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ABSTRACT. The amplituhedron A, k,m(Z) is the image of the positive Grassmannian Grf’% under
the map Z : Gr,i?i — Grg ktm induced by a positive linear map Z : R™ — R**™. Motivated by a
question of Hodges, Arkani-Hamed and Trnka introduced the amplituhedron as a geometric object
whose tilings conjecturally encode the BCFW recursion for computing scattering amplitudes. More
specifically, the expectation was that one can compute scattering amplitudes in N' = 4 SYM by
tiling the m = 4 amplituhedron A, k,.4(Z) — that is, decomposing the amplituhedron into ‘tiles’
(closures of images of 4k-dimensional cells of Grfﬁ% on which Z is injective) — and summing the
‘volumes’ of the tiles. In this article we prove two major conjectures about the m = 4 amplituhedron:
i) the BCFW tiling conjecture, which says that any way of iterating the BCFW recurrence gives
rise to a tiling of the amplituhedron A, x,4(Z); ii) the cluster adjacency conjecture for BCFW tiles,
which says that facets of tiles are cut out by collections of compatible cluster variables for Grya,p.
Moreover, we show that each BCFW tile is the subset of Gry x+4 where certain cluster variables
have particular signs. Along the way, we construct many explicit seeds for Gra,, comprised of
high-degree cluster variables, which may be of independent interest in the study of cluster algebras.
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1. INTRODUCTION

The (tree) amplituhedron A, j.m(Z) is the image of the positive Grassmannian Gr,f’on under the
amplituhedron map Z - Grf’% — GIj f4m- It was introduced by Arkani-Hamed and Trnka [AHT14]
in order to give a geometric interpretation of scattering amplitudes in N' = 4 super Yang Mills
theory (SYM): in particular, one can conjecturally compute A/ = 4 SYM scattering amplitudes
by ‘tiling’ the m = 4 amplituhedron A,, ; 4(Z) — that is, by decomposing the amplituhedron into
smaller ‘tiles’ — and summing the ‘volumes’ of the tiles. While the case m = 4 is most important for
physical applications', the amplituhedron makes sense for any positive n, k, m such that k+m < n,
and has a very rich geometric and combinatorial structure. It generalizes cyclic polytopes (when
k = 1), cyclic hyperplane arrangements [KW19] (when m = 1), and the positive Grassmannian
(when kK = n —m), and it is connected to the hypersimplex and the positive tropical Grassmanian
[LPW23, PSBW23] (when m = 2). Two of the guiding problems about the amplituhedron have
been:

e the cluster adjacency conjecture, which says that facets of tiles are cut out by collections of
compatible cluster variables.

e the BCFW tiling conjecture, which says that any way of iterating the BCFW recurrence gives
rise to a collection of cells whose images tile the m = 4 amplituhedron A,, 1 4(Z).

The first connection of cluster algebras to scattering amplitudes in N' = 4 SYM was made by
Golden—Goncharov—Spradlin—Vergu—Volovich [GGS*14], who showed that singularities of scattering
amplitudes of planar N’ =4 SYM at loop level can be described using cluster X-variables. Cluster
adjacency was introduced by Drummond-Foster—Giirdogan [DFG18, DFG19], who conjectured
that the terms in tree-level N' =4 SYM amplitudes coming from the BCFW recursions are rational
functions whose poles correspond to compatible cluster variables of the Grassmannian Gry,,, see
also [MSSV19]. The cluster adjacency conjecture was subsequently reformulated in terms of the
m = 2 and m = 4 amplituhedron in [EPSV19] and [GP23], then proved for all tiles of the m = 2
amplituhedron by Parisi-Sherman-Bennett—Williams [PSBW23].

Meanwhile, the BCFW tiling conjecture arose alongside the definition of the amplituhedron
[AHT14]. In 2005, Britto-Cachazo—Feng—Witten [BCFWO05] gave a recurrence which expresses
scattering amplitudes as sums of rational functions of momenta; in this recurrence, the individual
terms have “spurious poles,” singularities not present in the amplitude. Hodges [Hod13] later
observed that in some cases the amplitude is the volume of a polytope, with spurious poles arising
from internal boundaries of a triangulation of the polytope, and asked if in general each amplitude
is the volume of some geometric object. Arkani-Hamed and Trnka [AHT14] found the amplitudron
as the answer to this question, interpreting the BCFW recurrence as giving collections of BOCFW
cells whose images conjecturally tile A, 1 4(Z). Subsequently BCEW-like tilings of the m =1 and
m = 2 amplituhedron were proved in [KW19] and [BH19], building on prior work of [AHTT18] and
[KWZ20]; and partial progress was made on the BCEFW tiling conjecture when m = 4 [KWZ20],
including an explicit description of the standard BCFW cells, those cells obtained by performing

IThe m = 2 amplituhedron is also closely related to ‘loop-level’ amplitudes [KL20] and to some correlators of
determinant operators and form factors [CHCM23, BT23] in planar N’ =4 SYM.
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the BCFW recurrence in the canonical way. Finally it was proved by Even-Zohar—Lakrec—Tessler
[ELT21] that the standard BCFW cells give a tiling of the m = 4 amplituhedron.

In this paper we build on [PSBW23] and [ELT21] to give a very complete picture of the m = 4
amplituhedron. We show that arbitrary BCFW cells satisfy the cluster adjacency conjecture, and
to each standard BCFW cell we associate an explicit cluster seed for the Grassmannian Gry y; this
seed can be described using the combinatorics of chord diagrams. We also prove the BCFW tiling
conjecture: we show that any way of iterating the BCFW recurrence gives rise to a collection of
cells whose images tile the amplituhedron.

1.1. Main results. We now provide some background and explain our results in more detail.
Given an n x (k + m) matrix Z with all maximal minors positive, the amplituhedron map is the
map Z : Grion — Grp f4m induced by matrix multiplication by Z; the amplituhedron Ay jm(Z)
is then the image of the nonnegative Grassmannian Gr,fon under this map. One of the main ideas
of Arkani-Hamed and Trnka [AHT14] is that the BCFW recurrence [BCFWO05] for computing
scattering amplitudes in N' = 4 super Yang Mills theory can be interpreted as a recurrence which
produces a collection of N(n — 3,k + 1) 4k-dimensional cells of Gr,ion, where N(n — 3,k + 1) is the
Narayana number %H(nf) (";3) The images of these cells under Z should give a tiling of the
m = 4 amplituhedron A, ; 4(Z).

There is one particularly natural way to iterate the BCFW recurrence, which leads to a collection
of cells of Grf% we call the standard BCFW cells. Several descriptions of standard BCFW cells
in terms of Na}ayana—enumerated objects were given in [KWZ20]. Another description in terms of
chord diagrams (see the top of Figure 2) was given in [ELT21], and it is that one which we will
primarily use here (see Definition 6.7).

Standard BCFW cells are a special case of (general) BCFW cells S, which are certain cells in
Gr,f(; of dimension 4k. We construct general BCFW cells recursively, using the BCFW product. A
chord diagram can be interpreted as a recursive procedure for constructing a standard BCFW cell
(cf. Definition 6.12).

Our first main result (cf. Theorem 7.7) is the following.

Theorem (BCFW tile theorem). The amplituhedron map is injective on each general BCFW cell.

That is, the closure Z, := Z(St) of the image of a general BCFW cell S, is a tile, which we refer
to as a general BCFW tile.

There is a natural notion of facet of a tile (see Definition 2.14), generalizing the notion of facet
of a polytope. We study facets by describing associated functionaries — polynomial functions in
twistor coordinates — which vanish on them.

Our next main result (cf. Theorem 7.16) is the following. For I € ([Z]), we use (I) and (1))
to denote the corresponding Pliicker coordinate of Gry, and twistor coordinate on Gry y44; see
Section 2.5 for the connection between Pliicker coordinates and twistor coordinates.

Theorem (Cluster adjacency for BCFW tiles). Let Z; be a general BCFW tile of Ay, 4(Z). Then
for each facet Zg of Z., there is a functionary Fs({(I))) which vanishes on Zg, such that the set

{Fs((I)) : Zs a facet of Z:}



4 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

is a collection of compatible cluster variables for Gryr,.

Strengthening the connection with cluster algebras, we associate to each general BCFW tile Z,
a larger collection of compatible cluster variables x(t) for Gry, (cf. Definition 7.3). Interpreting
each cluster variable as a functionary we describe each general BCFW tile as the subset of the
Grassmannian Gry, 4 Where these cluster variables take on particular signs. The following theorem
appears later as Corollary 7.12.

Theorem (Sign description of BCFW tiles). Let Z, be a general BCFW tile. For each element x
of x(v), the functionary (YY) has a definite sign s, on Z¢ and

Z; ={Y € Grijyq : sz 2(Y) > 0 for all z € x(v)}.

Our strategy to prove the cluster adjacency theorem above is to give a recursive description of
general BCFW cells in terms of the BCFW product, and to show that the polynomials cutting out
the corresponding BCFW tiles are related by product promotion (cf. Definition 4.2), which is a
cluster quasi-homomorphism (cf. Theorem 4.7). The fact that product promotion is a cluster
quasi-homomorphism may be of independent interest in the study of the cluster structure on
Gryp, as it allows us to map cluster variables (respectively, clusters) from C(é\r47{1727._7a,bm}) X
(C((/}\r4,{b707dw’n}) to (C((/}:z;,n), where a < b and ¢ < d < n are consecutive.

Using the combinatorics of chord diagrams, we also give an explicit description of standard
BCFW tiles and associated cluster structures, including: a characterization of each facet of a
standard BCFW tile, together with the functionary which vanishes on the facet (Theorem 9.7); a
description of the seed associated to a standard BCFW tile, including both the quiver (Definition 9.8,
Theorem 9.10) and the cluster variables (Theorem 8.4, Theorem 9.1). We expect that most of these
results can be extended to general BCFW tiles.

We note that much of the work thus far on the cluster structure of the Grassmannian has focused
on cluster variables which are Pliicker coordinates or are polynomials in Pliicker coordinates with
low degree; by constrast, the cluster variables we obtain can have arbitrarily high degree in Pliicker
coordinates, see Theorem 8.4 for their explicit descriptions.

FIGURE 1. The chord diagram for a standard BCFW tile of Aj464(2).

The latter part of this paper is devoted to generalizing the main result of [ELT21]. In particular,
we characterize the boundaries of BCFW cells (cf. Lemma 10.5), we analyze the signs of functionaries
on general BCFW cells (cf. Theorem 11.3), and we prove that the amplituhedron map is injective
on general BCFW cells. We use these ingredients to prove our last main result (cf Theorem 12.3):
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yavde
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F1GURE 2. The seed associated to the standard BCFW tile in Figure 1. The mutable
variables are circled; all other variables are frozen. The colors (red, green, blue)
indicate the different cases of Definition 9.8.

Theorem (BCFW tiling theorem). Ewvery collection {S.} of general BCFW cells obtained by
iterating the BCEW recurrence (cf. Definition 12.2) gives rise to a tiling {Z.} of the amplituhedron
A ka(Z). That is:

e the amplituhedron map is injective on each general BCFW cell S, i.e. Z, := Z(St) is a tile;
o the open tiles {Z¢} are pairwise disjoint;
o and the tiles in {Z.} cover the amplituhedron Ay 1 4(Z).

This generalizes the main result of [ELT21], which proved the same result for the standard BCFW
cells, and proves the main conjecture of [AHT14].

1.2. Further motivation and context. From the point of view of physics, it is important to
understand facets of amplituhedron tiles, because they correspond to poles of Yangian invariants,
the rational functions that are the building blocks of scattering amplitudes, see Remark 4.6.
Studying tiles can then give a geometric interpretation of the notion of cluster adjacency in physics.
Moreover, it would be interesting to show that tiles are positive geometries [AHBL17, Lam22].

From the point of view of cluster algebras, the study of tiles for the amplituhedron A, j ., is
useful because it is closely related to the cluster structure on the Grassmannian Gry,,, as was
shown for m = 2 in [PSBW23] and as this paper demonstrates for m = 4. In particular, for

= 4, the BCFW product (Section 4.3) used to recursively build tiles (Theorem 7.7) has a
cluster quasi-homomorphism counterpart called product promotion (Section 4), that can be used
to recursively construct cluster variables and seeds in Gry, (Theorem 4.7). Secondly, inverting
the amplituhedron map on tiles is related to solving the ‘C - z equations’ which generates cluster
variables for the symbol alphabet of loop amplitudes, see Remark 7.13.

In the closely related field of total positivity, one prototypical problem is to give an efficient
characterization of the “positive part” of a space as the subset where a certain minimal collection of
functions take on positive values [FZ00]; this is sometimes called a “positivity test.” For example,
if we define the positive Grassmannian Gr,?% as the subset of the real Grassmannian where all
Pliicker coordinates are strictly positive, then for any extended cluster X for Gry,,, [Sco06], we have

Gr,i% ={Y € Grg,, : z(Y) > 0 for all z € x}.
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We think of our “Sign description of BCFW tiles” theorem (see Corollary 7.12 and Theorem 9.11)
as “positivity tests” for membership in a BCFW tile of the amplituhedron. See [PSBW23, Theorem
6.8] for an analogous result for m = 2, and Conjecture 7.17 for some conjectures for general m.

From the point of view of discrete geometry, it is interesting to study tiles and more generally
Z—images of positroid cells because one can think of them as a generalization of polytopes in the
Grassmannian. In particular, our sign description of BCEW tiles can be thought of as analogues of
the hyperplane description of polytopes. Note, however, that the inequalities defining “facets” of
the of tiles—which correspond to frozen variables—are not enough to cut out the tiles as a subset of
Gty 4. As for the positivity test for Gr,?%, in addition to the frozen variables, we need to include
some additional ‘mutable’ cluster variablés, hence the crucial role of cluster algebras.

1.3. Organization. The structure of this paper is as follows. Section 2 provides background
on the positive Grassmannian and the amplituhedron, and Section 3 provides background on
cluster algebras, including the notion of cluster quasi-homomorphism, and the cluster algebra
structure of (C[(/}\rkn] In Section 4 we introduce product promotion and prove that it is a cluster
quasi-homomorphism. In Section 5 we define the BCFW map and BCFW product, which we
then use in Section 6 to define the standard and general BCFW cells. In Section 7 we analyze
the images of BCFW cells and prove the cluster adjacency theorem for general BCFW tiles. In
Section 8 we deepen the connection to cluster algebras: we give explicit formulas for the cluster
variables associated to standard BCFW tiles, and describe the sign that each such cluster variable
takes on the tile. In Section 9 we then associate an explicit seed (a quiver plus cluster variables) to
each standard BCFW tile, using the combinatorics of chord diagrams. In Section 10 and Section 11
we provide proofs of some technical results about BCFW cells and BCFW tiles, including the fact
that the amplituhedron map is injective on each (general) BCEW cell. These results are then
used in Section 12, where we show that each collection of BCFW cells gives rise to a tiling of the
amplituhedron. We end with Appendix A, which provides necessary background on plabic graphs.
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2. BACKGROUND ON THE AMPLITUHEDRON (TILES, FACETS, FUNCTIONARIES)

2.1. The (positive) Grassmannian. The Grassmannian Gry, ,(IF) is the space of all k-dimensional
subspaces of an n-dimensional vector space F". Let [n]| denote {1,...,n}, and ([z]) denote the set
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of all k-element subsets of [n]. We can represent a point V' € Gry, ,,(F) as the row-span of a full-rank
k x n matrix C with entries in F. Then for [ = {i; < --- <y} € ([Z]), we let (INy = (i1 ig ... ig)y
be the k x k minor of C' using the columns I. The (I)y are called the Pliicker coordinates of V', and
are independent of the choice of matrix representative C' (up to common rescaling). The Plicker
embedding V' {<I>V}Ie([’;]) embeds Gry,,(F) into projective space. When it does not cause
confusion, we will identify C' with its row-span and drop the subscript V' on Pliicker coordinates.
If C has columns vy, . . . , vy, we may also identify (i1 iz ... i)y with the element v;, Avi, A- - -Avj,,
hence the Pliicker coordinates are alternating in the indices, e.g. (i1d2 ... k) = —(l2d1 ... k).

Remark 2.1. For convenience, if I is a subset (rather than a sequence) of positive integers, then
we let (I) denote the Pliicker coordinate obtained by listing the elements of I in increasing order.

In this paper we will often be working with the real Grassmannian Gry,, = Grj»(R).

Definition 2.2 (Positive Grassmannian). [Lus94, Pos06] We say that V' € Gry,, is totally nonnegative
if (up to a global change of sign) (I)y > 0 for all I € ([Z]). Similarly, V' is totally positive if (I} > 0
for all I € ([Z]). We let Gr,ion and Gr;% denote the set of totally nonnegative and totally positive
elements of Gry, ,,, respectively. Gr,f(:l is called the totally nonnegative Grassmannian, or sometimes
just the positive Grassmannian.

If we partition Gr,ion into strata based on which Pliicker coordinates are strictly positive and
which are 0, we obtain a cell decomposition of Grf% into positroid cells [Pos06]. Each positroid cell
S gives rise to a matroid, whose bases are preciseiy the k-element subsets I such that the Pliicker
coordinate (/) does not vanish on S; this matroid is called a positroid.

Both Grgy, and G‘rr/,i(:1 admit an action of the dihedral group, which will be useful to us.

Definition 2.3 (Dihedral group on the Grassmannian). Let [cycy, ,] denote the n x n matrix

0 1 0
: 0 :

[eyern] =
o 0 0 - 1
(-1 0 ... 0

We define the cyclic shift as the map cyc : Maty, ,, — Maty,,, which sends

v vg e V| = |or va e v s eyer,] = | (DR e, v o v
. | o | | | |

Let [refl,] denote the antidiagonal n x n matrix with 1’s along the antidiagonal and let Py ; s
denote the k x k diagonal matrix with ith diagonal entry (—1)° and all others equal to 1. We define
reflection as the map refl : Maty, , — Maty, ,, which sends

V1 Vg o Upl| Pk717(§) v v e Un| [reﬂn] = Pk,l,(g) VUp Up_1 - U1
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The maps cyc,refl descend to automorphisms on Gry, and Gr,fon, which we denote in the same
way. Note that

(1) <I>cyCM:<I_1>M and (I)reﬂM:<n+1—I>M,

where I — 1 is the subset obtained from I by subtracting 1 (modulo n) from each element? and
n+ 1 — I is obtained from I by subtracting each element from n 4 1. That is, the pullbacks are

cyc* : (I) = (I—1) and refl*: (I) = (n+1—1).

* 71)*.

We use the notation cyc™™ := (cyc

There is another operation which will be useful to us, which embeds Gry, 5, into a larger Grassmannian.

Definition 2.4. Choose an index set N and let I C N be disjoint from N. The map pre; :
Maty vy — Maty nur inserts zero columns at positions I, where Maty, n consists of matrices with
rows indexed by 1,...,k and columns indexed by N. If I = {i}, we write pre; := preg;;. The map

pre; descends to a map on Gry y and Gri?\,, which we denote in the same way.

2.2. Chain polynomials. In what follows, we will be studying cluster variables for the Grassmannian
which are certain polynomials in the Pliicker coordinates, so we introduce some distinguished
polynomials here.

Definition 2.5 (Chain polynomials). We introduce the quadratic polynomials

(2) (abclde| fgh)=({abed)(efgh)—(abce){dfgh)
(3) = —(abcf)(degh)+ (abcg)(defh) —{(abch)(de fg).
More generally, we define polynomials of degree s 4+ 1 as follows:
(agboco|dipdig|bici|daodan|bacal ... |dsods]|bscsas)
= Z (=) F e (ag b co duey ) (di1—1y b1 1 day) (do1—1, b2 cadag) -+ (ds1-1, bs €5 as)
te{0,1}s

In the notation (ag bg co | d1,0 d1,1

bici|dapda
the indices into collections which we call clauses, e.g. each of apbocy and di o dy ;1 is a clause.

baca| ... |dsodsi|bscsas), the vertical bars separate

Remark 2.6. Permuting blocks introduces a sign coming from the sign of the permutation, e.g.
(abclde| fgh)=—(fgh|del|abc).

Also note that permuting the indices in a single block (e.g. permuting the numbers abc) multiplies
the polynomial by the sign of the permutation.

Remark 2.7. These polynomials may factor or terms may vanish if there are overlaps in the
indices. E.g. in (2), (abc|de] f g h) will factor as a product of two Pliicker coordinates if |[{a, b, ¢} N
{f,9,h}| =2o0r {d,e} N ({a,b,c}\{f,g9,h})] =1. Concretely, ifa<b<c<d<e< f<g<h,

(abd|de|fgh)=—(abde)(dfgh)
(abclde|abh) = (abed){eabh) — (abce){dabh) = (abch)(abde).

ZNote that according to the convention in Remark 2.1, the elements of I — 1 are listed in increasing order in (I — 1).
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Remark 2.8 (Notations in physics). In the physics literature, (2) is usually denoted by (a, b, ¢, (de)N
(fgh)) or simply (abc (de) N (fgh)), where (de) N (fgh) denotes the vector vg(efgh) — ve(df gh),
which spans the intersection between the two-plane (de) spanned by vy, ve and the three-plane
(fgh) spanned by v, vy, vy. Similarly, (2) can also be rewritten as ((abc) N (de) fgh) and using (3)
as (de(fgh) N (abc)), where (fgh)N(abc) denotes vy Avy(habe) — vy Avp(gabe) +vg Avp(fabe). This
notation was introduced in [AHBC™11], see also [GGS*14, Section 2].

Definition 2.9 (Pure functions and degree). Let (/}\rkn denote the affine cone over the Grassmannian
in its Pliicker embedding. Recall that the homogeneous coordinate ring C[é\rkn] of the Grassmannian
is generated by the Pliicker coordinates, and is ZZj-graded; equivalently, its relations are preserved

by the torus action on the Grassmannian. Concretely, F' € (C[(/“;"k,n] lies in the component with

grading (a1,...,an) € Z%; if it can be written as a polynomial in Pliicker coordinates where the

index i appears a; times in each term. In this case, we call F' pure and define deg; F' = a;. An

element of the ring of rational functions C(Gry, ) of the Grassmannian is pure if it can be written

as the ratio F//G where F,G € (C[(/}\rkn] are both pure. We set deg;, F//G = deg;, F — deg, G.

Throughout this paper we will only be considering functions which are pure.

2.3. The amplituhedron, tiles, tilings, and facets. Building on [AHBC*16], Arkani-Hamed
and Trnka [AHT14] introduced the (tree) amplituhedron, which they defined as the image of the
positive Grassmannian under a positive linear map. Let Mati% denote the set of n X p matrices
whose maximal minors are positive.

Definition 2.10 (Amplituhedron). Let Z € Mat_9 +m» Where k+m < n. The amplituhedron map
Z: Grf% — GTp, +m is defined by Z(C’) := CZ, where C' is a k X n matrix representing an element
of Grf%, and CZ is a k x (k + m) matrix representing an element of Gry, j4.,. The amplituhedron

Ap km(Z) C Grg gy is the image Z(Grf’g).
In this paper we will be concerned with the case where m = 4.

Notation 2.11. Throughout this paper we will often use the phrase “for all Z” as shorthand for
“for all Z € Mati%+4,” when the k& and n are understood.

Definition 2.12 (Tiles). Fix k,n,m with k+m < n and choose Z € Mati(,)ﬁm. Given a positroid
cell S of Grfg, we let Z% := Z(S) and Zs := Z(S) = Z(S). If D is an element of an indexing set
and Sp is the corresponding cell, we also write Z7, and Zp for Z5  and Zg,,. We call Zg and Zg

a tile and an open tile for A, g m(Z) if dim(S) = km and Z is injective on S.
Definition 2.13 (Tilings). A tiling of Ay, . m(Z) is a collection {Zg | S € C} of tiles, such that:
e their union equals A, . (Z), and

e the open tiles Zg, Z3, are pairwise disjoint.

Definition 2.14 (Facet of a cell and a tile). Given two positroid cells S’ and S, we say that S’
is a facet of S if 8’ € S and S’ has codimension 1 in S. If S’ is a facet of S and Zg is a tile of
Ap k.m(Z), we say that Zg/ is a facet of Zg if Zgs C 0Zg and has codimension 1 in Zg.
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2.4. Twistor coordinates and functionaries.

Definition 2.15 (Twistor coordinates). Fix Z € Mat>% with rows Zi,...,Z, € R¥T™. Given

n,k+m
Y € Gry ptm with rows yi,...,yk, and {i1,...,%,} C [n], we define the twistor coordinate, denoted
YZi, Ziy - Zi,,)) or (iviz- - im))
to be the determinant of the matrix with rows y1,..., ¥k, Ziy,-- -, Zi,, -

Note that using Laplace expansion, we can express the twistor coordinates of Y as linear functions
in the Pliicker coordinates of Y, whose coefficients are the m x m minors of Z.

