proposition 3.6 in [Mat17]), once we prove Propositions 6.6 and 6.9.

Now let X be a quasi-coherent log scheme over Speck. We construct the sheaf of log de
Rham-Witt complexes Ww’, /i 01 Xt

Notation 5.5 For a log scheme X = (X, Mx) over k, let X¢;an be the site of “small enough”
affine étale opens where the log structure of X admits charts. The objects of X¢ianr are étale

morphisms U " X over k where U = Spec R is affine, such that there exists a constant log
structure L — R and an isomorphism (Ly)* = Mx|y := h*Mx. Here (Ly)® is the associated
log structure of the pre-log structure Ly — Oy. We give X o the étale topology.

It is clear that X¢; o indeed forms a site. Moreover, if the log structure Mx admits charts étale
locally, then these “small enough” affine opens form a basis for the étale topology on X.

Lemma 5.6 Further assume that X is a quasi-coherent log scheme, then the restriction of an
étale sheaf from Xg; to Xgi qf induces an equivalence of topoi.
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Proof. The canonical functor u : Xg .g — Xg; is continuous, cocontinuous, and satisfies the
property that any étale open Y € X admits a cover by {U;} in X¢; o, as the log structure My is
quasi-coherent. Thus u induces an equivalence Sh(X¢; o) — Sh(Xg;) by [dJea] Tag 03A0. [

Theorem 5.7 Let X = (X, Mx) be a quasi-coherent log scheme over k. There exists a unique
sheaowﬁc/k on Xg valued in log Dieudonné algebras, such that on each étale local chart (U, L) =

Spec(R, L) of X, there is a canonical map of log Dieudonné algebras

which is an isomorphism on the underlying Dieudonné algebras, and is given by L — I'(U, Mx)
on the log structures.

Proof. It suffices to construct the sheaf of abelian groups anig Ik for each n > 1,4 > 0 and
then take the inverse limit as n varies. By Lemma 5.6 it suffices to construct an% /i O Xt aft-
To this end we define a presheaf of abelian groups anlz k Xet,af — Ab as follows. For each
U = Spec R — X in Xe afr, we write M(U) := I'(U, Mx), and define '

Waie (U = X) 1= Wad{ g v i

To show that this presheaf is a sheaf on Xg; g, it suffices to check that, on each étale opens
U = Spec R € X af, the restriction ané(/k Usi.op defines a sheaf on Ug o = Xetafr/U. The
latter category consists precisely of all étale R-algebras. In other words, we may assume that
X = Spec R is a “small enough” affine log scheme which admits a chart for its log structure. Let

R — S be an étale map, write V = Spec S, then we have morphisms

Watd(moar(x)) /i = Wl ancoy /i = Watd{s vy i
by functoriality. 72 is an isomorphism by Lemma A.2 and 4.13. We know that
Wht(s vy /i = Wn(r v (x)) /e W () Wa(S)
by Proposition 5.3. From the topological invariance of étale sites and Theorem 5.4.1 of [BLM18§],
we know that the association S — W,,(S) identifies the étale algebras over R with étale algebras
over W,,(R). Therefore, on the affine étale site (Spec Wn(R))émaﬂine, the presheaf ani& Ik is

in fact a sheaf associated to the W, (R)-module anfR M(X))/k? by the usual étale descent.
It is straightforward to keep track of differentials, Frobenius operators, as well as the monoid

morphisms Mx — Ww% Jk and Mx £> leg Ik hence the theorem follows. ]

Remark 5.8 It might be possible to develop the global theory directly by working with sheaves
of log Dieudonné algebras over Xg, mimicking the steps used in the proof of Theorem 4.10.
However, we prefer to work locally and only globalize in the last step (which avoids sheafifying at
each step). For our application to Ajne-cohomology in [Yao19], it is more convenient to construct
the saturated log de Rham—Witt complexes in local charts. For example, for a p-adic formal
scheme X with semistable reduction over Oc¢, the log structures do not appear so transparently
on the complex of Aip-modules AQx @Y W (k). We could get around this problem by choosing a
certain coordinate locally. Another (less serious) issue is that the formal log scheme X (with the
divisorial log structure from its mod p fiber) is in fact not log-smooth over the base Oc, since its
log structure is not coherent. This issue again goes away if we restrict to small enough charts.
We refer interested reader to [Yaol9] for the detail of this discussion.

