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ABSTRACT

We provide a simple approach for the crystalline comparison of Aj,s-cohomology, and
reprove the comparison between crystalline and p-adic étale cohomology for formal
schemes in the case of good reduction.

1. Introduction

The recently developed theory of Ajnp-cohomology RI'a, (X) in [BMS18], for smooth formal
schemes X over rings like Oc,, plays a central role in integral p-adic Hodge theory — the study
of Z,-lattices in p-adic Galois representations. This paper studies the relation between the afore-
mentioned theory and crystalline cohomology. More precisely, we provide a crystalline interpre-
tation of RT’ Ai“f(.'a’€)<§/§>]L Aris, when valued on certain semiperfectoid covers of X. This allows us to
obtain a simplified proof of the crystalline comparison of Aj,;-cohomology. In particular, we avoid
some rather involved analysis in relative de Rham—Witt theory and the methods of “all possible
coordinates” in [BMS18]. Moreover, we expect our approach to generalize relatively easily to the
case of semistable reduction.

1.1 Background

To explain further let us fix notations. Let C' be a complete algebraically closed nonarchimedean
extension of Q,, with ring of integers O¢ and residue field k. Let X be a smooth formal scheme
over Spf O¢, with adic generic fiber X = %e(‘)d over Spa(C, O¢) and special fiber X} over Spec k.
We fix a compatible system of primitive p-power roots of unity in O¢, which defines an element
€ := (1,(p, (p2, ...) in its tilt 0. As usual let p:=[¢] — 1 € Apg = W(OL), and € := p/p~(n).
We denote by 0 : Ajf — O¢ the natural projection whose kernel is generated by &, and by
9 Ajps — W (k) the map induced from O% — k by the Witt vector functoriality. Finally, recall
that Acys is the p-completed PD-envelop of Aj¢ — Oc.

There are at least three constructions of the Aj,;-cohomology RT' s, (X¥) of X by now: via per-
fectoid spaces ([BMS18]), via topological Hochschild homology ([BMS19]), and via the prismatic
site ([BS19]). We are concerned with the first construction, which is defined as

RFAinf(%) = RP(%éta LU“RV* Ainf,X) c D(Ainf)'

Here Ajyrx is (the derived p-completed) Fontaine’s period sheaf W(@j@) on the pro-étale site
Xproét, the map v : X0t — X is the natural map of sites, and Ly, is the décalage operator
(see Section 5 and 6 of [BMS18]). The perfectoid nature of this definition lies within Xpoet,
which has a basis given by affinoid perfectoid objects (S, S™), on which Ajrx takes the value
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Aie(ST) = W(S*”).! Note that RT4, . (X) is equipped with a Frobenius operator ¢ induced
from the Frobenius on Aj,¢x, which essentially comes from the tilting equivalence. From this
definition, it is not difficult to deduce the following comparison theorems of RI'a, .(X).

— étale comparison: RI'p, (X) @4, Ainf[i] = RI'(Xe&, Zp) @z, Ainf[i]. 2
W(X) ®F O =5 RIgr(X).
Note that, since RI', (X) is derived {-complete (see the proof of Lemma 4.5), the de Rham
comparison in particular ensures that RI'a, (X) takes values in perfect Aj,s-complexes. We will

take the de Rham comparison as an input in our paper, which is the easier part of [BMS18]. It
can be proven either from Theorem 8.3 of loc.cit. or, alternatively, by the methods of [Bhal7].

— de Rham comparison: yqr : R['a

1.2 Main results

Let RTcrys((Xop/p)/ Acris) be the crystalline cohomology of X¢,/, over the base Acs. Let us
now state our first first main result.

Theorem 1 There exists a functorial p-equivariant map
~L
hcrys : RI‘CI‘yS((%Oc/p)/ Acris) — R]‘—‘Ainf(%)®Ainf Acris
which is compatible with the de Rham comparison 'y&é after base change.

Remark 2 The map we construct here goes in the opposite direction of a map constructed
in [BMS18] (by taking a certain limit over all choices of coordinates), which they show is an
isomorphism. In fact, as we explain next, the existence of such a functorial map (in the direction
that we construct) is sufficient to deduce the comparison theorems of interest.

Remark 3 In [Fal02], Faltings constructs a map x : RFcryS((%Oc/p)/ Acris) = RT(Xproét, Acris)
(in modern language) to relate crystalline and étale cohomology (he even shows that the latter is
almost isomorphic to RT'(Xet, Zyp) @ Acris ). Faltings’s map x is essentially the composition of herys

with the canonical map 0 : RI‘Ainf(%)@)HAinf Acris = RT(Xprost, Acris). It does not seem possible to
reconstruct heeys from x, and our approach for Beis comparison is different from [Fal02].

As a consequence we are able to reprove the following results of [BMS18].

Theorem 4 Let X be a smooth proper formal scheme over O¢.
(1) The cohomology Hf;linf(%) of the perfect complex RT 4, (X) € D(Ain¢) takes values in Breuil-
Kisin—Fargues modules (see Definition 4.1).
(2) RT 4. (%) enjoys the following p-equivariant comparison with the crystalline cohomology of
the special fiber
Yerys BT 4,,0(X) @5 W (k) = RTerys(Xi /W (K)).
(8) Now suppose that Xo, is a smooth proper formal scheme over Ok, where K is a complete

discretely valued nonarchimedean extension of Q, with residue field ko. Let C' = Cgk be a
p-completed algebraic closure of K. Then there exists a Galg, @-equivariant isomorphism

ngys(%ko/w(ko)) ®W(k0) Beris — Hgt (xaC'dv ZP) ®Zp Beyis -

Lup to W (m®)-torsion, where m C Oc is the maximal ideal. See Lemma 5.6 of loc.cit.

2For example it follows from the primitive comparison theorem of Scholze (Theorem 5.1 and the proof of Theorem
8.4 in [Sch13]). In fact, Bhatt gives another proof of the étale comparison without using the primitive comparison
theorem, for which one needs the de Rham comparison (at least in the almost sense). See Remark 8.4 in [Bhal7].
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In particular, Hgt(%zii,(@p) 18 a crystalline Galg -representation.

Several remarks are in order.

Remark 5 The étale and crystalline specialization, together with the fact that Hzinf(%)[%] is a

Breuil-Kisin—Fargues module, implies the main result of [BMS18] on torsion relations. Namely,
for each n > 1, we have

lengthW(k) (Hérys(xk/W(k))tOT/pn) 2 lengtth (Hét (Xv ZP)tOY/pn) :
Let us briefly comment on the proof of Theorem 4 from Theorem 1.

Remark 6 — First we observe that part (2) (the crystalline comparison of Ains cohomology)
is an itmmediate corollary by the derived Nakayama’s lemma. This in particular recovers
Theorem 1.8(i) of [BMS18].

— The map herys has the desired direction for applications to p-adic Hodge theory — in particular
in view of the Beis comparison — as it implies that “there are enough Galois invariants”
after base change to W (k).

— Finally let us turn to part (1), which seems to be the most subtle part, since we do not claim
that herys is an isomorphism (at least we want to avoid using it). For this we perform a
careful induction on the degree of cohomology following [Mor16], which reduces to show that
the Q, dimension of HY (X, Q) agrees with the W (k)-rank of Hl (Xy/W (k)), which we

again deduce from the existence of Nerys.

Remark 7 One defect of the Beris comparison stated as above is that we have ignored the infor-
mation on filtration (after base change to Bqr ). To take care of the filtration compatibility of the
B.is comparison, we consider a certain infinitesimal cohomology of the generic fiber X over the
pro-thickening B;fR — C', which we discuss in the end of this introduction.

1.3 The construction of hcrys

Now we illustrate the strategy to prove Theorem 1. By functoriality it suffices to construct the
map on affine opens Spf R in the étale site X¢. The basic idea is to use quasisyntomic descent
to reduce to the case of quasiregular semiperfectoid covers of R, which are certain well-behaved
quotients of perfectoid rings by “quasiregular ideals”. The precise definition is recalled in Section
2, for now it suffices to think of them as certain perfectoid variants of local complete intersections.
Typical examples include

K[y P (2 —y), Oc/p= 0 /p,  and Oc(XYP™)/(X).

