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1 Introduction

It is well-known that every abelian extension of Q is contained in some cyclotomic extension

of Q (Kronecker-Weber theorem). Every cyclotomic extension is of the form Qpζmq, where

ζm “ expp2πi
m q is some special value of the exponential function. In 1900, David Hilbert

asked if one can generalize the role that exponential function plays for Q to a general number

field k (Hilbert’s Twelfth Problem). In other words, can we find some special functions such

that the maximal abelian extension of k can be obtained by adjoining special values of those

functions. The problem remains still largely open, the only two cases we know are Q and

quadratic imaginary field. For the quadratic imaginary field, using complex multiplication for

elliptic curve associated to the field, we can show that the special functions are j-invariant

and Weierstrass ℘-function.

In 1970s, Harold Stark made a sequence of conjectures about the first non-zero coefficients

at s “ 0 of the Artin’s L-series associated to a field extension K{k. In the case of abelian

extension and the order of vanishing at 0 is 1, the conjecture is equivalent to the existence

of the so-called Stark’s unit, whose roots generates a Kummer extension of K, which is

abelian over k. The use of these conjectures to provide explicit generators of ray class fields,

and thus to answer Hilbert’s Twelfth Problem was one of the original motivations for their

formulation. The Stark’s conjecture has been proved in many special cases, in particular, for

abelian extensions over Q and any quadratic imaginary field.

In this paper, we will start by reviewing class field theory and L-series in section 2 and 3.

We will introduce the Stark’s conjecture in the most general form in section 4, then we will

focus on rank 1 abelian case in section 5. We will compute the Stark’s units for the case Q

and quadratic imaginary field in section 6 and 7.

2 Class Field Theory

The notion of class field is generally attributed to Hilbert in his fundamental paper Zahlbericht

(number report). In truth, the origins of the concept may be dated back to the quadratic

reciprocity law proved by Gauss. Generally speaking, the class filed theory studies abelian

extension of a global field, i.e. a number filed or a function field of an algebraic curve. In this
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section, we will focus on the number field, and summarize some important theorems in class

field theory.

Recall that a valuation of | ¨ |v on a field k is a function defined on k with values in the

non-negative real numbers satisfying

1. |α|v “ 0 if and only if α “ 0.

2. |αβ|v “ |α|v|β|v

3. There is a constant C such that |1` α| ď C if |α| ď 1

Two valuations are called equivalent if there is a constant c ą 0 such that |α|v “ |α|cw

for every α P k. A field with topology induced by a valuation is a topological field, i.e. the

operation sum, product and reciprocal are continuous. It is readily checked that two valuations

on k are equivalent if and only if the topologies induced are the same.

A valuation is called discrete if the image |α|v for α P k˚ forms a discrete subgroup of R`,

and is called non-archimedean (or non-arch. for short) if we can take C “ 1 in the axiom 3,

i.e. the valuation satisfies the strong triangle inequality |α`β|v ď maxt|α|v, |β|vu. It is called

archimedean (or arch. for short) otherwise. Note that using the classification of valuation on

Q (which we will state later), we can easily show that if k is a number field, every non-arch.

valuation is discrete. A field with a valuation is called complete if it is complete as a metric

with respect to the metric induced by the valuation. Every field can be embedded in a unique

complete field, and we will denote this by kv, and call this the completion of k. A field with

complete valuation is called a local field. For non-arch. valuations, the elements with |α|v ď 1

clearly form a ring, the ring ov of v-integers. The elements with |α|v ă 1 form a maximal ideal

of ov, and is denoted by pv. It can be checked directly that two non-arch. valuations v, w are

equivalent if and only if the rings ov “ ow. The elements ε P k with |ε|v “ 1 form a group Uv

under multiplication, and is called group of v-units. If the valuation v is discrete, then pv is a

principal ideal pπq, and every element α P k˚ is of the form πνε where ε is a v-unit. ν is called

the order of α, and we will denote it by ordv α. The residue field in our case ov{pv is always

finite, say with p elements, so we can define the normalized valuation to be |α|v “ p´ ordvpαq,

if the valuation is non-arch.. If the valuation is arch., then Gelfand-Tornheim theorem tells

us that the field k is isomorphic to a subfield of C, with the valuation being equivalent to that
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induced by the absolute valuation on C. Hence, we can define the normalized valuation to be

the usual absolute value if k Ă R, and the square of the absolute value if k is complex. We

define a finite prime (or a finite place) to be an equivalent class of non-arch. valuation, (or

equivalently a normalized non-arch. valuation), and an infinite prime (or an infinite place) to

be an equivalent class of arch. valuation, (or equivalently a normalized arch. valuation). By

a prime (or a place), we simply mean either a finite or infinite prime. Note if we let o “
Ş

v ov

be the ring of integers of k, then the equivalent classes of non-arch. valuations have one to

one correspondence to prime ideals in o, via the map v ÞÑ pv X o. We will use Mk to denote

the set of primes for k.

For rational number Q, we define the p-adic valuation to be |pau{v|p “ p´a, where p is a

prime, a, u, v P Z and p ffl u, p ffl v. It can be checked directly that the ideal pp “ ppq. In fact,

Ostrowski classifies all valuation on Q: every non-trivial valuation on Q is either equivalent

to | ¨ |p or the absolute valuation | ¨ |8.

Let a “ pa1
1 p

a2
2 ...p

ak
k be a prime decomposition of a rational number, then clearly |a|p “ 1

if p ‰ pj , and
ś

p prime or 8 |a|p “ 1. In fact, this still holds for general number field: if α P k˚,

then |α|v “ 1 for almost every v PMk and
ś

v |α|v “ 1.

Let Ωλ with λ P Λ be a family of topological spaces, and Θλ be an open set of Ωλ,

the restricted topological product Ω to be the subspace of usual product
ś

λ Ωλ consisting of

elements α “ pαλqλPΛ with αλ P Θλ for almost every λ P Λ.

Let k be a number field, we can define the Adele ring Vk of k to be the restricted topological

product of kv the completion of a prime with respect to the ring okv of v-integers in kv if v

is a finite prime, and kv if v is an infinite prime. The addition and multiplication are defined

point-wise, and it can be easily check that this makes the Vk a topological ring. The Idele

group Jk is defined to be the group of units V ˚k with the topology given by the subspace

topology of Vk ˆ Vk under the embedding x ÞÑ px, x´1q. It can be shown that the Idele group

Jk is just the restricted topological product of kv with respect to Uv the group of v-units if

v is a finite prime, and kv if v is an infinite prime. For α “ pαvq P Jk, we define the content

of α as cpαq “
ś

v |αv|v. This is clearly a continuous group homomorphism, we denote J1
k to

be the kernel of this map. Note k naturally embeds into Vk by the map α ÞÑ pαqv, and image

of k˚ lies in J1
k Ă Jk Ă Vk as |α|v “ 1 for almost every v and

ś

v |α|v “ 1. The following

theorems concerns the image of k under this natural embedding. The proof can be found in
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Chapter II of [1, Chapter II, Section 15, 16].

Theorem 2.1. Let k be a number field, Vk, Jk be its Adele ring and Idele group respectively,

and let J1
k be defined as before, then

1. The image of k in Vk is discrete.

2. If v0 be a prime, and V be the restricted topological product of kv with respect to okv if v

is finite, and kv if v is infinite where v PMk ´ tv0u, then the image of k is dense in V.

3. The quotient space J1
k{k

˚ is compact.

The second part of the theorem stated above is usually referred as Strong Approximation

Theorem. The third part of the theorem has many important applications, it is usually used

together with discreteness to prove certain objects of interest are finite.