Y The value of an% /(U = X) is independent of the choice of chart on U, by Lemma 4.13.
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6. Comparison theorems

In this section we show that the saturated log de Rham-Witt complexes agree with existing
constructions for log-smooth schemes of log-Cartier type. In this section, our log schemes (for
example X and Y) are assumed to be log-smooth of log-Cartier type over k = (k, N), where
N\{0} — 0. In particular, all log structures are assumed to be fine (and hence quasi-coherent).

6.1 Comparison with the constructions of Hyodo—Kato
In [HK94], Hyodo-Kato constructs a log de Rham-Witt complex W™ w7 Jk using the log crys-
talline site, as a generalization of [IR83] Let (X /W, )iog-cris be the log crystalline site of X over

W, where W,, = W,,(k) is equipped with the standard PD structure. Let
UI)(;g/W (X/m)bg —cris = Xét

be the canonical projection to the étale site. Hyodo—Kato then defines

WHKWX//{: _Rl X/W *(OX/Wn)

where Oy, is the structure sheaf on the log crystalline site. These objects are equipped with
(collections of) operators d, F, V', and the canonical projections R, which we now briefly recall
(see 4.1 and 4.2 of [HK94]). Let C} be a crystalline complex (for a chosen embedding system, cf.
2.18-2.19 of loc.cit), which computes Rulgg/wm*((’)x/wn) (cf. Proposition 2.20 of loc.cit),

— Define the differential d : WHng( /k — WHKw?/lk to be the “Bockstein differential” induced
from the exact sequence 0 — C* £ Cf — CF — 0.

— Let F': WHKwX/k — anlwi/k be the map induced by C;; — C)_;
— Let V: Wi wl = Wiwi , be the map induced by Cj_; % C;,.

— Define R, WHKwX/k — WK 1wX/k as follows. Let p,, : H/(C}) — H'(n,C_,) be the map

induced by x + p’x on the level of complexes '°, and let ¢ : HY(C*_;) = Hi(np *_1) be
the isomorphism given by Lemma 2.25 of [HK94], then define R, := i, o 1.

We then take the inverse limit along the restriction maps to form the Hyodo—Kato complex

WHKwX/k LRW KwX/k
Theorem 6.1 Let X be a log scheme over k that is log-smooth of log-Cartier type. There is a
natural isomorphism of sheaves of log Dieudonné algebras

WwX/k: = WHK(JJX/k

Remark 6.2 In particular, Ww¥, Ik computes the log crystalline cohomology for quasi-coherent
log-smooth schemes of log-Cartier type.

To prove the theorem it suffices to work locally. The main point is to show that W™ w? /k
indeed takes values in log Dieudonné algebras. This is straightforward but quite tedious to carry

15The complex “n,Cji_1” needs justification, since C_; is p™ *-torsion. This is in fact the complex denoted by

E;_, in [HK94], where E_; is defined to be “(1,Cy,)"/p™~*” for m sufficiently large, where 1,C;, = {z € p'C%, :
dr € p"TCHY as usual. For m > n 4 i 4 1, the issue of p-torsion goes away and the quotient (1,Cy,)"/p" "' is

well-defined.
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out, which we prove in Lemma 6.3 and 6.4. Now we restrict our attention to the affine case and
let Y = (Spec R, M) be an affine log scheme over k, and consider the Hyodo—Kato complex

Wk e =T, W™y ) = Im DY, W wy ).
Ry

The canonical projections R,, commute with operators d, F' and V' on each finite level from the
definitions, hence we obtain a cochain complex in the inverse limit, equipped with F and V. By
relations given in 4.1.1 of [HK94], W™ w5, /i, is & Dieudonné complex.

Lemma 6.3 The Frobenius F' on WHKw}}/k 1s a graded ring homomorphism.

This is of course of no surprise and probably well-known to experts, but we cannot track down
an explicit proof, so we record the proof here.

Proof. For notational simplicity we write W™* (resp. Wi'“") for the complex WHsws, Ik (resp.
WT?KwE/k =I(Y, W};‘Kw;/k)) in this proof. By Proposition 4.7 of [HK94] and its proof, there is
a canonical surjection

Y (mywam W
with kernel I, C w;jvn( R/ Wn(k) & graded differential ideal generated by elements of the form
{Nij.am> i jam} for 0 < j<i<n,a€ R,me M, where
Mijam = V' ([a])dV7 ([a(m)]) — V' (lac(m)?""])dlog(m).