Lemma 2.16 (Twistor expansion lemma). Let C € Gry) and set Y := CZ. Then

(4) Y Zi, ... 2Zi,) = > (Jhe (s ks ins - im) 2
J={j1<<jere(h)

(5) = Z <J>C <j17"'7jk7i17"'17;m>Z7
Je(t), Jn1=0

where the second line follows from the first by noting that (ji,...,7k,%1,---,im)z = 0 whenever
{j1,---,Jk} and {i1,...,im} have an element in common.

Definition 2.17 (Functionaries and rational functionaries). We refer to a homogeneous polynomial
in twistor coordinates as a functionary, and to a ratio of functionaries as a rational functionary.

By a slight abuse of notation, we will sometimes consider a functionary as a function on the
domain Grassmannian Gry, ,, by composing with the amplituhedron map.

Definition 2.18. For S C Gr,f(;l, we say a rational functionary F has sign s € {0,£1} on the

image of S if for all Z € MaLti%Jr4 and for all Y € ZZ, F(Y) has sign s. If F' has sign 0, we also

say it wanishes on the image of S. In these cases, we say that I has fized sign on Zg.

As we will see in Section 2.5, we can identify twistor coordinates with Pliicker coordinates of a
related matrix. We therefore use parallel notation to that of Section 2.2 in what follows.

Definition 2.19 (Chain functionaries). We let
(6) {abelde| fgh) = (abed) (efgh) — (abee)) (dfgh),

and more generally, we define chain functionaries of degree s + 1 as follows:

b2 (6] | e | d570 d571 | bs Cg CL3>>

{(apboco|dipdig|bicr|daoda

= Z (=) Fs fag by co di g, ) ((da,1—e, b c1 daygy,) (dog—t, b2 cadsg,)) -+ (ds1—t, bs Cs as)
te{0,1}*

2.5. Pliicker coordinates versus twistor coordinates. In this section we explain how we can
talk interchangeably about twistor coordinates for the amplituhedron and Pliicker coordinates
for Gryp. In particular, the amplituhedron is homeomorphic to the B-amplituhedron, and the
homeomorphism identifies twistor coordinates of the amplituhedron with Pliicker coordinates of the
B-amplituhedron. The construction of the B-amplituhedron is motivated by the observation that
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since Ay, jm(Z) C Grg kym, when m is small, it is sometimes more convenient to take orthogonal
complements and work with Gry, ;1 instead of Gry, g4m,.

Definition 2.20 ([KW19, Definition 3.8]). Choose Z € Mat;’%+m, and let W € Gr]?fr)myn be the
column span of Z. We define the B-amplituhedron to be
Bugm(W) :={V-NW | V € Gy} C Grp (W),
where Gr,,, (W) denotes the Grassmannian of m-planes in .
Proposition 2.21 ([KW19, Lemma 3.10 and Proposition 3.12]). Choose Z € Mati%er, and let

W e Griﬂm’n be the column span of Z. We define a map fz : Grp (W) — Gry gm by
fz2(X):=2Z(Xt)={Z(x):z e X}

Then fz restricts to a homeomorphism from By, j m(W) onto Ay k.m(Z), sending VENW to Z(V)
for all' V € Gr,f(;. Moreover, fz restricts to a diffeomorphism from an open neighborhood of
By e (W) in Grp, (W) to a neighborhood of Ay jxm(Z) in Gry gym, -

Lemma 2.22 shows that the twistor coordinates of the amplituhedron A, i, (Z) C Grg g4m are
equal to the Pliicker coordinates of the B-amplituhedron By, j (W) C Gryy .

Lemma 2.22 ([KW19, (3.11)]). If we let Y := fz(X) in Proposition 2.21, we have
(7) (I'x =(YZr) forall Ie€ <[:1]>

We say that a rational functionary F' is pure if the corresponding rational function in Pliicker
coordinates is pure (cf. Definition 2.9) and define deg; F' in the same way. Throughout this paper,
the rational functionaries that we consider will be pure.

Definition 2.23. We say that a functionary is irreducible if and only if the corresponding polynomial
in Pliicker coordinates in Gry, ,, defined by the map which takes ((hijl)) — (hijl), is irreducible.

Our notion of when a functionary is irreducible may not be the same as the notion of when its
expansion in the Pliicker coordinates of C' or Y and minors Z is irreducible.

3. BACKGROUND ON CLUSTER ALGEBRAS

3.1. Background on cluster algebras. Cluster algebras were introduced by Fomin and Zelevinsky
in [FZ02]; see [FWZc] for an introduction. We give a quick definition of cluster algebras from quivers
here. All such cluster algebras are cluster algebras of geometric type.

Definition 3.1 (Quiver). A quiver @ is an oriented graph given by a finite set of vertices Qo, a
finite set of arrows 01, and two maps s : )1 — Qg and t : Q1 — Qo taking an arrow to its source
and target, respectively.

A loop of a quiver is an arrow « whose source and target coincide. A 2-cycle of a quiver is a pair
of distinct arrows 8 and 7 such that s(3) = t(v) and ¢(5) = s(7).
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Definition 3.2 (Quiver Mutation). Let @ be a quiver without loops or 2-cycles. Let k be a vertex
of Q. Following [FZ02], we define the mutated quiver pp(Q) as follows: it has the same set of
vertices as (@, and its set of arrows is obtained by the following procedure:

(1) for each subquiver i — k — j, add a new arrow ¢ — j;
(2) reverse all allows with source or target k;
(3) remove the arrows in a maximal set of pairwise disjoint 2-cycles.

It is not hard to check that mutation is an involution, that is, u2(Q) = @ for each vertex k.

Definition 3.3 (Labeled seeds). Choose s > r positive integers. Let F be an ambient field of

rational functions in r independent variables over C(z,y1,...,25). A labeled seed in F is a pair

(x,Q), where

e X = (x1,...,x5) forms a free generating set for F, and

e () is a quiver on vertices 1,2,...,r,r+1,...,s, whose vertices 1,2,...,r are called mutable, and
whose vertices r + 1,..., s are called frozen.

We call x the (labeled) extended cluster of a labeled seed (X,Q). The variables {z1,...,z,}

are called cluster variables, and the variables ¢ = {x,11,...,zs} are called frozen (or coefficient

variables). We let M denote the group of Laurent monomials in the frozen variables, which we call
the frozen group.

Definition 3.4 (Seed mutations). Let (X,(Q) be a labeled seed in F, and let k € {1,...,r}. The
seed mutation py in direction k transforms (X, Q) into the labeled seed ux(X,Q) = (X, uk(Q)),

%) is defined as follows: z; = x; for j # k, whereas x} € F is

where the cluster X' = (2f,...,2/ J

determined by the exchange relation

(8) ae= ] 2+ ] 7
@ a€Q
s(a)=k t(a)=k
Note that arrows between two frozen vertices of a quiver do not affect seed mutation; therefore
we often omit arrows between two frozen vertices.

Definition 3.5 (Patterns). Consider the r-reqular tree T, whose edges are labeled by the numbers
1,...,r, so that the r edges emanating from each vertex receive different labels. A cluster pattern is
an assignment of a labeled seed ¥; = (X4, Q¢) to every vertex t € T, such that the seeds assigned to

k
the endpoints of any edge t —— ¢’ are obtained from each other by the seed mutation in direction k.
The components of X; are written as X; = (14, .., Zs¢)-
Clearly, a cluster pattern is uniquely determined by an arbitrary seed.

Definition 3.6 (Cluster algebra). Given a cluster pattern, we denote

(9) X=|J)%={wi; teT,, 1<i<r},

teT,
the union of clusters of all the seeds in the pattern. The elements z;; € X are called cluster
variables. Let C[cT!] be the ground ring consisting of Laurent polynomials in the frozen variables.
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The cluster algebra A associated with a given pattern is the C[c*!]-subalgebra of the ambient field
F generated by all cluster variables, with coefficients which are Laurent polynomials in the frozen
variables: A = C[c*!][X]. We denote A = A(X,Q), where (X,Q) is any seed in the underlying
cluster pattern. We say that A has rank r because each cluster contains r cluster variables. Cluster
(or frozen) variables that belong to a common cluster are said to be compatible.

Remark 3.7. Another common convention is to choose the ring Clc] of polynomials in the frozen
variables as the ground ring, and define the cluster algebra as A := C[c][X].

Some structural results on cluster algebras will be helpful for us.

Theorem 3.8 ([CIKLFP13, Corollary 3.6]). Let A be a cluster algebra coming from a quiver. Then
every seed is uniquely determined by its cluster.

Definition 3.9. For a ring R with 1, let R* be the set of invertible elements in R. Recall that a
ring without zero divisors is called an integral domain. A non-invertible element a in an integral
domain R is irreducible if it cannot be written as a product a = bc with b, ¢ € R both non-invertible.

Note that every cluster algebra is an integral domain, since it is by definition a subring of a field.

Theorem 3.10 ([GLS13, Theorem 1.3]). Consider a cluster algebra A = A(X,Q), with ground

ring the Laurent polynomials C[:cﬂl, ..., & in the frozen variables.

o We have A(X,Q)* = { ' ... 2% | A€ C*,a; € Z}.
o Fvery cluster variable in a cluster algebra is irreducible.

3.2. The cluster structure on the Grassmannian. The Grassmannian has a cluster structure
[Sco06], which we recall here, following the exposition of [FWZa]. We also discuss several operations
on the Grassmannian which are compatible with the cluster structure.

Definition 3.11. Given a k-element subset J = {ji,j2,...,jx} C {1,2,...,n} and a positive
integer i, we define
(J+i)modn:={ji1+i,jo+1i,...,Jk+1i},
where the sums are taken modulo n. We often write J + ¢ if the n is clear from context.
The set of frozen variables for the cluster structure on the Grassmannian consists of the n
cyclically consecutive Pliicker coordinates

(10) f1:=([k]) and f; := ([k] + (i — 1) mod n) for 2 < i < n.
For example, the frozen variables for Gry 7 are the Pliicker coordinates
(1234), (2345), (3456), (4567), (1567), (1267), (1237).
A particularly nice seed for the Grassmannian cluster structure is the rectangles seed Xy, .

Definition 3.12 (Rectangles seed ¥ ;). We construct a quiver @, whose vertices are labeled
by the rectangles contained in an k x (n — k) rectangle R, including the empty rectangle &. The
frozen vertices of Q) ,, are labeled by the rectangles of sizes k x j (with 1 < j < n — k), rectangles
of sizes i X (n — k) (with 1 < ¢ < k), and the empty rectangle. The arrows from an i X j rectangle
go to rectangles of sizes i X (j+ 1), (i + 1) x 7, and (i — 1) x (j — 1) (assuming those rectangles
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HH 3457—~2347 1456— 1345
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@ 13456] |2345] [1234] [4567] |3456] |2345]

FIGURE 3. Left: the quiver Q47 with vertices labeled by rectangles contained in
a 4 x 3 rectangle. Middle: the rectangles seed 47, where we identify 4-element
subsets of [7] with Pliicker coordinates. Frozen variables are boxed. Right: the
cyclically shifted rectangles seed 241177' The following mutation sequence maps us
from the seed in the middle, to the seed at the right: mutate at
2567,3567, 2367, 3467,2347, 3457.

1
&

H

AV AYE
/|

(@] o —m— o

have nonzero dimensions, fit inside R, and the arrow does not connect two frozen vertices). There
is also an arrow from the frozen vertex labeled by @ to the vertex labeled by the 1 x 1 rectangle.
See Figure 3, left.

We map each rectangle r contained in the k x (n — k) rectangle R to an k-element subset of
{1,2,...,n} (representing a Pliicker coordinate), as follows. We justify r so that its upper left
corner coincides with the upper left corner of R. There is a path of length n from the northeast
corner of R to the southwest corner of R which cuts out the smaller rectangle r; we label the steps
of this path from 1 to n. We then map r to the set of labels J(r) of the vertical steps on this
path. This construction allows us to assign to each vertex of the quiver @)y, a particular Pliicker
coordinate. We set

XBm = {(J(r)) | ris a rectangle contained in an k x (n — k) rectangle},

and then define the rectangles seed Xy, ,, = (xkm, Qk,n)- See Figure 3.
The rectangles seed gives rise to a cluster structure on the (complex) Grassmannian.

Theorem 3.13 ([Sco06]). The coordinate ring (C[(/};kn] of the affine cone over the Grassmannian
equals the cluster algebra A(Xy,) (see Remark 5.7). Alternatively, if we let Gry,,, denote the
open subset of the Grassmannian where the frozen variables don’t vanish, then the coordinate ring
C[(/}\rzn] is the cluster algebra A(Xg ).

Whenever we refer to “the cluster structure for” or “a seed for” (/}\rk’n, (/}\rzn or their coordinate
rings, we are refering to the cluster algebra, respectively a seed in the cluster algebra, in Theorem 3.13.
Note in this context, we are discussing the complex Grassmannian.
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3.3. Operations compatible with the cluster structure on the Grassmannian.

Definition 3.14. We define the cyclically shifted rectangles seed E};’n by replacing each vertex
labeled J in Q. by (J 4 i) mod n. See e.g. the right of Figure 3.

Lemma 3.15 ([FWZa, Exercise 6.7.7]). The seeds Ei:m (for all i) are mutation equivalent. More
spectfically, let eye = cyey, be the mutation sequence in which we start from the seed X, and
mutate at each of the mutable variables of Q. exactly once, in the following order: mutate each row
from right to left, starting from the top row and ending at the bottom row. Then cyc(Xy,) = E}C,n.

Furthermore, let cyc™1

= cyc,:h be the mutation sequence in which we start from the seed Xy, ,, and
mutate at each of the mutable variables of Q. exactly once, in the following order: mutate each row

from left to right, starting from the bottom row and ending at the top row. Then cyc’l(Ekm) = 21;11

Definition 3.16. We define the reflected rectangles seed or the corectangles seed i by replacing
each vertex labeled J = {ji1 < -+ < jx} in Qxn by {n —jr +1,...,n —jo+ 1,n — j1 + 1}, then
reversing each arrow of the quiver. We call this the “corectangles” (or complement of rectangles)
seed because the Pliicker coordinates are exactly those labeling the vertical steps of the Young
diagrams obtained from a k x (n — k) rectangle by removing a rectangle from the lower right.

Proposition 3.17 ([MS16, Theorem 11.17]). The seeds ¥y, and X5°, are mutation equivalent via
the explicit mutation sequence in [MS16, Definition 11.4].

While we do not need it in this paper, we note that the mutation sequence above is a mazimal
green sequence [KD20] and passes only through Pliicker coordinates.

Recall the maps cyc and refl from Definition 2.3, it is easy to see that refl is an involution and
cyc™! = cyc® . Their pullbacks are automorphisms of (C[é\rkn] which interact nicely with the

cluster structure. From Lemma 3.15 and Proposition 3.17, we have the following.

Corollary 3.18. If (X,Q) is a seed for Gry,, then so is (X o cyc,Q) and (X o refl, Q°P), where
Q°? is Q with every arrow reversed. Thus the maps cyc*,refl” : C[Gry,| — C[Gry ] take cluster
variables to cluster variables and preserve compatibility and exchange relations.

In Section 4, we will need to work with cluster structures on Grassmannians Gry ; of 4-planes
in a vector space with basis indexed by a set J C Z, as opposed to [n]. We will therefore need the
following generalization of Definition 3.11.

Definition 3.19. Consider the Grassmannian Gry j, where J = {j; < --- < ji} C [n]. We let f]‘{
denote the Pliicker coordinate associated to the subset {j;, ji+1, Ji+2, Ji+3}, where the addition in
the subscripts is modulo ¢. If we are discussing the cluster algebra structure on Gry,, we will refer
to the frozen variables as either {fl[n], cee ,[Ln}}, or {fi,-.., fn}

Lemma 3.20 gives an inclusion of Grassmannian cluster structures that will be useful in Section 4.3.

Lemma 3.20. Let J C [n]. Choose j € J and set I := J\ {j}. Consider the natural inclusion
v : C[Gry 1) = C[Gry, j] given by (A) — (A). Then v maps cluster variables to cluster variables and
preserves compatibility and exchange relations.
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Proof. In an appropriate cyclic rotation of the rectangles seed for Gry, s, the Pliicker coordinates
containing j are exactly the frozen variables in the rightmost column. The cluster variables in the
second-from-rightmost column are f]tk 1 f317 g2 fff17 ]I 41- Deleting the cluster variables in
the rightmost column and freezing the cluster variables in the second-from-rightmost column gives
a cyclic rotation of the rectangles seed for Gry ;. This implies that for every seed (X, Q) for Gry g,
there is a seed (X',Q') for Gry,; where X C X' and @ is the induced subquiver of @’ using the
variables of X. This in turn implies the lemma. O

Remark 3.21. In an abuse of notation, we use cyc*, refl* to denote maps on twistor coordinates and
(rational) functionaries on Gry 44 given by identifying twistor coordinates (Y Zr)) with Pliicker
coordinates (I) for Grs, and using (1). That is, cyc*(Y Zr)) = (Y Zr-1)) and refl* (Y Z7)) =
(YZp41-1)), where I,1 — 1,n + 1 — I are written in increasing order. This is different from the
maps (Y Zr) — (((cycY)Zr)) and (Y Z1) — ((reflY)Z)), which we will never use.

3.4. Quasi-homomorphisms of cluster algebras. In this section we define quasi-homomorphisms
of cluster algebras, following [Fral6] and [Fra20].

Definition 3.22 (Exchange ratios). Given a cluster seed ¥ = ((z1, ..., %), Q) for a cluster algebra
of rank r < s, and a mutable variable z; (so that 1 < i < r), the exchange ratio of z; (with respect
to X) is
#arr(i—yj)
. Hj;Hj L
() i) = E
J:j—i g

where arr(i — j) denotes the number of arrows from i to j in the quiver Q.

Given a cluster algebra A, we let M denote its frozen group, that is the group of Laurent
monomials in the frozen variables. For elements z,y € A, we say that x is proportional to y,
writing © « y, if £ = My for some Laurent monomial M € M. We then refer to M as a frozen
factor.

Definition 3.23 (Cluster quasi-homomorphism). [Fral6, Definition 3.1 and Proposition 3.2] Let
A and A be two cluster algebras of the same rank r, and with respective frozen groups M and
M. Then an algebra homomorphism f : A — A that satisfies f(M) C M is called a (cluster)
quasi-homomorphism from A to A if there are seeds ¥ = ((1,...,2,),Q) and ¥ = ((Z1,...,735), Q)
for A and A, such that
(1) fxs) xz;for 1 <i<r
(2) f(in(a) = (@) for 1< i <. )
(3) the map i — 7 of mutable nodes in @ and @ extends to an isomorphism of the corresponding
induced subquivers.

If conditions (1), (2), and (3) hold, we say that X is similar to ¥, and we write f(X) o< .

Note that conditions (1) and (2) above imply condition (3), as they allow one to read off
adjacencies of mutable nodes; however, we choose to include condition (3) in the definition since it
is readily checkable and hence useful when looking ¥ and ¥..

Proposition 3.24. [Fral6, Proposition 3.2] If a seed ¥ is similar to the seed 3, then each seed of
the seed pattern containing X is similar to the corresponding seed of the seed pattern containing .
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4. PRODUCT PROMOTION IS A CLUSTER QUASIHOMOMORPHISM

In this section we introduce the notion of product promotion, which is a homomorphism from
(C(é\r47NL) X C(é\M,NR) to C(C/}\r47n), where Ny, and Ng are defined in Notation 4.1. The main result
of this section is that product promotion is a cluster quasi-homomorphism. Therefore if we apply
product promotion to a cluster variable (resp. subset of a cluster), we obtain a cluster variable
(resp. subset of a cluster) of Gry ,,, up to a Laurent monomial in the usual frozen variables plus three
more Pliicker coordinates. We will later use product promotion to inductively give a description of
the BCFW tiles as semi-algebraic sets in Gry, ;44, see Theorem 7.7. Product promotion is also a
key tool in the proof of cluster adjacency (cf. Theorem 7.16).

4.1. Product promotion. Given an element V' of the Grassmannian Gry,,, represented by a k xn
matrix with columns vy,...,v,, recall that we identify the Pliicker coordinate (i,...,7x) with
vy, A+ Avg,. In what follows, in an abuse of notation, we write v; as just <.

Notation 4.1. Choose integers 1 < a < b < ¢ < d < n such that a,b and ¢, d,n are consecutive.
—~~o0 —~0 —~0

Let N ={1,2,...,a,b,n} and Ng = {b,...,c,d,n}. We let Gr, v, , Gy v, and Gr,,, denote the

(affine cones over the complex) Grassmannians in vector spaces with bases labeled by Nz, N and

{1,2,...,n}, respectively,® where we removed the locus where the frozen variables vanish.

Definition 4.2 (Product promotion). Using Notation 4.1, product promotion is the homomorphism
\I/ac =V (C(GI‘47NL) X (C(GI“47NR) — (C(Gl“4,n)

induced by the following substitution:

_— . (bedn) _ (ba) N (cdn)
(12) on Grgn,: b — b— acdn) a = lacdn)
~ _ (aben) (abdn) B (acdn) (bedn) B (ba) N (cdn)
(13) on Grgyng: n — n— (abcd)d+ <abcd>c = (abcd)b_ (abcd)a = W
—~ (abdn> _ (de)n (abn)
(14) on Gryn,: d — d— (abcn> ~ {aben)

While ¥,. = ¥ depends on the choice of integers a and ¢, we will usually drop the subscripts
when it is clear from context.

Remark 4.3. Equivalently, product promotion is the homomorphism which acts on (C(é\r47 N, ) as
follows. Given distinct 4,7,¢ € {1,2,...,a — 1}, we have

(al) W({ij b)) = 2flbaledn)

. . _ {(ijn|ablcdn)
(a2) W((ijbn)) = = tam

and U acts as the identity on all other Pliicker coordinates of (/}\1"4, N, - Product promotion acts on
C(Gra,ny) as follows. Given distinct 4,j,¢ € {b,b+1,...,c}, we have

(bl) \I/(<Z]€d>) _ (ijtldclabn) _ (cd|ijé|abn)

(abcn) (abcn)

3Note that e.g. we are overloading notation and letting n index a element of a vector space basis for three different
vector spaces; however, in what follows, the meaning should be clear from context.
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(b2) W((ijdn)) = {Linledlebn  tneplig]cdn)

(ablijl|cdn)
(abcd)

(ijl|balcdn)
(abed)

(b3) ¥((ijLln))

and ¥ acts as the identity on all other Pliicker coordinates of (/}\1"4, Ng- Note that since Pliicker
coordinates are antisymmetric one can, e.g., regard Case (a2) as a special case of (al). However,
we prefer to keep Cases (al) and (a2) separate for the reader’s convenience.

Definition 4.4 (Upper promotion). In many cases, we extend Definition 4.2 and allow a = 1, so
that (a,b,c,d) = (1,2,n—2,n—1). Then é}iNL = é\ri{mn} is empty and (C(é\I'47NL) is trivial. The
homomorphism, which we call upper promotion, reduces to W : (C((/};47 Np) — (C(é\m,n), following
rules (b1), (b2), (b3).

Remark 4.5. Some numerators obtained in promotion may factor, see e.g. Remark 2.7.

Remark 4.6 (Relation to Physics). Product promotion is related to an operation on the building
blocks of scattering amplitudes in the physics literature. Using BCFW bridges, [AHBC*11, Section
2.5] illustrates a procedure to build a Yangian invariant Y, @ porw Yr from products of two
Yangian invariants Y7, and Y. Yangian invariants depend on momentum twistors. If we have n
particle scattering, the corresponding collection of momentum twistors gives a point in Gry,, so
Yangian invariants can be interpreted as functions of Pliicker coordinates for Gry,. To connect
with [AHBC™11], we identify their indices (4,7 + 1,n — 1,n,1) for momentum twistors with our
indices (a, b, ¢, d, n) in Notation 4.1. Then the ‘left’ Yangian invariant Y7, depends on the momentum

twistors with indices in 1, ..., 7, I, which can be identified with the indices n,1,...,a,b of (/}\r4’NL.
The ‘right’ Yangian invariant Yz depends on the momentum twistors with indices 7,5+ 1,...,n —
1,n, which can be identified with the indices n,b,...,c,d of Gry n,. To produce Y7 @ pcrw Yr,
one makes the following substitutions in Y7 and Yg:

(15) I — (jj+1)N(n—1n1), or in our notation, b — (ab) N (cdn) on C/}\r47NL

(16) I — (jj+1)N(n—1n1), or in our notation, n — (ab) N (cdn) on é\r47NR

(17) n— n:=(n-—1n)N(jj+11), or in our notation, d — (cd) N (abn) on (/‘54,NR,

to obtain YL and YR. Then using our indices
Yy ®@porw Yr = [a,b,c,d,n] Y1 Vi

where [a, b, ¢, d,n] is the unique Yangian invariant (up to multiplication by a scalar) in the indices
a,b,c,d,n (it is often called ‘R-invariant’). As indicated in the right hand sides of (15), (16), (17),
these operations coincide with product promotion defined in equations (12), (13), (14), respectively,
up to a sign and a factor of the inverse of a Pliicker coordinate, which do not change Y7, @ porw Yr.