More precisely, let AQg be the derived Ajy-cohomology of S, obtained as the derived (p,§)-
completion of the left Kan extension of the functor

R +— AQp := RI'a, ,(Spf R, Ln, Rv, Aingx),
from the category of p-completions of smooth O¢-algebras to D(Aj,f). By quasisyntomic descent
it suffices to construct a functorial map from the crystalline cohomology RTcrys((R/p)/ Acris) to
AQSQA@L Acis- This in turn follows from the following lemma.

Lemma 8 For a quasireqular semiperfectoid Oc-algebra S, its derived Ains-cohomology AQg is
a discrete, topologically free Ajne-algebra concentrated in degree 0. Moreover, there is a natural
map of rings AQg@)]L Acris — S/p, which is a PD-thickening over Acis — Oc¢/p. In particular,
AQg — S/p is an object in the crystalline site CRIS(R/p) 4

cris*
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1.4 The Bé’R—cohomology of the generic fiber
As alluded to previously, to analyze the individual cohomology groups Hj;nf(%) further we need

a variant of hepys over B(TR. This is provided by reformulating the B(J{R—cohomology of [BMS18]
via a certain infinitesimal site.

Theorem 9 Let X be a smooth proper rigid analytic variety over C. There is a cohomology
RTine(X/ BiR) with Bl coefficients, satisfying

RTin(X/ Biy) @~ C = RT4r(X/C).
Moreover, there exists a functorial map
har : RTing(X/ Blg) — RT proet (X, B1g),

where IB%IR is the period sheaf on Xppoe, defined in [Sch13]. Further suppose X = f{%d is the generic
fiber of a smooth proper formal scheme X as above, then there is a canonical isomorphism

RT 4, (%) @" Bir = RTing(X/ Bip),

which identifies Hi ((X/ Biy) with the B, -lattice Hilinf(.'{) ® Biy in H (X, Zy) ® Bar . Finally,
har s compatible with herys under the étale comparison in a suitable sense.

Finally, from this we prove the rest of the main theorem of [BMS18].

Corollary 10 Let Xp,. be a smooth proper formal scheme over O as in Theorem 4 (3).

(i) If Heys(X /W (K)) is torsion free for both * =i and i+ 1, then the integral crystalline coho-
mology HE. (Xr) with its Frobenius ¢ can be recovered from the Galg -module Hét(.’{ad, Lp).

crys
(ii) The Beis comparison in Theorem J is compatible with filtrations after base change to Byg.
In other words, Deyis(H (X%1,Q,)) is given by (ngys(.’fk/W(k))Q,gt,Fil) as a filtered -

€

module, where Fil is the Hodge filtration on Hig(Xk/K).

Conventions

We use the language of co-categories. In particular, the derived categories considered here are the
natural oo-categorical enhancements and algebra objects in derived categories are F.-algebras.
Moreover we do not distinguish derived categories of sheaves and sheaves valued in derived
categories. For a category C, we denote by C° the indiscrete site on C, in other words, the only
non-empty cover allowed in the topology is identity. In this article, a Tate algebra over a p-adic
field K refers to classical Tate algebras, which are quotients of K (t1,...,t4). A Huber ring with a
topological nilpotent unit is called a Tate Huber ring. Finally, for an Oc-algebra S, we denote by
LQg/0,, the p-completed derived de Rham cohomology of S/Oc. We write Qg (resp. L(g/p))
to denote Qs/p) /(00 /p) (resP- L(s/p) /(00 /p)) tO ease notations.
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2. AQg for quasisyntomic rings

2.1 The quasisyntomic site
Recall from [BMS19] the following definitions.

Definition 2.1 A ring A is quasisyntomic if it is p-complete with bounded p°°-torsion and the
base change of the cotangent complex L4z, @4 A/p € D(A/p) has Tor amplitude in [—1,0].

Examples of quasisyntomic rings include p-completions of smooth algebras over perfectoid rings,
and p-complete noetherian local complete intersections. In fact, by a result of Avramov, the
latter essentially gives all noetherian quasisyntomic rings (see Theorem 4.13 in loc.cit.).

Definition 2.2 Let A, B be p-complete rings with bounded p>-torsion. A morphism f: A — B
s quasisyntomic if

— B®Y% A/p € D(A/p) lives in degree 0 and is flat over A/p;
— Lp/a ®% B/p € D(B/p) has Tor amplitude [—1,0].
The morphism f is proj(= projective)-quasisyntomic if
— both A and B are p-torsion free;
— B/p is projective over A/p;
— L(g/p)/a/p) € D(B/p) has projective amplitude in [—1,0].

We denote by qSyn%pc the site whose underlying category is the opposite category of quasisyn-

tomic Oc-algebras, with topology generated by quasisyntomic covers. Let qSanggj C gSynp,,

be the full subcategory spanned by proj-quasisyntomic Og-algebras, and qSynpOrgj’OP be the site
whose topology is generated by proj-quasisyntomic covers. By Lemma 4.16 (and Variant 4.35)
in loc.cit., qSyn(()Qpc and qSanggJ’OP indeed form sites, in particular, the property of being qua-

sisyntomic is preserved under quasisyntomic maps.

2.2 Quasiregular semiperfectoid rings

Now we look at a particularly useful basis for the topology of qSyny,, (resp. qSanggj’OP).

Definition 2.3 A ring S is quasireqular semiperfectoid if it is quasisyntomic and there exists a
surjective map Rpertq — S from a perfectoid ring Rpertd-

The latter condition implies that S is semiperfect (i.e. the Frobenius on S/pS is surjective). De-
note by qrsPerfdp , C qSynp,, the full subcategory of quasiregular semiperfectoid O¢-algebras,
and write qrsPerfdg, > := qSyng, > NqrsPerfdy,, . The category qrsPerfdp,>°" again forms a site
under the topology given by proj-quasisyntomic covers. We will frequently use the fact that

quasiregular semiperfectoid rings form a basis for the quasisyntomic site. More precisely,

Lemma 2.4 (Proposition 4.30, Variant 4.35 in [BMS19]) The natural restriction of sites
of topoi qrsPerfdlggJ’Op — qSynlgSJ’Op induces an equivalence

Shv(qSyn%rgj’Op) = Shv(quPerfd%rgj’Op).
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2.3 Flat/quasisyntomic descent
Recall from the introduction the functor from the category of p-adic completions of smooth
Oc-algebras to derived (p, §)-complete Ajye-algebras, sending

R — AQpg := RI'(Spf R, L, RvAiyng).

By left Kan extension in (p,&)-complete Aj,;-complexes, we obtain a functor AQ : R — AQpg
from all p-complete (simplicial) algebras to derived (p, £)-complete Aj,-algebras, which satisfies
the following de Rham comparison

AQp @ At /€ = LQp 0,
To relate to the crystalline cohomology, we base change to A to obtain a functor
AQE"Y Awis : B — AQRS" Agis

Here the completion is (p, u)-adic.® In order to compute RT' Ainf(}:)@L Ais, we need the following
lemma on flat (more precisely, quasisyntomic) descent.

Lemma 2.5 The functor R — AQR@QEM Acris forms a sheaf on qSyn%“éL op

Proof. It suffices to show that R — AQg ®H1§inf Agis /p is a sheaf. Now observe that Agis is

isomorphic to the p-adic completion of Aj¢]
P

EP
— T k>1, therefore,

Acris /p = Ainf[Xlu X27 ]/(p7 5[17 le? Xgu )

is a countable direct sum of copies of Ajf/(p,&P) as an Ajp-module. Thus it suffices to show
that R — AQgr @ Aie/(p,€F) is a coconnective sheaf. This follows from Construction 9.5 of
[BMS19], which shows that R+ AQp is a coconnective sheaf on qSyng,”" °" (the key input is
that flat descent holds for cotangent complexes, see Theorem 3.1 of loc. cit). O

2.4 AQg for quasiregular semiperfectoid rings
Locally on quasiregular semiperfectoid rings S, A{Q)g is a relatively simple object.