To further ease notation, we write w?;vn(R) = W;VW(R)/Wn(k)' The map v is compatible with the
canonical projection maps. By (the corrected version in Section 7 in [Nak05] of) 4.9.1 of [HK94],
we have the following isomorphism of cochain complexes

s=wot: (W) Ly ws, g /Iy 2 Wi
where (W™)" is defined as a quotient of '0
(Wn(R) ® A"M®P/N&P) @ (W, (R) ® A" M®P/NEP).
By Remark 4.8, we have a graded ring homomorphism F' : wltVn( R w;;Vn,l (R)" Unwinding its
construction, F sends the ideal I,, into I,,_1, thus inducing a graded ring homomorphism
F : w;Vn(B)/I” — w;;vn—l(ﬂ)/l—n_l
We claim that the following diagram (on the right) commutes

(WT?K,*)// t W;VH(E)/IH P WSK’*

I ool

sk t w )k
(W55 = wiy my/ Tt — W

n n—

18The complex (WH¥%) which appears in Proposition 4.6 of [HK94] is incorrect (and the proof given there is
incomplete), instead we should take the modification (W™¥%)” given in Section 7 of [Nak05]. With this correction,
the map s is indeed an isomorphism, by Theorem 7.5 of loc. cit.
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Where F : (WS — (WESH” s defined as follows: for any z € W, (R) and y € W,,(R)*, let

n—1

us write y = [yo] + V', and send
(@miA--m,0) = (F(z) @mi A---m;,0)
0,y @ma A---mg) = ([gol” @ B ([yo])) Ama A+ Ami, 0) + (0,5 @ma A--- Amy).

£ here denotes the log structure M = R L]—> W(R), where the first arrow « is a log structure by

assumption, so there exists a unique element 371([yo]) € M which is sent to [yo].

The desired commutativity follows from Remark 7.7.4 of [Nak05] and the commutativity of
the left square, which we now check by hand on the generators of (W, *)". Clearly F ot =toF
on (x ®@mi A---m;,0); for (0,y ® mg A ---my;), we simply observe that

Fdy = Fd([yo] + Vy') = [yo]’dlog[yo] + dy’.
This finishes the proof. O

Lemma 6.4 WHKwE/k is a saturated Dieudonné algebra.

Proof. Retain notations from the proof of Lemma 6.3. By Corollary 4.5 (2) of [HK94], WH*w*
is p-torsion free. Since R/k is log-smooth of log-Cartier type, by the same proof of 1.3.11.4 of
[11179] in the case n = 0, the Cartier isomorphism (cf. Proposition A.10) implies that

ker(d : Wiw" — Wiw™ 1) = im (F : W3™w' — W{™w").
This in turn implies that d=!(p- W™ w*) = F(WHKw*). To see this, suppose that dr € p- WHKw*,
then by the equality above we have z = Fa| +Vah+dVyh = Fa1+Val where 21 = 2] +dV2(y}).
This implies that dVal, € p- W w* so dal, = FdVzl, € p- W™ w* and we may write z, =
Fxy+V 4. By repeating this procedure we may write x = F(z1+Vxa+V?2x3+- - ). This together
with the injectivity of F' (since WH*w* is p-torsion free) implies that WH¥w* is saturated (as a
Dieudonné complex).

It remains to show that F(z) = 2P mod p for all x € W', Since W w* is saturated, in
fact it suffices to check that F(z) = 2P mod V for all € W™ wO But this follows from the
commutative diagram in the proof of Lemma 6.3, since the middle vertical map is constructed
to extend the Witt vector Frobenius and the map 1 preserves the V-filtration (by Proposition
7.1 and diagram 7.5.6 in [NakO05]). O

Corollary 6.5 WHKwE/k admits a natural structure of a log Dieudonné algebra, which is strict
(in particular saturated) and p-compatible.