Let k be a number field, we define the ideal class Ik to be the free abelian group generated

by finite primes, i.e., formal sums of
ř

v finite prime nvv, where only finitely many nv’s are non-

zero. We call an element in Ik integral if every nv ě 0. Note that the o :“
Ş

v finite ov is a

Dedekind domain. If we identify any finite prime v with the prime ideal pvXo, we can identify

Ik with the group of fractional ideals in o, and the definition of integral elements agrees with

the definition of integral ideals. We have a natural homomorphism from Jk to Ik defined by

α “ pαvq ÞÑ ordvpαvqv The image of k˚ (viewed as a subset of Jk) is the group of principal

ideals. The following theorem [1, Chapter II, Section 17] is a direct application of the previous

theorem:

Theorem 2.2. The ideal class group, i.e., Ik modulo the group of principal ideals, is finite.

Proof. For the map J1
k ÝÑ Ik is the surjective, so the ideal group class is the continuous image

of the compact group J1
k{k

˚, hence it is compact. But it is also discrete, so it is finite.

The cardinality of the ideal class group is called class number, and usually denoted by

hpkq. The class number measures how far the ring of integers of certain field is away from

principal ideal domain. In later sections, we will see how the class number is related to some

special values of the Dedekind Zeta function of the field. For now, we will discuss the structure

of units in a field.
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Let S be a finite set containing infinite primes, we call an element α is a S-unit if |α|v “ 1

for all v R S, and denote the set of S-unit by US , i.e. US “
Ş

vRS Uv. Note that given

0 ă c ď C ă 8, the set of S-units with c ď |α|v ď C for all v P S is finite, as this set is

precisely the intersection of the compact set

W “ tα : |α|v “ 1, if v R S, |α|v P rc, Cs, if v P Su Ă Jk

with the discrete set k˚ Ă Jk.

If we put c “ C “ 1, we can easily see that the set with |α|v “ 1 for all v is finite, and it

is the group of roots of unity. Now we can prove the structure theorem of units [1, Chapter

II, Section 18]:

Theorem 2.3 (Dirichlet Unit Theorem). US is the direct sum of a finite cyclic group (group

of roots of unity) and a free abelian group of rank s´ 1, where s “ |S|.

Proof. Let JS consist of the α “ pαvq with |αv|v “ 1 for v R S, and let J1
S “ JS X J1

k . Then

clearly, the group J1
S{US “ J1

S{pJ
1
S X k

˚q is compact in J1
k{k

˚.

Let r denote that number of infinite primes in S, and consider the map

λ : JS ÝÑ Rr ‘ Zs´r

given by the map

α ÞÑ plog |α1|1, ..., log |αs|sq

where 1, ..., s are primes in S, with the first r being infinite primes. The logarithm for the

finite primes are assumed to be taken with base |ov{pv|. The map is clearly continuous and

surjective, with kernel the group of roots of unity. By the previous observation, the group

Λ “ λpUSq is discrete. Further, T “ λpJ1
Sq is just the set of px1, ..., xsq with x1 ` ...` xs “ 0.

Finally, begin a continuous image of J1
S{US , we know T {Λ is compact, so Λ is free with rank

s´ 1 as asserted.

If we choose S to be the set of infinite primes, then the theorem above is called Dirichlet

Unit Theorem.

We will now focus on the a finite Galois extension K of a number field k, with Galois group
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G “ GalpK{kq. If σ P G and a P K, we will use either σa or aσ to denote the natural action of

G on K. Note that in the second form, we need to switch the order when we compose the two

group actions. Let w be a prime of K, and v is a prime of k, we say w is over v, or v is under w

if the restriction of w on k is v. Let Mv ĂMK be the set of primes above v, then G naturally

acts on Mv by |a|σw “ |σ
´1a|w, and this action is transitive. Using Cauchy sequence, we can

easily check σ gives a field isomorphism of the completion Kw to Kσw. The decomposition

group Gw of w is the subgroup Gw “ tσ : σw “ wu of G. Note the Gτw “ τGwτ
´1. Let w be

a prime over v and σ P Gw, we have a field automorphism on Kw preserving kv, i.e., we have

a group homomorphism from Gw to GalpKw{kvq. It can be proved that this homomorphism

is actually a group isomorphism.

Note the above definition has a more algebraic interpretation: if we have w is a prime

over v, then pkv “ pKw X okv . The residue field of kpvq “ okv{pkv naturally embeds in

the residue field kpwq “ oKw{pKw , and its degree is called residue class degree, denoted by

fpKw{kvq. Let I be a fractional ideal of kv, we can define the valuation of a fractional ideal

I as vpIq “ infxPIp´ ordvpxqq. The ramification index is defined as wppkvoKwq, denoted by

epKw{kvq. A prime w over v is called unramified if epKw{kvq is 1, and v is called unramified

if for every w PMv, w over v is unramified. If the extension is Galois, then the ramification

indices are equal for every w P Mv. Using local field theory, one can prove if K{k if a finite

separable field extension of a number field, then a prime v is ramified if and only if pv X ok

divides the discriminant d of K{k. Hence, almost every prime is unramified.

For unramified local field extension, the Galois group GalpKw{kvq is isomorphic to the

Galois group Galpkpwq{kpvqq of the residue field extension. The later is a finite field extension

of a finite field, so the Galois group is cyclic and generated by the Frobenius element x ÞÑ xNv,

where Nv “ |kpvq|. Therefore, if v is unramified, and w is over v, we can associate w a special

element σw P Gw which maps to the Frobenius element under the composition of two group

isomorphisms defined above. This element can also be characterized by the property

aσw ” aNv mod pw

for all a P ow. This element σw is called Frobenius automorphism associated with w. A direct

computation shows that στw “ τ´1σwτ . Hence, we can define FK{kpvq to be the conjugacy
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class of σw for any w over v.

Let S be a finite of primes containing all infinite primes, and define IS Ă Ik to be the

free abelian group on Mk ´S. Assume K{k be an abelian Galois extension, and assume that

S contains all ramified primes, then FK{kpvq is well defined for every v R S as there is only

one element in every conjugacy class. Extend this map linearly, we have a homomorphism

FK{k : IS ÝÑ GalpK{kq. If a P k˚, we define paqS “
ř

vRS ordvpaqv, then there is a constant

ε ą 0 such that if |a ´ 1|v ă ε for all v P S, FK{kppaq
Sq “ 1. This above is the crudest form

of Artin’s reciprocity law, which we will state the full theorem later.

Motivated by this, we are particularly interested in the following special type of group

homomorphism on IS :

Definition 2.1. Let k be a number field, S is a finite set of primes of k containing all

infinite primes, and G is a abelian topological group, a homomorphism φ : IS ÝÑ G is said

to be admissible if for each neighborhood N of 1 in G, there is a constant ε ą 0 such that

φppaqSq P N for all a P k˚ with |a´ 1|v ă ε for all v P S.

Hence, the Artin’s reciprocity law in crudest form says FK{k is admissible.

Let Jk be the Idele group of k, we can associate x P Jk with pxqS “
ř

vRS ordvpxvqv. We

denote JSk Ă Jk to be the set of element which have value 1 at all v-th components for v P S.

If φ : IS ÝÑ G is an admissible homomorphism, then there is a unique extension of

ψ : JSk ÝÑ G

given by x ÞÑ φppxqSq to a continuous homomorphism from JSk to G with ψpk˚q “ 1. Con-

versely, every continuous homomorphism with ψpk˚q “ 1 comes in this way (if the only

subgroup of G in a sufficiently small neighborhood of 1 is the trivial subgroup). Hence, we

can identify admissible homomorphisms from IS to G with continuous homomorphism from

Jk{k
˚ to G.

If K{k is an abelian extension, we will call ψ : Jk ÝÑ GalpK{kq satisfying the following

three conditions, if exists, the Artin map associated with the extension K{k

1. ψ is continuous.

2. ψpk˚q “ 1.
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3. ψpxq “ FK{kppxq
Sq for all x P JSk , where S consists of all infinite primes and ramified

primes.