4.2. Product promotion is a cluster quasihomomorphism. In this section we state and prove
our main theorem about product promotion (see Theorem 4.7). In what follows, we use the notation
for frozen variables from Definition 3.19.

Since C[(/;‘r\riNL] and (C[(/i"ZNR] are cluster algebras, the product (C[(/}\riNL] X C[(/;‘r\riNR] is also a

cluster algebra, where each seed is the disjoint union of a seed for (C[é\ri ~, ) and for C[(/}\ri Npl-
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Theorem 4.7 (Product promotion is a cluster quasihomomorphism). Using the notation of Notation 4.1,
—~0 —~0
let $o = S§USE be the seed for the cluster structure on C[Gry y, ] x C[Gry y,] shown in Figure 4,

and let Fr(31) = Fr(X7°) be the seed for the cluster structure on (C[(/}\rin] shown in Figure 6, where
we have additionally frozen the cluster variables

T:={(12n|ab|cdn),(a—1abn),(labn),(abb+1n),(abdn),(abcn),(abed), (bcdn), (acdn)}.

Then we have that:
(1) Product promotion U : (C(é\r47NL) X (C(é\r47NR) — (C(é\m,n) is a quasi-homomorphism of cluster
algebras from A(Xo) to A(Fr(Xy)).
(2) If we apply product promotion to a cluster of A(Xp), we obtain a cluster of A(Fr(X1)), up to
Laurent monomials in the elements of

T = {{aben),{abed),(bcdn),{acdn)} C T.

(3) If we apply product promotion to a frozen variable of A(Xg), we obtain a frozen variable of
A(Fr(X1)) (which is a cluster or frozen variable for Gry,) times a Laurent monomial in T'.

We note that there are some special cases of Theorem 4.7, namely upper promotion (a = 1),
a=2,a=3,and ¢ = b+ 1, which require some clarification, see Section 4.3.

Since by Theorem 4.7, ¥ maps cluster variables to cluster variables times a frozen factor, it is
convenient to define the following map.

Definition 4.8 (Rescaled product promotion). Using the notation of Notation 4.1, let = be a
cluster or frozen variable of C[C/i\riNL] or (C[(/ﬁ"iNR]. We let U(z) = W,e(x) denote the cluster
or frozen variable of Gry, obtained from W,.(z) by removing the Laurent monomial in 77 (c.f.
Theorem 4.7 (2) and (3)). (If z = (bcdn), then V((bcdn)) = (bedn) is a cluster variable for C[é\rzn]
and the relevant Laurent monomial in 7" is equal to 1, so W({bedn)) = (bedn).) We call ¥(z) the
rescaled product promotion of x.

Example 4.9. Consider the cluster variables {z} in the red box of Figure 4. If we apply product
promotion ¥, to {z}, we obtain the cluster variables {U,.(z)} in the red box of Figure 5. If we
instead apply the rescaled product promotion W,. to {x}, we obtain the cluster variables {W,.(z)}
in the red box of Figure 6. Note that {WU,.(z)} are obtained from {¥,.(z)} by removing the factors
T, Tq, which are Laurent monomials in (bcdn), (aben), (abced).

Proof of Theorem 4.7. Let ¥y denote the initial seed for C[(/}\riNL] X (C[(/ﬂiNR] shown in Figure 4.
We note that > is indeed a seed because each connected component is a cyclic shift of the rectangles
seed for C[(/}\ri ~, ) and (C[C/}\ri Ny)- If we apply product promotion to ¥, we obtain the “promoted
seed” ¥(Xy), shown in Figure 5.

Next we claim that the seed 31 shown in Figure 6 is a seed for C[Grj ,,]. To prove this, note that
in C[Grj ], we have

(18) (cdn|ab|nl12)(ladn) = (12dn)(labn){acdn) + (12an){lcdn){abdn).

So to prove that ¥ is a seed for C[Grg ], it suffices to show that the seed X} obtained from ¥ by
mutating at (cdn|ab|n12) is a seed for C[Gry,,].
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I3 far [ e = (bedn)

fa <—(2456)— (2d’ab) ~— (2abn) (b’ dn)— <bc“dn - e s (bbT2dm) s f

fi ~—(1245)«—+ + «<— (12d’a) < (12ab) (bc' cn) bc”c’n cee o (BP0t s N

f>12.4\}2 />12[ ) bc‘cd <bc”‘c’>}r2b+3b+4\‘> fs
\ N, ' ' \\ \

b for> Jorr

FIGURE 4. The initial seed g for C[Gry n, ] X C[Gry n,,], which is a disjoint union
of a seed X} for C[@4,NL] (left) and a seed Lft for (C[(/ﬁq,NR] (right). We use the
notation ' := z — 1,2” := x — 2 and 7’ := 2 + i. Mutable variables are in the
shaded regions, the others are all frozen.

fs fat fa" f& = (bedn)
f2 —(2456)~— (2a’ ab) ~— (2abn) (abd )y Tn— (abc’n)Tn—+ « « — {(abbt?n)-Tn—=(abb*'n)-T'n
fi —(1245)— (12d'a) ~— (12ab) (abc'c)Td —= (abe"c)-Td—= -+ + —= (abb™b™)-Ta— f, .74
f\2'4\\< \2’ ) <b0’cd>\®”"\ Elb“k fo
n ~—(124n) . 12a/n) ~— (12an &) ’ [
I i S
(1 2<r;|z(ll;|:>d n) Jer fo+2 fot

FIGURE 5. The result ¥(Xg) of applying the product promotion to Xy. We use
the notation 7, := (bcdn)/{abcz) and 2’ :=x —1,2" := 2 — 2,21 ;== x + 4.

Since all cluster and frozen variables of ¥} are Pliicker coordinates, we can verify that X} is a
seed for C[Gry,] by constructing a reduced plabic graph G' whose target-labeled seed is Y. Such
a reduced plabic graph is shown in Figure 7.

Now let Fr(X;) be the seed obtained from ¥, by freezing the cluster variables (12n|ab|cdn),
(Labn), (a—1abn), (abdn), (abb+1n), (abcn), (abed), (bedn), and (acdn) (see Figure 6).

We will show that the product promotion, viewed as a map ¥ : A(Xy) — A(Fr(X;)), is a
quasi-homomorphism of cluster algebras. More specifically, we will show that the two seeds ¥y and
Fr(X;) satisfy the conditions of Definition 3.23. These two seeds are shown in Figures 4 and 6.

Looking at Figure 5 and Figure 6, we see immediately that conditions (1) and (3) of Definition 3.23
hold: the images W¥(x;) of mutable variables (shown in Figure 5) differ from their counterparts
(shown in Figure 6), only by the frozen variables {(abcn), (abcd), (bcdn)}. The induced subquivers
obtained by restricting to the mutable cluster variables agree.
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f2>4‘5> \mjab) (2abn) Habcn)yis(abc . —i{abbiny
f1> 2'4> \<12 a/>1 2ab) : 51 ‘ }b*\? b> »fl 7777777

ce e (bbb Y fy
A

fot2 St

fo 1240y« (12d/n) ~— (12an)~—

FIGURE 6. The seed Fr(X;) = Fr(X7°) for C[Gry,]. Fr(X1) is obtained from 34
by freezing the variables in the dashed boxes. We use the notation 2’ := x — 1 and
xt=x 41

(2d’ab) [(2abn)

O O—@O O ?
o e gE
& O O
(12an) Q7 {{ladn) / . (bb+2 b+3 b1y
O

d c Cl CH e b+2 b+1

FIGURE 7. The plabic graph for Gry, whose corresponding seed is X} in the proof
of Theorem 9.1. We use the notation 2/ := ¢ — 1,2" := z — 2 and 2 = z + 1.
Mutating at the face (1adn) (dashed circle) gives the seed ¥;.

Condition (2), that the corresponding exchange ratios agree, holds for the mutable variables in
the left “Np” connected component of ¥(3). Indeed, this holds by inspection for (12an), and the
neighborhoods of all other mutable variables are identical in the two seeds.

We now show condition (2) holds for the remaining exchange ratios. We first consider the
leftmost column of mutable cluster variables from the “Ng” connected component of ¥(X) and
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FIGURE 8. To construct the seed A from W(3), add the variables f. = (1edn), fq =
(12dn), (abdn), (abcn), (abed), (acdn), then the dashed purple and dotted red arrows.
The purple dashed arrows are all present in €2, while the red dotted arrows make
the exchange ratios of the mutable variables of A match up with those in €. The
frozen variables of A are boxed.

the corresponding ones in Fr(X;). We have:

abd ny{abd c)
aben){abd )

/ i / abd" Ybd cd){aben

Ju(sy) ((abd c) - 1a) = Grs,) ((abc'c)) = Ebc”c C>><<abc n>><<ab0di
/ 5 " cMabed)f,
Ju(se) (0 ¢d)) = grs,) (b ed)) = <(abc c>><§)cdn>>;:,,

We now consider the exchange ratios for the other cluster variables. The cluster variables of the first

Yw(s) (<abc’ n) - rn) = Ur(zy) ((abc' n>) = 2

and second rows (in the Ng part) of ¥(Xy) differ from the cluster variables of the corresponding
rows of Fr(X;) just by common factors (r,, and r4 respectively). Moreover, for each cluster variable
x; in ¥(Xp) not in its first column, the number of out-going arrows ¢ — j such that x; is in row 7
equals the number of in-going arrows | — i with x; from the same row r. Therefore, any common
factor among the row r cancels in g(x;). Hence ¥(3() and Fr(X;) have the same exchange ratios.

Therefore we have a quasi-homomorphism of cluster algebras ¥ : A(Xy) — A(Fr(X21)), where
A(Fr(%1)) is a subcluster algebra of C[Gr{,], in the sense of [FWZd, Definition 4.2.6]. But then
by definition of quasi-homomorphism, if we promote a cluster variable (respectively, cluster) of
(C[C/};ZNL] X (C[é\riNR], we obtain a cluster variable (respectively, cluster) of A(Fr(X;)), up to
multiplication by Laurent monomials in the frozen variables of A(Fr(%;)).

The final claim we need to prove is that if we promote a cluster variable of (C[C/}\ri Nl X (C[é\ri Npls
we obtain a cluster variable of C[Gr{ ], up to multiplication by a Laurent monomial in the set 7.
To show this, we consider 2 slight modifications of ¥(3y) and Fr(X;).

Let © be the seed obtained from Fr(3;) by unfreezing all its frozen variables which are not in
T'. Let A be the seed obtained from ¥ (%) by:

e adding the variables f. = (ledn), fg = (12dn), (abdn), (aben), (abed), (acdn);
e freezing all variables in 7’ and declaring all other variables mutable;
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e adding the purple dashed arrows shown in Figure 8;

e and then finally adding the red dotted arrows between elements of 7’ and mutable variables so
that all the newly mutable variables have the same exchange ratios as the corresponding newly
mutable variables in (2.

Notice that we did not add any arrow incident to a mutable variable of ¥ (%), so we did not affect
any of the exchange ratios that we previously analyzed. The final step of adding the red dotted
arrows is possible because after we added the purple dashed arrows in Figure 8, the exchange ratios
for newly mutable variables (those which were not mutable in W(Xg)) differ from the exchange
ratios in € by Laurent monomials in 7.

We've now constructed two cluster algebras A(A) and A(Q) whose cluster variables are in
bijection, and whose frozen variables are precisely 7’. Moreover, each initial cluster variable of
A(A) is proportional to the corresponding cluster variable of A(2), and the exchange ratios around
corresponding initial cluster variables agree. These properties are preserved under mutation, so
each cluster variable of A(A) is proportional to the corresponding cluster variable of A()), with
frozen factor a Laurent monomial in 7. The cluster variables of A(¥ (X)) are cluster variables of
A(A) because the variables we added to A are adjacent only to variables which are frozen in ¥(X).
Similarly, cluster variables of A(Fr(X)) are cluster variables of A(2), since the seeds only differ by
freezing. So the frozen factors of variables in A(¥ (X)) are Laurent monomials in 7. O

As a consequence of Definition 4.2 and Theorem 4.7, we obtain the following.

Corollary 4.10. The polynomial (ijn|ablcdn) = (abn|cd|ijn) = (cdn|ij|abn) is a cluster
variable and hence positive on Grf’g whenever i < j < a <b<c<d<n. And the polynomial
(ijl|balcdn) is a cluster variable and hence positive on Grig whenever

e i< j<tl<a<b<c<d<nor

ec<d<i<j<{l<a<b<nor

sa<b<i<j<il<c<d<n.

Remark 4.11. Note that if {i,7,¢,q,7,s,t} C {1,2,3,...,a — 1,n}, we have that
ijllrq|st|balcdn)
(acdn)

Therefore we can extend Corollary 4.10 to higher degree chain polynomials, and conclude e.g. that
ifi<j<l<qg<r<s<t<b, then (ijl|rq|st|ba|cdn) = (ijl|qr|st|ab|cdn) is a cluster
variable and hence positive on Grig.

B(lijrq]sth)) =

4.3. Degenerate cases of Theorem 4.7. There are a few special cases of Theorem 4.7 that
warrant discussion. The proofs are all analogous to those of Theorem 4.7 so we omit them.

e Theorem 4.7 holds also for upper promotion (c.f. Definition 4.4), where?
T =T = {{aben), (abed), (bedn)}.

In this case, X9 and ¥(3() consist only of the right connected component of the quiver in Figures 4
and 5; the seed Fr(X;) is shown on the left in Figure 9.

“In this case, (acdn) = (ledn) = f. and (abdn) = (12dn) = fa so are already frozen in C[Gry ,].



24 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

fa=(abdn) fa -—i{abdn) ] —— (labm=fn
| v
{aben)=-{abcn)— -+ - — (abb™n) — labb™n)=f, (@bci)t-(abdm)—=- - - — (abb™?n) —{abb™in)
Kabcd)==(abc c) —=« + « —= (abb*20*3) — f, {abcdy=-(abc c) — - - - — (abb™b%) — f,
[gl_;_{d_;{):i—»(bc’cd)*»- < — (b2 p 3T — fy E{l_;:{dﬁ:):{l—»(bc’cd)*»- <o — (b2 — f}
fe=(acdn) fe s Jo+2 for Je = i{acdn):  fo <. Joz Jorr

FIGURE 9. Left: the seed Fr(X;) in the case of upper promotion, where a = 1 and
b = 2. Right: the seed Fr(¥1) when a = 2 and b = 3. We use the notation 2’ := z—1
and 27 == x + 1.

e If a = 2, then Theorem 4.7 holds for 7 = {(abdn), (abcn), (abcd), (bedn), (acdn), (abb + 1n)}
and 7' = {(aben), (abed), (bedn)}. In this case, the left connected component of ¥y and (%)
consist of the single frozen variable (123n); the seed Fr(X;) is shown on the right in Figure 9.

e If a =3 or ¢ = b+ 1, then some of the Pliicker coordinates in Figure 6 coincide. If a = 3, then
(2abn) = (a — 1abn); if c = b+ 1 then (aben) = (abb+ 1n). To obtain the quiver for Fr(X;) in
these cases, one should identify the vertices labeled by equal Pliicker coordinates.

5. THE BCFW MAP AND THE BCFW PRODUCT

In this section we define the BCFW map on nonnegative Grassmannians, and define the closely
related BCFW product on positroid cells in terms of plabic graphs. We will use these to define
BCFW cells in Section 10. We will later see that the BCFW product is closely related to product
promotion (see for example Definition 7.1, Theorem 7.15, and Theorem 11.3.)

Notation 5.1. Fix 1 < a < b < ¢ < d < n such that a,b and c¢,d,n are consecutive, and
let N, = {1,...,a,b,n} and Nr = {b,...,¢,d,n}, as in Notation 4.1. Also fix k¥ < n and two
nonnegative integers k;, < |Nz| and kr < |Npg| such that k + kr +1 = k.

Definition 5.2 (BCFW Map). Using Notation 5.1, the BCFW map is the rational map

. Q20 >0 >0 >0
e Gri X Grig x Grp o --» Gri,

where (A,[a: 8 :7:0:¢€],B) is mapped to the (row span of the) k x n matrix (x) in Figure 10.
Here [a: 3 :v: 0 : €] denote the positive homogeneous coordinates of a point in Grig C RP%.

Remark 5.3.

(1) The definition of the BCFW map tq depends on the choices of a,c,n, etc. in Notation 5.1.
Such choice will always be fixed in advance and, if it is clear, we will not mention it.

(2) The rowspan of (%) depends only on the values of «a,f3,7,d,¢ up to simultaneous rescaling.
Similarly, it only depends on the rowspans of A and B rather than the specific matrices.
Additionally, for generic inputs the rank of (x) is k. Therefore the map i is well defined.
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A B

Al A2 e Aa AbAn Bb st Bc Bd Bn

AjAq| - |ALIA 0 (“1)ketid,
) a|B |- |0 |1k (pie
0 By--+| B, | By | Ba
12 ... a b .- c d n

F1cure 10. The image of (A,[a: 5 :7v:0 : €], B) under the BCFW map v. Here,
Al = A+ %Ab, B!, := By + an, B, := B. + {BJ, and in a standard abuse of
notation we identify the matrix (%) with its rowspan.

(3) The numbers ky, or kg may be zero. If e.g. k, = 0 then Gry, n, is a point and Ais a 0x (a+2)
matrix. The matrix (x) is (kr + 1) x n and the columns 1,...,a — 1 are zero columns.

(4) In the special case that k;, = 0 and a = 1, and hence N = {a,b,n}, we call 1 the upper
BCFW map. We omit the first argument and write

. >0 >0 o >0
wa @ Grig x Gry, n. - Grp, .

(5) For any set of indices N C [n] ordered according to the usual order on integers, the definition
of ¢ naturally extends to the setting of Grf(}v rather than Gr,f?l. We replace 1 and n in the
definition with the smallest and largest elements of N, respectively.

We now introduce an operation on positroid cells we call BCFW product, fixing notation as in
Notation 5.1. We will define the operation in terms of plabic graphs, see Appendix A.

Definition 5.4 (BCFW product). Let G1,Gr be plabic graphs of respective ranks kr,kr on
Ny, Ng as in Notation 5.1, let Py, Pr be their corresponding positroids and Sy, Sg their corresponding
positroid cells. The BOFW product of G and G, denoted G, <1 GR, is the plabic graph in the
right-hand side of Figure 11. We also denote by Pr, <1 Pr and Sy, <1 Si the positroid and positroid
cell corresponding to G, <1 G, and we call these the BCFW products of Pr,Pr and Sr,, Sg.

The notation i is intended to echo the “butterfly” connecting G, Gr in the right-hand side of
Figure 11. While we overload this notation, it will always be clear from context what kind of object
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FIGURE 11. The BCFW product G, >t Gg of plabic graphs G, and Gpg.

it denotes. Note that whenever we apply a BCEFW product, we will assume that the cells Sz, and
Sk use index sets Ny, and Ny as in Notation 5.1.

We will show the BCFW map on a pair of positroid cells gives their BCFW product, under
appropriate assumptions. First, we need a definition.

Definition 5.5. Let V' € Gry y. A subset J C N is coindependent® for V if V has a nonzero Pliicker
coordinate (I)y, such that I N J = (). By convention, if k = 0 then all subsets are coindependent
for V. If S C Gryy, then J is coindependent for S if J is coindependent for all V € S.

Remark 5.6. By Proposition A.7 and Theorem A.10, J is coindependent for a cell S if and only
if every plabic graph G for S has a perfect orientation where all boundary vertices in J are sinks.
Notation 5.7 (Coindependence). We use Notation 5.1 and fix positroid cells S;, C Gr,io Ny and
Sr C Gr,ig Ny, Such that {a,b,n} is coindependent for Sy, and {b,c,d,n} is coindependent for Sg.

We will prove Proposition 5.8 (1) below, and defer the proof of (2) to Proposition 10.2.

Proposition 5.8. Fix Sp,Sr as in Notation 5.7. Then we have the following:
(1) The map 1 is well-defined on Sy x Gri% x Sgr and its image is Sp <1 Sg.
(2) The map 1 is injective on Sy, X Gri% X SRg, and hence we have an isomorphism

g - SL X Gri% XSR l> SL > SR.
It follows that dim(Sy, <1 Sg) = dim Sp, + dim Sg + 4.

We note that when k;, = 0 and a = 1 above, {a,b,n} is coindependent for Sy, so this proposition
covers the case that ¢ is the upper BCFW map.

Proof. We first show that iy, is well-defined on Sy, x Gri% xSk and that the image is Sy, > Sg.

Choose reduced plabic graphs G, G for Sy, Sg. The coindependence assumption plus Remark 5.6
implies that G, respectively Gr, has a perfect orientation Or, respectively Og, where {a,b,n},
respectively {b,c,d,n}, are sinks. We may assume that both Op and Op are acyclic using the
coindependence assumption and Lemma A.8. Now, orient the edges of G, <1 G according to Op,
Or and orient all other edges according to Figure 12.

5This name comes from matroid theory. The nonzero Pliicker coordinates of V' determine a matroid M. The subset
J is coindependent for V exactly when J is independent in the matroid dual to M.
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+1

Ficure 12. The perfect orientation and edge weighting of G, <t G used in the
proof of Proposition 5.8. All weights are positive, and edge weights of 1 are omitted.

This gives a perfect orientation of Gy <1 Gr whose sources are a together with the sources of
O, and Og. Thus Sp <t Sg is rank k =1+ kg, + kg.

Now, we will analyze the path matrix of G, > G (cf Definition A.9) and show that one can
perform invertible row operations to obtain precisely the matrix (x) of Figure 10. First, by using
gauge transformations (cf Lemma A.11) of the 10 internal black/white vertices shown in Figure 12,
as well as the seven internal vertices of Gy, and Gr which are incident to the boundary vertices
{a,b,n} of G, and {b,c,d,n} of Gr, we can assume that the 21 oriented edges in Figure 12 are
weighted as in the figure, where edge weights of 1 are omitted.

Now, let A, B be path matrices of G, Gr with respect to the perfect orientations O, Og. Note
that A, B represent elements of S7,Sr. By inspection of the paths in Figure 12, the path matrix
of G L X G R 1S

Ay o Apr 0 —tA, 0 - 0 (=DFRTlyewA! (—1D)kErRFlypAl (—1)krFLAN
o --- 0 1 t o --- 0 (—1)Fryvw (—1)Fryw (—1)kry
0 -+ -« 0 By, By -+ Be, B! B, B,
where

A, :=Aq+ 1Ay, Bj:=By+vB,, B.,:=DB.+wBj A,=A,+ud,,
and the “middle” row is indexed by the source a. By adding a suitable multiple of the row indexed
by a to the rows above, one obtains a full-rank matrix of the form

Ay - Ag AL A, 0 -0 0 0 (—1)krtlA,
(19) 0O - 0 1 ¢t 0 - 0 (=DFuwvw (=1)Fruv  (=1)Fry
o --- 0 By Bpy1 -+ Be Bé Bél B,

Setting t = g, u==<v= g, w = ¥ and rescaling the row indexed by a by « in (19) gives a full-rank
matrix exactly of the form (*) in Figure 10. Thus, ¢ is well-defined on (A, [a: f:v:d: €], B) and
lsq sends this triple to the rowspan of the matrix in (19) with the variable substitutions mentioned
above. The rowspan of (19) lies in Sp b Sk for any positive parameter values. This shows that
lsq is well-defined on Sy, Grig xSk and that 1yq(SL % Grig X Sgr) C St > Sk. To see the reverse

inclusion, note that varying [ : §: d : v : €] and the values of the weights in A, B is the same as
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F1cURE 13. Applying inverse T-duality twice to G, <1 G gives the BCFW bridge
recurrence in ‘momentum space’ [AHBC'16, Equation (2.26)]. We use the notation
G for the inverse T-dual of G. Left: G >1 Gg; center: application of inverse T
duality to G, <1 Gg; right: application of inverse T duality twice to G, <t Gr.

varying the values of the weights on G, <t G, and so the matrices in (19) will vary over all points
in S L X S R-

The statement that ¢ is injective on S, x Grig X SR is Proposition 10.2.