Proof. For each n, the log structure [a, : M % R 1, Wy (R) induces a log derivation (d, 6, :

M — wll/vn(ﬁ)). By composing with projection we get a monoid map 9, : M — w‘l,[,n@)/[n. Both
[a,] and 6, are compatible under the canonical projections. Now the map v in

(WERHY Ly iy /T~ WK

(from the proof of Lemma 6.3) is also compatible with the canonical projections. Therefore we
have monoid morphisms (which we still denote by the same symbols): [a], : M — WI¥w? and
S M — WKL In the inverse limit they give rise to

[o] : M — WHWO0, 5 M — WKL
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This makes WH¥w* a p-compatible log Dieudonné algebra. It is saturated by Lemma 6.4; and it
is strict since for each n > 1 and any k& > 0, we have the following exact sequence

0 — im <WHK w VIV, W;fkw*) s WS Wt P R
by Section 4.9 of [HK94]. O

Now we prove Theorem 6.1 with the preparations above. As discussed previously, it suffices

to work locally on charts. In the affine setup, the identity map R — WIHKw% Rk >~ R induces a

map of strict log Dieudonné algebras v : Wwi, N — WHwL, Ik Theorem 6.1 follows from

Proposition 6.6 ~ is an isomorphism of log Dieudonné algebms

Proof. The induced map 7 : Wiwy, Rk VV1 Wk Rk is an 1somorphlsm by Proposition 4.22. The
theorem then follows from Corollary 2.10 part (3). O

6.2 Comparison with the constructions of Matsuue

Recall that we are still under the assumption that R/k is log-smooth of log-Cartier type. We
start with a review of the definition of the category Cry of (R-framed) log F-V-procomplexes.

Definition 6.7 ([Matl17] Definition 3.4) Let R = (R, M) be a log algebra over k = (k,N).
A R-framed F-V-procomplex over R/k is a projective system

Rm
s By Dy gy Sl B S B =0

where each E, = (E,, dm, 0m) is a log cdga over Wi, (R) /W (k), together with

— a collection F': E}, .1 — Ey, of graded ring homomorphisms;

— a collection V : E}, — B} 1 of graded abelian group homomorphisms.
These data are required to satisfy the following conditions
(1) R={R..} is compatible with 6 = {0}, i.€. Oy = Ry © Oy1 for m > 0.
(2) R is compatible with the collection of maps F and V.
(3) The structure maps By, : Wi (R) — EY, are compatible with F and V.
(4) The collections of F,V,d, ¢ satisfies relations

FV =p de-i—lvzdm F5m+1:5m
(Va)y =V(eFy)  Fdypla] = (2P dpla].

Here by the structure maps, we mean the collection of ring homomorphisms By : Wy, (R) — E2,
given as part of the data of the Wy, (R) /W (k)-cdga (E},, dm, dm) where (dp o Bm, om : M — EL)
forms a log derivation of Wy, (R) /W (k) into E' and satisfies dp, o 6, = 0.

Denote the category of log F-V-procomplexes over R/k by Cry r. In [Mat17], Matsuue con-
structs an initial object {W;, A}, /k} in Cpy,r, where each W, A7, R/k is constructed as a certain
quotient of me( R) /Wi (k) The complexes WAY, Rk = = lim, W, A% Rk is then globalized to a sheaf
WA*X /i O1 Xt In fact, the construction in [Mat17] works more generally over non-perfect bases,
but we have restricted to the case of perfect base (in fact a perfect field) to compare with our
version of saturated log de Rham—Witt complexes. The following lemma is clear.
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Lemma 6.8 The saturated log de Rham—Witt complexes Ww}/k gives rise to an R-framed F-
V-procomplex {me}k%/k} over R/k.

Therefore by the universal property of WA* we have a map 7' : WA, e Wuwi, Jk of cochain
complexes which is compatible with F,V and R. o -

Proposition 6.9 + is an isomorphism.
Proof. The map +' induces commutative diagrams

0 —— Fﬂan—&-lAE/k — Wn—‘rlAE/k I W”AE/k 0

l | |

0 —— Fil'Wh 1wy —— Wapawgy, — Wag) — 0

of short exact sequences, where the filtrations are standard filtrations, given by Fil"W,, 1A%, k=

VWi AY, Rkt dV"VVlA}T%/,lC and likewise for Wn+1w;}/k By Proposition 4.22, we know that +/
induces an isomorphism Wi A% Rk = Wle Rk and hence Fil"W,,, 1A% R/k - F ﬂ"WnHw}} Tk for

each n. The proposition therefore follows by induction.

Corollary 6.10 For a quasi-coherent log scheme X which is log smooth of log-Cartier type over
k, the isomorphism «' globalizes to an isomorphism of sheaves 7' : WAX/k = Ww}/k.