We are now ready to state the full version of Artin’s reciprocity law, whose proof can be found

in Chapter VII in [1, Chapter VII, Section 5]:

Theorem 2.4 (Artin’s Reciprocity Law). 1. Given any abelian extension K{k, the Artin

map exists.

2. The Artin map ψK{k is surjective with kernel k˚NK{kpJKq, where NK{k is the norm

map. Hence, the Galois group is isomorphic to Ck{NK{kCK , where Ck “ Jk{k
˚ is the

Idele class group.

3. For every open subgroup N of finite index in Ck, therer is a unique abelian extension

K{k with NK{kCK “ N .

The subgroupsN are called norm groups, and the abelian extensionK such thatNK{kCK “

N is called the class field belonging to N . The reciprocity law allows us to translate the prob-

lems about abelian extensions of the field k to the problems about the group structure of

Ck.

We will now see some examples of special class field.

The Hilbert class field of a field k is the maximal abelian unramified extension of k. It is the

unique class field with norm group the kernel of the homomorphism Ck ÝÑ Ik{k
˚. Hence, the

Galois group is canonically isomorphic to the ideal class group of k using Frobenius elements

for the prime ideals in k. A generalization of the Hilbert class field is the ray class field, which

is the class field associated with the ray class group, which is the quotient of Ck with the

norm group defined as follows. Given an ideal m in ok and a set S of real places, the norm

group associated with m and S is the product
ś

Wv where Wv is given by:

• k˚ if v is a complex infinite prime, or v is real and v R S.

• k` if v is a real infinite prime and v P S.

• All units if v is finite and pv does not divide mov.

• Units congruent to 1 mod pnv if n is the maximal power of pv dividing mov.
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The ray class field is the maximal abelian extension unramified outside the primes dividing

the modulus and satisfying a particular ramification condition at the primes dividing the

modulus. The Hilbert class field corresponds to the ray class field with unit ideal and empty

set of real places.

For Q, the ray class field associated to the ideal pmq is the cyclotomic extension adjoining

m-th roots of unity to Q. The Kronecker-Weber theorem says that every abelian extension of

Q is contained in some cyclotomic field. We have a generalization of this result for ray class

field: every abelian extension of k is contained in some ray class field of k.

3 Zeta Function and L-Series

In this section, we are going to discuss the some analytic function associated with the number

field, namely, zeta function and L-functions. These function are usually used to prove ’density

theorems’, and its values at special points usually give algebraic information about the number

field.

We start with a continuous homomorphism from ψ : Jk ÝÑ S1 Ă C with ψpk˚q “ 1. By

continuity, there is a finite set S of primes containing all infinite primes such that ψpxq “ 1

if xv “ 1 for v P S, and |xv|v “ 1 for v R S. S is sometimes referred to as the exceptional set.

Clearly, ψ generates a character of the ideal group IS by

χpaq “ χp
ÿ

v

nvvq “ ψpxaq

where pxaqv is 1 if v P S, and πnvv , where πv is any generator of pv. If S and S1 are two

exceptional sets, and χ, χ1 are two characters of IS and IS
1

, they are called co-trained if

χpaq “ χ1pa1q whenever they are both defined. This is clearly an equivalent definition, and we

will call the character with least possible exceptional set the primitive character.

For each element x P Jk, we can write x “
ś

v xpvq, where pxpvqqv “ xv and pxpvqqw “ 1

if w ‰ v, and we define ψvpxq “ ψpxpvqq, and is referred as a local component of ψ. By

continuity, there exists µv a least positive integer such that ψvp1 ` pµvv q “ 1 for v finite and
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in the exceptional set of the primitive character. We will call

fχ “
ÿ

v finite,vPS

µvv “
ź

v finite,vPS

ppv X oqµv P Ik

the conductor of the character.

Now let m be an ideal such that fχ|m. If a “ pαq where α ” 1pmq, then a simple

computation shows that

χpaq “
ź

vPS0

ψvpα
´1q

where S0 is the set of infinite primes.

If a character χ with ψvpJkq being discrete subset of S1 for all v P S0, then ψvpxq “ 1

if v is complex, and ψvpxq “ 1 or ψvpxq “

$

’

&

’

%

1 if xv ą 0

´1 if xv ă 0

if v is real. If xv ą 0 for all

real v P S0, then x is said to be totally positive and we write x " 0. Thus, if ψ has discrete

infinite components, χ ” 1 on the subgroup of totally positive principal ideals ” 1pmq. Such a

character is called a Dirichlet character modulo m, and if m “ 1, χ is called a Hilbert character.

Conversely, any character of the ideal group IS which is 1 on the subgroup of totally

positive principal ideals ” 1pmq (where S consists of the archimedean primes and all primes

dividing m) arrises in this way.

Note for Q, we can define a Dirichlet character modulo m to be a character χ satisfying

• χpn`mq “ χpnq for all n.

• If pn,mq ą 1, then χpnq “ 0, otherwise, χpnq ‰ 0.

• χpn1n2q “ χpn1qχpn2q.

One can easily check that this definition agrees with the our more general definition.

Now let a be an integral ideal (one can also think of a as an integral element in the ideal

group), with absolute norm Npaq “ Nk{Qpaq. The Dedekind zeta-function ζj “ kpsq is defined

by

ζkpsq “
ÿ

a‰0

1

Npaqs
“

ź

p

p1´
1

Nppqs
q´1

We’ll write s “ σ`it, then the infinite sum and product converge for σ ą 1. Complete the zeta
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function using Γ-functions (associated to infinite primes), and using Merlin transformation of

certain θ-functions, one can show that ζk is meromorphic on C, having a simple pole only at

s “ 1. If we let

Λspsq “ |Dk|
s{2ΓRpsq

r1ΓCpsq
r2ζkpsq

where D is the discriminant of k{Q, r1 is the number of infinite real primes, and r2 is the

number of infinite complex primes, and

ΓRpsq “ π´s{2Γps{2q

and

ΓCpsq “ 2p2πq´sΓpsq

then Λk satisfies the functional equation:

Λkpsq “ Λkp1´ sq

Now if we have a Dirichlet character χ, we can associate a Dirichlet L-seires

Lps, χq “
ÿ

a‰0

χpaq

Npaq
“

ź

p

p1´
χppq

Nppqs
q´1

Clearly, Lps, χq is defined for σ ą 1. Almost identical proof as in the case for ζk, Lps, χq has

an analytic continuation to a meromorphic function on C, and if we complete the Dirichlet

L-series by

Λk,χpsq “ p|Dk|Npfχqq
s{2p

ź

v real

ΓRps` avq
r1qΓCpsq

r2Lps, χq

where av “ 0 or 1 according as the value of χ in the domain of all principal ideals congruent

to 1 mod fχ does or does not depend on the sign of the v real conjugation, then we have the

following functional equation:

Λk,χpsq “W pχqΛk,χp1´ s, χ̄q

where W has absolute value 1, and can be determined explicitly.
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If χ is trivial, then we recover the Dedekind zeta-function ζkpsq. One can prove that the

Dirichlet L-series is actually holomorphic if χ is not trivial. This is closely related to the

Artin’s conjecture, which asserts analyticity of a more general L-series (which we will define

in a moment) on the whole plane C.

In the previous section, we have introduced Artin’s reciprocity law. Now let K be an

abelian extension of k whose Galois group is canonically identified with IS{HS via Frobenius

element, where S is the exceptional set, and HS is identified with kernel of the Artin’s map.

Then the zeta function for K and k is related by the Dirichlet L-series:

ζKpsq “
ź

χ

Lkps, χq

where χ run through all primitive (Dirichlet) characters co-trained with the characters of the

class group IS{HS . For unramified primes of k, p “ P1...Pl where Pj ’s are distinct primes

of K. Then the absolute norm of Pj and p are related by NpPjq “ Nppqf where f is the

residue class degree defined in earlier. So the local factor are related via

ź

j

p1´NpPjq
´sq´1 “ p1´Nppqfsq´n{f

where lf “ rK : ks “ n. Since f is the least positive integer such that χppf q “ 1 for all χ, we

know the righthand side actually equals

p1´Nppqfsq´n{f “
ź

χ

p1´ χppqNppq´sq´1

which proves the local factors are equal for unramified primes. For ramified primes, the

situation is more complicated, but again, their local factors are equal.