Lemma 2.6 ([BMS19]) For S € qrsPerfd%rgj, AQS@)L Acis 18 a topologically free Acpis-module
concentrated in degree 0. In particular it is discrete and p-torsion free.

Proof. First note that Lg/, is a free O¢/p-module concentrated in degree 0 (by considering
the graded pieces A'Lyg/,)[—i] for the conjugate filtration on L(g/,). The D(Ajyg)-valued sheaf

proj,

R — AQpg on qSynOC °P takes discrete values on quasi-regular semiperfectoid objects, hence

the lifting of a basis from AQg @ Ay /(p, &) = LQg/p) to Afds becomes a topological basis, so
AQg is topologically free. The claim thus follows. O

Lemma 2.7 Retain notations from above. The natural projection map (8

AQsB" Aeis —— L0,

~
~
~
~
~
~
~
~
~

o
S/p

3Note that the p-adic topology on Acris agrees with the (p, u)-adic topology since u?~* is divisible by p.
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is a PD-thickening. Here the horizontal arrow is induced from the de Rham comparison AQg @
Oc = 1Qg,0,,, while the vertical map is the composition of 1.0g 0, — LQg/,) with the aug-
mentation map 1L/ — st/p) =5/p.

Proof. We first observe that the statement is equivalent to that AQS@)L Auis — S is a PD-
thickening. Moreover, since S is p-torsion free, it suffices to show that, for each x € I := ker(6 :

AQg — S), aP is divisible by p in AQS@\)L Agpis.?

Pick a surjection S — S from a perfectoid ring S with kernel J. Let " = §<X;/poo>jej be the
perfectoid ring obtained by adjoining all p-power roots of X for all j € J (in the p-adic complete
sense). Let S := S (X ]1 /p oo) jes/(X;), which is a quasiregular semiperfectoid Oc-algebra.

Choose a homomorphism S" — § with Xj +— j for all j € J. This induces a surjective
map AQS/@)L Agis — AQS@)L Acis . In fact this map is already surjective without applying
—@L Acris- One can check the surjectivity on derived de Rham complexes L g/, — L5/

after modulo &, and observe that L(g/ /) [—1] — L(g/p)[—1] is surjective by the construction of S".
Moreover, we claim that the map

ker (AQS/@)L Acis — S’/p) — ker (AQS®L Ais — S/p)

is surjective. For this we first observe that the diagram

~L ~L
AQS’® Acris — AQS® Acris

| |

L p) ———— L)

is a push-out diagram of commutative rings. The claim then follows from the surjectivity of
ker (LQ(S’/p) — IL‘Q(S/p)) — ker (S//p — S/p),

again by considering the filtered graded pieces.Therefore, it suffices to prove the lemma replacing

S with ' = 5(X; 77 ) je /(X))

To this end, we consider the quasiregular semiperfectoid ring Sy = Oc(X Jl /P oo>j€ 7/(X;).
Observe that the natural map AQS(J@)HAM Aine(S) — AQg is an isomorphism. Hence we are
further reduced to proving that the kernel of AQg, @L Acis — Sp carries a PD-structure, where

So = OC<X;/poo>j€J/(Xj), which follows from the next lemma. O

Lemma 2.8 Let S = Oc(X'/P™)/(X), then § : AQg®" Aeris — S/p is a PD thickening.

Proof. First we observe that from the Hodge-Tate comparison (Theorem 8.3 in [BMS18]) we
have a functorial map of F..-algebras

a:R— HY(AQR/¢(€)) = AQR/¢(§).

The composition R — Q?R /p) of a with the quotient map (and the de Rham comparison)

AQr/e(§) — AQr/(¢(§),p) = AQrR/(EP,p) — AQRr/(§,p) = Qg

“Note that the p-torsion-free condition on the target S is necessary. For example, for a discrete valuation ring R
with uniformizer 7 such that 7 = p, R — R/7 is not a PD-thickening (the requirement for the map R — R/7 to
be a PD-thickening is precisely that the ramification index satisfies e < p — 1).
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can be described by z — TP, which lies in H O(QER /p)). After applying left Kan extensions from
(p-completions of) smooth O¢-algebras to all p-complete Oc-algebras, we get a map

a: S — AQg/p(€)

which is a homomorphism of discrete algebras for any quasiregular semiperfectoid O¢-algebra
S’. Moreover, when S is perfectoid, the map @ : ' — AQg /(0(€),p) =2 LQgr/py = ' /p is
given by x — TP.

Now let § = Oc(X/P™) /(X) as in the lemma, and let S = O (X1/P™). We have the following