Remark 6.11 Another way to obtain Ww}‘% k - WA}; i 18 to use the comparison with Hyodo—
Kato complexes in Subsection 6.1 and prove that the Hyodo—Kato complexes agree with WAR/k
The latter is claimed in Proposition 3.1 of [GL17], which asserts that there is an isomorphism
WAR/k WHKwR/k identifying the log structures, F,V and R on both sides. The key assertion

used in their proof is that WHKw form an R-framed F-V-procomplex, which is claimed without
justification. It seems to the author that proving their claim would involve proving most of the
arguments in Subsection 6.1, which seems non-obvious (though probably known to experts).

7. The monodromy operator

In this section we explain a construction of the monodromy operator on the log crystalline
cohomology for log schemes of “generalized semistable type” in the following sense: let k = (k, N)
be the standard log point, X /k a log scheme such that étale locally, X is naively étale over a
finite fiber product of log schemes that are given by log algebras of the form

RY — (N”“ k(X0 ey Xy eos Xa) / TTocser X )

Tl»—)(l,...,l) T
E— (N . k)

where the log structure o on R™ is given by e; — X; for 0 < i < r, here e; = 0,...,1,...,0) with
1 at the 3" position. More precisely, X can be covered by charts which are naively étale over log
algebras of the form S™ = (M, S7), where

§§§ ( H X, H Xs,z')

dy 1<i<dy 1<i<ds

SY = k[X; 01
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and M = | |5 N1 is the pushout of the diagonal maps N — N"*+! for 1 <[ < s. Clearly R"
1<i<s

(resp. SV) is fine and log-smooth over k of log-Cartier type.

Lemma 7.1 Let R” be as above, let k° = (k,0) be the trivial log point, then RZ/k° satisfies
conditions (1) and (2) in Remark 4.26. In particular, there is a canonical isomorphism

wED/kO L) WleD/ko.
The same conclusion holds for S©.

Proof. For notational simplicity we check the claim for R™. For (1) we may take the lifting A9 =
W (k)[Xo, .., Xa]/ [To<i<, Xi with log structure N7+l S22, 4D For the lift of Frobenius we take
the canonical lifting o on W (k) and X; — X?, while Frobenius on N"*!is given by multiplication

by p. The log differential wlAD/E is free over A with generators dlogXy, ..., dlogX,,d X, 41, ...,d Xy
(see Subsection A.2.2), hence both condition (1) and (2) in Remark 4.26 are satisfied. O

The canonical map R” Jk° — RY /k induces a morphism of saturated log de Rham-Witt
complexes

CH Ww;‘ig/ko — Ww;‘j/g

The cochain complex ker O is concentrated in (cohomological) degree > 1.

Proposition 7.2 The cochain complex (ker ©)[1] admits a structure of a Dieudonné complez,
which is saturated and strict. Moreover, there is a short exact sequence
* * @ *
0— WwRD/E[_l] — WwRD/k‘O — WUJED/E — 0.

The same conclusion holds when R- is replaced by S®. In particular, (ker ©)[1] carries a (log)
Dieudonné algebra structure.

Proof. Again we check the proposition for R since the only complication for S™ is notational.
Write K* = ker © which is a p-torsion free sub-Dieudonné complex of Ww;‘zg Jko (here we ignore
the algebra structure). It is straightforward to check that B

or : K* — n,(K*), z€ K" p'F(x)

is an isomorphism, therefore K*[1] is a saturated Dieudonné complex as multiplication by p gives
an isomorphism 7, (K*[1]) = n,(K*)[1]. By Lemma 7.3, we have a short exact sequence

0— Wi(K*) — me;D/ko — mej%ﬂ/& —0

for each m. Taking the inverse limit we see that K*[1] is strict.

Next we construct a map of cochain complexes w 1] preserving Frobenius on

* *
48 WA el

both sides. For this we define an element 6 € wi‘D Jke from the log differential dlog : N"*! —
by a

1
Y AP ke
6 := dlog(eg) + - + dlog(e;).
(More generally, for the product S© = (SY, M), we have a map N — M coming from each

diagonal map N — N"*1 Let e € M be the image of 1 € N. Then 6 is the element dlog(e)).