Recall if χ is the trivial character, we recover the zeta function of k, so we can rewrite the

above equality by
ζKpsq

ζkpsq
“

ź

χı1

Lkps, χq

Since the L-series is entire for χ ı 1, for abelian extension K{k, the zeta function ζk|ζK .

We’ll see we have a similar result for more general extension if Artin’s conjecture is true.
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There are a slight generalization of zeta function and Dirichlet L-series. Let K{k be an

abelian extension. Let S be a finite set containing all infinite primes, we define the partial

zeta functions to be

ζK{k,Sps, σq “
ÿ

nPok,pn,Sq“1,FK{kpnq“σ

1

Npnqs

where σ P GalpK{kq. We define relative L-series with respect to S to be:

LSps, χq “
ÿ

pa,Sq“1

χpaq

Npaq
“

ź

pRS

p1´
χppq

Nppqs
q´1

It can be checked easily that if χ is a character of the Galois group GalpK{kq, χ ˝ FK{k

is a Dirichlet character. We abuse the notation to denote both character as χ, then we have

the following equality:

LSps, χq “
ÿ

σPG

χpσqζK{k,Sps, σq

So far, we have only dealt with one dimensional representations, which are associated to

abelian extensions. Now we are going to discuss the L-series in non-abelian case: the Artin

L-series.

Let K be a Galois extension of k, with Galois group G. Let ρ be a representation of G,

with character χ. Note the representation is uniquely determined by its character. Let p be

an unramified prime in k, we define the local factor to be the characteristic polynomial |I ´

ρpFK{kppqqNppq
´s|´1, where FK{kppq is the conjugacy class of Frobenius element associated

to any P over p. Note this is well defined as the characteristic polynomial is invariant under

conjugation. We collect up the local factors corresponding to non-ramified p and defined the

Atin L-series by

Lps, χ,K{kq “
ź

p non-ramified

|I ´ ρpFK{kppqqNppq
´s|´1

If G is abelian, and assume χ is irreducible, then apart from the factors corresponding to

the ramified primes, the definition coincides with the Dirichlet L-series. It can also be checked

directly that Lps, χ,K{kq is holomorphic for σ ą 1 where σ is the real part of s as usual.

Here we list some properties of the Artin’s L-series [1, Chapter VIII, Section 3]:
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Theorem 3.1. 1. If χ “ χ1 ` χ2, then Lps, χ,K{kq “ Lps, χ1,K{kqLps, χ2,K{kq.

2. Let Ω is a intermediate field between K and k, Galois over k, then H “ GalpK{Ωq is

a normal subgroup of G, and G{H “ GalpΩ{kq. If χ is a character of G{H, it can be

viewed as a character of G, then we have

Lps, χ,K{kq “ Lps, χ,Ω{kq

3. Let Ω is a intermediate field between K and k, not necessarily Galois over k, and

H “ GalpK{Ωq is a subgroup of G. Given a character χ of H, we can associate the

induced character IndGH χ of G, then we have

Lps, IndGHχ,K{kq “ Lps, χ,K{Ωq

Proof. 1. If we choose a basis, and write ρpFK{kpPqq (choose any P over p) in Jordan

canonical form, with diagonal entries d1, ..., dn, then the local factor

|I ´ ρpFK{kppqqNppq
´s|´1 “

n
ź

i“1

p1´ diNppq
´sq´1

“ expp
n

ÿ

i“1

8
ÿ

m“1

1

m
dmi Nppq

´msq

“ expp
8
ÿ

m“1

1

m
χpFK{kpPq

mqNppq´msq

The first statement follows from this.

2. Using the characterization of the Frobenius element, i.e. the unique element in G sat-

isfying

aFK{kpPq ” aNppqpPq,

one can show directly that FΩ{kpP X Ωq “ FK{kpPqH. Using this, the local factor

satisfies

|I ´ ρ1pFK{kppqqNppq
´s|´1 “ |I ´ ρpFK{kppqHqNppq

´s|´1

“ |I ´ ρpFΩ{kppqqNppq
´s|´1
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The second statement follows from this.

3. Let p be an unramified prime in k, decomposes into p “
śr
i“1 qi, with Npqiq “ pNppqq

fi .

Choose a prime P over p, to simplify the notation, we will denote µ “ FK{kpPq. Choose

τi P G such that qi lies under τiP. It can be shown that we have a complete system of

representatives for G{H of τiµ
j where i ranges from 1 to r and j ranges from 0 to fi´1.

By definition of induced representation, we have

IndGH χpµ
mq “

r
ÿ

i“1

fi´1
ÿ

j“0,H

χpτiµ
jµmµ´jτ´1

i q

“

r
ÿ

i“1,H

fiχpτiµ
mτ´1

i q

“

r
ÿ

i“1,fi|m

fiχpτiµ
mτ´1

i q

here H indicates that we only take the sum of the elements which lie in H, and the last

equality holds as τiµ
mτ´1

i P H if and only if fi|m. Using this, the logarithm of local

factor satisfies

8
ÿ

m“1

1

m
IndGH χpµ

mqNppq´ms “
8
ÿ

m“1

1

m
Nppq´ms

r
ÿ

i“1,fi|m

fiχpτiµ
mτ´1

i q

“

r
ÿ

i“1

8
ÿ

m“1,fi|m

fi
m
χpτiµ

mτ´1
i qNppq´ms

“

r
ÿ

i“1

8
ÿ

k“1

1

k
χppτiµ

fiτ´1
i qkqNpqiq

´ks

where the last equality follows from substitute m, fi|m by m “ fik.

Note from the characterization of Frobenius element, we have clearly τiµ
fiτ´1

i is the

Frobenius element associated to P over qi for the extension K{Ω, so the the sum on

the right of the above equality is precisely the sum of the logarithm of local components

associated to qi. The statement three now follows from this.

We have the following corollary from the third statement, which is a generalization of a
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theorem for Dirichlet L-series.

Corollary 3.2. Let K{k be a Galois extension, then

• ζkpsq “ Lps, 1,K{kq “ Lps, 1, k{kq

• ζKpsq “
śn
i“1 Lps, ψi,K{kq

ψip1q where ψi ranges over all characters for irreducible rep-

resentations of G.

Proof. Note if we choose Ω “ k, and by second statement of the previous theorem, we get

ζkpsq “ Lps, 1,K{kq “ Lps, 1, k{kq.

For the second equality, we choose Ω “ K, then H “ GalpK{Ωq “ p1q. The third state-

ment says Lps, IndG
p1q1,K{kq “ Lps, 1,K{Kq. From representation theory of finite groups, we

have IndG
p1q1 “

řn
i“1 ψip1qψi. The equality follows immediately from this and first statement

of the previous theorem.

In representation theory of finite group, we have the following Artin-Brauer theorem,

whose proof can be found in [3, Chapter 10, Theorem 19]:

Theorem 3.3. Every character χ of G can be written with integral coefficients of characters

of representation induced from cyclic subgroups, (more precisely, elementary subgroups).

Using this, we can immediately prove the following theorem [1, Chapter VIII, Theorem

7]:

Theorem 3.4. For any character χ of G, Lps, χ,K{kq is given by

Lps, χ,K{kq “
ź

l

ź

j

Lps, ξl,j ,K{Ωlq
nl,j

where Ωl run though all intermediate field between K and k with cyclic Galois group GalpK{Ωlq,

ξl,j run though all characters of irreducible representation of GalpK{Ωlq, and nl,j are some

integers.