commutative diagram of (discrete) algebras
AQz

S " AQg/(&p) T AQg
~~~~ AT
AQg/(&p)=S/p TS © % AQs/(€%,p)
l

AQs/(&,p) = LQg/p)

Consider X'/? € S and its image a(X/?) € AQz/(p(€),p), let Y € AQg be a lift of a(X1/?),
then Y maps to (X/P)P = X € g/p Now consider the images of all the elements above along

the dashed arrows, which we denote by the same notation. Since X = 0 € S, we know that the
image of Y? in AQg/(&P,p) is 0, in other words, Y? € (£P,p) C AQg. This in turn shows that

Y? is divisible by p in AQS<§>]L Ais. Since AQS@L Agis is p-torsion free (by Lemma 2.6), and
is equipped with a Frobenius map (which lifts the p-power Frobenius mod p), we know that all

the divided powers % lies in AQS@@L Ais. Finally, by a standard computation (for example in
[Bhal2]),

L&s/p) = LS, px 135, @, Oc/P = Dog pixi/m) (X)
is the divided power envelop of O¢/p[X/P™] by adjoining all divided powers of X, and Y €
AQds maps to X € LL€(g/,). Therefore, the kernel of AQS®L Acis — S/p can be generated by
(p, %, %> with m,n > 1. O

Remark 2.9 (Compare with the prismatic theory in [BS19]) By the comparison between
prismatic cohomology and Aj.e-cohomology, we know a posteriori that
r,
o(£)
for § = Oc(X'P™) /(X), where g = S/ A denotes the derived prismatic cohomology defined
in [BS19], and Y = [X"] € AQs =l 5/ a0 = Aine(S). The map o : S — AQs/(p(€)) used in
the proof of Lemma 2.8 corresponds (up to Frobenius twist) to the structure map S — g/ = g,
which sends XY/P" — YYP" ™ (see Section 12 of loc.cit.).

In fact, use the fact that g is the initial prism constructed in Section 7 of loc.cit., the map
a induces a map  — AQg, which one can check is a ¢ 4, -semilinear isomorphism by reducing

mod & on the right (hence mod ¢~ (€) on the left). For more general quasiregular semiperfectoid
algebras S, this makes AQg an object in the prismatic site of R/ A, hence by quasisyntomic

AQs = ¢4, 5 = Aur(YVPT)
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descent inducing a functorial ¢4, -semilinear map between g4, . — AQgr, which provides a
way to reprove the comparison between prismatic cohomology and Ains-cohomology from de Rham
comparisons of both sides (compare with Section 17 of [BS19]).

3. The crystalline nature of the A, base change of A;,;~cohomology

As in the introduction, let X be a smooth formal scheme over O¢. In this section we construct

a functorial map from RUcrys(Xo, /p/ Acris) — RT Amf(%)@L Ais which reduces to the de Rham
comparison over O¢/p. It is convenient to view the Ajyr-cohomology as a D(Ajns)-valued sheaf
on Xg, given by

U— RTA, (M, AQx),

where AQy = Ln, Rv, Ajnrx. The functor 4 — RFAinf(ﬂ)@)L Ais forms a sheaf on Xg; by the
same argument for Lemma 2.5 (here the completion is p-adic). Furthermore, as affine opens
U = Spf R in X¢ o form a basis for Xy, it suffices to construct a functorial map

AT
chrys((R/p)/Acris) — AQR® " Aqis
for all Spf R = 4 C X¢t anr-

3.1 The local map hcrys

Construction 3.1 Let R be the p-adic completion of a smooth Oc-algebra. For each O¢-algebra
map R — S where S € qusPerfd(y”’, we have the following commutative diagram

~L
Acris — AQS® Acris

! s

Oc/p — R/p —— S/p

The map S is AQS<§>L Acris = AQg /€ MELN LQs/p) — S/p as described in Lemma 2.7. By Lemma

2.7, the diagram (often denoted by AQS®L Acris) 18 an object in the big crystalline site of R/p
over (Aeris, Oc/p, 7). Thus by restriction in the crystalline site we obtain a functorial map

hS : RFcrys((R/p)/ Acris) — AQS@)L Acris .
We first claim that

Lemma 3.2 hg is compatible with the de Rham comparison along the base change Acis — Oc/p.
More precisely, the following diagram commutes

hcr S ~
RPCYYS((R/p)/Acris) *y% A95®L Acris

! J

RUar(R/p) = Qg — Lgyp)

where the bottom map is the functorial map Q(’R/p) = LQr/p) — LQg/p), and the right vertical
map is the composition of base change and the de Rham comparison yar : AQs/(p,§) — LQ(g/p)-

Proof. By functoriality of the crystalline site, we may replace the top horizontal map by ﬁcry&s :
RTe1ys ((R/p)/(Oc/p)) — L)) As the crystalline cohomology of R/p over the trivial PD-ring
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(Oc/p,0) computes the de Rham cohomology, the problem is now the following: we have two
maps Ecrys and hcan from RTqr(R/p) to L(5/p), one constructed by viewing L g/, as an object
in the crystalline site, the other induced by functoriality of derived de Rham cohomology, and
we need to show that the two maps agree (up to homotopy). For this we first reduce to the case
where R/p is a polynomial ring over O¢/p, by considering a surjective map X = O¢/p[X;] - R/p
(and view L(s/p) as an object in the crystalline site over X via the map ¥ — R/p).

In the rest of the proof we assume that R/p = ¥ is a polynomial ring over O¢/p. Now let

S — S be a perfectoid O¢-algebra which surjects onto S (as S is quasiregular semiperfectoid).
Choose a homomorphism ¥ — S/p such that its composition with the surjection S/p — S/p
gives the map ¥ — S/p. By functoriality of derived de Rham cohomology we obtain a map

ILQ(§ ) L(s/py, which is a morphism in the crystalline site over ¥. Thus the composition

h ~
RTays(2/(Oc/p)) =5 105, — L)

agrees with Ecrys,S: and we are further reduced to the case where S is perfectoid, which we now
assume. In this case L.{)(g/,) = S/p, and by construction the map herys is given by X(e) — S/p of
cosimplicial algebras, where Y(n) is the (n+1)-folded product of the polynomial ring ¥ = R/p in
the crystalline site (equivalently, the PD-envelop of $e(n+1) _, Y)), and S/p denotes the constant
cosimplicial algebra. By the proof of the crystalline and de Rham comparison in [BdJ11] (or
similarly, by the proof of Proposition 5.5), we see that the map Ecrys is given by

2(e) = Q%y00/p) — S/p,

where the second map is ¥ — S/p in degree 0, and 0 in other degrees. This agrees with the
description of hcan. ]

3.2 The global map hcrys

Construction 3.3 Since the functor R — AQR@)L Acris forms a sheaf on the quasisyntomic site
(Lemma 2.5), by taking the homotopy limit over maps R — S in the quasisyntomic site with
S e qrsPerfd%?, we arrive at the desired homomorphism

hCr S . -~ ~
chrys((R/p)/Acris) % Rlim AQS®L Acris = AQR®L Acris -

As discussed in the beginning of the section, we then take the homotopy limit over formal affine

opens Spf R in the étale site X¢, which allows us to write RFAinf(%)@)H‘ Acris = Rlim AQR®L Acris-
Consequently, we obtain the construction of herys as the limit of herys R

Remark 3.4 An equivalent construction of the map hg can be given as follows. As in [BMS19),
let Acyis(S/p) be the p-completed PD-envelop of Aig(S) — S/p, and let LW g, be the derived
de Rham—Witt complex of S/p over F,, which is defined via left Kan extension from smooth F,,-
algebras. In particular LW g/, is equivalent to the derived crystalline cohomology LRI ¢ys(S/p)
(over the PD-ring (Zy,p)). By Proposition 8.12 of [BMS19], there is a canonical isomorphism

Aqis(S/p) = LR ¢rys(S/p). Thus there is a natural map vg : Aqis(S/p) — AQS@)L Acris by
Lemma 2.7. This in turn induces a map

~ ~L
chrys((R/p)/ Acris) — L}%FcryS(S/p) — Acris(s/p) — AQS® Acris .

It might be possible to show that 1g (hence herys) s an isomorphism, which we do not pursue as
the ezistence of herys already suffices to deduce the main results of [BMS18] (essentially all except

10
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for Acis-specialization). Moreover, we prefer Construction 3.3 for the following reasons. First,
this avoids using Proposition 8.12 in [BMS19].° More importantly, Construction 3.3 (via the