We abuse notation and use the same symbol to denote the image of § in Ww}‘{D I then clearly
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0 € K'. Since wzg/k is generated over A” by (A;dlogX;) A (A;dX;), we may a map of complexes

U wzg/b — wzg/ko[l] by
(AidlogX;) A (A;jdX;) = (AsdlogX;) A (A;dX;) A 6.
The map is well defined, since
> dlogX; (Y dlogX;) A6 =6NA0=0.
0<i<r 0<i<r
Moreover, since d(f) = 0 (by d o dlog = 0) and F(f) = 6, the map ¥ preserves differential and

Frobenius structures on both sides.

By passing to the (p-adic) completion and strictification (complete saturation), we get a map

U Wwrn T Wuwin ko [1]. The image of ¥ lie in K*[1], so we have now constructed a map of

strict Dieudonné complexes

U szg/k — K™[1].

To finish the proof of the proposition, it remains to prove that this map is an isomorphism. By
Corollary 2.7.4 in [BLM18] '7, it suffices to show that

Wi (0) - Wi, — Wi (K [1)

is an isomorphism. By Lemma 7.3 and Lemma 7.1, we need to check that

is an isomorphism of cochain complexes, which follows from their explicit descriptions. O
The following lemma is used in the proof above

Lemma 7.3 Let © : A* — B* be a map between two saturated Dieudonné complexes. Let
K* =ker © be the sub Dieudonné complex (which is saturated). Define the standard filtration on
A* (resp. on B* and K*) as in Subsection 3./ by Fil'(A*) = V'(A*) + dV*(A*). Then

Fil'(K*) = ker(Fil{(A*) -5 Fil{(B*)).

Proof. We need to show that ker(Fil’(A*) 2, Flll(B*)) C Fil’(K*). In other words, if x =
Viy + dViz, and ®(x) = 0, we claim that = € Fil’(K*). For notational simplicity we write
T = ®(x) for the image of x € A* in B*. By assumption we know that
dz = F'dV'z = —F'(V'y) = —p'y € B*.
Since B* is saturated, we know that Z = F'w for some W € B*, so there exists w € A* and
o € K* such that
z=Viy+dV (F'w+a)=V(y+ Fldw) + dV'a.

Therefore, it suffices to prove the claim for = of the form x = V'y, but this is clear since Vg = 0
implies that ¥ = 0 as B* is p-torsion free. O

We now prove Theorem 11 in the introduction.

see also Corollary 2.10. Note that the proof we cite from [BLM18] is stated for Dieudonné complexes
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Corollary 7.4 Let X /k be a log scheme of “generalized semistable type”, then there is a short
exact sequence of cochain complezes

0— WW*X/E[—].] — Ww&/ko — WW*X/E —0

that preserves the Frobenius structures. As a consequence, this gives rise to a connecting homo-
morphism on the log crystalline cohomology

N: Hlt)g—cris(X/W(E)) — Hlt)g—cris(X/W(E))'

This operator satisfies No = poN and agrees with the monodromy operator constructed in
[HK94] when X is of semistable type.

Proof. Let R be a k-algebra with an étale coordinate, namely an étale morphism S¥ — R where
SY has the form described as in the beginning of this section. Equip R with the log structure
from M — SY. Then for each m we have

0— mefj/@[_l] — me}‘i/ko — Wm“*ﬂ/@ -0

*
S°/k
étale coordinates, we observe that the element 6 € V\/’w}12 /Ko is independent of the choice of coordi-

from the étale base change of the corresponding sequence for W,,,w To globalize from these

nates, since it can be described as the image of dlog(e) in wll/V(E)/W(kO) — W(w%(ﬂ)/w(ko));at =:

leﬂ Jios SO the sequences above glue to an exact sequence of sheaves
O — me*&/k[_l] — me*i/ko — me*z/h — 0.

Since there is no higher Rlim terms, taking the inverse limit we reach the conclusion. The relation
Ny = ppN follows from dF = pFd since ¢ is induced by ¢r : x € Wwii/k —piF(z) € Ww&/&

Finally, the comparison with Hyodo—Kato’s construction follows from Theorem 6.1 and the
description of (W,&{.)" in 4.20 in [HK94]. O

Appendix A. Log geometry

In this section we fix notations we use in log geometry, following [Kat89], and is slightly different
from notations in literature.'® Most of the material (if not everything) presented in this section
is considered standard, but we make some remarks that might only be obvious for experts.