The dimension of Sy, x Grig XSk is dim S;, 4+ dim Sg + 4 and S, <1 Sk is the image of this set
under a bijective map, so has the same dimension. ]

Remark 5.9 (BCFW map and product in physics). An analogous matrix representation of the
BCFW map ¢ (as in Figure 10) appeared in [Boul0O, Equation (3.6)]. The first appearance of the
“butterfly” plabic graph from Figure 11 is in [BH15, Equation (3.3)]. Note that the “butterfly”
plabic graph G <1 Gpg is related to the BCFW bridge recurrence in momentum space (see
[AHBC'16, Equation (2.26)]) by two applications of the inverse T-duality operation on plabic
graphs (see [PSBW23, Definition 8.7, Remark 8.9]). See Figure 13 for an illustration.

6. STANDARD AND GENERAL BCFW CELLS

In this section we define the standard and general BCFW cells. We then introduce chord diagrams
(cf. Definition 6.7) and recipes (cf. Definition 6.16), which label standard and general BCFW cells
respectively. Finally, we define the BCFW matrixz for each BCFW cell, a convenient representative
matrix, and use it to show that BCFW cells in Gr,fgl are 4k-dimensional.

First, we define BCFW cells. Recall the dihedral group action on Gr,f(; from Definition 2.3. We
refer to the following collection of cells as general BCFW cells, or Simplif as BCFW cells.

Definition 6.1 (General BCEW cells). The set of general BOCFW cells is defined recursively:
(Base case) For k = 0, the trivial cell Grg}, is a general BCFW cell.

(Insert zero) If S is a general BCFW cell, then so is any cell obtained by inserting a zero column.
(Cyclic shift + reflect) If S is a general BCFW cell, then so is any cyclic shift or reflection of S.
(

Product) Fix the quantities in Notation 5.1. If S7 and Sk are general BCFW cells on Ny, and
Npg, then so is their BCFW product S, < Sg.



CLUSTER ALGEBRAS AND TILINGS FOR THE m =4 AMPLITUHEDRON 29

FIGURE 14.  Standard BCFW cells (left) and general BCFW cells (right) in Grf(;l,
where the ... denote black lollipops in the remaining indices.

Remark 6.2. By Corollary 10.7, general BCFW cells satisfy the coindependence assumptions of
Proposition 5.8. Thus, taking the BCFW product of two BCFW cells is the same as applying the
BCFW map to them. So the “(Product)” step in Definition 6.1 could be equivalently stated as: if
Sp, and Sk are general BCFW cells, then so is uq(SL x Grys xSr).

The standard BCFW cells, which we define below, are a particularly nice subset of BCFW cells.
The images of the standard BCFW cells yield a tiling of the amplituhedron [ELT21].

Definition 6.3 (Standard BCFW cells). Standard BCFW cells are defined recursively as follows.
(Base case) For k = 0, the trivial cell Grg, is a standard BCFW cell.

(Insert zero’) If S is a standard BCFW cell, then so is the cell obtained by inserting a zero column
in the penultimate position.

(Product) Fix Notation 5.1. If Sz, and Sgr are standard BCFW cells on N;, and Ng, then their
BCFW product Sy, <1 Sg is a standard BCFW cell.

Remark 6.4. The standard BCFW cells defined here are the same as those in [KWZ20, ELT21],
though Definition 6.3 uses different terminology than those two papers. Indeed, [KWZ20] obtains
standard BCFW cells by applying the “BCFW bridge recurrence in momentum space” (see Figure 13,
right), then applying T-duality twice. This is the same as repeatedly applying the BCFW product.
[KWZ20] also gives an explicit construction of standard BCFW cells in terms of pairs of noncrossing
lattice paths, while [ELT21] gives an explicit construction of standard BCFW cells in terms of chord
diagrams, and shows that the two constructions agree [ELT21, Proposition 2.28|.

Example 6.5. For k = 1, the BCFW cells in Grf(; are indexed by the elements of ([’g]). For
I ={a,b,c,de} € ([g]), the corresponding BCFW cell consists of points with Pliicker coordinates
(a), (b), (c), (d), {e) > 0 and all others zero. The plabic graph has a 5-valent white vertex adjacent to
boundary vertices a, b, c,d, e and all other vertices are black lollipops, see Figure 14. The standard
BCFW cells for £ = 1 are only those where a,b and ¢, d are consecutive and e = n. For k =n — 4,
the totally positive Grassmannian Griﬂ&n is the only BCFW cell. It can be obtained from the
point Gra 91 by repeatedly applying the upper BCFW map.

Remark 6.6. It follows from the above definition that if £ > 0 then k¥ < n — 4 for a BCFW cell
in Gr7°. Hence, when one generates a BCFW cell with the (Product) step, kg < |Ng| — 4 and
kr < rflax((), |INL| —4). In terms of Notation 5.1, k;, < a—2 and kg < ¢—b— 1, with the additional
possibility that kr = 0 and a = 1, which is the case of the upper BCFW map.
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D = {(3,4,5,6),(5,6,8,9),(1,2,8,9),(10,11,12,13), (9, 10,12,13),(8,9,13,14)}
FiGURE 15. A chord diagram D with & = 6 chords n = 15 markers.

6.1. Standard BCFW cells from chord diagrams. In this section we introduce chord diagrams,
and show how each gives an algorithm for constructing a standard BCFW cell. In Section 6.2 we
then give a generalization of this algorithm, called a recipe, for constructing a general BCFW cell.

Definition 6.7 (Chord diagram [ELT21]). Let k,n € N. A chord diagram D € CD,,, is a set of
k quadruples named chords, of integers in the set {1,...,n} named markers, of the following form:

D = {(al,bl,cl,dl), RN (ak,bk,ck,dk)} where b, =a;,+1and d; =¢; +1

such that every chord D; = (a;, b, ¢;,d;) € D satisfies 1 < a; < b; < ¢ < di < n—1and no
two chords D;, D; € D satisfy a; = ajora; < a; < ¢; < c¢;.

It follows from this definition that the number of different chord diagrams with n markers and
k chords is the Narayana number N(n — 3,k + 1): [CDp x| = ﬁ(";l) (”;3) As we explain
in Definition 6.12 below, each chord diagram gives rise to a standard BCFW cell by encoding a
sequence of BCFW products and penultimate zero column insertions.

See Figure 15, where we visualize such a chord diagram D in the plane as a horizontal line with n
markers labeled {1, ...,n} from left to right, and k nonintersecting chords above it, whose start and
end lie in the segments (a;, b;) and (¢;, d;) respectively. The definition imposes restrictions on the
chords: they cannot start before 1, end after n—1, or start or end on a marker. Two chords cannot
start in the same segment (s, s+ 1), and one chord cannot start and end in the same segment, nor

in adjacent segments. Two chord cannot cross. Pictorially, the forbidden configurations are:

f“vf*laﬁ& L, (1Y)

n—1n n—1mn i i+1 1 141 1—1 7 41 crossing

We say that a chord is a top chord if there is no chord above it, e.g. D3 and Dg in Figure 15. One
natural way to label the chords is by D1, ..., Dy such that for all 1 < j < k, D is the rightmost top
chord among the set of chords {D1,..., D;} as in Figure 15. This is equivalent to sorting the chords
according to their ends. The visualization of chord diagrams provides us with useful terminology,
which we illustrate in Figure 15. This terminology will primarily be used in Section 8.
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Definition 6.8 (Terminology for chords). A chord is a top chord if there is no chord above it, and
otherwise it is a descendant of the chords above it, called its ancestors, and in particular a child
of the chord immediately above it, which is called its parent. For example, D4 has parent Dj
and ancestors D5 and Dg. Two chords are siblings if they are either top chords or children of a
common parent; for example, Dy and Dy are siblings, and D3 and Dg are siblings. Two chords
are same-end if their ends occur in a common segment (e, e + 1), are head-to-tail if the first ends
in the segment where the second starts, and are sticky if their starts lie in consecutive segments
(s,s+ 1) and (s+1,s+2). For example, chords Dy and D3 are same-end, chords D; and Dy are
head-to-tail, and chords D5 and Dg are sticky.

Remark 6.9. The definition of a chord diagram naturally extends to general index sets with a
total order. Thus, we will sometimes work with a finite set of markers N C {1,...,n} rather
than {1,...,n}, and a set K of chord indices rather than {1,...,k}, and denote these diagrams by
CDn, k. We will always have that the largest marker is n € IV, the starts and ends of chords will be
consecutive pairs in N (and also N) and the rightmost top chord will be denoted by Dy = Dpax k-

Definition 6.10 (Left and right subdiagrams). Let D be a chord diagram in CDy g. A subdiagram
is obtained by restricting to a subset of the chords and a subset of the markers which contains both
these chords and the marker n. Let Dy = (a,b,c,d) be the rightmost top chord of D, where
1<a<b<c<d<n,and moreover a,b and ¢, d are consecutive in V.

In the case that d, n are consecutive as well we define Dy, the left subdiagram of D, on the markers
N ={1,2,...,a,b,n} and the right subdiagram Dr on Np = {b,...,c,d,n}. The subdiagram Dy,
contains all chords that are to the left of Dy, and Dy contains the descendants of Dy.

Example 6.11. For the chord diagram D in Figure 15, the rightmost top chord is Dg = (8,9, 13,14),
SO NL = {1, ce ,9, 15} and DL = {Dl, DQ, D3}, while NR = {9, ey 15} and DR = {D4, D5}

Definition 6.12 (Standard BCEFW cell from a chord diagram). Let D € CDy i be a chord diagram.
We recursively construct from D a standard BCFW cell Sp in Gri0 ~ as follows:

(1) If k£ =0, then the BCFW cell is the trivial cell Sp := Grgf}\,.
(2) Otherwise, let Dy, = (a, b, ¢, d) be the rightmost top chord of D and let p denote the penultimate
marker in N.

(a) If d # p, let D’ be the subdiagram on N \ {p} with the same chords as D, and let Sp be
the standard BCFW cell associated to D’. Then, we define Sp := pre, Spr, which denotes
the standard BCFW cell obtained from Sps by inserting a zero column in the penultimate
position p.

(b) If d = p, let S;, and Sk be the standard BCFW cells on Nj, and Np associated to the
left and right subdiagrams Dy and Dg of D. Then, we let Sp := Sy, 1 Sg, the standard
BCFW cell which is their BCFW product as in Definition 5.4.

Example 6.13. The standard BCFW cell Sp of the chord diagram D in Figure 15 is S; 1 Sg
where the chord subdiagrams Dy, Dg are as in Example 6.11. One can keep applying the recursive
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D ot Gp
(&
i R+ ‘(,
a b c d mon «
n
Sp = prepSD/ P
Dk
DL DR
T —
a b cdn
SD = SL > SR

FI1GURE 16. Recursive construction of a standard BCFW cell from a chord diagram
as in Definition 6.12. Top left (right): construction of D (Gp) from D’ (G') as in
(1a); bottom left (right) construction of D (Gp) from Dy, Dr (GL,GRr) as in (1b).

definition and obtain:

Sy = Gfo,{1,2,15} > ((Gro,{2,3,4,15} > Gfo,{4,5,6,15}) > Gro,{6,7,8,9,15})

Sr = prey (Gro,{g,lo,ls} > (GTO,{10,11,15} > GT07{11,12,13,15}))

Remark 6.14. It is not hard to see that every standard BCFW cell arises from a chord diagram.
Moreover two distinct chord diagrams give rise to different cells [ELT21]. Therefore every standard
BCFW cell arises from a unique chord diagram.

Remark 6.15. In Definition 6.12 we have taken care to work with chord diagrams on general index
sets IV, but in what follows we often slightly abuse notation and consider the index set [n], and the
extension to general index sets is implied.

6.2. General BCFW cells from recipes. In this section, we establish conventions for labeling
general BCFW cells. We also define BCFW matrices, which are distinguished representatives for
the elements of general BCFW cells, obtained by repeatedly applying prey, cyc, refl and ¢x.

Each general BCFW cell may be specified by a list of operations from Definition 6.1. The class
of general BCFW cells includes the standard BCFW cells, but is additionally closed under the
operations of cyclic shift, reflection, and inserting a zero column anywhere (see Definition 2.3), at
any stage of the recursive generation. Since any sequence of these operations can be expressed as
pre; followed by cyc” followed by refl® for some I,r, s, we can specify in a concise form which ones
take place after each BCFW product. We will record the generation of a BCFW cell using the
formalism of recipe in Definition 6.16, which will be convenient for the proofs to come.

Definition 6.16 (General BCFW cell from a recipe). A step-tuple on a finite index set N C N is
a 4-tuple
((aia bi7 Ci, di7 ni)a preyg,, CyCTi, reﬂSi)a
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1 2
2
12,~3 12,%\3
S oK)
5 4 5 4

((3,4,5,6,12), pre,)

3 \ 6

11
1 10

((67 77 87 97 11)7 prelO,lQ)

4

5,6,10,11,12), cyc?, refl
(( yet,

Ficgure 17. Illustration of building up a BCFW cell using the recipe t of
Example 6.17. Box ¢ shows the result after the first ¢ step-tuples. The result of
the step (aj, b;, ¢, dj, n;) is shown on the left in each box, and the results of the steps
prey,, cyc™ and refl® are shown on the right.

where I; C N such that n; is the largest element in N \ I;, a; < b; and ¢; < d; < n; are both
consecutive in N \ I;, 0 <r; < |N|, and s; € {0,1}. A step-tuple records a BCFW product of two
cells using indices (a;, b;, ¢;, d;, n;); then zero column insertions in positions [;; then applying the
cyclic shift r; times; and then applying reflection s; times. Note that some of these operations may
be the identity. Each operation in a step-tuple which is not the identity is called a step.

A recipe v on N is either the empty set (the trivial recipe on N), or a recipe tz, on Ny, followed
by a recipe tg on Ng followed by a step-tuple ((ax, by, cx, di, nx), prey, , cyc™, refl) on N, where
N = (N \ Ik) N {nk, R ,ak,bk} and Ni = (N \ Ik) N {bk, R ,Ck,dk,nk}. We let S, denote the
general BCFW cell on N obtained by applying the sequence of operations specified by v. If ¢
consists of k step-tuples, then S, C Grf’(}v.

Example 6.17. Consider the recipe t consisting of the following sequence of 4 step-tuples:
((3,4,5,6,12), prey), ((1,2,5,6,12), cyc?, refl)), ((6,7, 8,9, 11), preyg 12), ((5,6,10,11,12), cyc?, refl).
Figure 17 shows the plabic graph of the general BCFW cell S, obtained from t following Definition 6.16.
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Because our arguments are frequently recursive, we need some notation for the BCFW cells
obtained by deleting the final step of a recipe. We use the following notation throughout.

Notation 6.18. Let t be a recipe for a BCFW cell § € Gr]ff}v. Let FStep denote the final
step, which is either (ag, by, ¢k, di, nx), prey, , cyc or refl. If FStep # (ay, b, ¢k, di, ny), then we let p
denote the recipe obtained by replacing FStep with the identity. Note that Sy is again a BCE'W cell.
If FStep = (ag, bg, ¢k, di, k), let tr, and tr denote the recipes on Nz, and Ng as in Definition 6.16.
Then vy, tr are recipes for BCEFW cells Sy, C Gr,i)’NL and Sp C Gr,fgyNR and S = S, > Sg. Note
that to avoid clutter, we will usually use L, R as subscripts rather than writing S, , St,.

Remark 6.19. In contrast with the bijective correspondence between standard BCFW cells and
chord diagrams, multiple recipes could give rise to the same general BCFW cell. Even the sets of 5
indices that are involved in the BCFW products are not uniquely determined by the resulting cell.

We now construct a representative matrix for elements of a BCFW cell. We will use this matrix
in the next section to invert the Z-map on BCFW cells (see Definition 7.1 and Theorem 7.7).

Definition 6.20 (BCFW parameters and matrix). Let ¢t be a recipe on N for a BCFW cell S,. We
define the BCFW parameters C, and BCFW matriz M, of S, recursively. If v is the trivial recipe,
then C, = @ and M, is a 0 x N matrix. If FStep = (ag, by, ¢, di, n), then let Cr,Cr and My, Mg
be the BCFW parameters and matrices of Sy, Sg. The BCFW parameters and matrix of S, are

Ct = CLU{ak76k75k77k75k}UcR - {ai76i75i77i?€i}§:1
M. = tsq(Mp, o 2 B : Ok = Vi = €k, MR).

where in a slight abuse of notation, here ¢(. .. ) denotes the matrix (%) from Figure 10 rather than
its rowspan. If FStep € {prej, ,cyc,refl}, then we define C; := C, and M, := FStep(M,).

We can think of the BCFW parameters oy, 5i,7i,0i,&; (for 1 < i < k) as abstract variables,
but in Proposition 6.22, we will show that when they range over the positive real numbers, the
corresponding BCFW matrices sweep out the BCFW cell S..

In words, M, is precisely the matrix obtained by following the sequence of operations given
by t, and the BCFW parameters are exactly the 5k parameters used in the applications of ¢ as
in Definition 5.2. The entries of M, are rational functions of the BCFW parameters C. and may
depend on the recipe t chosen. Each row of the BCFW matrix is naturally indexed by a step-tuple
in v. We will frequently use ¢; € {«;, Bi, Vi, 0i,&:} (for 1 <i < k) to denote one BCFW parameter.

Example 6.21 (BCFW parameters and matrix). We build the BCFW matrix M, of the cell S,
from Example 6.17 in terms of the BCFW parameters {¢;}. We will denote (10,11, 12) as (A, B,C).
e (Step 1): after last step of the first step-tuple:

) 2 3 4 5 6 C
Mp”=(0 a1 Bi m 6 &)

e (Step 2): after the first step of the second step-tuple Mg) = 1pq(0, [ag : B2 = Y2 1 g @ €3], MS)):
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12 3 4 5 6 C

M@ <012 B 0 0 —7y2 —0d 62)
L / ’ )
0 0 a1 B 7 0 e

where: 8 = 61 + g—isl and 7| = 71+ $£0]. In Step 3 we apply cyc? and refl to Mg) and get Mf’).
e (Step 4): after the last step of the third step-tuple:
6 7 8 9 A B C

Mr= (a3 B3 73 65 0 e3 0)

e (Step 5): after the first step of the fourth step-tuple MO) = LM(ME)), [ag 2 Ba:ya:0q:eq], MR):

1 2 3 4 ) 6 7 8 9 A B C

-2 0 0 62 06,2 €9 0 0 0 0 0 (52

M(5) _ ’}/i 61 ap O —pu1 —e1 0 0 O 0 0 —53
0 0 0 0 QY 54 0 0 0 —Y4 —54 —&4

0 0 0 0 0 Qs ,33 Y3 (53 125 €3 0

where: of, = ag + %52, H1 = %51, and v3 = g—;‘eg. Finally, in order to get M., we apply cyc?

and refl to M©®).
We now show that allowing the BCFW parameters to vary in M, gives a parametrization of S;.

Proposition 6.22. Let v be a recipe for a BCFW cell S, with BCFW matriz M,. Then the map
(Gr7%)" — S
([ewi = Bii iz 0 si])le — M.

sending the collection of BCFW parameters to the BCFW matriz M, is a bijection, where as usual
we identify M, with its row span. In particular, Sy has dimension 4k.

Given a recipe t, the BCFW parameters C, of a point V' € S, are given (up to rescaling) by the
preimage of V under the bijection above.

Proof. We proceed by induction on the number of steps in t. The base case is when t is trivial,
and is trivially true. If FStep = prej ,cyc or refl, the proposition for S; easily follows from the
proposition for Sy. If FStep = (ax, by, ¢k, di, ni), then this follows from the inductive hypothesis on
S, Sk and Proposition 5.8, which we may apply because Corollary 10.7 shows that BCFW cells
always satisfy the coindependence assumptions of Notation 5.7. ([l

7. BCFW TILES AND CLUSTER ADJACENCY

In this section we prove that the (closures of the) images of BCFW cells are tiles, and then state
and prove the cluster adjacency theorem for general BCFW tiles. We note that our proof relies on
a few technical ingredients that we defer to later sections.
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7.1. BCFW tiles. Recall the definition of the amplituhedron map Z from Definition 2.10, where
Z e Matflf)k +m» and the definition of a tile from Definition 2.12. Our goal for this section is to use
the BCFW matrix and parameters to invert the amplituhedron map on the image Z° = Z(S;) of
each BCFW cell. Since Proposition 6.22 shows that BCFW cells in Grf’% have dimension 4k, this
will show that Z, is a tile.

The first step is to define one rational functionary for each BCFW parameter (; € C. where
¢ € {a,B,7,0,e}. The product promotion map ¥,. (Definition 4.2) plays an integral role. The
signs in the following definition are introduced such that each coordinate functionary is positive on
the corresponding open tile (see Theorem 7.7).

Recall from Definition 2.9 the degree deg; F' of a functionary F' in an index ¢, and the operations
refl”, cyc™™ on functionaries (cf. Definition 2.3, Remark 3.21).

Definition 7.1 (Coordinate functionaries of BCFW cells). Let S C Gr’, be a BCFW cell. For
each BCFW parameter (; € C; we define the coordinate functionary (;(Y') to be the function on
Gry, 144 given by the following recursive definition:

o If FStep = (ag, b, ¢k, di, ni), then we define
ap (V) = (=D (b e dim)  BE(Y) == (=1 (ag cp dp )

W) = Qanbedpne) (V) == —(arbpcrne)  €p(Y) == {ar bi ck di)),
and for ¢ # k

—1)5Wq e, (CH)(Y
Gy) = {( JVare (G)(Y) if the ¢th step-tuple is in {tL , where s = (kr+1) deg,, ¢F(Y).

Yayer (CzR)(Y) TR
refl refl* ¢ (Y)
o If FStep = ¢ cyc then (f(Y) := ¢ (=1)* cyc *¢P(Y) , where s’ = kdeg, (! (Y).
prey, G)

We define the twistor matriz M™(Y) be the matrix M, of Definition 6.20 where each BCFW
parameter (; is set to equal the coordinate functionary ¢f(Y'). Its entries are rational functionaries.

Example 7.2 (Coordinate functionaries). We will build recursively the coordinate functionaries
{CF(Y)} of the cell S; from Example 6.17. We will follow the same steps as in Example 6.21. We
will denote (10,11,12) as (A4, B,C) and {;(Y),5:(Y),7(Y),0:(Y),ei(Y)} as {¢i(Y)} for brevity.

e (Step 1): The coordinate functionaries {¢\"(Y)} are respectively:
(456CY),—((356C)),{(346C),—((345C)), (3456)).
o (Step 2): The coordinate functionaries {¢{”(Y)} are respectively:
—{(256C),(156C),—(126C)),{(125C), —(1256)).
{Cf) (Y)} are obtained as C£2) = \11175(C£1)) and are respectively:

(34C1|56|12C)  (345|21|56C))
(456CY),—({(356C)), 1250 ,— [1256) ,{(3456)).
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e (Step 3): {Cf?’)(Y)} and {(53) (Y)} are obtained by performing cyc? and refl on the respective
coordinate functionaries of Step 2.
e (Step 4): The coordinate functionaries {C§4)(Y)} are respectively:

(789B)),—(689B)),{(679B),—(678B)),{(6789).
e (Step 5): The coordinate functionaries {CiS)(Y)} are respectively:
—(6ABC)),(bABC),—(56BC), (56 AC),—({(56 AB)).

{(§5) (Y)} are obtained as C?EE)) = Ws5,10( ;§4)) and are respectively:

(789 BA[56C) (689 BA|56C) (679|BAI56C) (6T8|BA[56C) .
564C) ° (564C) ° (B64C)  (s6Acy 0T

{C§5)(Y)} are obtained as g2(5) = \115710@;3)) and are respectively:

(14C|56| ABCY)
S Gane) o (1560), ~(4560), ~(1456), (145C).

{Cf)) (Y)} are obtained as (1(5) = W5 10( }3)) and are respectively:
(12C|56|ABC)) (13C|56|ABC)

G6BC) ' (BABC)
(ABC|56(23]1C|456) (123]45(12|56[ABCY) .,
T A56)(BABC) (45O (BABC) 2300

Finally, {¢f(Y)} are obtained by applying cyc*,refl on the coordinate functionaries of Step 5.
The twistor matrix M (Y) is obtained from the BCFW matrix M, in Example 6.21 by setting each

BCFW parameter (! equal to the corresponding coordinate functionary ¢f(Y’) computed above.

It is also convenient to define the following variant of the coordinate functionaries, which will be
cluster variables for Gry,. The definition is based on rescaled product promotion ¥ (Definition 4.8).