crystalline site) compares well with the B(TR-cohomology by functoriality. Finally, our construc-
tion generalizes to the logarithmic setting, while g does not take log structures into account.

We summarize this discussion in the following

Theorem 3.5 Let X be a smooth formal scheme over O¢. There exists an Agis-linear map
~L
hcrys = hcrys,% : chrys (-}:Oc/p/ Acris) — RI—‘Ainf (%)®Ainf Acris
which is p-equivariant and functorial on X. Moreover, it is compatible with the de Rham com-

parison. In other words, the following diagram commutes:

RFcrys((R/p)/Acris) —_— R]‘—‘Ainf(%)®]L Acris

L |

.,
RUGr(X0e/p) —— R4, (%) @, Oc/p

3.3 The crystalline specialization of A;,r-cohomology

As a direct corollary of the construction above (Theorem 3.5), we obtain the crystalline compar-
ison of Aj,s-cohomology.

Corollary 3.6 Let X be a smooth formal scheme over Oc. There is a canonical @-compatible
quasi-isomorphism

~ ~L
v ¢ R/ W () =+ REa, (D)3}, W (k)
relating Aing-cohomology of X to the crystalline cohomology of X.

Proof. We base change herys along ¥ : Aeis — W (k) to obtain the desired morphism. Now we
further base change from W (k) — k and consider the following obviously commutative diagram

Acis —25 W (k)

lo l

Oc/p*> k

of maps of rings. Therefore, the base change of hyy to k is ’yd_é @k, which is a quasi-isomorphism,
then apply derived Nakayama’s lemma. O

Remark 3.7 We do not know whether this directly implies that herys s an quasi-isomorphism.
The issue is that the ideal I = ker(Acis — Oc/p) is not finitely generated, so we do not know
whether derived I-completion is a well-behaved notion (in particular we do not know whether the
derived Nakayama’s lemma still holds in this context).

4. The B s comparison theorem

In this section we analyze the cohomology groups Hj’;inf(.'{), and prove the remaining part of
Theorem 4 from the introduction. Throughout this section we further assume that X is proper.

Swhich is elementary enough but still involves analyzing the conjugate filtration on a certain PD envelop, see
Proposition 8.11 thereof.

11
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4.1 The individual cohomology groups

Definition 4.1 A Breuil-Kisin—Fargues module is a pair (M, pnr) where M is a finitely pre-
sented Ajnp-module such that M[%] is free over Ainf[%], and @y is a @-linear isomorphism

o Mg = M)

We will need the following classification result of Fargues for the proof of Theorem 5.9.°

Theorem 4.2 (Fargues) There is an equivalence of categories between finite free Breuil-Kisin—
Fargues modules and the category of pairs (T, =), where T is a finite free Z,-module and = is a
B:{R-lattice in T'®z, Bar, given by the functor

(M, onr) = (M @ W(C)P = M @ Bl ).

Theorem 4.3 Let X be a smooth proper formal scheme over Spf Oc. The cohomology group
Hzinf(f{) takes value in Breuil-Kisin—Fargues modules, and vanishes for i > 2dim o, X.

Remark 4.4 The claim on vanishing of cohomology is immediate from the de Rham comparison.
For the (implicit) claim on Frobenius, observe that the Frobenius on Rv, Aingx induces the desired
map on the level of sheaves

LRy Aingx — L) Lnu Bus Aingx —> Ly, Rvs Aingx

on the pro-étale site, which becomes an isomorphism after inverting ¢(&). The first isomorphism
essentially follows from definition of Ln (note that p is reqular in Aypg). The existence of the
second arrow is not entirely formal: it uses in particular that H°(Ln, R Aingx) has no ¢(€)-
torsion and properties of the Ln operator (see Lemma 5.8 of [Mor16]).

It remains to show that Hf;linf(%) is finitely presented and becomes free after inverting p.
Our approach follows the method outlined in [Mor16], which is different from the proof given
in[BMS18], where they need to identify chrys(xoc/p/ Acris) with RT 4, (%) @ Auis (at least
after inverting p). Our proof uses a careful descending induction on the degree i of cohomology,
where the most difficult part is to show that Hf;linf(%)[%] 18 finite free. We will complete the proof
in the next subsection.

4.2 Valuation in Breuil-Kisin—Fargues modules
We continue to assume that X is smooth proper over O¢.

Lemma 4.5 Via base change along Acyis — BgR, we have a functorial isomorphism herys ® BXR:
chrys (%Oc/p/ AcriS) ®% Bjj—R — RFAinf(%) ®%inf B;iFR'

Proof. As mentioned in the introduction, the Aj,s-cohomology RI's, , is derived &-adically com-
plete thus it is a perfect complex in D(Ajy¢) by the de Rham comparison. On the other hand, the
crystalline cohomology RIcrys(Xo,,/p/ Acris) is a perfect complex in D(Aqis) (see, for example,
Tag 07TMY in [dJea]). In particular, both sides of the map given above are derived &-adically
complete (to see this, note that M € D(BJy) is derived complete if and only if each H(M)
is derived &-adically complete, and then observe that finitely presented modules over B:{R are
derived &-complete). Therefore, to prove the lemma it suffices to show that herys @ BQ'R becomes
an isomorphism after reducing mod &, this in turn follows from Theorem 3.5 and the de Rham
comparison. ]

cris

SAs remarked in [BMS18], only the easy direction of the equivalence (namely fully faithfulness) is needed.

12



THE CRYSTALLINE COMPARISON OF Aj,~COHOMOLOGY

We also need the following variant of the Berthelot—-Ogus comparison isomorphism, as already
observed in [BMS18]. For this lemma we fix a section k& — O¢/p.

Lemma 4.6 (BMS) There is a natural @-equivariant isomorphism
‘ 1
H(Z:rys('%oc/p/ Acris)[};] — Hérys(xk/w(k)) W(k )B(_:';ls
In particular, Hy (X0 p/ Acris)[l] is a finite free B -module.

Proof. The point is that the Frobenius ¢ on the crystalline cohomology Hérys(%oc /p/ Acris)
becomes an isomorphism after inverting p (since on affine opens U, there is an isomorphism
U = Uk Xspeck Spec Oc/p by the smoothness assumption, then apply base change). Moreover,
there exists a large enough n such that

%Oc/pl/p" = %k XSpec k Spec OC/pl/pn

and any two such isomorphisms agree once we enlarge n. Now by repeatedly applying Frobenius
we obtain the following diagram

Hérys(%oc/pl/l’" /Agﬁs)) Qpn B(—;is *> Hcrys(%oc/p/ Acris)[%]

[

H o (Xk/W (k) @pn By, —220 [ (%)W (k) © B,

Cris crys Cris

where A(fls) denotes the p-completed PD-envelop of Ay —» (’)C/pl/pn. The top horizontal
isomorphism is induced by the absolute Frobenius ¢" on Xo/,, which factors as Xp,/, L

Xo. Jpl/p" Z, X0 /ps and the left vertical isomorphism comes from the identification ¢ noted
above. O

Corollary 4.7 Continue to assume that X is smooth proper over O¢, then
I‘kVV( k) crys(xk/W( )) = rkZpHgt(Xﬂ Zp)

Proof. By Lemma 4.5 and the étale comparison for Aj,s-cohomology, we have an isomorphism
RT Crys(%oc/p/ Agis) ® HA Bar = RT'¢ (X, Zp) ® Bgr . Denote their common value by D, and for
ease of notation write H? (X0 /p) for the crystalline cohomology of X¢, s, over Acyis, then

crys
crys(%(’)c/p) O Acris Bgr = HZ(D)
by the spectral sequence Tora(Hgys(X0/p)s Bar) = H'~*(D). Note that all higher (a > 1) Tor

terms Tor/eris (H? (X0, /p); Bar) vanishes, since p is already inverted, and ngys(:{(')c I/ Acris)[%]

crys
is finite free by Lemma 4.6. Similarly, we have the following isomorphism

Hérys (%Oc/p) O Acris Bar = Hgt (X7 Zp) ®Zp Bar
of free Bqr-modules. The lemma then follows from Lemma 4.6 once again. ]
Lemma 4.8 Assume that Hﬁmf(%)[%] is finite free Ainf[%]—modules for k> i+1, then the coho-
mology groups fit in the following short exact sequences
0— Hj, (%) @ W(k) = Hiyo(Xx/W (k) — Tor' (HS (%), W (k)) — 0.

In particular, if Hi (X,/W (k) is torsion free, then so is Hy (X) @ W (k).

13
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Remark 4.9 This lemma is used in the proof of Theorem /.3. Of course, once that theorem is