A.1 Log schemes (after Fontaine—Illusie-Kato)

A pre-log structure on a scheme X is a morphism « : M — Ox of sheaves of monoids on Xg. The
pre-log structure « is a log structure if o : a71(O%) = O is an isomorphism. We will suppress
notation and write (X, M) or X for (pre-) log schemes. For a pre-log structure M on X, we often
denote by M? (or M?) its associated log structure, which is the push-out of a~1(0%) — M and
a~1(0%) — O% in the category of sheaves of monoids on X¢. We make the same definitions for
formal schemes. A log structure is fine if it is coherent and integral. In this article we work with
fine log schemes, but in the application to Aj,e-cohomology in [Yaol9] we relax the condition of
coherence to quasi-coherence. A chart for a log scheme X = (X, M) is a morphism Px — M
from a constant pre-log structure Px to M which induces an isomorphism P§ — M. Charts

exist étale locally for fine log schemes. A chart for a morphism f : (X, M) — (Y, N) between log

18For example, we always use X to denote a scheme and X a (pre-) log scheme, which is opposite to the convention
adopted by some algebraic geometers.
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schemes is a triple (Px ¥x, M, Qy Yy, N,Q LN P) where 1 x, 1y are charts for (X, M), (Y, N)
respectively, and § a morphism of monoids making the obvious diagram commute.

Lemma A.1 Let X be a scheme, Lx — Ox be a constant pre-log structure with underlying
monoid L. Let £L = (Lx)® denote the log structure associated to Lx, and L*" := T'(X, L) be the
global sections of L, then its associated log structure L := (L%?)“ 1s identified with L.

Proof. We view L*" as a constant pre-log structure 3 : Li? — Ox by composing the natural map
L%? — L with the induced log structure a® : L — Ox. We have the following diagram

Ly —"— ot

N

Ly ——— L

of pre-log structures on Xg;, where h is given by ¢, valued on X. By the universal property,
tgoh: Lx — £ induces a morphism f : £ — £ of log structures, while i induces g : £ — L.
The maps f and g are inverses to each other. To see that f o g = id, note that under the
isomorphism Homlog([ZSh,/J) = Hompre_log(Lglg, L), g corresponds to i, thus after composing by
f: L — £ we know that f o g corresponds to f oi under the isomorphism Hornlog(ﬁSh7 L£oh) =
Hompre_log(Ls)?, L), But foi= tg by construction, which corresponds to id : £ — 51 hence
f og=1id. The other verification is similar. 0

Lemma A.2 Let (Spec R, M%) be the log scheme associated to a log algebra R = (R, : M —
R), and R — S be an étale morphism, then (Spec S, M%specs) is the log scheme associated to
(S,L — S). In other words, the composition of monoid maps L — R — S gives rise to a chart

fO?" Ma‘SpecR-

Proof. Let U = Spec R and V' = Spec S. By definition M is the sheafification of the presheaf
pushout of a™1(OF) — L and o 1(O}5) = OF, so its restriction M?|y can be computed by
first restricting the presheaf pushout to V', and then taking sheafification as presheaves on V.
Unwinding definitions, the latter is the log structure associated to L — Oy on V. ]

Definition A.3 A morphismi = (i,v) : X — Y between fine log schemes X = (X, : M — Ox)
andY = (Y, : N — Oy) is a closed immersion if

(i) i: X =Y is a closed immersion; and

(ii) ® :i*N — M is surjective (here ¥ is induced from 1 : i "Y(N) — M).

A closed morphism i : X — Y s exact if moreover in (2) above ¥ is an isomorphism. More
generally, a morphism f: (X, M) — (Y, N) is exact if the following diagram is Cartesian:

fHN) —— M
l

|

f—l(N)gp — M9P

A log thickening (of order n) of a fine log scheme (T, L) is an exact closed morphism
v: (T, L) — (T', L)

such that T is defined in T by an ideal I where I"t! = 0.
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Example A.4 The standard log point over a field k is Spec k with pre-log structure N — k by
sending 0 — 1 and everything else to 0. Let (X, M) be a log scheme on which p is nilpotent.
For each integer v > 1, then r-th Witt log scheme W,.(X, M) consists of the underlying scheme
W,(X) and the pre-log structure Wy(«) : M — W,(Ox) given by m — [a(m)], here [a(m)] is
the r-th Teichmuller lift of a(m). Another frequently encountered example is the divisorial log

structure, defined by Mp(U) = {f € Ox(U) : floxp € Ox(U\D)} where D C X is a divisor.