Definition 7.3 (Coordinate cluster variables of BCFW cells). Let S; C Gr7° be a BCFW cell.
For each BCFW parameter (; € C, the coordinate cluster variables (f is defined as follows:

e If FStep = (ag, b, ¢k, di, ni), then we define

07}; = <bk ¢ dy, nk> ,B;; = <CLk ¢ dy, nk>
’_)/]2 = <ak b d;. nk> Sltg = (ak bi. ci. nk) 8_2 = <ak br. i dk>,
, T, . (-
and for ¢ # k, ( = { k k(%%) if the ith step-tuple is in {tL
\Ilakck(ci ) R
refl refl* (¥

o If FStep = 1 cyc then (f := cyc* C_Zp

prer, Cf



38 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

We denote the set of coordinate cluster variables for S. by x(r). Note that x(t) depends on the
recipe t rather than just the BCFW cell.

Example 7.4 (Coordinate cluster variables). We will build recursively the coordinate cluster
variables {f{} of the cell S, from Example 6.17. We will follow the same steps as in Example 6.21
and Example 7.2. We will denote (10,11,12) as (A, B,C) and {a, B, %, 0, i} as {;} for brevity.

e (Step 1): The coordinate cluster variables {él)} are respectively:
(456C),(356C),(346C),(345C),(3456).
e (Step 2): The coordinate cluster variables {éz)} are respectively:
(256C),(156C),(126C),(125C),(1256).
{52)} are obtained as 5£2) = @175(59)) and are respectively:
(456C),(356C),(34C|56]12C),(345|21|56C), (3456).

e (Step 3): {és)} and {553)} are obtained by performing cyc? and refl on the respective coordinate
cluster variables of Step 2.
e (Step 4): The coordinate cluster variables {Q_“?EA‘)} are respectively:

(789 B), (689 B),(679B), (678 B), (6789).
e (Step 5): The coordinate cluster variables {Ef))} are respectively:
(6ABC),(5ABC),(56BC),(56 AC),(56 AB).
{5925)} are obtained as 5355) = @5710@?)) and are respectively:
(T89|BA|56C),(689|BA|56C),(679|BA|56C),(678 BA|56C),(6789).
{C_és)} are obtained as 555) = @5710(_2(3)) and are respectively:
(14C|56|ABC),(156C),(456C),(1456),(145C).
{5%5)} are obtained as C_£5) = @5710(é3)) and are respectively:
(12C|56|ABC),(13C|56|ABC),
(ABC|56]23|1C[456),(123|45|1C|56|ABC),(123C).
Finally, {f;} are obtained by applying cyc*, refl on the coordinate cluster variables of Step 5.

Remark 7.5 (Chain polynomials and beyond). In Theorem 8.4, we will show that coordinate
cluster variables for standard BCFW cells are always chain polynomials (cf. Definition 2.5).
However, this is not the case for general BCFW cells. To describe a specific example S. on
N ={1,...,C}, we start with the standard BCFW cell corresponding to the chord diagram

D" = ((3,7,8,9),(8,9,A,B),(1,2,A,B)) with N’ ={1,2,3,7,8,9,A,B,C}.

Using Theorem 8.4, we have 77" = (CAB|21]37|89|ABC). This variable is preserved after an
application of pre {4,6)- Then, after suitable reflections and rotations, we can apply upper promotion,
which in terms of the original indices of D’ takes place at (a,b,c,d,n) = (5,4,8,7,6). The above
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cluster variable promotes using the rule 7 — 7 — %8, and yields

7 = WY = (CAB|21|37|89|ABC)(4568) + (CAB|21[379)(8ABC)(4567).

This expression further expands to an irreducible quartic polynomial in Pliicker coordinates with
8 terms, which cannot be written as a chain polynomial.

Lemma 7.6. Let v be a recipe for a BCEW cell. Then the coordinate cluster variables x(t) are a
collection of compatible cluster variables for Gry,,.

Proof. We prove this by induction on the number of step-tuples in t. The base case is trivial. If the
final step is cyc, refl or pre;, the statement follows from the inductive hypothesis and Corollary 3.18
and Lemma 3.20, which assert that cyc™*,refl* and the inclusion map send cluster variables to
cluster variables and preserve compatibility. If the final step is (a,b,c,d,n), then the definition
of ¥ implies that x(t) consists of cluster variables for Gry,. To see compatibility, note that by
induction, x(tz) U x(vgr) is a set of compatible cluster variables for C[G/}\r47NL] X (C[(/}\m,NR]. By
Theorem 4.7 and the definition of ¥, applying ¥ to x(rz) LI x(tg) gives a collection of compatible
cluster variables for Gry,. Moreover, these cluster variables are compatible with the Pliicker
coordinates (abed), (aben), (abdn), (acdn), (bedn), which are all frozen in Fr(X;). This completes
the proof of the lemma. O

We now state one of our main theorems. It says that the amplituhedron map Z is injective on
each BCFW cell S;, giving an inverse map in terms of the coordinate functionaries. This shows
that Z. is a tile. Moreover, it describes each open tile Z; as a semi-algebraic set in Gry, j44. It will
be proved in Section 11.5..

Theorem 7.7 (General BCFW cells give tiles). Let Sy be a general BCFW cell with recipe v. Then

for all Z € Mati%M, Z is injective on Sy and thus Z, is a tile. In particular, given 'Y € Z(St), the

unique preimage of Y in S, is given by (the rowspan of) of the twistor matrix M™(Y'). Moreover,
Ze ={Y € Grypya : GG (Y) > 0 for all coordinate functionaries of Se}.
Theorem 7.7 allows us to make the following definition.

Definition 7.8 (BCFW tiles). A general (respectively, standard) BCFW tile Zg is the closure
Z(8S) of the image of a general (respectively, standard) BCFW cell S. If the BCFW cell has the
form S, (respectively, Sp) for a recipe t (respectively, chord diagram D), then we also denote the

corresponding tile by Z, (respectively, Zp).

Example 7.9. Given the cell S; C Gry,12 obtained by the recipe of Example 6.17, then Z. is a tile
for A124.4(Z). Moreover, Z7 is the region in Gryg where all the coordinate functionaries {¢f(Y")}
in Example 7.2 are positive.

Example 7.10. For k = 1, the amplituhedron A, 1 4(Z) is a cyclic polytope in P* whose vertices
are the n rows of Z. The k = 1 BCFW tiles are exactly the full-dimensional simplices whose
vertices are vertices of the cyclic polytope Ay 14(Z). In particular, the tile corresponding to the
BCFW cell on the right in Figure 14 is the simplex with vertices Z,, Zp, Z¢, Zq, Ze.
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n & 0 1 2 3 4 5 6 7 8 9
b 1 1

6 1| 6 1

7 1] 21 21 1

8 1] 56 176 516 1

9 1] 126 | 939 939 126 1

10 1| 252 | 3785 8690 3785 252 1

11 1] 462 | 12562 | 55847 55847 12562 462 1

12 1] 792 | 36102 | 279148 | 534258 | 279148 36102 792 1

13 1] 1287 | 92807 | 1158664 | 3795064 | 3795064 | 1158664 | 92807 | 1287 | 1
TABLE 1. Number of BCFW tiles of A, ;4(Z). For comparison, the standard

BCFW tiles of Ay344(Z) consists of 5292 out of the 3795064 general BCFW tiles.

Notation 7.11. Given a cluster variable z in Gry,, we will denote as x(Y') the functionary on
Gry, k44 obtained by identifying Pliicker coordinates () on Gry,, with twistor coordinates ((I)) on
Grp, j44, see Section 2.5. When it is clear from the context, we will talk about cluster variables and
the corresponding functionaries interchangeably.

Theorem 7.7 gives a description of each open BCFW tile as a semi-algebraic set in Gry, y44, cut
out by the positivity of the coordinate functionaries. Each coordinate functionary is a (signed)
Laurent monomial in the coordinate cluster variables, and vice versa. Using Theorem 7.7 and the
ingredients in its proof, we can obtain a description of the open tile using cluster variables.

Corollary 7.12 (Sign description for general BCFW tiles). Let Z, be a general BCFW tile. For
each element x of x(t), the functionary x(Y') has a definite sign s, on Z7 and

Ze ={Y € Grypya : sz2(Y) > 0 for all v € x(v)}.

Proof. Corollary 11.18 shows that for each element z of x(t), the functionary z(Y') has a definite
sign s, on Z7. This implies that Zg C {Y € Grypya @ sz 2(Y) > 0 for all z € x(v)}, so all that
remains is the reverse inclusion. By Theorem 7.7, Z¢ is the subset of Gry 14+4 where the coordinate
functionaries are positive, so it suffices to show that the coordinate functionaries are positive on
the points in the right hand set.

Suppose Y € Gry k44 satisfies s;z(Y) > 0 for all coordinate cluster variables. Comparing the
definition of the coordinate functionaries in Definition 7.1 to the definition of the coordinate cluster
variables in Definition 7.3, we see that each coordinate functionary is a signed Laurent monomial
in the coordinate cluster variables. Thus, the signs s, of the coordinate cluster variables imply that
each coordinate functionary ¢ also has a particular sign on Y. This sign must be positive, since
x(Y”’) has sign s, on any Y’ in the tile Z? and every coordinate functionary is positive on Y'. 0O

One may compute the signs s, in Corollary 7.12 recursively using Theorems 11.2 and 11.3
and Remark 9.34.
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Remark 7.13 (Relevance to physics). A connection between certain positroid cells in Grig and
cluster variables in Gry, was explored in [MSSV20, HL21]. The authors consider a positive
parametrisation of positroid cells using edge or face variables of an associated plabic graph. Then
by solving the ‘C'- z equations’, they express these variables as ratios of elements of C[Gryg,]. They
observe that most of the polynomials appearing are cluster variables for Gry, and are relevant for
the symbol alphabet of loop amplitudes in N' = 4 SYM. However, they also note that there are
polynomials which are not cluster variables. We observe that for a positroid cell S which gives a
tile Zg, solving the ‘C - z equations’ is equivalent to inverting the amplituhedron map Zon Zg. In
this section (see Definition 7.3, Theorem 7.7 and Corollary 7.12) we showed that, parametrising a
BCFW cell S, using BCFW parameters (; € C,, one may express all ; as ratios of cluster variables
in Gry,, (thought as functionaries in Gry xy4). Morover, changing the recipe v for a BCFW cell
may give a different set of cluster variables. It would be interested to explore the relevance of all
such cluster variables for the symbol alphabet and loop amplitudes.

Example 7.14 (Sign description of BCEFW tiles). Consider the tile Z; in A1244(Z), where t is the
recipe from Example 6.17. Then, Z¢ is the region in Gryg where all the coordinate cluster variables
{QT;} in Example 7.4 — thought as functionaries — have a certain definite sign. Note that their signs
is determined by the positivity of the coordinate functionaries in Example 7.2 (and vice-versa).

7.2. Cluster adjacency for BCFW tiles. Now we turn to cluster adjacency for general BCFW
tiles. Recall from Definition 2.14 the notion of a facet of Z,. We will use the following theorem (a
special case of Theorems 11.2 and 11.3) to find functionaries which vanish on facets of Z.. Recall
Notation 2.11 and the definition of product promotion ¥ from Definition 4.2.

Theorem 7.15. (1) Let S C Gr,f(;l be a positroid cell. Suppose that F' is a pure rational functionary
which vanishes on Zg for all Z. Then

F ZpreI S
cyc ™ F  wvanishes on { Zeoyes —, forall Z.
refl* F Zrefl S

(2) Let S, C Gry, n, and Sp C Gry, N, be positroid cells as in Notation 5.7. Let F be a pure
functionary with indices contained in Ny, (resp. Ng) which vanishes on Zg, (resp. Zs,) for
all Z. Then ¥ (F) vanishes on Zg, psy, for all Z.

Using Theorem 7.15 and Lemma 10.5, we can prove the following theorem.

Theorem 7.16 (Cluster adjacency for general BCFW tiles). Let Z, be a general BCFW tile of
A ka(Z). Each facet Zs of Z lies on a hypersurface cut out by a functionary Fs({(I))) such that
Fs((I)) € x(v). Thus {Fs((I)) : Zs a facet of Z.} consists of compatible cluster variables of Gry,.

Proof. Note that by Lemma 7.6, x(t) consists of compatible cluster variables for Grs,, (under the
usual identification of Pliicker coordinates and twistor coordinates). So the final sentence of the
theorem statement follows from the second sentence. To prove the second sentence, we will show
the following claim.

Claim: Let S C S; be a cell in the boundary of S;. Then for all Z, Zg lies in the vanishing locus
of an element of x(t).
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We prove the claim by induction on the number of steps in t. We will use the notation of
Notation 6.18. For the base case (k = 0 and v = (), there is nothing to prove. If FStep = prey,
then the map pre; is a stratification-preserving homeomorphism from Sip to S.. That is, any cell
in the boundary of S; is of the form pre;(S) for some S in the boundary of S,. By the inductive
hypothesis, there is some functionary F' € x(p) which vanishes on Zg for all Z. By Theorem 7.15,
F also vanishes on Z, s for all Z. By Definition 7.3, F'is also an element of x(t), so the claim
holds in this case. The arguments for FStep = cyc or FStep = refl are analogous.

If FStep = (a,b,¢,d,n), then by Lemma 10.5 the boundary of S; consists of (1) cells of the form
S} >a Sh where S C Sp,, S% C Sg, (S},5%) # (SL, Sr) and {a,b,n}, {b,c,d,n} are coindependent
for S} , Sk, respectively; and (2) cells for which some element of ({“’b’i’d’"}) fails to be coindependent.

Consider a cell S} > S, appearing in (1) and suppose S} # Sr. By the inductive hypothesis
on Sy, there is a functionary F € x(L) which vanishes on Zg, for all Z. By Theorem 7.15, the
promotion W(F) vanishes on Zg; s, for all Z. By Lemma 11.4, the twistor coordinates ((bedn)),
{(acdn)), {abdn)), (abcn)), (abcd)) are nonvanishing on Zgs g . So in fact the rescaled product
promotion W(F') vanishes on Zg) was, for all Z. By Definition 7.3, U(F) is also an element of x(t).
This proves the claim for boundary cells of the form 57 >a S where S7 # Si. An analogous
argument shows the claim for the boundary cells of the form Sy, > S%.

Now, let S be a cell in (2), and say I is an element of ({a”b’i’d’"}) which is not coindependent
for S. This means that every basis of S has nonempty intersection with I. Consider the twistor
coordinate ((I)). for all Z, every term in the sum (4) is equal to zero. So (()) vanishes on Zg for all
Z. By Definition 7.3, ((I) is in x(t) (it is one of the five twistor coordinates added). This concludes
the proof of the claim.

Now, the claim implies the theorem. Indeed, any facet of Z, is by definition Zg for some cell
S C S.. By the claim, Zg lies in the vanishing locus of an element of x(t) for any choice of Z. 0O

We believe that one can generalize Theorem 7.16 and Corollary 7.12 as follows.

Conjecture 7.17 (Cluster adjacency and positivity tests for tiles). Let Zg be a tile of the
amplituhedron Ay i m(Z).

(i) (Cluster adjacency): Then for each facet Zg of Zs:, there is a functionary Fs({(I))) which
vanishes on Zg, such that the collection

F ={Fs({I)) : Zs a facet of Zg'}

is a collection of compatible cluster variables for Gry, .
(i1) (Positivity test): Moreover for even m, given any extended cluster X for Gry, ,, containing F,
there are signs s, € {1,—1} for each x € X, such that

Zg ={Y € Gr jqm : 5z - 2(Y) >0 for all x € X},
where as in Notation 7.11, x(Y') is the functionary corresponding to the cluster variable x.

We will prove Conjecture 7.17 for standard BCFW tiles in Section 9 (see Theorem 9.11), and for
a non-BCFW tile (the ‘spurion’) in our companion paper [ELP*24] for the m = 4 amplituhedron.
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8. CLUSTER VARIABLES FOR STANDARD BCFW TILES

In this section, we focus on standard BCFW tiles Zp. We give explicit formulas for the coordinate
cluster variables x(D) (cf. Definition 7.3) in Theorem 8.4. We give explicit formulas for the sign of
each element of x(D) on the open tile Z7, in Proposition 8.10.

8.1. Domino Cluster Variables. We first rewrite Definition 7.3 in the standard BCFW case
using the combinatorics of chord diagrams. For a standard BCFW tile Zp, we call the coordinate
cluster variables domino cluster variables or simply domino variables. The terminology comes from
[KWZ20] and [ELT21], where some related variables were used for entries of matrices parametrizing
BCFW cells. The term “domino” was used for such variables, since the vectors and matrices tended
to have adjacent pairs of nonzero same-sign entries, such as «, § and ~, ¢ in Figure 10.

Definition 8.1 (Domino cluster variables). Let D be a chord diagram in CD, j, and let D} =
(a,b,c,d) denote the rightmost top chord, where 1 < a < b < ¢ < d < n, and moreover a,b and
¢, d are consecutive. We define the domino (cluster) variables x(D) = {@&;, Bi,%i,0:,8; | 1 <i < k}
recursively as follows, using the rescaled product promotion ¥ from Definition 4.8.

1. (Removing the penultimate marker) If d < n — 1, let D’ be the chord diagram on [n] \ {n — 1}
obtained from D by removing the marker n—1. For any chord D; of D, and for ¢c{a,B,7,6,&):

@D = C_j l
2. (Removing the rightmost top chord) Otherwise, if d =n — 1,
the domino variables of D are obtained from those of the left and right subdiagrams Dy, Dgr

(cf Definition 6.10) as follows.
e The domino variables associated to the top chord Dj, are given by the five Pliicker coordinates:

aP = (bedn) BP =(acdn) P =(abdn) 6P = (aben) P = (abcd)
e For ¢ € {@,f3,7,8,&},and for D' = Dy, or Dg, with D; € D', we define:

P = w(?).

We note that when the chord diagram D is understood, we will often use Ej to denote QTJD .

Remark 8.2. Suppose that the chord diagram D contains a chord D; = (b,b+1, ¢, d), i.e., a sticky
same-end child of the top chord Dj according to the terminology in Definition 6.8. Then by
Definition 4.8, BJ-DI = (bedn) = BJD = o‘sz. This implies that in any chord diagram D, if D, has a

sticky same-end child D;, then BJD = &}? .

Definition 8.1 gives rise to explicit formulas for the domino variables, see Theorem 8.4. These
formulas have different cases depending on whether certain chords are head-to-tail siblings, same-end
parent and child, or sticky parent and child, using the terms introduced in Definition 6.8. We use
the notation z’ := x — 1 and use the adjective “sticky” to mean “is a sticky child of some chord”.

Notation 8.3. Let D € CD,, be a chord diagram with chords (a1, b1,c1,d1),. .., (ak, bk, ck, di),
and consider any chord D; = (a;,b;,¢;,d;). We use the following notation for pieces of chain
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polynomials:
|...zy Sin) = |...zylbayaqy|cayday | be)ae) | c@)de) | - [bam) ) | ¢m) damy 1)
(nNizy...[ = (neen) dmy [ by agmy | -+ ey d@) [ be) a) [ ey day [bay aqy lzy - |,

where the chords D(l) = (a(l), b(l), c); d(l))7 RN D(m) = (a(m), b(m),C(m), d(m)) are the following
possibly-empty chain of ancestors of D;, ordered bottom to top: D(y) is the lowest ancestor of D;
that does not end in (z,y), and D, ) is the lowest ancestor of D, that does not end at (c(,), d)),
L.e. is not same-end with D).

We also set

—~ Sen if Dy is not sticky — n N¢ if Dy is not sticky
Sen = ; n’\y = :

—aj otherwise —ay otherwise

Theorem 8.4 (Domino cluster variables as chain polynomials). Let D € CD,,j, be a chord diagram
and use Notation 8.3. The domino cluster variables x(D) are given by the following chain polynomials:

a; = (bicid; /in)

_ Qa if D; has sticky same-end parent D,

Bi=1¢"

(a; c; d; /‘ n) otherwise

(n™\, ai bi|cidi|cjd;j /jn)y if D; has head-to-tail sibling Dj = (¢4, d;, ¢j,d;)
~ <n’\ apby|a;bi|cidy /i n) if D; has same-end parent D, and D; not sticky
e (n’\ b; a; a}) if D; has same-end parent D,, and D; sticky

(a; b; d; /‘ n) otherwise

51' = (aibici /‘Zn)
& = (a;bicid;)

Example 8.5 (Domino cluster variables). Using Theorem 8.4, the domino cluster variables x(D)
for the chord diagram D in Figure 15 are as follows. We will denote (10,11,12,13,14,15) as
(A,B,C,D,E,F). For the rightmost top chord Dg = (8,9, D, E):

ag=(IDEF) psg=@8DEF) A =(89EF) J0s=89DF) & =(89DE)

which is also immediate from Definition 8.1. The other top chord D3 = (1,2,8,9) follows the same
cases, except for 43 which is affected by its head-to-tail sibling Dg on the right:

az=(289F) [B3=(189F) A3=(F12|89|DEF) 3= (128F) &3=(1289)

The chord D5 = (9, A, C, D) is sticky. The variable a5 demonstrates the 5 arrow notation, while
Bs, s, 05 are affected by Djs being sticky, e.g. f5 = (9C D /s F) = (9C D (-8)) = (89C D).

a5 =(ACD|98|DEF) jB5=(89CD) 7~5=(89AD) 05=(89AC) & =(9ACD)
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Then, Dy = (A, B,C, D) is a sticky child of its same-end parent Ds, which shows the third case for
1= (n "5 braga)) = —(8,B,A,9), where n N\ 5 = —aj in this case as Dj is sticky:

ay=(BCD|98|DEF) fBi=as 1= (89AB) b&,=(9ABC) ¢&4=(ABCD)

Note that Dj is omitted from the chain denoted by 4 in a4 since it ends in (C, D).
The next chord Dy = (5,6,8,9) is a nonsticky child of its same-end parent D3, and hence
illustrates the second case for 7s:

As = (689F) [y=(589F) A= (F12|56|89F) 0= (568[21|89F) & = (5689)

Finally, for the chord D; = (3,4,5,6), the variable 7 is given by a cubic chain polynomial, as Dy
is head-to-tail with Dy and below Ds; moreover, (n ;| = (n’\1 | as D; is not sticky:

71 = (F N4 34]56(89 7 F) = (F89|21|34|56|89F)

and the remaining domino cluster variables are given by:

a1 =(456|21|89F) f1=(356[21|89F) 51 =(345|21|89F) g1 =(3456)
From Theorem 8.4, we can conclude the following corollary, which will be useful in proofs.

Corollary 8.6. Let D be a chord diagram on {1,...,c,d,n} as in Definition 8.1. Then each
domino cluster variable ¢ can be represented as a chain polynomial which satisfies the following
properties:
(1) If ¢ has degree 1, then d cannot appear without at least one of n and c.
(2) If ¢ has degree > 2, then

(a) n can only occur at the two end clauses: (n*x|...) or (... | % n).

(b) If d occurs in a clause so do both ¢ and n. Thus d occurs in an end clause.

We will prove Theorem 8.4 by induction on the number of chords, using the following key lemma.

Lemma 8.7. Let D € CD,, be a chord diagram, with rightmost top chord Dy, = (a,b,c,d) and
subdiagrams Dy, Dg as in Definition 6.10. Suppose the formulas in Theorem 8.4 and Corollary 8.6
hold for the domino variables (P for D' € {Dr, Dr}. Then the numerator of W,.(CP") is irreducible
and thus equals (P in all cases except
(1) if Dy has a same-end sticky child D;, then
~ =D =~ 5D
o) = T and () =
k €k

(2) if Dy has a sticky child D; which is not same end, then
~ 2D
akﬂi

€k

_ _D =
D'y _ ALY _ j
\II(ZC(/BZ' ) - (gk)ls 9 \I}(ZC( 1 ) - ?}:7

(8) if Dy has a sticky child D; and D; has a same-end
child Dj, then

» \Ijac(:YD/) =

)

ayyy
(&)

where s € {1,2} is the number of clauses of CP" where n appears without d.

\Ija0<'_)’]'D,> =
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Remark 8.8. In Lemma 8.7, we have that s = 2 in (2) if D; has a head-to-tail sibling which is not
same-end to Dy; and s = 2 in (3) if D;, D; are not same-end to Dj,.