An immediate consequence of this is that if K{k is a Galois extension and χ is not trivial,

the Artin L-series is holomorphic, as it can be represented as a finite product of Dirichlet

L-series with non-trivial characters. Artin conjectures this holds for any field extension. A

functional equation for the Artin L-series also follows immediately from this.
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Similarly, we can define relative Artin L-series with respect to S, a finite set of primes

containing all infinite primes and all ramified primes, as

LSps, χ,K{kq “
ź

pRS

|I ´ ρpFK{kppqqNppq
´s|´1

The relative Artin L-series satisfies all the properties we listed earlier, as the the proof only

considers the local components.

4 Stark’s Conjecture

The Stark’s conjecture concerns the derivatives of the Artin’s L-series at point s “ 0. This

serves as a generalization of the well-known Dirichlet class number theorem for Dedekind zeta

functions.

Let k be a number field, denote r1 and r2 be the number of infinite real and complex

primes respectively. Note rk : Qs “ r1 ` 2r2. Let hk is the class number as defined in section

2; ek is the number of roots of unity in k, which we have shown to be finite in section 2; Dk is

the discriminant of the field extension k{Q. We can define the regulator which measures the

density of the units as follows:

Definition 4.1. Let u1, ..., ur be a set of generators for unit group modulo roots of unity,

and v1, ..., vr`1 be infinite real and complex primes. We can construct an r by r ` 1 matrix

with ij-th entry being log |ui|vj where | ¨ |vj is the normalized valuation associated to vj . The

regulator Rk of k is (any) r ˆ r minor.

More generally, if S is a finite set of primes containing all infinite primes, let u1, ..., ur be

a set of generators for S-unit group modulo roots of unity, and v1, ..., vr`1 be primes in S.

The relative regulator RS is (any) r ˆ r minor of the matrix plog |ui|vj qij .

We are now able to state the Dirichlet class number formula:

Theorem 4.1. ζk has a simple pole at s “ 1, with residue

2r1p2πqr2hkRk

ek
a

|Dk|
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Using the functional equation for Dedekind zeta function, we can relate the poles at s “ 1

with the zeros at s “ 0. We immediately get the following Dirichlet class number formula at

s “ 0:

Theorem 4.2. ζk has a zero of order r “ r1 ` r2 ´ 1 at s “ 0, with first non-zero coefficient

in Taylor series expansion at 0

´
hkRk
ek

Note that the form of Dirichlet class number formula is much clearer at s “ 0.

Recall in section 3, we defined the partial zeta function with respect to a field extension

K{k, a finite set of primes containing all infinite primes S, and a element σ P G:

ζK{k,Sps, σq “
ÿ

nPok,pn,Sq“1,FK{kpnq“σ

1

Npnqs

Indeed, we also have the Dirichlet class number formula for partial zeta function of field

extension k{k with little modification:

Theorem 4.3. Let r “ |S| ´ 1, then the partial zeta function ζk{k,Sps, 1q has a zero of order

r at s “ 0, with first non-zero coefficient in Taylor series expansion at 0

´
hSRS
ek

where hS is the relative class number, and RS is the relative regulator.

The Stark’s conjecture aim to generalize the above formula for arbitrary L-function. Let

LSps, χ,K{kq be an Artin L-series, we define the rank to be the degree of the first non-zero

term in the Laurent expansion of LSps, χ,K{kq at s “ 0, and denoted as rSpχ,K{kq. We will

drop some or all parameters if there is no confusion in the situation. To start with, we would

like to get a formula for rSpχ,K{kq.

We will start with one dimensional representation [2]:

Lemma 4.4. If χ is a 1-dimensional character of G of a Galois extension K{k, then

rSpχ,K{kq “
ÿ

vPS

dimV Gv ´ dimV G “

$

’

&

’

%

|S| ´ 1, if χ “ 1

|tp P S : χpGvq “ 1u|, otherwise
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where V is the 1-dimensional representation of χ, and V H “ tv P V : vσ “ v for all σ P Hu.

Proof. The second equality is an easy computation using representation theory, hence, we

only need to show rSpχ,K{kq equals the right most expression.

If χ “ 1, then this is the first part of Dirichlet class number formula. If χ ‰ 1, it can

be shown using functional equation for L-series that the full L-series has a zero of order

|tv prime or ramified : χpGvq “ 1u|. Start from this, we note that

LSps, χ,K{kq “
ź

vPS, finite, unramified

|I ´ ρpFK{kpvqqNpvq
´s|Lps, χ,K{kq

Hence, the order of zero increase by 1 exactly at those primes with χpGpq “ 1, and the result

follows.

Let SK be the set of primes of K over primes in Sk, and denote Y to be the free abelian

group with generators SK , and let

X “ t
ÿ

wPSK

nww P Y :
ÿ

wPSK

nw “ 0u

Note we have a short exact sequence as G-modules:

0 ÝÑ X ÝÑ Y ÝÑ Z ÝÑ 0

If we let χX and χY be the characters of representation CX and CY of G respectively,

χX “ χY ´ 1. We also clearly have χY “
ř

vPS IndGGw 1Gw

Using this, and Artin-Brauer theory, we can prove the general case [2]:

Theorem 4.5. If χ is the character of a representation V , then

rSpχ,K{kq “
ÿ

vPS

dimV Gv ´ dimV G “ xχ, χXy “ dimC HomGpV
˚,CXq
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Proof. Note HomCpV
˚,CXq “ V ˚ ˚ bCCX, so by orthogonality of the characters, we have

dimC HomCpV
˚,CXq “ dimCpV q ˆ dimCCX

“ xχ ¨ χX , 1y

“ xχ, χXy

“ xχ, χXy

as χX “ χX . So the last equality follows.

For the second equality, we note

xχ, χXy “
ÿ

vPS

xχ, IndGGv 1GvyG ´ xχ, 1GyG

“
ÿ

vPS

xResGv χ, 1GvyGv ´ xχ, 1GyG

“
ÿ

vPS

dimV Gv ´ dimV G

where we used the Frobenius reciprocity theorem.

Hence, it remains to prove rSpχ,K{kq equals any of them. Using Artin-Brauer theory,

χ “
ÿ

θ

nθ IndGHθ θ

where θ is 1-dimensional representation of some cyclic subgroup Hθ of G. As show in section

3, the L-series can be written as a product of L-series associated to representations θ, and

xχ, χXy “ x
ÿ

θ

nθ IndGHθ θ, χXyG “
ÿ

θ

nθxθ,ResχXyHθ

so it is enough to prove the equality for 1-dimensional representations, which follows from the

previous lemma.

Now we want to introduce a new type of regulator attached to a character χ. Let SK
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defined as above, and let U denote the SK-units in K, and we consider the the following map

λ : U ÝÑ RX

u ÞÑ
ÿ

wPSK

log |u|ww

An easy application of the Unit theorem in section 2, we see λ induces an isomorphism

(we still call it λ) RU „
ÝÑ RX and CU „

ÝÑ CX. Since the characters take value in Q, they are

isomorphic as QrGs-modules. Let

f : QX „
ÝÑ QU

be an isomorphism, and use the same symbol f to denote the complexification of the isomor-

phism. Composing λ, we get an automorphism

λ ˝ f : CX „
ÝÑ CX

which induces an automorphism

pλ ˝ fqV : HomGpV
˚,CXq „ÝÑ HomGpV

˚,CXq

Recall from the previous computation of the rank, dimC HomGpV
˚,CXq is exactly equal to

rSpχ,K{kq.

We define the Stark’s regulator associated to f and χ to be

Rpχ, fq “ detppλ ˝ fqV q

We are now able to state the Stark’s conjecture:

Conjecture 4.6 (Stark’s Conjecture). Let cpχq be the first non-zero coefficient in Artin’s

L-series at s “ 0, and let Apχ, fq “ Rpχ,fq
cpχq P C, then for any automorphism σ of C,

Apχ, fqσ “ Apχσ, fq

where χσ “ σ ˝ χ : G ÝÑ C.
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It is clear that the conjecture is equivalent to the following two statement:

• Apχ, fq P Qpχq

• Apχ, fqσ “ Apχσ, fq for all σ P GalpQpχq{Qq

Here Qpχq “ Qpχpgq : g P Gq.