proven, the assumption here is no longer necessary.

Proof. By the crystalline comparison (the derived version, see Corollary 3.6), the spectral se-
quence for Tor becomes EQ_a’b = Torﬁinf(Hginf(%), W (k)) = H.-%(X,,/W (k)). Now apply Lemma

crys

A5 in [Mor16], which implies that Tory™(H} (%), W (k)) =0 for all b>i,a > 1. O

The final ingredient we need is the following lemma of Morrow (which replaces the role of
Lemma 4.19 of [BMS18]).

Lemma 4.10 (Morrow) Let M be a finitely presented Ains-module equipped with a p-semilinear
endomorphism, which becomes an isomorphism upon inverting £&. Assume that M[i] s a finite

free Ainf[p%]-module of the same rank of M @4, . W (k). Then M[%] is finite free over Ainf[%].
Proof. This is Lemma A.4 of [Morl6]. O
Now we are ready to prove Theorem 4.3 (using the method of [Mor16]).

Proof of Theorem 4.3. As in Remark 4.4 it remains to show that H/ikmf(%) is finitely presented
and becomes free after inverting p, which we prove by a descending induction on ¢. The claim
is vacuously true for i > 2dim X. By inductive hypothesis, each H*(7>'RT5, (X)) is finitely
presented over Aj,r and becomes free after inverting p, so as a complex it is perfect over Aj,¢, so
the bounded complex 7>¢RIa. (X) is perfect, and hence 7<!RT5. (X) is perfect. From this it
follows that the cohomology H &(.’{) is finitely presented as it is the cokernel of a map between
two finite projective Aj s-modules. To show that Hginf(%)[%] is finite free over Ainf[%}, we apply
Lemma 4.10. Note that from the étale comparison (and note that Ainf[i] is p-torsion free) we
have Hfikmf(%)[i] = H! (X, Z,) @z, Ainf[i], thus it suffices to show that Z,-rank of H, (X,Z,) is
the same the W (k)-rank of H{ . (X,/W (k)). This is precisely the statement of Corollary 4.7. [J

crys

Remark 4.11 As mentioned in the introduction, Theorem /.3 together with the comparison
theorems of RT 4, (X) is enough to deduce the following results of [BMS18] on torsion. First of
all, for each n > 1, we have

lengthyy (g (Heys(Xe/W (K))ior/p") > lengthy, (Hé (X, Zyp)ior/P")-
Moreover, Hi..«(Xx/W (k)) is p-torsion free if and only if Hig(X/O¢) is p-torsion free, in which

] crys
case, Hﬁlmf(%) is a finite free Ajne-module. These claims follow from some basic properties of
finitely presented Aipg-modules, notably Lemma 4.15, 4.17 and 4.18 of loc.cit, for which it is

important to know that Hf;lmf(%)[%] is free.

Remark 4.12 Note that after inverting p, the map herys induces the following -equivariant
map on cohomology groups (which we denote again by herys)

hcrys : ngys(%oc/p/ ACI‘iS) @ Acris B:;is - Hfﬁlinf(%> ® B/

cris?

which is functorial on X. This directly follows from the freeness of Hf;lmf(.’{)[%].
4.3 The B.;is comparison

In this subsection we prove the Bgis comparison theorem (except for the part on filtration,
which we leave to the last section of this paper). We adopt the following setup: let K be a finite
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extension of Q,,” with residue field kg, and maximal unramified subfield Ky = W(ko)[ ]. Let

C = Ck be a p-completed algebraic closure of K, with residue field k = F,. Let Xo, be a
smooth proper formal scheme over Ok, with adic generic fiber Xk and special fiber Xg. Let X
be the base change of Xo, to O¢, so X = X x Spa(C,O¢) and X = X Xgpeck, Speck. Note
that there is a unique section from k = F, — O¢/p in this setup. By combining Lemma 4.6 and
Remark 4.12; we get a Galg-equivariant (by functoriality) and ¢-compatible map

Qerys crys(%O/W(kO)) ® Bz;ls — Hf&inf(%) ® B+

cris *

More precisely crys is the following composition
CQcrys ;
crys(xO/W(kU)) ®W(k0) Bchris ety H}Xinf(:{) ® BZ;

Cris
lz hcrysT

crys(%k/W( ) W (k )B+ T> Hcrys %Oc/p/ ACI‘lS

+
Cris CI‘IS

By construction, the base change of a,ys along Bt ois — Ko becomes a p-equivariant isomorphism
Crys(.'{g / W(ko))[l] - H Amf(.’%ﬁ) ® Ky, which is precisely the map on cohomology groups ob-
tained from the quasi—isomorphism hw in Corollary 3.6.

Theorem 4.13 Retain the setup from above. Then after composing with the étale comparison,
Qerys induces a functorial (Galg, ¢)-equivariant isomorphism

Bcrys crys(:{O/W(kO)) & Bcris —_ Hét (X7 Zp) ® Bcris .
In particular, H (X, Q) is crystalline.

Proof. We consider the map ays constructed above ands take the Galg-invariant subspaces,
which leads to the following diagram of K(-vector spaces ®

crys(xO/W<k0))[ ]

|

GalK .
( crys (fo/W(ko)) ® B;;ls) - (HAmf(x) ® B;;S)GalK
Qerys QK 1
Hyo(Xo/W (ko)) [] —%—— Hi (%) ® Ko

Here the commutative square is obtained from applying Galg-invariance to the morphism ccrys

and its base change aerys ® Ko (the Galois group acts trivially on the latter). The composition

of the left vertical map (induced by W (ko) — Aqris — W(ko)) is an isomorphism, therefore the
following composition

1 . .

crys<x0/W<k0))[p] <HAil‘f(%) ® B+ ) — H}X

Cris

(X) ® Ko

inf

is an isomorphism. In particular, we have

dimp, (Hjy, (%) ® B,

Cris

)GalK > dimKO Crys(%O/W(kO))[p]

“or more generally a discretely valued nonarchimedean extension
8Note that all terms in this commutative square are Ko-vector spaces, as Ko C (B, )GalK C (Bcris)G‘"‘lK = Kj.

cris
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Now let V = H! (X,Q,), then Deyis(V) = (HY
fore we conclude that

(%) ® Bais) 2% by the étale comparison, there-

inf
dimp, Deris(V) > dimpg, (Hy, (%) ® BJ,) 9% > dimg, V

where the last inequality follows from the previous inequality and Corollary 4.7. The theorem
thus follows. ]

Remark 4.14 Let us rephrase the proof in words. To show that V is crystalline we want to
show that Deyis(V') is large enough (namely there are enough Galois invariants). We know that
the crystalline cohomology ngys(%k/W(k)) has large enough rank by Corollary 4.7, so we need
to relate the crystalline cohomology to Deyis(V) (which we know a posteriori are the same after
inverting p). This is precisely provided by herys (and oerys on the cohomology groups). It does not
seem possible to deduce the Beis comparison directly from Corollary 4.7.

5. The infinitesimal nature of BIR—cohomology

In this section we give a reformulation of the B;{R—cohomology of [BMS18]. We then use it to study
the filtration compatibility of the B.js comparison, and to recover Hj{inf(%) from the generic fiber
in certain restricted cases.

5.1 An infinitesimal site
In this subsection let X be a smooth proper rigid analytic variety over Spa(C, O¢). ¥ Let B:{R m
be the complete Tate Huber ring BZIFR = B:R /€™ = Ainf[]lo]/gm over Q.

Definition 5.1 Let A be a Tate algebra over C. The indiscrete infinitesimal site Inf(A/ Bin ) P°
of A relative to B(J{R . — C s defined as follows. The objects of Inf(A/ B;R )P are of the form
B(_i'_R m B

BI)= |
C —— A— B/J

where B — B/J is pro-nilpotent thickening. Here B is a complete Huber ring, whose topology
is compatible with B:{Rm (so in particular it is Tate with p being a pseudo-uniformizer). The

topology of the site Inf(A/ BIR ) ¢ is the indiscrete topology.

Similarly we define the site Inf(A/BJ;)°P°, with the requirement that B = l'&nB/&m (as a
topological ring), and (B/¢™, J) € Ob(Inf(A/BJy , ). Inf(A/ BJ;)°P° (resp. Inf(A/ B},  )°P°)
is a ringed site with the structure sheaf Oy, which sends (B, J) — B.

Definition 5.2 Let K be any complete nonarchimedean extension of Q,. A smooth Tate algebra
A over K is petit if there exists an étale map K (t;) — A from a Tate polynomial with finitely
many variables.

9We view X as an adic space. In fact, it is possible to work the slightly more general class of analytic adic spaces