Proof of Lemma 8.7. Recall from Definition 4.8 that the numerator v of W,.(CP") is equal to (P (a
cluster variable for C[Gry,,]) times a monomial in 77 = {ay, Bk, O, &} = {(bcdn), (acdn), (aben), (abed)}.
If U(CP") = ¢P, then U(P') has no denominator and is equal to v. Because (" is a cluster variable
for C[Gry N, | or C[Gry n,], by Lemma 3.20 it is also a cluster variable for C[Gry,]. Thus we have
v=__P.
So we restrict our attention to domino variables on which promotion is not the identity. We will
characterize when v factors, while matching up these cases with certain configurations of chords.
First, suppose D' = Dy, a chord diagram on {1,2,...,a,b,n}. We may assume that b appears
in some clause of (P’ without a, since otherwise promotion (in particular (12)) sends " to itself.
By Corollary 8.6, ¢P" = (ijbn) for some i < j < a. Applying (a2), we have
(ijn]ablcdn)
(acdn)
By Corollary 4.10, v is a cluster variable for Gry, and thus is irreducible.
Now, suppose that D’ = Dp, a chord diagram on {b,b+1, ..., ¢,d,n}. Notice that the substitution
(14) has an effect on ¢” " if and only if in some clause, d appears without ¢, which by Corollary 8.6,

(P = so v={(ijn|ab|cdn).

occurs if and only if ¢P" = (ijdn) for b < i < j < ¢. Applying (b2) we obtain

(nablij|cdn)
(abcn)

If i = b, v = —(nabj)({bcdn) = ai(abjn). Otherwise, by Corollary 4.10, v is a cluster variable

Y((ijdn)) =

and v = (nablij|cdn).

for Gry,,. Using Theorem 8.4, b= (bjdn) for j # c precisely when ¢ = 4; for D; a sticky and
same-end child of Dy. So the preceding paragraph gives the factorization for 7; in (1).

For all other ¢?’, promotion acts only by (13). We first consider the case of degree 1, when
CP" = (ijtn) for b < i < j < £ < d. Applying (b3) yields v = (ij¢|ba|cdn). If i = b, then
v = —(bjla)(bcdn) = (abjl)ay. Otherwise, v does not factor by Corollary 4.10.

Using Theorem 8.4, (P" = (bjln) for j < ¢ < d precisely when ¢ = §; for D; a sticky child of
Dy; ¢ = j3; for D; a sticky, not same-end child of Dy; ¢ = 4; for D; a sticky, not same-end child
of D;, with no head-to-tail sibling; and ¢ = 7; where D; has a sticky same-end parent D,, which is
a sticky child of Dy. So the preceding paragraph gives the factorization for §; in (1) and (2), the
factorization for 3; in (2), and some cases of the factorizations for 4; in (2) and (3). The remaining
cases for 4; in (2) is when D; is a sticky, not same-end child of Dy with a head-to-tail sibling; for
(3), it is when Dj; is a non-sticky same-end child of D,, which is a sticky child of Dj,.

Now we assume (P has degree at least 2, and that n appears in at least one clause without d
(otherwise by Corollary 8.6, promotion fixes (P'). Note that by Corollary 8.6, the index n only
appears in an end clause of (P', say |ijn) or (nij|. In this case, when we apply (13) to obtain the
numerator v of ¥(¢P") only, we replace |ijn) by |ij|ba|cdn) and replace (nij| by (ned|ba|ij|.
Note that if n appears in an end clause of v, d appears in the same clause.

We first show that (acdn), (abcn) do not divide v. Consider C' € Gry, such that columns
Ci,...,Cq_1 are zero vectors, columns Cy,...,C, give an element of GrZ?VR and C, = C,.
Clearly (acdn), (aben) vanish on C, so it suffices to show that v does not vanish on C. Notice
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that when evaluated on C, a chain polynomial (--- |ij|ba |cdn) simplifies to —(- - |ija)(bcdn) =
—(bcdn)(--- |ijn) and similarly (ncd|ba|ij| ---) simplifies to —(bcdn)(nij| ---). Applying this
observation to v, we obtain

v(C) = —(bedn)o - CP'(C) or v(C) = (bedn)? - CP'(C)

depending on whether one or both end clauses of (P’ are affected by (13). In either case, v(C)
does not vanish on C, since both factors are cluster variables for Gry n,, and thus do not vanish
when evaluated on Cy, ..., C,.

Now we show (abed) does not divide v. Let C' € Gry,y, be as in the last paragraph and let B
be the matrix obtained by replacing Cy; with C,, and C,, with —Cy. Since B, and By = C,, are
equal, (abed)p = 0. On the other hand, as we noted earlier, each end clause of v containing n also
contains d, so by Corollary 8.6, v(B) = v(C) # 0.

Claim 8.9. Suppose that ¢ as above has degree at least 2. Then (bedn) divides the numerator
v of lI/ac(C_D/) if and only if b and n appear together in the same clause of ¢’

We start with the forward direction of the claim. We assume that b and n do not appear together
in the same clause of ¢P'. We will again construct an element of the Grassmannian on which (bedn)
vanishes but v does not (which will imply that (bedn) does not divide v). Choose C € Grig such
that columns C1,...,C,_1 are zero vectors and columns Cy, ..., C, give an element of GrZ?a’m’n}.
Let B be the matrix obtained from C by replacing C} with C),. Then (bedn) vanishes on B, and
we have

v(B) = (acdn)CP' (B) or v(B) = (acdn)*CP'(B).

If b does not occur in ¢, then ¢P'(B) = ¢P'(C), which is positive, hence v(B) is non-vanishing.

If b does occur in (P, it must come from the first marker of a top chord in Dg. Recall we are
assuming b does not appear in a clause with n and ¢” " has degree at least 2. Using Theorem 8.4
and its notation, we may have b = a,,) in a string

Yyz /‘z n=:-- | b(m)a(m) ’ c(m)d(m)n) or n ,\z Yyz = (nc(m)d(m) ‘ b(m)a(m) | e

=D’ . . .
or we may have b as one of a;,a;, a, or a;). If b =a; or b= a, then ¢ D" is a Pliicker coordinate, so

!/

p and ¢ = #; for some

we need only consider the case where b = a(,,) as above, or b = a,orb=a
chord.

Case 1. Suppose b appears in ED/ = '_yiD/ as aj, in the notation of Theorem 8.4. Then we
must be in the second of the eight cases of 4: D; has a head-to-tail sibling D; = (u,v,w,x),
and D; is the sticky not same-end child of parent D, = (b,s,y,2), which is a top chord. So
P = (a;bb; | cid; | cjd; | aib| cpdpyn). Then v = (a;bb; | cid; | cjd;|aib|cyd,|ba|cdn) and on B it
simplifies to

v(B) = —(a;bb; | c;d; | cjd;jb){aicpdyb) (acdn) = (na;b; | ¢id; | ¢jdjn)c(aicpdyn)c(acdn)c.

The first factor is 7 " where D" consists of the chords beneath D,. In particular the first term
is positive on C, as are the other terms, so v(B) # 0.
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Case 2. Suppose b appears in (P = AP " as a;,. Then D; is a non-sticky same-end child of D,

and D), has a sticky parent Dy = (b, ay,, ¢q, dg) which may or may not be same end. Then

v = (apbby, | a;ib; | cid; |ba|cdn) or v = (apbby|aib;|cidi|ayb|cydy|balcdn)
depending on if D, is a same-end child or not. Evaluating on B we obtain
v(B) = —(nayby | a;b; | c;din)c(acdn)c  or  v(B) = (nayby | a;b; | cidm)c<a;chqn>c(acdn)c.

The first factor is 7 " where D" consists of the chords beneath D, so is positive on C. Therefore
v(B) # 0.

Case 3. Suppose b appears in ¢’ only as a(my in a string “yz 7 n” or “n N\ yz”. This means
that Dy has a top chord (b, f, g, h) which is an ancestor of the chord corresponding to ¢ D' After
applying (13), we see e.g.

v=/{_--|fblgh|ba|cdn) or v = (ncd|ba|gh|fb|---).
Evaluating on B, we see factorizations

v(B) = (---n)c(fghn)c{acdn) or v(B)= (ncda){nghf)c{n---)c.

or possibly both. The first and last factors above (or the “middle factor” if both factorizations
occur) are precisely the domino variable ¢ " where D" is the diagram of chords beneath (b, f, g, h).
Thus v(B) is nonzero.

Now, we show the backwards direction of Claim 8.9. Suppose that b and n appear in the same
clause of (P ', which has degree at least 2. Then using Theorem 8.4 and its notation, we must have
that ¢ = #;, where Dj is either a sticky child of Dj with a head-to-tail sibling to its right; or D;
is a non-sticky, same-end child of D, = (b, *, %, *), which is a sticky child of Dj. It is immediate
that v has a factor of ay, and the polynomial v/ay agrees with the formula in Theorem 8.4 for "yiD .
We have already shown that polynomials of this form are not divisible by (bcdn) in Cases 1 and 2
above. This completes the proof of the factorization of W(3”') in the remaining cases in (2), (3).

O

Proof of Theorem 8.4. We proceed by induction on the size of the marker set. The base case, with
three markers, is trivial as there are no chords.

Let Dy = (a,b,c,d) be the rightmost top chord of D. First, suppose d < n — 1. As in
Definition 8.1, let D’ be the chord diagram on N’ = {1,...,n — 2,n} obtained from D by erasing
the marker n — 1. In this case, by definition EJD = @D " for all domino variables. Further, all the
formulas for ElD in the statement of Theorem 8.4 are identical to those for D’, which hold by the
inductive hypothesis. Hence, the theorem holds for D.

Now suppose d = n — 1. It is immediate from the definition that Theorem 8.4 holds for the
domino variables ay, Bk, Jk, Ok, & indexed by the top chord. So we turn to the remaining domino
variables (P. Let Dy, Dg be as in Definition 6.10. By the inductive hypothesis, Theorem 8.4 and
Corollary 8.6 hold for Dy, and Dpg, and so in particular, we may apply Lemma 8.7 to D.

Consider a domino variable EJD where the chord Dj is in Dy. By definition, Q_JD = @ac(fjp L.
By Corollary 8.6, ¥, fixes EJDL, and thus C_jD = C_JDL, unless EJDL = (xybn) for x < y < a. Using
Theorem 8.4 for Dy, the latter equality occurs only if D; = (x,y,a,b) is a top (rightmost) chord
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of Dy, and ¢ = #; in this case, *’yJD = (nxy | ab | cdn) by direct calculation (Lemma 8.7 ensures there
is no factorization).

On the other hand, the statement of Theorem 8.4 gives the same formula for EJD and @DL for
all variables except 7; where D; = (z,y,a,b) is a top chord. This is because the ancestors and
descendants of D; are the same in Dy, and in D for all D; in Dy, and the siblings of D; are the
same in both chord diagrams unless Dj is a sibling of Dy. Now,if D; = (x,y,a,b) is a top chord,
then the formula in Theorem 8.4 for "yJD is (zyn|ab|cdn), which agrees with the formula in the
above paragraph. So by induction (and direct calculation), Theorem 8.4 holds for Q_“JD .

We now turn to domino variables ;D where D; is in Dgr. Suppose first that W, fixes QTJD R and
thus @D = ffR. Using Corollary 8.6, this means that either (1) the clauses of ( jD £ containing n

also contain ¢, d; or (2) QDR is a Pliicker coordinate which avoids d,n; or (3) éjDR = (x ycd
with x,y < ¢. In case (1), by Theorem 8.4, the clause |cdn) in @DR is there because D; ends at
¢, d or an ancestor of D; ends at ¢, d and contributes to ; or ;. This implies that Dj, will not

contribute to ;. So Theorem 8.4 gives the same formulas for QTJD and QTJ-DR in the former case and

thus Theorem 8.4 holds by induction for these domino variables. In cases (2) and (3), ¢ ]D R is equal
to &; or Dj is a sticky child of some chord, and the formulas of Theorem 8.4 are again the same for
QTJD ® and EJD .

If U, does not fix fj)R, then either EJDR = (zydn) or an end clause of C_JDR contains n but not
c or d. In the first case, the fourth paragraph of Lemma 8.7’s proof gives EJD in various cases,
which direct comparison shows is equal to the formula given in Theorem 8.4. In the second case,
the numerator of \I/aC(C_jDR) is obtained from C_JDR by (11), which changes |xyn) to |zy|ba|cdn).
If this numerator does not factor, then it is equal to EJD . The change |zyn) — |zy|ba|cdn) is
exactly the effect of adding Dy, to the chain of ancestors contributing to *; and ™ ;, which is the
only difference in the formulas in Theorem 8.4 for ¢ jD R and ¢ jD . If the numerator of W,.(C ]D 7) does
factor, then @D is computed in the proof of Lemma 8.7, and direct comparison shows that this is
the same as the formula in Theorem 8.4.

0

8.2. Signs of domino variables on tiles. Corollary 7.12 asserts that for each coordinate cluster
variable x € x(t), the corresponding functionary x(Y) has a fixed sign on the general BCFW tile
Z¢. For standard BCFW tiles, we give here an explicit combinatorial rule for this sign.
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Proposition 8.10. Let D € CD, ) be a chord diagram. The domino variables x(D) have the
following fized signs on Z}:

sgn(@i(Y)) _ (_1)after(D¢)+1

(B () (—1)after(Di)’nonStiCkY(Di) if D; is not a sticky same-end child

sgnipo; =

& sgn(ay,(Y)) if D; is a sticky same-end child of D,
(—1)after(D")'StiCkY(Di) if D; has a right head-to-tail sibling

Sgn(ﬁl(Y)) — (_1)after(D,-)-sticky(Dz-)+after(Dp)~stiCky(Dp)+1 Zf D; is a same-end child Of Dp

(_ 1)after(D,-)-nonsticky(D,-)—&-below(Di)-i-l otherwise

SgH(SZ(Y)) — (_1)after(Di)-nonsticky(Di)erelow(Di)
sgn(&(Y)) = +1,
where
after(D;) = [{j : @i < a;}| is the number of chords starting to the right of D; including D;
below(D;) = [{j:a; < a; < c¢; < ¢} is the number of chords below D;
sticky(D;) = |{j :a; =a; —1}| is 1 if D; is a sticky child of another chord and 0 otherwise
nonsticky(D;) = 1 — sticky(D;).
Example 8.11 (Signs of domino variables). Let Zp be the tile corresponding to the chord diagram D
in Figure 15. The following A domino variables are negative on Z7):
ag, ag, as = Bu, B1, Bo, Y2, 01, 95, Jg.
The remaining domino variables are positive on Z7,.
Proposition 8.10 can be deduced from the recursive definition of the domino variables (cf.

Definition 8.1), the factorizations in Lemma 8.7, and the following lemma detailing how signs
of domino variables on tiles change after a BCFW step.

Lemma 8.12. Using Notation 5.1, let S, C Gr,io N, and Sp C Gr]ig Nr be BCFW cells with chord
diagrams Dp,Dg. Let F € x(Dpr) (resp. F' € x(Dgr)). If F has sign s € {£1} on Z} (resp. Z%)
for all Z, then

(=1)" -5 Uue(F) >0 (resp. s-Wqe(F) > 0)
on Z3 s, for all Z, where r = (kg + 1) deg,, . Moreover, the twistors

(=D (bedn)), (=12 1 (acdn), (abdn), —{aben), (abed) are positive on Zg for all Z.
Lemma 8.12 follows from Lemma 11.4, Theorem 11.3 and Corollary 11.18, applied to standard
BCFW cells.
9. THE CLUSTER ALCEBRA OF A STANDARD BCFW TILE

In this section we explicitly describe a cluster algebra A(Xp) associated to a standard BCFW
tile Zp. We show that each cluster variable is a regular function on the Grassmannian and has
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a fixed sign on the tile. Moreover, we give many descriptions of each open BCFW tile Z% as a
semialgebraic set in Gry 44 using cluster variables in any fixed extended cluster of A(Xp).

Finally, we give an algorithm for constructing the quiver associated to each tile Zp. A useful
tool in our proof is the notion of a signed seed of a cluster algebra, see Definition 9.22, together
with the fact that the property of being a signed seed is preserved under mutation.

9.1. The seed of a standard BCFW tile. We will inductively construct a cluster from a chord
diagram D, by repeatedly removing either the penultimate marker or the rightmost top chord Dy.
In the latter case, we build our cluster based on those of the left and right subdiagrams of D.

Recall that in Definition 8.1 we associated a set x(D) of domino cluster variables to each chord
diagram D. The following result, which is a consequence of Theorem 4.7, enlarges the set x(D) to
an extended cluster X(D) for Gry . By Theorem 3.8, there is a unique seed >p for Gry,, whose
extended cluster is X(D).

Theorem 9.1 (Extended cluster for a standard BCFW tile). Let D be a chord diagram in CDy, 1,
and let Dy = (ag, by, ck,dy) denote the rightmost top chord, where 1 < ap < by < ¢ < d < n,
where ay, by, and ¢, d;, are consecutive.

We inductively construct an extended cluster X(D) for Gra,,, with frozen variables fi, ..., fn, as:

1. (Base case) If n = 4 then X(D) consists of the single Pliicker coordinate fi = (1234).

2. (Remove penultimate marker) If d < n—1, then let D’ be the chord diagram on {1,2,...,n—2,n}
obtained from D by removing the marker n — 1. We let X(D) be X(D') together with the four
frozen variables in Gry, involving n — 1, that is,

X(D) =xX(D") U{fn-1, fn—3, fa—2s fa—1}-

3. (Remowve rightmost top chord) Otherwise, if d = n — 1, let Dy and Dpg be the left and right
subdiagrams as in Definition 6.10.
Recall that ¥ = W, denotes rescaled product promotion, as in Definition 4.8. We let X(D) be

X(D) = { Bk, Tw: Ok, €k} U W (X(DL) UX(DR)) U {fe; fa, fa—1},

the union of the new domino variables, the promotions of the old variables, and three frozen
variables in Gra,,. (We note that ay, will already be an element of V(X(Dg)).)

Then X(D) is the extended cluster of a unique seed Sp = (X(D),Qp) for the cluster algebra
structure on Gry,.

Remark 9.2. While Theorem 9.1 is stated for markers [n], it naturally extends to general index
sets, e.g. as the ones in Remark 6.9. It can also naturally be extended to general BCFW cells Z.
by applying cyc™™ or refl* for each cyc or refl step in the recipe t.

Remark 9.3. We note that in Case (3) of Theorem 9.1, if a = 1 and b = 2, then Dy, is the chord
diagram on 3 markers with no chords and

§<D) = {Bkvrykv 5]675]{} Uﬁ(§<DL) U §(l)R)> U {f67 fd7 fa—l} = {ka}’lw 5k7§k} UE(§<DR))7
because in this case, f. = B, fa = Ak, and fo_1 = fn = ¥((2,3,d,n)).
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We now focus on the domino variables; our goal will be to explicitly describe the arrows
connecting them in the quiver Qp of ¥p. We start by partitioning them into mutable and frozen
domino variables. Geometrically, the frozen domino variables correspond to facets of Zp.

Definition 9.4 (Mutable and frozen domino variables). Let D € CD, be a chord diagram,
corresponding to a standard BCFW tile Zp in A,, ;, 4. Let Mut(Zp) denote the following collection
of domino cluster variables, where 1 < i < k:

e a; where D; has a sticky child

B; where D; starts where another chord ends or D; has a same-end sticky parent.

e §; where D; has a same-end child.

e Z; where D; has a same-end child.
Let Froz(Zp) denote the complementary collection of domino cluster variables, that is:

e a; unless D; has a sticky child

e (3; unless D; starts where another chord ends or D; has a same-end sticky parent.
e 7; in all cases.

e §; unless D; has a same-end child.

e Z; unless D; has a same-end child.
Remark 9.5. Recall from Remark 8.2 that if D; has a same-end sticky parent D, then §3; = a,.

Example 9.6 (Mutable and frozen domino variables). Let Zp be the tile with the chord diagram D
from Figure 15 and domino variables as in Example 8.5. Among those, the mutable variables are:

a57 5‘67 BQ? 347 BG) 537 55) 537 Z'/T5 S MUt(ZD)

Hence Froz(Zp) consists of the remaining 21 domino variables. Note that as = 3; by Remark 8.2.

Theorem 9.7 (Frozen variables as facets). Let D € CD,, be a chord diagram, corresponding to
a standard BCFW tile Zp in Ay a(Z). Then for each cluster variable G € Froz(Zp), there is a
unique facet of Zp which lies in the zero locus of the functionary (;(Y). Moreover, for any Z, there
are no other facets of Zp.

Theorem 9.7 is proved in our companion paper [ELP124].
We next define arrows between the domino variables, then show that these are arrows in @ p.

Definition 9.8 (The seed ¥p of a BCFW tile Zp). Let D € CD,, ;, be a chord diagram, and Zp
the corresponding BCFW tile. Recall the definition of Mut(Zp) from Definition 9.4. We define a
seed $p = (X(D),Qp) (which will be a subseed of $p ¢f. Theorem 9.10) as follows. The extended
cluster X(D) is obtained from x(D) by freezing some variables; more specifically, the mutable
cluster variables of X(D) will be precisely Mut(Zp), and all other elements of x(D) are declared to
be frozen. To obtain the quiver ()p, we consider each chord D; in turn, check if it satisfies any of
the conditions in the table below, and if so, we draw the corresponding arrows.
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Condition

sticky child D;

Arrows

if same-end

Ej deeeeeeenes @

&j @

If D; has sticky same-end child D; then the dotted arrow from &; to & appears, along with the
usual arrows of the “sticky” and “same-end” cases. In view of Remark 8.2, in this case a; stands

also for Bj as they are equal.

Figure 15).

FIGURE 18. The seed Xp associated to the chord diagram D above (also in
The variables x(D) are as in Example 8.5. The mutable variables

Mut(Zp) are circled; the other variables are the frozen variables Froz(Zp). The
colors (red, green, blue) indicate the different cases of Definition 9.8.

Example 9.9 (Seed of a standard BCFW tile). The seed ¥p from Figure 18 is built from
Definition 9.8 by applying the rules for the following conditions. Head-to-tail left siblings: (i,7j) €
{(2,1),(6,3)}; same-end child: (i, 7) € {(3,2), (5,4)}; sticky child: (i,5) € {(6,5),(5,4)}.
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Theorem 9.10 and Theorem 9.11 are the main results of this section. They will be proved in
Section 9.3 and Section 9.4.

Theorem 9.10 (The seed of a standard BCFW tile is a subseed of a Gry,, seed). Let D € CD,, .
The seed Sp = (X(D),Qp) is obtained from the seed Sp = (X(D),Qp) for Gry, by freezing the
variables not in the set Mut(Zp) of Definition 9.8. Hence every cluster variable (respectively,
exchange relation) of A(Xp) is a cluster variable (resp., exchange relation) for Gry,,.

The following theorem characterizes the open BCFW tile Z7, in terms of any extended cluster
of A(¥p). It generalizes Corollary 7.12 for standard BCFW tiles.

Theorem 9.11 (Positivity tests for standard BCEW tiles). Let D € CD,, . Using Notation 7.11,
every cluster and frozen variable x in A(Xp) is such that (YY) has a definite sign sy € {1,—1}

on the open BCFW tile Z7,, where the signs of the domino variables are given by Proposition 8.10.
We have

Zp ={Y € Grypya : 55 - x(Y) > 0 for all z € x(D)}
={Y € Grypta: Sz -2(Y) >0 for all z € X(D)}
={Y € Grypt4 : Sg - x(Y) > 0 for all x in any fized extended cluster of A(Xp)}.

Example 9.12 (Positivity test for the standard BCFW tiles). For the tile Zp with chord diagram
D in Figure 18, we have:

Zp ={Y € Grg10 : sz - x(Y) > 0 for all x € x(D)},
with x(D) as in Example 8.5 and the respective signs s, as in Example 8.11.

The following lemma provides a description of exchange relations which is equivalent to the local
description given in Definition 9.8. Lemma 9.13 will be useful in the proof of Theorem 9.10.

Lemma 9.13. Let D € CD,, ;. The exchange relations of ¥ p are as follows.
R1. (Sticky) Suppose that D; is a chord with a sticky child D;. Then

aia; = (Bi)gj(ap) + a;(&),
where B; appears unless D; has a sticky same-end parent, &y is present only if D; has a sticky
parent D, and &; is present only if D; is same-end with D;.

|
i .
N %
072'65; = Bigj + o0 = ,Bigj + Qi€;
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R2. (Head-to-tail) Suppose that D; has a head-to-tail sibling D; on its left. Then
J i
BiBi = 7j + @d;
R3a. (Same end) Suppose that D; has a same-end child D;. Then
0:0; = 7;€i(3p) (Be) + 7i0; (%)

where Sp and &, are present only if D; has a same-end parent D, and B¢ is present only if D; has
a head- to tail sibling Dy to its m’ght

@@m

8i0; = ;& + 70, 60, = 7;&iBe + 7id; 8:0F = ,Ei0p + 7ibiEp
R3b. (Same end) Suppose that D; has a same-end child Dj. Then

£i€; = 0;(ai)(5p) + 6i85 (),
where &; is present only if D; is sticky to D;, &, is present only if D; has a same-end parent D,
and &, s present only if D; has a sticky parent D,,.