There is another formulation of the Stark’s conjecture due to Deligne. Suppose E is a field

of characteristic 0 and χ : GÑ E be the character of the representation, and σ P HomQpE,Cq,

we can define the character χσ “ σ ˝ χ of G and its realization as a complex representation:

V σ “ V bE,σ C. Moreover, if f : X Ñ EU is some G-homomorphism which induces an

isomorphism of fσ “ pσ b 1q ˝ f : CX Ñ CU , we can similarly construct an automorphism

pλ ˝ fσqV σ of HomGppV
σq˚,CXq. We define Rpχσ, fσq “ detppλ ˝ fσqV σq. We are now stating

the second formulation of Stark’s conjecture:

Conjecture 4.7 (Stark’s Conjecture (Second Formulation)). Let E be a field containing

Qpχq, then there exists an element Apχ, fq P E such that for any σ P HomQpE,Cq we have,

Rpχσ, fσq “ Apχ, fqσ ¨ cpχσq

Note if we let E “ C, and f : QX Ñ QU is an isomorphism, then fσ “ f for any

automorphism of C. Hence, the conjecture 4.6 follows directly from conjecture 4.7.

It turns out that the converse is also true: i.e. conjecture 4.6 also implies conjecture 4.7,

and the conjecture does not depend on the choice of the isomorphism f .

The relationship between the Stark’s conjecture and the Dirichlet class number formula

will become more apparent in the case of rank 1, which we will discuss in more details in the

next section.

5 Rank 1 Stark’s Conjecture

Let χ be a irreducible character with rpχq “ 1. Let E “ Qpχq, then χ can be realized as the

character of a representation over E. We define ψ “
ř

σPGalpQpχq{Qq, then ψ can be realized

over Q, and let W be its realization, i.e., W is a QrGs-module with character ψ. Also denote

XW and UW be the unique QrGs-submodule of QX and QU which are isomorphic to W (where
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X and U are defined as earlier). We will now state an equivalent version of Stark’s conjecture

for rank 1 explicitly using Q subspace λpUV q of CX and the value of L1Sp0, χ
σ,K{kq.

Associate to χ, we have a idempotent central element of CrGs

eχ “
χp1q

|G|

ÿ

σPG

χpσ´1qσ

This element acts as the projection to the χ-component in the canonical decomposition as a

CrGs module.

Denote Γ “ GalpE{Qq, we also define

πpa, χq “
ÿ

αPΓ

aαL1Sp0, χ
α,K{kqeχ̄α P CrGs

for a P E.

Let ψ be a character of G, such that rpψq ‰ 1, then πpa, ψqQX “ 0 as L1Sp0, ψ
α,K{kq “ 0

if rpψq ą 1, eψ̄αQX “ 0 if rpψq “ 0, since QX contains no sub-representation of χ, as

0 “ rpψq “ xχX , ψy.

We now state the equivalent version of Stark’s conjecture:

Proposition 5.1. Let a P E˚, and χ is a character of G with rpχq “ 1, then the following

assertions are equivalent:

1. πpa, χqQX X λpQUq ‰ t0u

2. πpa, χqQX “ λUW

3. Stark’s conjecture is true.

The proof of the proposition can be found in [2]. With the above proposition, we can refor-

mulate Stark’s conjecture by introducing the Stark’s unit. Let ψ be a finite set of irreducible

characters such

• 1G R ψ.

• @χ P ψ, @α P AutC, χα P ψ.

• @χ P ψ, rpχq “ 1.
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Note that this is consistent with ψ “
ř

σPGalpQpχq{Qq by viewing ψ as a collection of

irreducible representations. By previous proposition, if the Stark’s conjecture is true,

p
ÿ

χPψ

aχL
1
Sp0, χ,K{kqeχ̄q.X Ă QλpUq

for all family paχqχPψ P C such that aχα “ paχq
α.

Since 1G R ψ, we can replace X by Y . So the above inclusion can be rephrased as fro all

prime v P S, and prime w above v, there is a positive integer m and an S-unit ε of K such

that

m
ÿ

χPψ

aχL
1
Sp0, χ,K{kqeχ̄w “ λpεq

The unit ε is called the Stark’s unit. It’s easy to check that once m is fixed, ε is well defined

up to roots of unity. Now substituting the definition of λ and eχ, we have the following

• |ε|w “ 1, if w - v,

• log |ε|σw “ log |εσ
´1
|w “

m
|G|

ř

χPψ aχL
1
Sp0, χ,K{kqχp1q

ř

τPGw
χpστq, if w | v

Conversely, if log |εσ
´1
|w “

m
|G|

ř

χPψ aχL
1
Sp0, χ,K{kqχp1q

ř

τPGw
χpστq for some w over v

and positive integer m, then πpa, χqQX X λpQUq ‰ t0u. So it follows that Stark’s conjecture

is equivalent to the existence of Stark’s unit some w | v.

Note this formula states that the derivative of Artin’s L-series can be written as a linear

combination of valuations of the Stark unit ε.

Let S be a finite set of primes such that

• S contains all finite primes and ramified primes.

• S contains at least 1 completely splitting prime v.

• |S| ě 2.

Assume that χ is 1-dimensional, and rpχq “ 1, then the Stark’s conjecture in this case is

equivalent as saying there exists positive integer m and a Stark’s unit ε such that

log |εσ
´1
|w “

m

|G|

ÿ

χPψ

L1Sp0, χ,K{kqχpσq
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In the case of abelian extension K{k, Stark made a refined conjecture by asserting that

m to be the number of roots of unity eK in K, and Kpε1{eK q{k being an abelian extension.

Fix a completely splitting prime v P S, and w over v. Define Uv “ tu P USK : |u|w1 “

1 for all w - vu if |S| ě 3, and Uv “ tu P USK : |u|w1 “ |u|σu for all σ P Gu if S “ tv, v1u and

w1 is over v1, and Uab
K{k “ tu P USK : Kpu1{eK q is an abelian extension of ku.

Conjecture 5.2 (Refined Abelian Stark’s Conjecture). Suppose S satisfies the above three

conditions, and v, w as above, then there exists a unit ε P Uab
K{k X U

v such that

log |εσ|w “ ´eζ
1
k,Sp0, σq

for all σ P G. Or equivalently,

L1Sp0, χ,K{kq “ ´
1

e

ÿ

σ

χpσq log |εσ|w

for all χ P Ĝ, where e “ eK is the number of roots of unity in K.

The equivalence between the two statements can be easily checked using the equation

relating partial zeta function and L-series. It can be verified that the truth of the conjecture

does not depend on the choice of completely splitting prime v. Hence, for convenience, we

will use StpK{k, Sq to denote the refined abelian Stark’s conjecture for abelian field extension

K{k and exceptional set S.

We are now going to prove some special cases when the conjecture StpK{k, Sq is true [2]:

Theorem 5.3. If S contains at least 2 completely splitting primes, then StpK{k, Sq is true.

Proof. If |S| ě 3, by Lemma 4.4, rpχq ě 2 for all χ P Ĝ, so L1Sp0, χ,K{kq “ 0 for all χ. We

may choose ε “ 1, and StpK{k, Sq is true.