that are locally noetherian — the former condition in particular implies that X can be covered by the adic spectrum
of Tate Huber pairs.
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For a petit Tate algebra A over C, the infinitesimal cohomology RIj,¢(A/ B:{R) of A with
BIR coefficients is defined as the cohomology of the structure sheaf Opy;.'? To define the global
infinitesimal cohomology RI'i,¢(X/ B(J{R) of X, we let Xpin ¢ be the site generated by petit affinoid
objects in the étale site X¢;. Note that the petit affinoids form a basis for X, by Corollary 1.6.10
of [Hub96]. We then define

RTine(X/BlR) = spal(iXIAo) RTine(A/ BlR)
where the derived inverse limit is taken over all affinoids spA = Spa(A4, A°) in Xyinet. Equiva-
lently, we may regard RT'j,(A/ BIR) as a functor from X, ¢t to D(B:{R), which takes values in
derived ¢-complete objects.!! This turns out to be a sheaf on Xg (by the comparison with de
Rham cohomology below), and thus induces a sheaf on X, whose derived global section gives
the global infinitesimal cohomology.

Remark 5.3 It should be possible to define a global version of the infinitesimal site (with the
étale topology) and then define RT'ine(X/ B(TR) directly using this site. However, for simplicity we
prefer to work locally on affinoids, for which it often suffices to consider the indiscrete topology
by the vanishing of higher cohomology for coherent sheaves on affinoids (in our simplified setup
this is already ensured by Tate’s acyclicity theorem,).

5.2 Comparison with de Rham cohomology
Lemma 5.4 There is a quasi-isomorphism (obtained by base change)

RUint(A) Blp) ®%, C = RTy(A/C).

Bin
Note that Inf(A/ B(‘i*'R )P = Inf(A/C)oPe.

Proof. Choose a surjection C(X;) — A from a Tate polynomial ring to A. Let B (X;) =
@BIRM<X¢>, where B(TR,m (Xi) = (A /E™(X3)) [%], and let ¥gr be the classical completion
of BXR(XQ with respect to the kernel

J = J(0) := ker(Bl; (X;) - A).
Yar is a weakly terminal object in Inf(A4/BJ;)°P°. Its (n + 1)-folded product Sqr(n) is given
by the completion of @B:{R m(Xi>®(”+1) with respect to J(n) (defined similarly as J(0)). The
cosimplicial complex Sqg(e) then computes the cohomology RTine(A/BIR).

Note that B (X;) is ¢-torsion free, and J is finitely generated since C(X;) is noetherian,
hence Y4g (resp. Xgr(n)) is flat over BIR.H One then checks that the derived quotient Y4g(e)/&
is isomorphic to Y (), where Y¢(n) is the J(n)-adic completion of C'(X;)®(+1) This agrees
with the completion with respect to ker (C (X))@t A), so the complex ¥ (e) computes
RT'iy¢(A/C). The lemma hence follows. O

OEquivalently, we may take the derived pushforward of Or,; along the map of topoi
Shv(Inf(A/ B})°™°) — Shv(Aff(BJ)™°)

and then take the (derived) global sections there. Here the map is induced by the obvious cocontinuous map from
Inf(A/ BJR) to the big affine “Zariski” site Aff(B;)°>° with indiscrete topology, where objects there are simply
ring homomorphisms BIR — S.

"This is justified in the proof of the lemma below.

2Tn particular Sqgr is &-complete and &-torsion free. This also shows that RTine(A/ B:fR) is derived &-adically
complete.
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The follow Proposition compares the infinitesimal cohomology with de Rham cohomology.
The proof is similar to the proof of [BdJ11].

Proposition 5.5 Let A be a petit Tate algebra over C. There is a natural quasi-isomorphism
between

RTint(A/C) = Q5 ¢
In particular, RUint(X/C) = RLar(X/C), and therefore we have
RTini(X/ Bjp) @5 C =5 RT4r(X/C).

+
Bd R

Proof. As in the proof of the previous lemma, choose C(X;) - A and consider the complex
(X2 — X(1) — X(2) — ---) which computes RI',s(A/C), here we use ¥ for ¥¢ to simplify
notation. We will make a more refined choice of such a surjection later. Now consider the double
complex

I

0 — Q) — By — -

I

(1)
A a4 4
by > (1) (2) — -+

where Qiz(n) denotes the J(n)-adic completed differentials. For i > 1, each row Q% — Qiz(l) —
Q%(Q) — --- is homotopic to 0 (by the [dJea] 07L9, and note that being homotopic to 0 is
preserved under term-wise p-completions and J(e)-completions). Moreover, for each of the maps
¥ — ¥(n), the induced morphism Q3, — Q. (n) I8 & quasi-isomorphism. This follows from the same
proof of Lemma 2.13 of [BdJ11], using the formal version of the Poincaré lemma (instead of the
PD Poincaré lemma), and using the observation that each ¥ — 3(n) induces an isomorphism
between ¥(n) and a formal power series X[t;] over 3. Now by comparing the two filtration
spectral sequences associated to the double complex above, we have a natural quasi-isomorphism
RT(A/C) = 5,0

It remains to compare this with Q% s For this we make the choice of the map C(X;) - A

as follows. By definition (of petit Tate algebras) there exists an étale map f : C(T;) — A, we
enlarge the source by adding (possibly infinitely many) variables Y; to obtain a surjection g as
below.

C{T) — C{T,Y))
L
A

Write 8; = g(Y;) € A. Let ¥ be the ker(g)-completion of C(T},Y;). Since ¥ is a pro-nilpotent
thickening of A, and C(T;) is étale (in the sense of [Hub96] 1.5.1), the map C(T;) — X canonically
lifts to a section A — . This induces a map A[Y;] — %, and thus induces a map g : A[Y; —5;] —
Y. by passing to completions. Now these maps fit into the following commutative diagram (with

18



THE CRYSTALLINE COMPARISON OF Aj,~COHOMOLOGY

only solid arrows)

C(X;,Yj) _
S
)RR » A[Y; — Bi]

l
A

where fis induced by f. Therefore by the universal property there exists a map ¢ : ¥ — A[Y]]
(the dashed arrow) such that g o ¢’ is the identity on . Note that ¢’ o g is also identity by
considering the image of Y}, so we have ¥ = A[Y; — f3;], hence Q%/C = QA/C. O

5.3 Comparison with A;,r and étale cohomology

Next we return to the setup of the introduction, and compare the infinitesimal cohomology of
X with the crystalline cohomology over A.s (and hence the Ajs-cohomology). We use this to
obtain a Bl-lattice in H} (X, Z,) ® Bag.

Lemma 5.6 Let X be a smooth formal scheme over Spf O¢. There is a functorial isomorphism
~L ~
b: Rlerys(X0 /p/ Aeris)®  Bip = RDine(X/ BlR).

Proof. Note that RDcrys(X/ Acris) = Rl crys(Xo, /p/ Agis). It suffices to restrict to affine opens
Spf R in X4, and construct a map Rl crys(R/ Acris) — Rrinf(R[%] / B;{R). For this we consider
the following continuous functor

10 CRIS(R/ Auria)™° — Inf(R[;] /Bt )P
from the (big) indiscrete crystalline site to the indiscrete infinitesimal site, which sends (B —
B/J) — (B —» (B/J)[%]) Here B is the completion of B’ := @(B ®Aria BIR,m) with re-
spect to ker(B" — B/J [%]) The functor u preserves fibre products and equalizers (both exist
in the big crystalline site), hence the pullback functor us is exact . Thus p induces a map
Shv(CRIS(R/ Acis)°P°) — Shv(Inf(R[%]/B;fR)Op’o) on topoi. The desired map b follows from

base change. To show that b : RI'¢ys(X/ Acris)®L BZ{R =5 RTi(X/ BIR) is an isomorphism, it

suffices to do so after reducing mod £ as both sides are derived &-complete. After mod &, the

map constructed above becomes RFdR(%)[%] =5 RT4r(X) by the de Rham comparison. O

In particular, in this setup we obtain a comparison between A;,;-cohomology and the in-
finitesimal cohomology:

Corollary 5.7 Now assume that X is smooth proper over Spf Oc. Then we have a functorial
isomorphism

RU 4, (%) ®" Bl = RDini(X/ Bin).
In particular, on cohomology groups we have Hf;linf(%) ® B(J{R ~ Hi (X/ B:;R).

inf

Proof. We combine Lemma 4.5 and Lemma 5.6 to obtain the composition b o (herys ® B(J{R)_l.
The rest follows from the fact that H/i%inf(%> is a Breuil-Kisin—Fargues module. O