A.2 Log differentials

Let f = (f,%) : X = Y be a morphism between fine log schemes X = (X, : M — Ox) and
Y = (Y,3:N = Oy).

A.2.1 Log derivations A log derivation of X /Y into a sheaf of modules D is a pair (d,J)
where d : Ox — D is a derivation of X/Y into D, and § : M — D is a morphism of sheaf of
monoids, such that d(a(m)) = a(m)d(m) for any local section m of M and §(1»(n)) = 0 for any
local section n of N.

Remark A.5 Let f: (X,a: M — Ox) — (Y,8: N — Oy) be a morphism of pre-log schemes.
We define a pre-log derivation in the same way as above. Then a pre-log derivation (d,d) of
(X, M)/(Y,N) in to D extends uniquely to a log derivation (d,d) of (X, M?*)/(Y,N?).

A.2.2 Log differentials The relative log differential w>1( /Y equipped with (d, dlog) is the uni-

versal log derivation of X /Y representing the functor D Derlgg7 where Derlgg is the set of log
derivations of X /Y into the sheaf of Ox module D. More concretely, w>1< /Y is the quotient of

0k jy & (Ox @7 M)

by (the Ox module generated by) local sections (da(m),0) — (0,a(m) ® m) and (0,1 ® 1(n)).
In the construction dlog(m) := (0,1 ® m).

Remark A.6 If f : X — Y is a morphism of pre-log schemes, then we can make the same
definitions. Moreover, we have

WM /Y.N) — WM /(YN) o WX (N

A.2.3 Log smoothness A morphism f = (f,¢) : X — Y of fine log schemes is log-smooth

(resp. log étale) if X i> Y is locally of finite presentation and for any commutative diagram

(T,L) —— (X, M)

1
il/ Yg/ . / lf

(T, L)) —— (Y. N)
where ¢ is a first order log thickening, étale locally there exists (resp. there exists a unique)
g:(T',L'") — (X, M) making all diagrams commute.

As in the classical case, if f: X — Y is log-smooth, then the log differential w)1< % is locally
free of finite type. -

Proposition A.7 ([Kat89] 3.5) Let f : X — Y be a morphism between fine log schemes as
above, and QQ — N a chart for Y. Then f is log-smooth if and only if étale locally on X there
exists a chart (Px — M,Qy — N, : Q — P) of f extending the chart for Y such that
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(i) ker(B9) and coker(B9) o are finite groups of order invertible on X ;
(ii) the induced morphism X —Y Xgpec(zjq)) SPec Z[P] is étale.

Similarly, f is log étale if and only if a similar condition holds with the torsion part of the kernel
coker(3) o, Teplaced by coker(B) in (1) above.

A.3 Log-Cartier type

A.3.1 Integral morphisms A log-smooth morphism might fail to be flat. For example, con-
sider X = (SpecZ[x,y],N?) with log structure (1,0) ~ z;(0,1) — y. The morphism X — X
given by x — x,y — xy is log-smooth (even log-étale) but not flat. This leads to the following
definition:

Definition A.8 A morphism f : X — Y is integral if for any Y' — Y where Y' is a fine log
scheme, the base change X xy Y’ is a fine log scheme.

This is equivalent to requiring that étale locally on X and Y, f has charts given by g : Q — P
such that the induced morphism Z[Q] — Z[P] is flat. If f : X — Y is log-smooth and integral,
then the underlying morphism f : X — Y is flat.

A.3.2 log-Cartier type Let X = (X, M) be a log scheme in characteristic p, the absolute
(p-power) Frobenius Fx is given by the usual absolute Frobenius on X and M ZP, M. Note that
we have implicitly identified Fi;*(M) = M on X.

Definition A.9 A morphism f: X — Y over F), is of log-Cartier type if f is integral and the
relative Frobenius Fy jy in the diagram below is exact.

The most important feature for a log-smooth morphism of log-Cartier type is that the Cartier
isomorphism holds. This will be a key step to relate our log de Rham—Witt complex with the de
Rham complex of a log Frobenius lift.

Proposition A.10 ([HK94| 2.12) Let f be a log-smooth morphism of log-Cartier type, then
there exists a (Cartier) isomorphism
which, on local sections a € Ox,m1,...,my € M, is given by

x dlog(h*m1) A---Adlog(h*my,) — Fx jy (z) dlog(m1) A---A dlog(my).
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