If S “ tv, v1u be a set of two completely splitting primes, by Dirichlet class number formula,

we know

L1Sp0, 1G,K{kq “ ζ 1Sp0, kq “ ´
hSRS
ek

where RS “ log |η|v for some S-unit η with |η|v ą 1. Let m “
eK
ek
¨

hS
rK:ks . Note that m is

an integer as ek | eK , and rK : ks | hS because the Galois group GalK{k is a quotient group
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of the S-ideal class group IS{k˚. Let ε “ ηm, then clearly, ε P Uv. Moreover, Kpε1{eK q is a

subfield of Kpη1{ekq which is abelian over k by Kummer theory. Hence

ε P Uab
K{k X U

v

Moreover,

L1Sp0, 1G,K{kq “ ´
hSRS
ek

“ ´
rK : ks

eK
log |ε|w

“ ´
1

eK

ÿ

σPG

1Gpσq log |εσ|w

and

L1Sp0, χ,K{kq “ 0 “ ´
log |ε|w
eK

xχ, 1Gy

“ ´
log |ε|w
eK

ÿ

σPG

χpσq

“ ´
1

eK

ÿ

σPG

χpσq log |εσ|w

if χ ‰ 1G and χ is irreducible. Note that the first equality holds as rpχq “ 2 if χ ‰ 1G by

Lemma 4.4.

Hence, we proved StpK{k, Sq in this case.

We immediately get the following two corollaries as we assume S containing all infinite

primes and |S| ě 2:

Corollary 5.4. The conjecture Stpk{k, Sq is true.

Corollary 5.5. If k has at least two complex infinite primes, then StpK{k, Sq is true for any

abelian extension K{k.

Note that Corollary 5.4 is essentially Dirichlet class number formula.

Theorem 5.6. If StpK{k, Sq is true, then StpK{k, S1q is true for all S1 Ě S.
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Proof. If S satisfying the three conditions for the conjecture, then S1 clearly also satisfies the

three conditions. We can prove by induction on the size |S1 ´ S|, so it is suffice to prove the

case when S1 “ S Y tpu. Note that p must be unramified finite prime, so we let σp to be the

Frobenius element associated to the prime p. Let ε be the Stark unit for StpK{k, Sq, define

ε1 “ ε1´σ
´1
p “ ε

σ´1
p pεq

. It’s easy to verify that ε1 P Uab
K{k X U

v. Moreover,

L1S1p0, χ,K{kq “ p1´ χpσpqqL
1
Sp0, χ,K{kq

“ ´
1´ χpσpq

eK

ÿ

σPG

χpσq log |εσ|w

“ ´
1

eK

ÿ

σPG

χpσq log |εσ|w `
χpσpq

eK

ÿ

σPG

χpσq log |εσ|w

“ ´
1

eK

ÿ

σPG

χpσq log |
εσ

εσσ
´1
p

|w

“ ´
1

eK

ÿ

σPG

χpσq log |ε1σ|w

Hence, we have proved the assertion.

Theorem 5.7. If StpK{k, Sq is true, then StpΩ{k, Sq is true for all intermediate field Ω.

Proof. Let ε be the Stark’s unit for StpK{k, Sq. We will assume that there exists εΩ P U
ab
Ω{k

such that

ε
eK{eΩ
Ω “ ζNK{Ωε

where ζ is some roots of unity in Ω. Note that εΩ P U
ab
Ω{k X Uv, and we will show this is the

Stark’s unit for StpΩ{k, S1q.

Let G “ GalpK{kq, H “ GalpK{Ωq so G{H “ GalpΩ{kq. Let χ be a character of G{H, it

can be viewed naturally as a character of G which we will still denote as χ. By the property
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of L-series proved in section 3, we have

L1Sp0, χ,Ω{kq “ L1Sp0, χ,K{kq

“ ´
1

eK

ÿ

σPG

χpσq log |εσ|w

“ ´
1

eK

ÿ

σPG{H

χpσq
ÿ

τPH

log |εστ |w

“ ´
1

eK

ÿ

σPG{H

χpσq log |pNK{Ωεq
σ|w1

“ ´
1

eΩ

ÿ

σPG{H

χpσq log |εσΩ|w1

which proves the assertion.

If eΩ “ eK , we may simply pose εΩ “ NK{Ωε to be the Stark’s unit for StpΩ{k, Sq. In

particular, if the prime v which splits completely is real infinite, then eK “ eΩ “ 2 (as ˘1 are

the only roots of unity). In this case, the Stark’s unit

ε “ expp´2ζ 1k,Sp0, 1qq

is an algebraic number generated by a transcendental function (here 1 P G is the identity).

Moreover, the field Kpεq is an abelian extension of k. Finding such a generator of an abelian

extension of a number field is closely related to the Hilbert’s 12-th question, and Stark’s

conjecture provides an important contribution to this problem.

The Stark’s conjecture still remains open after 40 years when Stark made the first conjec-

ture. There are only two cases the conjecture is entirely proved, when the base field is Q or

a quadratic imaginary field. We will discuss these two cases in the next few sections.

6 Stark’s Conjecture for Abelian Extension of Q

In this section, we will compute the Stark’s unit for StpK{Q, Sq. We will use the powerful

theorem of Kronecker and Weber [1, Chapter III] to reduce the problem to calculating the
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Stark’s unit for cyclotomic extensions of Q.

Theorem 6.1 (Kronecker-Weber Theorem). Any abelian extension K{Q is contained in some

cyclotomic extension Qpζnq.

Using Theorem 5.7 from the last section, we only need to prove the conjecture for cyclo-

tomic extensions.

For simplicity of demonstration, we will only consider the case of totally real extension

of Q. Let ζm be a primitive m-th roots of unity in C, let K “ Qpζmq` be the maximal real

subgroup of Qpζmq, and S “ t8, p : p | mu, and v “ 8 be the completely splitting infinite

prime. The group G “ GalpK{Qq is canonically isomorphic to pZ{mZq˚{t˘1u. Let σa P G be

the restriction to K of the automorphism on Qpζmq, ζ ÞÑ ζa. Note that σa “ σ´a. We can

write the partial zeta function with respect to σa as

ζK{Q,Sps, σaq “
ÿ

n”˘a pmq,ną0

n´s “
ÿ

n”a pmq

|n|´s

Let ζHps, xq :“
ř8
n“0

1
px`nqs be the Hurwitz zeta function. It can be checked directly that

ζK{Q,Sps, σaq “ m´spζHps,
a

m
q ` ζHps, 1´

a

m
qq

Using the classical identity

B

Bs
ζHps, xq|s“0 “ log Γpxq ´

1

2
logp2πq,

we can compute the derivative of the partial zeta function:

ζ 1K{Q,Sp0, σaq “ log
Γp amqΓp1´

a
mq

2π

“ ´ logp2 sinp
aπ

m
qq

“ ´
1

2
logp2´ 2 cosp

2aπ

m
qq

Now we define the Stark’s unit ε :“ p1 ´ ζmqp1 ´ ζ´1
m q “ 2 ´ 2 cosp2π

m q P K, then it

is well-known that ε is a unit of K if |S| ě 3, and it is a S-unit if |S| “ 2. Note that
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εσa “ p1´ ζamqp1´ ζ
´a
m q “ 2´ 2 cosp2aπ

m q, so we have

ζ 1K{Q,Sp0, σaq “ ´
1

2
log εσa “ ´

1

e
log |εσa |

Hence, to prove the refined abelian Stark’s conjecture for Q, we only need to show Kpε1{2q

is an abelian extension of Q. Note that

ε “ 2´ ζm ´ ζ
´1
m “ pζ4pζ2m ´ ζ

´1
2mqq

2

so Kp
?
εq Ă Qpζ4mq is abelian. This proves the Stark’s conjecture for abelian extension of Q.

7 Stark’s Conjecture for Abelian Extension of Quadratic Imag-

inary Field

For abelian extension of rational numbers Q, Kronecker-Weber theorem tells us that it is

enough to study cyclotomic extensions. For quadratic imaginary field, complex multiplication

does essentially the same.

Let E be an elliptic curve over C. We will write it in Weierstrass normal form: y2 “

4x3 ´ g2x ´ g3. We know that as a complex manifold, E “ C{Γ, where Γ is a lattice in C.