. i p
7 . :
7 K3 3
] i
J J J
= _ X < = = _ % = N R S = o _ § = = <=
€i€&; = (5]' + 51‘5]' i€ = 0504 + (51'6]' €i€; = 05&p + 0; j Ei€; = (53041-6;, + &; j

= 0;8p + 0i8j0 EiEl = diqiE, + 8iEj0y g =0+ 8igjay gi&l = d;au + 6igjay
Example 9.14. The exchange relations for X p in Figure 18 can be obtained from Lemma 9.13 as:
R1. i), (4,5) = (6,5) : agas = Becs + @5, RL. iv), (p,4,5) = (6,5,4) : a5as = BsEadis + AsEs.
R2, (i,j) = (2,1) : ByB2 = 7 + aady, R2, (i,5) = (6,3) : BsfBs = 73 + agls.
R3a ii), (i,7,0) = (3,2,6) : 0503 = V28306 + Y302, R3a i), (i,7) = (5,4) : 0505 = JaE3 + 7302
R3b i), (i,7) = (3,2) : 8483 = b2 + 0382, R3b viii), (p,4,7) = (6,5,4) : 585 = d4a5 + 658400.
See Example 9.16 for expressions of the primed variables and Example 8.5 for the non-primed ones.

9.2. Cluster variables obtained from >p by a single mutation. There are several ways to
show that the cluster variables in A(X(D)) are regular on Gry,. One way is to show that the
cluster variables obtained by any single mutation of the initial seed are regular functions on Gry,
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(then use the Starfish lemma [FWZa, Proposition 6.4.1]). We do this in Proposition 9.15, which
gives explicit formulas for these cluster variables as polynomials in Pliicker coordinates. We give a
second way in the proof of Theorem 9.10, which proves the stronger statement that each exchange
relation in A(X(D)) is in fact an exchange relation in the cluster structure for Gry,,.

Proposition 9.15. Let D € CD,, x, and let &, 8., 6!, &, be as in Lemma 9.13. Then:
R1. 5[; = (ai,bi + 1,Cj,dj>.
R2. ﬁ; = <aj,bj,b¢ /j n>

o ~ b dilas biles di A it D. not stick
R3a. Z) ﬁe,(;p’gp are not present: 5; _ {<az i z|l1J J|Cz i /lj n) if ' not sticky

N (a, aj,bj,d;) if Dj sticky
ii) By is present: 51’- = (n’\j ajbjlagbeleedy 4 m).
iii) bp, &p are present: 0; = (n™\, apbylc; di|bja; 7in).

R3b. &, = (a;,bj,ci, /in).

Example 9.16. The variables &/, 3/, 6/, £, in Proposition 9.15 for Figure 15 are as follows. See also

Example 9.14 for the corresponding exchange relations. We will denote (10,...,15) as (A,..., F).
R1. i), (i,5) = (6,5) : ag = (8AC D), RI1. iv), (p,i,j) = (6,5,4) : a5 = (9BC D).
For rule R2, we have the pairs (7, 7) € {(2,1), (6,3)}, which gives respectively:
B, = (346 7 F) = (346|21|89F), fs= (129 /3 F) = (129F).
R3a ii), (4,5,0) = (3,2,6) : 8}y = (FN,56/89|DE /¢ F) = (F89|65|89|D E F).
R3a i), (i,5) = (5,4) : 0f = (YA B D).
Finally, for rule R3b, we have the pairs (4, j) € {(3,2), (5,4)}, which gives respectively:
g, = (568 /3 F) = (568F), & =(ABC /5 F)=(ABC|98|DEF).

In the following proof, we will use the following identities:

Lemma 9.17. Let a,b,c,d,e,z,y,z € [n], then
i) (NN, bed) = —(bed A, n);
ii) (xyza)ylbede) = (xyzb){acde) — (xyzc)(abde) + (xyzd)(abce) — (xyze)(abed), and we

Proof of Proposition 9.15. We will provide detailed proofs of Cases (R1) and (R2), below. Case
(R3) can be proved in a similar fashion.
Case R1. i) D; has a sticky not same-end child D;. D; is not a sticky child.

In this case, the exchange relation is

moreover (a;, b;,b; +1) = (a;-, aj,b;). Then

a; = (bj,cj,dj S5 n) = (bi+1,¢j,d; 75 n) = (bj +1,¢5,d;|bi as|c; di 7 n),
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as |¢j,dj /5 n) = |¢j,d;|b; as|c; d;i /5 ), in this case. From expanding the chain polynomial above:

Qa; = <bz + 1,Cj,dj bz> <(I7; cd; n> — <bz + 1,Cj,dj ai> <bz cd; n) .

—&j Bi -a; i
Case R1. ii) D; is not a sticky child and it has a sticky same-end child D;. In this case, the
exchange relation is
641‘07; = 51'5‘]' + &,
moreover (a;, bj, b +1,¢;,d;) = (a, aj,bj,¢j,d;). Then
(aicidi /5 m) (biybi +1,¢5,d) + (bi + 1, ¢5,di 75 m) (ai, biy ¢, ds) = (bicidi /5 n) (@i b + 1, ¢, di),
Bi & a & ai a
where we used the Pliicker identity for the 5 highlighted vectors in (a; ¢; d; /% n)(b;,bi + 1, ¢, dy),
and |¢;,d; /' n) =|c;,d; /4 n), in this case.
Case R1. iii) D; has a sticky non same-end child D; and a sticky non same-end parent D,. In

this case, the exchange relation is
Qo = Bigjap + aj,
moreover (ap,by) = (aj,a;) and (a;, bi, b; + 1) = (a}, az,b;). Then
aj = <bj,Cj,dj /‘j n> = <bZ + l,Cj,dj /‘j TL> = <bZ + I,Cj,dj’bi al-]ci CMCLZ‘ a;]cp dp /‘p TL>,
as |cj,dj 7y n)y = |cj,dj|b; as|e; dilbp aplcp dp 7y n), in this case. From expanding the chain

polynomial above:

— <bz + l,Cj, dj, CLZ‘> <bZ C; di\ai a;]cp dp /(p n) - <bz -+ 1,Cj,dj, bl> (ai C; dz‘ a;) <CL¢ Cp dp /‘p n),

,5{7’; (o7} —E&j _/Bi Qp
as |¢;, dilal a;lcp dp /p n) =|cid; /Y n), in this case.
Case R1. iv) D; has a sticky same-end child D; and a sticky non same-end parent D,,. In this
case, the exchange relation is
di@; = ,Biz::j@p + @;é;,
moreover (ay,by) = (a;,a;), (ai, bi, bi + 1) = (a}, a;,b;) and (¢j,d;) = (¢;,d;). Then
(bi + 1, ¢i, dilai aj|ey dp p 1) (aiy biy ey, di) =

07]' i
= <ai,ci,di|ai a;]cp dp /{p n> (bl + l,bi,ci,di> — <bi,ci,di\ai a§|cp dp /‘p TL> <b2 + l,ai,ci7di>,
—&j a; —‘(;;

where we used the Pliicker identity for the 5 marked vectors in (b; + 1, ¢;, di|a; al|cp dp 7y n)(as, bi, i, di)

and |¢;, d;|a; allcp dp 7p n) = |ci, dilby aplep dp 'y m) = |ciydi Y n). Finally, we have: B
(aj, ci,d;|a; aﬂc}U dy, /pn) = (a} a; d;|a; ci|e; d; Spn) =— (a} a;d; ;) {a; c; d; ).
Bi Qyp

Case R1. v) D; has a sticky non same-end child D; and a sticky same-end parent D,. In this

case, the exchange relation is
R — —
Q0 = €0y + O,
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moreover (ay,by) = (a;,a;) and (a;, b;, b + 1, ¢i,d;) = (a}, aj,bj, ¢j,d;j). Then
O_éj = <bj7cj>d] /] TL> = <b2 + 1vcj7d]|bl ai|ci d; /p>7
as |cj,d; 'y n) = |cj,dj|b; ai|c; d; /p n), in this case. From expanding the chain polynomial above:

<bi + 1,Cj,dj b1> (ai ¢ d; /‘p n) — <bz + l,Cj,dj ai> <bz c; d; /‘p TL>,

—&; ap —al a;

as /'pn equals 7 n, in this case.
Case R1. vi) D; has a sticky same-end child D; and a sticky same-end parent D,. In this case,
the exchange relation is
Q0 = Ejay + ajE;,
moreover (ap,by) = (aj, a;), (a;, bi, b; + 1) = (a}, aj,b;) and (cp, dp) = (¢j,d;) = (ci, d;). Then
(bi +1,¢i,d; /pm) {a;bicidi) = (a;, ci,di Spn) (bi+ 1,0, ¢i,di) — (b, ci,di /p n) (bi + 1,04, ¢, di),

a; &; ayp —&j a; —al

where we used the Pliicker identity on the 5 highlighted vectors in (b; +1,¢;,d; /), n){a; b ¢; di)
and used the fact that |... 7, n),|... i n),|... /7 n) are all equal, in this case.
Case R2. D; has a head-to-tail sibling D; on its left. In this case, the exchange relation is
BiBi = j + ®id;,
moreover (c;j,d;) = (a;,b;). Then, expanding the following chain polynomial

<n<j CLj bj]ai bl\cl dl /‘z TL> = <n<3 CLj bj al-) <bl C; dl /\z n> — <n<J aj bj bl> <ai C; dl /ll n>,

% 5 ai B Bi

as 71 equals % in this case, and <n<] a;bjx) = —(a;b; :c7j ny.
O

9.3. The proof of Theorem 9.10. We next turn to the proof of Theorem 9.10. In what follows,
we say that a relation xaz’ = M + M’ is an exchange relation for Gra,, if there is a seed X for Gry
such that zz’ = M + M’ is the exchange relation of z in X.

As a first step towards proving Theorem 9.10, we prove the following lemma.

Lemma 9.18. Suppose D; = (a;, b, c;,d;) is the rightmost top chord of D. Then every exchange
relation in Lemma 9.13 is an exchange relation for Gry,. In particular, in this case, the relations
become the following:

R1. (Sticky, not same-end) Suppose Dj = (b;, b;, cj,d;) where dj < ¢; is a sticky child of D;. Then
<blcldm> <(Zibj6jdj> = <alczdm> <bibjdej> + <bjcjdj ‘ bia,- | cldm> .
—_—— Y

i &; Bi & &

R1°. (Sticky same-end) Suppose Dj = (b;, bj,c;,d;) is a sticky same-end child of D;. Then
<bzcldm> (aibjcidi) = <aicz-dm> <bibjcidi> + (bjcidﬂl) <aibic,~di) .
—_—— —— Y

. _/ =. . .
& a; Bi €j Qj &i
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R2. (Head-to-tail) Suppose D; = (aj,bj;,a;,b;) is a head-to-tail sibling of D; to its left. Then
(aicidm> (ajbjbm> = (ajbjn ‘ aibi | cidm> + (blcldm) (ajbjam> .
——— — ——

Bi B; i Qg Sj
R3a. (Same end, not sticky) Suppose that D; = (aj,b;,c;,d;) is a same-end nonsticky child of D;
(so b; < aj). Then

(aﬂncm) (ajbjdi | aibi ’ cidm> = (ajbjn ‘ Cidi ’ aibm> (aibicidi) + (albzdm> (ajbjci | biai ‘ cidm> .
—— ~——

-~ -~

&; P i gi Yi 5

K3

R3a’. (Same end sticky) Suppose Dj = (b;,bj, ¢, d;) is a sticky same-end child of D;. Then
<aibicm> (aibibjdi> = (aibibjn> <aibicidi> + (a,bzdm) <aibibjcj> .

5; 5 ;i & Vi 55

7

R3b. (Same end, not sticky) Suppose D; = (aj,b;,c;,d;) is a same-end nonsticky child of D;. Then

<a1bzcld2> <ajbjcm> = <CijjCi | biai | cldm) + <a1blcm> <ajbjcidi> .
N —— N —l—

€ A 55 & €j

3

R3b’. (Same end sticky) Suppose Dj = (b;, bj,ci,d;) is a sticky same-end child of D;. Then
(aibicidi> (bibjcm> = (aibibjci) <bzczdm> + (aibicm) <bibjcidi> .

. M ,
& & d; % i &j

Proof. Let N be the set of 7 indices appearing in the domino variables of D;, D;. One can check
computationally that the relations listed are exchange relations for Gry v = Gry 7, for example by
searching through all seeds. Using Lemma 3.20, this shows that the relations are exchange relations
for Gry,, for any [n] D N. O

Definition 9.19. Let D € CD,,;, be a chord diagram with rightmost top chord Dj = (a,b,c,d)
and let Dy, D be as in Definition 8.1.

Let R be a relation from Definition 9.8 for D, where D = Dy, or D = Dy and suppose it is an
exchange relation for Gry,. We say that R is stable under promotion (induced by Dy, ) if relation
R with the corresponding domino variables of D is also an exchange relation for Gry,,.

For example, if
(20) B
is an exchange relation for Gry, and
BP(BPY =7] + a5y
is as well, then we say (20) is stable under promotion (induced by Dy).

Proposition 9.20. Let D be a chord diagram on [n|. The relations (R1), (R2), (R3a) and (R3b)
in Lemma 9.13 are exchange relations for Gryn,.

Proof. We will verify this using promotion. Because promotion is a quasi-cluster homomorphism
(Theorem 4.7), we can obtain exchange relations for Gry, by promoting exchange relations for
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Gry n, and Gry ng,. Using the notation of Theorem 4.7, let « be a mutable variable of A(Xp) in
a seed ¥ and u the corresponding cluster variable of A(Fr(X;)) in a seed ¥’ (which is also a seed
for Gry,,). If xa’ = M + M is the exchange relation for z in ¥ and wu’ = N + N is the exchange
relation in ¥/, then W¥,.(M + M') differs from N + N’ by a Laurent monomial in 7’. To clear
this monomial, we write W,.(M + M’) over a common denominator, then take the numerator and
remove all common factors in 7’. Call the resulting binomial fu.(V.e(M + M’)); it is equal to
N+ N

Consider a chord D; in D. By repeatedly removing penultimate markers which are not in any
chord or removing the rightmost top chord and taking either Dy, or Dg (defined as in Theorem 9.1),
we obtain a chord diagram D’ where D; is the rightmost top chord. Suppose the rightmost
top chords we removed in this process were, in order, (ai,b1,c1,d1),..., (ap,bp,cp,dp). Using
Lemma 8.7, we will show that each relation in Definition 9.8 is obtained from an exchange relation
in Lemma 9.18 by the sequence fq,c; © Waye; © -+ 0 fape, © Ya,e,- By the previous paragraph, this
will imply each relation in Definition 9.8 is an exchange relation for Gry,.

The following observation will be useful. It follows immediately from the definition of promotion.

Observation 9.21. Suppose D is a chord diagram on N with largest markers x,y := x + 1,n and
choose a,c such that a < ¢ —1,c < n —1 and either x < aora+ 1<z <ec. Let M, M be any
monomials in the domino variables of D with no clauses containing y but not x, the same number
of clauses containing both y and n, and the same number of clauses with n but not y. Then the
denominators of W,.(M) and ¥,.(M’) are equal.

[Case (R2.)] Suppose that D; and D; are chords which are head-to-tail siblings, with D; to
the left of D;. Since D; is a rightmost top chord in D’, Lemma 9.18 implies that

(21) BP'(BP') = %Dl + @ZDIEJD/ or (aicidin)(BPY = (na;bj | a;b; | cidin) + (bicidin)(a;bja;n)

is an exchange relation for Gry . Now we show inductively that (21) is stable under the promotions
Vorepr-- s Yarer - Sl}ppose it is stable up until ¥ = ¥, . , corresponding to adding the rightmost
top chord D,. Let D be the chord diagram obtained from D’ by adding chords Dy, Dp_1, ..., Dgy1
(and the appropriate chord diagrams beneath or to the left). By induction, (21) holds for D. Using

Theorem 8.4, the terms on the right hand side satisfy the conditions of Observation 9.21. More
specifically, aP = (bic;d; /4 n),

'_)/D _ (n ’\j ajbj | aibi | Cidi /‘j n> Dj not StiCky and 515 _ <ajbjai /lj n> Dj not StiCky
/ <aja;bj ‘ a;b; | c;d; /‘j Tl> Dj sticky /

There are no clauses containing the penultimate marker d of D but not d — 1. In ”yjf) , the clause

(ajajbja;) D; sticky

|cid; /*j n) is equal to |¢;d; 7 n) because Dj, D; are siblings. Also, bja; /; n in ng involves the
same chain of ancestors as n ~\; a;b; in ’7][7 , so if this chain is nontrivial, the end clause is the same
in each. This verifies the conditions of Observation 9.21.

So after promotion ¥, ., both terms have the same denominator. By Lemma 8.7, nontrivial
factorization occurs in the numerator only if D; is a sticky child of D,. In this case, the numerator
of \Il("yjlj ) is 47y and the numerator of \II(SJD ) is &40, S0 Gy is a common factor of the numerator. So
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applying fo,c, gives (21) for the chord diagram with D, added. Thus (21) is stable under promotion
by D,.

[Case (R3a.)] Suppose that D; is a same-end parent of D;. Lemma 9.18 implies that
(22) 50 6P) =y e+l s
is an exchange relation for Gry,. It is straightforward to verify that (22) is stable under any
sequence of promotions corresponding to chords which are not same-end parents or head-to-tail
siblings with D;. (Note that this implies none of the chords in the sequence are same-end or
head-to-tail with D;.) Indeed, using Theorem 8.4, the assumptions of Observation 9.21 hold for
each promotion in the sequence, so both terms of the right-hand side have the same denominator.
There are no factorizations in the numerator unless the chord D, added is sticky to D;. Then by
Lemma 8.7, both ¥(%;) and ¥(%;) have a factor of &, and there are no other factorizations. So we
see (22) is stable.

Now suppose one of the chords D1, ..., D, is a same-end parent of D;. This chord is necessarily
D,, so we are applying product promotion ¥ = ¥, . to (22). The denominator of \I!(”ij/) is €p,
and the denominator of \I!(%D’) is d,; W fixes both EJDI and e_l-D,. If D,, is not a sticky parent, then by
Lemma 8.7, when we apply promotion to the right-hand side of (22), no extra factors will appear
in the numerators. If D, is a sticky parent, then by Lemma 8.7 (1), the numerator of T(FPY is
a,7""; by Lemma 8.7 (3), the numerator of \II('_yJD/) is o_zp'_yf)”; and no other factorizations occur.
In either case, after applying fq,c,, we obtain the exchange relation
(23 Y = A D AP S
where D" is the diagram obtained from D’ by adding D, and chords to its left. Further, (23) is
stable under all subsequent promotions, again using Theorem 8.4 to check Observation 9.21 and
Lemma 8.7 to check that any factorization in numerators contributes the same factor to each term.

Now suppose instead one of the chords Dy, ..., D, is a head-to-tail sibling with D; to its right.
Again, this chord must be D,. Note that ¥, ., acts nontrivially on a domino variable of (22) only
if that domino variable has a clause containing b, = d; but not a, = ¢;. Using Theorem 8.4, the
only such domino variable of (22) is 5 "= (a;, b;, bp,n), and hence when we apply promotion to ¥ '
we introduce a new denominator of 8,. There is no factorization in any numerators, so applying
fape,, We obtain
1 Py = P B A
where D" is the chord diagram obtained from D’ by adding D,, and chords below it. The relation
(24) is stable under all subsequent promotions, by a similar argument as previously.

The proofs of relations (R1) and (R3b) are similar to the proofs above, so we omit them. O

Proof of Theorem 9.10. Let D € CD,, ;, and ¥ p be the seed defined in Definition 9.8. By Theorem 9.1,
x(D) is an extended cluster for Gry,, and Sp = (X(D),Qp) is the unique seed of Gry,, with that
cluster. We need to show that for any x € Mut(Zp), the exchange relation of x is the same in Xp
and 3 D-

Recall that the mutable variables Mut(Zp) are precisely those appearing on the left hand side
of relations (R1), (R2), (R3a), (R3b). Fix x € Mut(Zp), let R be its exchange relation in ¥p,
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and let U be all neighbors of  in Xp. By Proposition 9.20, there is a seed X’ of Grya,, containing
{}UU and R is the exchange relation of z in ¥'. Now, by [CL20, Theorem 10], any seed of Gry,,
containing {z} U U may be obtained from ¥’ by a sequence of mutations avoiding {x} U U, and
thus z has exchange relation R in any seed containing {z} UU. Since ¥ contains {z} UU, = also
has exchange relation R in S p. We have shown the first sentence of the theorem statement. The
second sentence follows immediately. O

9.4. Signed seeds and the proof of Theorem 9.11. The following notion of signed seed will
be useful for proving Theorem 9.11.

Definition 9.22 (Signed seed). Given a seed ((z1,...,s), @), let (o1,...,05) € {1,—1}® be an
assignment of signs to each cluster and frozen variable. We denote the vertices of QQ by vy, ..., v
(preserving this labeling after mutation), and we write o(x;) and o(v;) to denote o;. For v; a
mutable vertex of @), let

in?(v;) = H o; and out@(v;) = H gj.

Vj—V; VU5
We say that ¥ = ((21,...,2), (01, ...,0s),Q) is a signed seed if for each mutable vertex v;,
(25) in® (v;) = out@(v;).

Definition 9.23. We define mutation of signed seeds by

e (X) = (@1, @s), (01, -, 0%), 1k (Q)),
where o}, = oy, - in@(vg), and o} = o; for i # k.

Remark 9.24. The definition of signed seeds and their mutation is motivated by the following.
Say x1,...,xs are real nonzero numbers with signs o1,...,0s. When (25) holds, then for any 4, the

number
;Lo + 117

Z;
has sign o, = o; - infr2 (vi)) =04+ ou‘cg2 (vi). So if o; is the sign of a cluster variable z; when evaluated
on some point p, signed seed mutation determines the sign of an arbitrary cluster variable on p.

Remark 9.25. There is a convenient reformulation of the notion of signed seed in terms of the
exchange matriz B(Q) associated to a quiver @) with s vertices, of which r < s are mutable. Recall

that the exchange matriz B := (b;j) of @ is the s X r matrix defined by
{#(arrows i—J) if there is an arrow i — j
ij =

—#( arrows j — i)  otherwise.

Thus we can write
in% (v;) = H (0;)% and out%(v;) = H CHKS
bji>0 bji <0
It follows that (25) is equivalent to the statement that

(26) Teos) = 1.

J
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Proposition 9.26. If ¥ is a signed seed, then ,uk(f]) is a signed seed for any mutable direction k.

Proof. We will show that after we mutate in direction k, (25) still holds for ux(X). Let Q' denote
ue(Q). In Q') (25) clearly holds at vertex vy, itself, and also for any vertex v; which is not adjacent
to vk. So let v; be a mutable vertex which is adjacent to vy, i.e. bg; # 0: we need to verify (25).
Without loss of generality we suppose that bg; > 0. (The argument when by; < 0 is similar, so
we omit it.) Let B’ = (b};) be the exchange matrix of Q'. We will verify (26), that is, we will show

that []; (J’)b;'i = 1. Note that since bg; > 0, when we mutate at k, there are three cases:
—bji if j =k
i = bji + bjkbgi  if bj, > 0
bj; otherwise.

Now we have that

[T =@ I @)™ [ (@™

J 37#k,bji>0 37k, <0
_ : —b; bii+bikbr; bii
= (opin(ve)) % - [ (o)t ] (o)
J#k,bj>0 J#k,b;,<0
. bis b | . . -
=\ov II o7 I o | @™ I (o)
J#k,bjr>0 J#k,bjr <0 J#k,bjr>0

= TT(ep)" - @)™ - in(wi) = 1.
J
O

Proposition 9.27 (Xp is a signed seed). Use Proposition 8.10 to assign a sign in {+,—} to each
domino variable of ¥p. Then with these signs, the seed Xp in Definition 9.8 is a signed seed.®

Example 9.28. The seed X p in Figure 18, with the signs given in Example 8.11 is a signed seed.
It is easy to verify that in(¢;) = out((;), for each mutable {; € Mut(Zp). For example:

in(as) = sgn(ag) sgn(Bs) sgn(&y) = (+1)(+1)(+1) = +1 = (+1)(+1) = sgn(ay) sgn(gs) = out(as).
in(ag) = sgn(fs) sgn(es) = (=1)(+1) = —1 = sgn(as) = out(as).