3see Tag 00WX, 00X4 and 00X5 of [dJea.

19



Z1JIAN YAO

Corollary 5.8 When X = %%51 18 the generic fiber of X, the isomorphism above plus the étale
comparison gives us a canonical isomorphism

' «(X/ BiR) ® Bar = Hi (X, Z,) ® Bag -

inf
As a consequence we can reprove the following theorem of [BMS18].

Theorem 5.9 Suppose that Hl, (X,/W (k)) is torsion free, then we can recover Hilinf(%) with
its p-action from the generic fiber X, more precisely from H (X, Z,) and H. (X/ BIR). If more-
over Hgg,ls(%k/W(k)) is torsion free, then we can further recover the integral crystalline coho-
mology He,ys(Xk /W (k)) with its p-action.

Proof. 1f Hi,\(%/W (k)) is torsion free, then by Remark 4.11 Hj (X) is a free Breuil-Kisin-
Fargues module, thus by Theorem 4.2 it is determined by the pair (7', Z), where T' = (Hj (X)®
W(C?))#=! = H} (X,Zp), and E = H} (X) ® Bjp = H}((X/BJy) by Corollary 5.7. The first
claim hence follows. Now suppose in addition that H, };yls (X/W (k)) is torsion free, then by Lemma
4.8 we have a p-equivariant isomorphism Hy, (Xx/W(k)) = H} (X) @ W (k), hence the second
claim follows from the first. O

Remark 5.10 As explained in [BMS18], by Kisin’s construction (see Proposition 4.34 in loc.cit.)
the theorem above implies the version with Galois actions (when X is defined over Ok for some
discretely valued extension K/Qy), namely part (2) of Corollary 10.

5.4 Compatibility of Ay with filtration
We first construct a map

hdR : ernf(X/ le_R) — Rl“pmét (X, BIR)

The construction is analogous to that of hcrys, this time making use of pro-étale descent instead
of flat/quasisyntomic descent.

Construction 5.11 Let X be a smooth rigid analytic variety over C. It suffices to construct
har : RUe(A/ BIR) — RFproét(Spa(A,Ao),B(}LR) for petit affinoid Tate algebras A. Now as
affinoid perfectoids form a basis for Spa(A, A°)prest, it suffices to construct a functorial map
from RU1¢(A/ BiR) to BIx(S,S), for all U — Spa(A, A°)post affinoid perfectoid with U =
Spa(S, ST) (following notation in [Sch13], see also Theorem 6.5 in loc.cit.). For this we observe
that BIz(S,5T) — S is an object in Inf(A/ Bly), and we get a functorial map Tine(A/ Big) —
IB%Z{R(S, ST) as in the construction of herys.

Our final goal is to prove the filtration compatibility of herys ® Bgr. In order to do this, we
first relate herys @ Bgr to the map hgr constructed above. Then, in the case when X is base
changed from X, , we relate the latter map (hgr) to a map from RI',rost (X7, QB(?) QL B:{R to

RT o6t (X, IBB;{R) constructed in [Sch13], which is known to be a filtered isomorphism there.

Lemma 5.12 Let X be a smooth proper formal scheme over O¢ with generic fiber X, then we
have the following commutative diagram

RUrys(X/ Acyis) @ Bl — R4, (X) @ Bl — R4, (%) ®" Bar

! |

RFInf(X/ BE{—R) E— Rrproét (X7 ]Bji_R) — RFproét (X7 IB%dR)

inf

20



THE CRYSTALLINE COMPARISON OF Aj,~COHOMOLOGY

where the left vertical map comes from the base change isomorphism.

Proof. 1t suffices to replace X by Spf R where R is the p-completion of a smooth O¢g-algebra.
Moreover, by functoriality we further reduce to show the following: for a map R — S from R to
a perfectoid Oc-algebra S (the S we have in mind is pro-étale but not necessarily quasisyntomic
over R), the following diagram commutes.

RFcrys(R/ Acris) % AQR®L Acris

\ l

AQS®L Agis = Acris(S)

The vertical map comes from the natural map AQr — AQg, while the map Rl ¢ys(R/ Acris) —
Agis(S) is induced from the crystalline site, by viewing the PD-thickening Aqis(S) — S as an
object in the crystalline site CRIS(R/ A¢yis)°P. The commutativity of the triangle is clear. O

Now we return the setup in Subsection 4.3, and let X be the base change of Xp, to O¢. For
a petit Tate algebra Ax over K, we define Inf(Ax /K) similarly as Inf(A/C), and by the same
proof of Proposition 5.5 (replacing C' by K) we have a functorial isomorphism RI'j,¢(Xx/K) =
RTUgr(Xx). The base change morphism for the indiscrete infinitesimal sites gives rise to a map

Rrinf(XK/K) KK B(J{R — RFinf(XC/ B(J{R)7

which is an isomorphism (again by considering its derived quotient mod &). Now we compose
this isomorphism with hgg, and observe that from Lemma 5.12, in order to prove part (1) of
Corollary 10 (the filtration compatibility of the Bcys comparison), it suffices to show that the
following composition

. h
RU4r(Xk) ®k Bar == RTine(Xc/Bg) © Bar == Rlproet (X, Bar)

is a filtered isomorphism. This follows from the following lemma (making use of Theorem 7.11
of [Sch13]).

Lemma 5.13 Retain the setup from above and adopt the notation from [Sch13]. Then the fol-
lowing diagram commutes

h
RTUy( Xk /K) —— RDye(Xe/ BE{R) —r RF(XC,IB%:{R)

[ H

RI(Xf, 0%, ) — RI(Xc, OB, ®ox, Wxo) —— RT(X¢,BR)

where Q% is the pullback of Q% 4 to the pro-¢tale site (left vertical isomorphism reflects the
fact that the de Rham cohomology can be computed in the pro-étale site). The bottom arrows are
constructed in [Sch13].

Proof. 1t suffices to assume that Xx = Spa(Rg, R}) for a very small Tate algebra Ry over
K. Recall that R is very small if there are enough units u;, 8; € (R}%)* that induces an étale
map K(Tli> — Rg and a surjective map K(Tii,in) — Ry, with T; — u;,Y; — f; (compare

with petit Tate algebras). The pro-étale cover K(T;") — K <Tiil/ P Oo) induces a pro-étale cover
Rk — Rk (resp. a pro-étale cover Rc — Ro via base change). It suffices to check the
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commutativity of the diagram after passing to the pro-étale cover for the horizontal arrows on
the bottom of the diagram. In other words, we want to show that the following diagram commutes

hdR, o0

RUini(Ri/K) ————— RUin(Xc/Blg) Bk (Roo)

Qy, —— Q% — OB (R) ®n.. Qy —— Bix (Reo)

where hqr o is constructed similarly as hggr, by viewing B(J{R(Roo) — R as a pro-nilpotent
thickening, and the last isomorphism in the bottom arrow comes from IB%(J{R—POincaré Lemma of
Scholze (Corollary 6.13 in loc.cit.).

As in the proof of Proposition 5.5 (replacing K(T;,Y;) by K(Z}i,Yjﬂ), let ¥k be the com-
pletion of K <Tii, Yf} along the kernel of its projection to Rg. Again we have an isomorphism
Yk = Ri[Y;— B;] (note that there is indeed a map from K(T*, Y]i) — Rk [Y; — ;] because
Y; is invertible in the latter power series ring, as each (; is a unit). This describes the map
Q% — QE%K[[Yj 3] > RTne(Ri/K) on the left. The top horizontal arrow is given by lifting
the map K(T;%,Y;") - Rk — Roo along BJp (Reo) — Reo, sending T; to [T7] € Ajng(Roo), Where
T = (T3, Til/p, Til/pQ, ...) € R’_. This in particular determines a unique lift Rg — Bz (Rso). Now
unwinding definitions, the top horizontal arrows composed with the left vertical isomorphism can
be described by Q% = — Rk — IB%QFR(ROO). The bottom horizontal map factors through

Rk — OBl (Rao) = Bl (Roo) [Xi] 2% B (Roo),
where the isomorphism in the middle is described by Proposition 6.10 in loc.cit, which sends
T,1-1® [Tf] — X;, and the projection map induces a quasi-isomorphism on the de Rham
complexes. Now the commutativity of the previous diagram follows from the fact that both maps

agree on Tj: as the bottom morphism sends T; + (X; + 1 ® [T?]) + [T7]. This concludes the
lemma. O

Finally, this finishes the proof of the B comparison, which we restate.

Theorem 5.14 Suppose that Xo,. is a smooth proper formal scheme over O, with K a discrete
p-adic field as before, with residue field ky. Let C' = Cg. Then herys induces an isomorphism

Hérys(%ko/W(kO)) ®W(ko) Beris — Hét (%?Jda Zp) ®Zp Beyis

compatible with the Galg -action, Frobenius, and filtration.
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