An endomorphism of E can be viewed as an element z P C such that zΓ Ă Γ. Generically,

EndpEq “ Z, but there are some special curves with larger endomorphism. If this is the case,

EndpEq b Q must be some quadratic imaginary field k, and we will call the elliptic curve

to have complex multiplication. Note EndpEq must be a subring of finite index (sometimes

called an order) of the ring of integers ok. Such ring are of the form Z ` fok where f is

some positive integer, called the conductor. Hence, if E has complex multiplication, there is a

quadratic imaginary field k and a positive integer f associated to it. Conversely, every order

of a quadratic imaginary field corresponds to the endomorphism ring of some elliptic curve.

In fact, according to Chapter XIII of [1, Chapter XIII], we have:

Lemma 7.1. The elliptic curves with a given endomorphism ring Rf “ Z` fR (where R is

the ring of integers of some quadratic imaginary field k) correspond one-to-one with the class

group ClpRf q.
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Note that Rf may not be a Dedekind domain, we need to consider proper fractional ideals,

i.e. fractional ideal a Ă Rf such that tβ P k : βa Ă au “ RF , and the class group ClpRf q is

defined to be the proper fractional ideals quotient principal proper fractional ideals.

Proof. Let E be an elliptic curve, then E “ C{Γ, where Γ is a lattice in C. We can view Γ as

a fractional ideal a of Rf . Note that Rf “ EndpC{aq, so Γ is a proper fractional ideal.

If a1 is another proper fractional ideal, then C{a – C{a1 if and only if a “ aa1 for some

a P k˚. Hence, a and a1 are same as ideal class.

Conversely, if a is a proper fractional ideal, then define E “ C{a is the elliptic curve

corresponding to ras.

The j-invariant or j-function is the modular function (of weight zero), i.e., a holomorphic

function on upper half plane H which is invariant under SLp2,Zq action, normalized to

jpexpp
2

3
πiq “ 0, jpiq “ 1728.

For a elliptic curve E “ C{Γ, we can normalize the lattice so that Γ X R “ Z, we define

jpEq :“ jpaq where a is any point in HXΓ. We have the following theorem [1, Chapter XIII]

Theorem 7.2 (Weber-Fueter). Let E be an elliptic curve with endomorphism ring ok, then

1. α “ jpEq are algebraic integers.

2. kpαq is the Hilbert class field of k.

3. Galpkpαq{kq permutes the jpEq’ associated to ok transitively.

The proof uses reduction on primes, and it is very technical. We will not present the proof

here.

Recall that in Section 2, we have defined a generalization of Hilbert class field: ray class

field. For Q, the ray class field corresponds to the cyclotomic extension of Q, and every

cyclotomic extension can be written as Qpζmq where ζm “ expp2πi
m q is a special value of the

exponential function. We are trying to generalize this construction to quadratic imaginary

field k. According to the above theorem, it seems that the j-invariant seems a good candidate,

however, we will see it soon that j-invariant alone does not generate the ray class field. We

will need to define some special elliptic functions.
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We will start by defining 4 classical Weierstrass elliptic functions:

Definition 7.1. Let Λ Ă C be a lattice in C, we define

1. The Weierstrass σ-function to be

σpz; Λq “ z
ź

wPΛ´t0u

p1´
z

w
q expp

z

w
`

1

2
p
z

w
q2q.

2. The Weierstrass ζ-function to be

ζpz; Λq “
σ1pz; Λq

σpz; Λq
.

3. The Weierstrass η-function to be

ηpw; Λq “ ζpz ` w; Λq “ ζpz; Λq

for any z P C.

4. The Weierstrass ℘-function to be

℘pz,Λq “ ´ζ 1pz; Λq

Note that Weierstrass ℘-function is doubly periodic with periods Λ and satisfies

r℘1pz; Λqs2 “ 4r℘pz; Λqs2 ´ g2℘pz; Λq ´ g3

where y2 “ 4x3 ´ g2x ´ g3 is the function defining E – C{Λ. In other words, the map

f : C{Λ „
ÝÑ E Ă P2 by z ÞÑ p℘pz,Λq, r℘pz,Λqs1q is an isomorphism as complex manifold.

We now define the Weber τ -function:

Definition 7.2. The Weber τ -function τ : E ÝÑ P1 is defined to be

τpfpzqqq “

$

’

’

’

’

’

&

’

’

’

’

’

%

g2pΛqg3pΛq
∆pΛq ℘pz,Λq if jpEq ‰ 0, 1728

g2pΛq2

∆pΛq ℘pz,Λq
2 if jpEq “ 1728

g3pΛq
∆pΛq℘pz,Λq

3 if jpEq “ 0
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where ∆pΛq “ g2pΛq
3 ´ 27g3pΛq

2 is the discriminant.

We also define the group of torsions points of E

Definition 7.3. Let a be an integral ideal of ok, we define the group of a-torsions points of

E to be

Eras “ tP P E : γpP q “ 0 for all γ P au

We are now able to state the theorem as an analogue of the cyclotomic field for quadratic

imaginary field [4, Chapter II, Theorem 5.6]:

Theorem 7.3. Let k be a quadratic imaginary field, and E be an elliptic curve with complex

multiplication by ok, and a be an integral ideal of ok, then

kpjpEq, τpErasqq

is the ray class field of k associated to a.

Since every abelian extension is contained in some ray class field, we can immediately

derive the following corollary:

Corollary 7.4. With the notation above, let kab denotes the maximal abelian extension of k,

then

kab “ kpjpEq, τpEtorsqq

Since every abelian extension is contained in some ray class field, by Theorem 5.7, we only

need to prove the Stark’s conjecture for ray class field. In order to do this, we will construct

Stark’s unit using some special functions.

We define

Gpz; Λq “ expp´6z ¨ ηpz; Λqqσpz; Λq12∆pΛq

where η and σ are classical Weierstrass elliptic functions defined earlier.

Let m ‰ p1q be an integral ideal of ok, and Clpmq be the ray class group associated to

m. Denote f to be the smallest positive integer in m X Z. For each c P Clpmq, we define

Siegel-Ramachandra invariant

gmpcq “ Gp1,ma´1qf
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where a is an integral ideal in the class c. This invariant has some nice properties [2]:

Proposition 7.5. The Siegel-Ramachandra invariant defined above satisfies:

1. gmpcq does not depend on the choice a in c.

2. gmpcq is contained in the ray class field km associated to m.

3. If σc P Galpkm{kq is the automorphism of km associated to the class c with Artin’s map,

then

gmpcq “ gmp1q
σc

4. gmpcq is a unit if m has at least 2 distinct prime divisors. Otherwise, gmpcq is a t8, pu-

unit, where p is the unique prime dividing m, and for all σ P Galpkm{kq, gmpcq
1´σ is a

unit.

5. The field kpgmpcq
1{p12fqq is an abelian extension of k.

6. Using ’Second Kronecker Limit Formula’, we can show

ζ 1km{k,Sp0, σq “
1

12f ¨ wpmq
log |gmp1q

σ|

for all σ P Galpkm{kq. Here S “ t8, p : p | mu, wpmq “ |tζ P µpkq : ζ ” 1 pmqu|, and

µpkq is the set of roots of unity in k.

Note by passing to a larger ray class field, we can always get that wpmq “ 1. So every

abelian extension of k is contained in some ray class field km with upmq “ 1. Now similar as

in the proof of Theorem 5.7, there exists ε P Uab
km{k

such that

ε12f “ ζgmp1q
e

where ζ is some roots of unity in km and e “ ekm is the number of roots of unity in km.

Now Property 6 from the previous Proposition tells us that

ζ 1km{k,Sp0, σq “ ´
1

e
log |εσ|
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where we choose our completely splitting prime to be the infinite prime. The Property 4

shows that |ε|w “ 1 if |S| ě 3, and |ε|σw “ |ε|w for all σ P G if S “ t8, pu. This proves the

Stark’s conjecture for abelian extension of quadratic imaginary field k.
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