Proof of Proposition 9.27. Recall that Proposition 8.10 recursively follows from Lemma 8.12. We
will use Lemma 8.12 recursively in this proof. Because Lemma 8.12 and Proposition 8.10 are
consistent, the signs in this proof obtained by using Lemma 8.12 are the same as those given in
Proposition 8.10.

We start by showing that for each relation in Lemma 9.18, which concerns the case where chord
D; is the rightmost top chord of our chord diagram, each of the two monomials on the right-hand

6Each mutable variable of ¥p is incident only to domino variables, so for the purpose of checking the signed seed
property, it doesn’t matter what sign we associate to the other frozen variables of Xp.
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side has the same sign, viewed as functions on the associated tile of the amplituhedron. We then
show using Lemma 8.12 that this property is preserved under promotion.

In what follows, suppose that D; = (a, b, ¢, d) is the rightmost top chord, and let ¢ := kr + 1 be
the number of chords in the subdiagram consisting of D; and all chords below it.

In Case (R2), we have that sgn(@;) = (—1)*~! by Lemma 8.12. Before we added D; to the chord
diagram, we had that 4; = (a;,b;,b,n), with sign +1, and J; = (a;,bj,a,n), with sign —1, again
by Lemma 8.12. Since both 7; and Sj contain an odd number of n’s, and come from Dy, their
promotions pick up a sign of (—1)£ by Lemma 8.12. Note that Sj is fixed by promotion, while #;
is affected by rule (a2). By Lemma 8.7, ¥(5;) = 7;/(acdn). Since (acdn) = B; has sign (—1)*, we
will have sgn(y;) = (—1)% = +1, and sgn(d;) = (—1)(—1)". It follows that ; will have sign +1 and
diSj will have sign +1, so both monomials on the right-hand side are positive.

Similar arguments yield the signs of the monomials in the exchange relations for all other cases.

In Case (R1), we have that sgn(53;) = (—1)%, sgn(¢;) = 1, and sgn(a;) = (—1)2.

In Case (R1’), we have that sgn(f;) = (—1)%, sgn(g;) = sgn(&;) = 1, and sgn(a;) = (—1)2.
In Case (R3
In Case (R3
In Case (R3b), we have that sgn(d;) = sgn(d;) = —1 and sgn(&;) = 1.

In Case (R3b’), we have that sgn(d;) = (—1)*, sgn(a;) = (—1)*"1, sgn(£;) = 1 and sgn(&;) = —1.
To verify the signed seed property, it suffices to show that when we apply promotion to an exchange

a), we have that sgn(y;) = sgn(d;) = —1 and sgn(&;) = sgn (%) = 1.
a’), we have that sgn(¥y;) = sgn(&;) = sgn(y;) = sgn(d;) = 1.

relation where we know that both monomials on the right-hand side have the same sign, we obtain
a relation in which both monomials on the right-hand side still have the same sign. But this follows
from Lemma 8.12, and the fact that cluster exchange relations for the Grassmannian are pure. [

Proof of Theorem 9.11. The first statement just follows from Corollary 7.12.

We turn to the second statement. Proposition 8.10 shows that each domino variable z € X(D)
has a fixed sign s, on Z7,. All other variables in X(D) are obtained by repeatedly applying rescaled
product promotion to a frozen variable of some Gry y. By Lemma 11.5 and Remark 11.19, each
such variable z € X(D) has a fixed sign s, on Z%. The signed seed property (Proposition 9.27)
shows that all cluster variables s in A(Xp) have a fixed sign s, on Zp,. This completes the proof
of the second statement of the theorem.

We turn to the third statement. The fact that the two subsets of Gry, ;44 on the right-hand side of
Theorem 9.11 coincide is a consequence of the signed seed property (Proposition 9.27). The above
paragraph asserts that Z9, C {Y € Gry 44 : 55 - 2(Y) > 0 for all z € X(D)}. So all that remains is
to show the reverse inclusion. This argument is identical to the proof of Corollary 7.12. g

9.5. Algorithm for determining the quiver of a BCFW tile. In this section we describe an
algorithm for constructing the quiver of a standard BCFW tile. As we explain in Remark 9.34,
it is possible to generalize this algorithm to the case of general BCFW tiles, but for simplicity we
focus on standard tiles here. This algorithm relies on a few computational ingredients.

Recall the definitions of the mutation sequences cyey, , and cyc,:;l from Lemma 3.15. In what
follows, we apply cyey,_; to Z;i by regarding the rightmost fwo columns of variables as frozen.
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Ficure 19. The elements of the extended cluster of ¥; of Figure 6 arranged
according to the vertices of the rectangle quiver of ¥4 ,,, from which they are obtained
by applying the mutation sequence of Lemma 9.30.

Lemma 9.29 (Adding a new marker d =n—1). Letc=n—2 and d =n— 1. Suppose that p is a

mutation sequence from the rectangles seed for Gr edn} (see Figure 3) to the seed Spr (from

441,...,
Theorem 9.1) associated to D', where D' is a chord diagram on markers {1,...,¢,d,n}. Then
HOCyCs 1 ocyc;i(zzl,n) = XYp, t.e. LOCYCsp—1 ocyc;i 18 a mutation sequence from the rectangles

seed Yy to Yp, where D is the chord diagram obtained from D' by adding a new marker d.

Proof. By Lemma 3.15, cyc;i(i]zl,n) = Z;i, and hence only the rightmost column of frozens contain
the index d = n— 1. If we ignore those four frozen variables, the remaining quiver is a cyclic shift of
the rectangles seed for Gr, (1.2,..dn}" If we apply cycs n—1 to that remaining quiver we get exactly

the rectangles seed for Gr, (1.2,.dn}" Therefore we can now apply g to obtain Y together with

the four frozen variables containing d = n — 1 in the rightmost column. This is the seed ¥p. [

Lemma 9.30 (A mutation sequence from the rectangles seed ¥4, to X1 = £7°). Let a,b,c,d,n be
as in Notation 4.1, and let ngp = n — a. The following is a mutation sequence from the rectangles
seed Xap to the seed 31 = X7°° shown in Figure 6:

First mutate down each column, going from right to left, skipping the vertices labeled by rectangles

3><(’I’LR—Q),lX(nR—3),2X(nR—3),3X (TLR—3),1X(1’LR—4).

Then again mutate down each column, going from right to left, skipping the vertices labeled by
rectangles
2 X (nR—Z),?) X (nR—Q),l X (nR—3),2 X (nR—B),?) X (TLR—3)
and all rectangles which are contained in a 1 x (ng —4) or a 3 x 1 rectangle.
After this sequence, the variables of ¥1°° label the vertices of the quiver as shown in Figure 19.

We note that while Lemma 9.30 was tested extensively via computer checks, it is experimental.
The reader who does not want to rely on experimental statements can use the (less-efficient)
procedure for going from ¥4, to ¥; explained in Remark 9.31.

Remark 9.31. By [0S17], given any two Pliicker seeds ¥ and ¥’ for Gry p, one can find a sequence
of mutations at 4-valent vertices that does not involve mutating at any Pliicker coordinate that
¥ and ¥’ have in common. Thus a (less-efficient) alternative to to Lemma 9.30 is to start at the
rectangles seed and randomly mutate at 4-valent vertices labeled by Pliicker coordinates which are
not in X1, until one arrives at the seed ;.

Proposition 9.32 (A mutation sequence from Fr(X;) to Xp). Let D € CD,, 1 be a chord diagram
and Dy, Dg its left and right subdiagrams as in Definition 6.10. If p'® and p are mutation
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sequences from EOL and ZOR (shown in Figure 5) to EN]DL and iDR; respectively, then B pL) s q
mutation sequence from Fr(Xi) to Xp.

Proof. By Theorem 4.7 and Proposition 3.24, the seed ZOL U Eé% is similar to Fr(3;), and hence
the seed pPpE)(SE U S = $p, U Xp, is similar to pPpE)(Fr(X))), that is, ¥(Zp, U
f]DR) o pB®plL) (Fr(31)). Therefore when we apply the rescaled product promotion map, we
obtain U(Xp, UXp,) = p®u®) (Fr(21)). Tt follows that p®u(E)(Fr(S1)) contains the cluster
variables U(X(Dy)UX(Dg)). The seed p)p()(Fr(X;)) also contains the variables { By, Yk, O, & } U
{fe, fa, fa—1} because these are frozen in Fr(¥;). Therefore puF)(Fr(2;)) contains the entire
cluster X(D), defined in Theorem 9.1, and hence coincides with X p. O

By combining the previous results, we obtain a recursive construction of the mutation sequence
from the rectangles seed ¥4, to Xp.

Theorem 9.33 (Recursive algorithm for Xp). Let ¥p be the seed associated to a chord diagram
D € CD, . As before, let c =n —2 and d =n — 1. The following is an inductive algorithm for
constructing the mutation sequence from the rectangles seed ¥4, to Xp.

e Suppose that D has no chord ending at (c,d). Let D' be the chord diagram on {1,2,.. .,c,c/l\,n}
obtained from D by removing the penultimate marker d. By induction we know the mutation

sequence from the rectangles seed for Gr to Spr, so by Lemma 9.29, we can obtain the

4,{1,...,c,ci,n} ~
mutation sequence from the rectangles seed ¥4, to Xp.

e Suppose that the rightmost top chord ends at (c,d), that is, Dy, = (a,b,c,d). Let N;, ={1,2,...,a,b,n}
and Np = {b,...,c,d,n}, with Dy, and Dg, the left and right subdiagrams of D. Then Proposition 9.32
gives a mutation sequence from Fr(31) to Yp, and Lemma 9.50 gives a mutation sequence from
the rectangles seed ¥4, to X1, so by concatenating them, we obtain a mutation sequence from

E4,n to ZD.

Remark 9.34. It is possible to generalize Theorem 9.33 to the case of general BCFW tiles. Recall
from Definition 6.16 that general BCFW cells are built by a sequence of operations consisting of the
BCFW product, inserting a marker, performing a cyclic shift, and performing a reflection. Since
we have mutation sequences corresponding to the cyclic shift (cf. Lemma 3.15) and reflection (cf.
Proposition 3.17), it is possible to extend Theorem 9.33 to produce a mutation sequence from the
rectangles seed to the seed associated to any general BCFW tile.

10. PrRooOFs ABOUT THE BCFW PRODUCT

Recall the BCFW map and BCFW product from Definitions 5.2 and 5.4. In this section, we
show the effect of the BCFW product at the level of matroids under appropriate hypotheses (cf.
Notation 5.7). Under the same hypotheses, we show that the BCFW map is injective, and describe
the closure and boundary of Sy, <t Sp. We also verify every BCFW cell satisfies these hypotheses.

Lemma 10.1 (Positroids and BCFW product). Let Sp, C Gr,iO,NL and Sg C Gr,iSjNR be positroid
cells as in Notation 5.7, with associated positroids Py, and Pr, and plabic graphs Gr, and Gg. Let
P, and P} be the positroids corresponding to G, and Gy (shown at the right of Figure 20); note
that G and G', can be regarded as subgraphs of G > Gg.
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FicUrRE 20. On the left, Gr <1 Gr with edge colorings used in the proof of

Lemma 10.1. Center and right, the graphs G’ , G); mentioned in the statement of

the same result.

Then the bases of the positroid Pr, < Pr of Sp <1 Sg are exactly the sets I, U {f} U I where
I, f, Ir are disjoint and satisfy one of the following:

I / Ir
(1) | Ip € P, b¢ I | a IRE'P]/R
(2) I;, € Py, b IRGIP;%
(3) ILEP}J c Ir € Pr, Cl@é[R
(4) I, € P} d Iz € Pr
(5) ILEPi n Ir € Pr
(6) I e P} n | (Ig\{c})U{d} € Pr

Proof. We prove the lemma by analyzing the possible source sets of perfect orientations of G, <t Gy,
which by Proposition A.7 and Theorem A.10, give rise to the bases of Pr, <1 Pg.

In any perfect orientation O of G, 1 G, either the dashed green highlighted edges or the dotted
blue highlighted edges must form a directed path and the other highlighted edges of Figure 20
must be oriented towards the vertex v. If the blue highlighted edges form a directed path, then O
restricted to the blue edges is a perfect orientation of G’ ; similarly with the green edges and G’.

Consider a perfect orientation O of G, < Gg.

Case 1: Suppose the green highlighted edges are a directed path in O. Then, depending on the
orientation of the edges incident to u, we are in one of the cases in Figure 21 where edges e, ¢’ form
a directed path. In (a), the restriction Or, of O to G|, is a perfect orientation where a,b are sinks.
The restriction O, of O to G is a perfect orientation whose source set must be disjoint from that
of O, (because only one edge may be oriented away from vertex x, n may not be a source in both
O, and Op). Any such perfect orientations of G, G’R may arise as O, 03%. The sources of O are
precisely a, the sources of Op and the sources of O%. So this case shows that all sets in (1) are
bases of Pr, > Pr. Using similiar logic, case (b) shows that all sets in (2) are bases of Pr, > Pg.
Case 2: Suppose the blue highlighted edges are a directed path in . Then, depending on the
orientation of the edges incident to w, we are in one of the cases in Figure 22.

In (a), the restriction O} of O to G/, has n as a sink. The restriction Or of O to G also has n
as a sink, and has source set disjoint from that of O, again because only one edge may be oriented
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FIGURE 21.
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FIGURE 22.

away from x. These are the only conditions on O} and Op. Fixing O} and Og with sources Iy, IR,
one can find O with sources It U {n} U Ig. If d € Iy and c is not, there is another choice of O,
with sources It U {n} U (Ir \ {d} U {c}). This covers cases (5) and (6), and there are no further
possibilities for O. In (b), Og has sinks d,n and O}, O have disjoint source sets. The sources of
O are the sources of O}, O and either ¢ or d. This covers cases (3) and (4).

]

Proposition 10.2. Let S C GrfLONL and Sp C Grig Nr be positroid cells as in Notation 5.7.
Then 1 is injective on Sy, X Gri% xSg.

Proof. By Proposition 5.8 (1), the image 15q(Sg, X Grig x Sg) is equal to the cell S 1 Sg. Pick a
point V' € S < Sk and choose any preimage (A, [a: 5:v:0 : €], B). Let M be the representative
matrix of V' resulting from this choice; that is M is the matrix (*) in Figure 10.

We first express [a: f:7: 0 : €] in terms of Pliicker coordinates of V. Let I, be a basis for Pr,
avoiding {a,b,n} and let I be a basis for Pr avoiding {b,c,d,n}. Because adding bridges does
not remove bases (cf. Theorem A.15), Lemma 10.1 implies that I := Iy, U {f} U Ig is a basis of
Pr > Pg for f € {a,b,c,d,n}. Now, the submatrix of M on columns I has a single non-zero entry
in the (kz + 1)th row (which is one of «, 8, &7, £4, +¢), which is in column f. Deleting row a and
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column f from the submatrix gives a block-diagonal matrix with determinant £ # 0. So we have

(Ia>M = - Q7 <Ib>M = ﬂ : Q7 <IC>M =7 Qa <Id>M =0- Qa <In>M =€ Q7

or in other words that
(27) [a:B:y:6:el=[{Ta)v : (Io)v : (Le)v : La)v : (In)v].
Now, we recover A, B. Let
V] =V Nspan(ey, ..., eq, ep, e,) and V5 :=V Nspan(ep, . .., ec, €4, €n)-

We claim that V; = A -y,(3) and Vi = B - ya(2) - ye(2) (that is, V/ and V}, are elements of Spr
and Sp;%, using the notation of Lemma 10.1). The containment O is clear in both cases. For the
containment C, it suffices to show dim V] = kr, and dim Vj, = kg.

Any vector in V} NV}, would be in V Nspan(ep, €,). However, if there existed v € V Nspan(ep, e,,),
then all nonzero Pliicker coordinates of V' would contain either b or n. The basis I, constructed
above contains neither b nor n, so such a v cannot exist. Thus V] NV}, is trivial. Let w denote the
span of the (kz + 1)st row of M. Note that w has trivial intersection with V] and with VJ, since
a, 3,7, 9, € are all nonzero. So we have

V=w+V,+Vi=wd VoV

and dimV] +V}, = k—1 = kg + kg. Since V] and V}, have dimensions at least k;, and kg,
respectively, we conclude that dim V] = kz, and dim Vj, = kg as desired.
Since Vj = A - yo(5) and Vg = B - yd(g) “ye(3), we have

)
(25) A= (9) e B (1) w(-2).

Combining (27) and (28), we see that the preimage of V' under ¢y is uniquely determined by V;
in other words, 15 is injective. O

Remark 10.3. The line w in the proof of Proposition 10.2 can also be defined as w := V N
span(eg, €p, €c, €4, €). Indeed, the containment C is clear. If the right hand side had dimension at
least 2, this would imply the existence of a vector in V] Nspan(eq, s, €,) or Vi, Nspan(ep, ec, €4, €x).
Then all nonzero Pliicker coordinates of V' contain either a, b, or n in the first case, or b, ¢, d or n in
the second case. But in the first case, the Pliicker coordinate (I.) defined in the proof—or in the
second case (I,) defined in the proof—does not contain any of these indices.

Now we turn to the closure and boundary of Sy, > Sk, which almost have a product structure.
This will be used when analyzing the facets of BCFW tiles. We need the following lemma.

Lemma 10.4. Let S;, C Gr,fLONL and Sp C Gr]ig Np be positroid cells as in Notation 5.7, then
P = 154(SL X Gri% xSRr) = S 1Sk and each element of ({a’b’jd’"}) is coindependent for P.

Proof. For the first statement, take J € ({a’b’i’d’n}) and write {f} = {a,b,c,d,n} \ J. Choose a
basis Ir for Sg, avoiding b, c,d,n, and a basis I;, for S; avoiding a,b,n. Then by Lemma 10.1
I'=1,UIgrU{f} is a basis for P.

O
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For a subset S C Gr,fgl, we use S to denote its closure in the Euclidean topology on Gr,f(;l.

Lemma 10.5 (Boundary of S;, < Sg). Let Copean C Grf% be the union of cells for which some

element of ({a’bﬁ’d’n}) is not coindependent. Let S := Sp <1 Sg, with Si,Sgr as in Notation 5.7.
Then

(29) S=(SNCapean)USU || S; a8,
(S},,8p)eC

where the union is over the collection C of pairs (S}, S%) # (Sr, Sr) such that S}, C Sr, Sk C Sk
and {a,b,n} and {b,c,d,n} are coindependent for S} and S% respectively. Thus,

08 = (0S8N Capean) U | | 5754 SR
(S1,,8R)eC

Proof. By Theorem A.12, S is the union of S together with any cells we get by deleting one or
more of the edges of G, 1 Gg.

Let G be the plabic graph Gy < Ggr. We now show that if we delete some edges of G,
(respectively GR), obtaining a graph G’; (respectively, G;) corresponding to a cell S7 in which
{a,b,n} (respectively, {b,c,d,n}) fails to be coindependent, then the cell S’ corresponding to the
resulting graph G’ will lie in Cypedn. Suppose that {a, b, n} fails to be coindependent for G. Then
any perfect orientation O of G must have a source at a, b, or n. Suppose O has a source at a.
Then the edge of G emanating from the vertex of G, labeled a must be directed towards a. But
now any extension of O to a perfect orientation of G’ must have a source at the external vertex
labeled a. Similarly, if the perfect orientation O of G, has a source at b, then any extension of O
to a perfect orientation of G’ must have a source at either the external vertex a or b of G'. Finally,
if O has a source at the vertex n of G, then any extension of @ must have a source at the external
vertex n of G'. This shows that {a,b,n} fails to be coindependent for S’ so S’ lies in Cypegn. The
proof for Gg is analogous.

Finally we can check by hand that if we delete any edge of the butterfly, some element of
({a’b’j’d’”}) will fail to be coindependent, where we use the characterization of Remark 5.6. For
example, if we delete the u — v edge in Figure 20, then it is impossible to find a perfect orientation
in which a and b are sinks. If we delete the v — w edge, it is impossible to find a perfect orientation
in which ¢, d,n are sinks. The other cases are similar. ]

Finally, we verify that BCFW cells always fulfill the assumptions of Propositions 5.8 and 10.2
and Lemma 10.5.

Definition 10.6. We say that P C Gry), is 4-coindependent if every 4-element subset of [n] is
co-independent for P.

The BCFW product preserves 4-coindependence, which means that taking the BCFW product
of two BCFW cells is the same as applying ¢xq to them.

Corollary 10.7. If S, Sr are 4-coindependent, then St <t Sp is as well. Therefore all BCFW
cells are 4-coindependent.
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Proof. We first note that 4-coindependence is preserved under cyclic rotation, reflection, and adding
a zero column, and all positroid cells for k£ = 0 are 4-coindependent. So the second statement follows
from the first.

Let Pr,Pr, P, Py be as in Lemma 10.1. Using Proposition A.7, we note that if J € Py,
then J € P as well, and similarly for Pr,Pj,. Thus our assumptions imply P} and P are
4-coindependent.

Let B € ([Z]) be a quadruple of indices. We will show that there exists I € (["]IC\B) which is a
basis of Pr, <t Pg. Let B, = BN Ny, and B = BN Np.

(1) If B C Ng, then by 4-coindependence for P, there is a basis Ig of Py avoiding B. By
assumption, Pr, has a basis I;, which avoids a, b, n and thus is disjoint from Iz and from B. Set
I =I,U{a}UIR. By Lemma 10.1 (1), I is a basis of P, < Pg, and it avoids B by construction.

(2) If B C Np, a similar argument as above (now using Lemma 10.1(4)) gives a basis I = I, U
{d} U Ir which avoids B, where I}, € P} avoids B and Ip € Pg avoids b, ¢, d, n.

(3) Suppose B is not contained in N or Ny, and b ¢ B. This implies that |Br| 4 |Bgr| < 5, so one
of By, B has size at most 2. Add n to the smaller of the two; denote the new sets by B} and
B',. Let Ig be a basis of Py avoiding B, U {b} and let I}, be a basis of Py, avoiding B} U {b}.
Then [ = Ip U {b} U Iy, is a basis by Lemma 10.1 (2) and avoids B.

(4) Suppose B is not contained in Np or Ny and b € B. Then for some f € {c,d,n}, we have
f ¢ B. If possible, choose f = d or f = n; otherwise, let f = ¢ (that is, only set f = ¢ if
d,n € B). Then let I}, be a basis of P} avoiding By, U{n} and let I be a basis of Pr avoiding
BrU{f}. The sets Ir,Ir are disjoint, since both avoid b and I, avoids n. They are both
disjoint from {f} by construction, and if f = ¢, then d ¢ I. So by Lemma 10.1 (3), (4) or (5),
I =1IgrU{f}UIL is a basis.

0

11. THE PROOF THAT BCFW CELLS GIVE TILES

The main goal of this section is to show how to invert the amplituhedron map on the image
of a BCFW cell, thus proving Theorem 7.7, which shows that BCFW cells map injectively into
the amplituhedron. In Section 11.1, Section 11.2, and Section 11.3 we will explain how signs of
functionaries on tiles evolve when we apply the operations of cyclic shift, reflection, and promotion.
In Section 11.4 we will explain a useful way of writing the rows of the BCFW matrix. Finally in
Section 11.5 we will prove Theorem 7.7.

11.1. How signs of functionaries evolve. We need the following definitions, which strengthen
the notion of the sign of a functionary on a tile (c.f. Definition 2.18).

Definition 11.1. A rational functionary F' has strong sign +1 or is strongly positive on the image
of S if for all C' € S, F(CZ) can be written as a ratio of polynomials in the Pliicker coordinates of
C and maximal minors of Z with all coefficients of sign +1. A rational functionary has strong sign
—1 or is strongly negative on the image of S if it is the negative of a functionary with strong sign
+1 on the image of S.
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Note that if F' has strong sign s on the image of S, it also has sign s on the image of S. The
converse may not be true.

Say S is a cell and S’ is obtained from S by applying an operation from Definition 6.1. The
following two theorems (which will be proved in Section 11.2 and Section 11.3) show that if a
functionary F' has fixed sign on the image of S, then there is a related functionary F’ with a fixed
sign on the image of S’.

Theorem 11.2 (Signs under dihedral group and pre). Let S C Gr,f(;l be a positroid cell. Suppose
that F is a pure rational functionary with (strong) sign s on Zg. Then

F S pre; S
cyc™ F  has (strong) sign { (—1)¥dee. s on the image of < cycS
refl* F S refl §

If BC {-1,0,1}", we define cl(B) C {—1,0,1}" to be minimal set of tuples which contains B
and is closed under the operation of changing an entry from 41 to 0. In the following, with a slight
abuse of notation, we will often denote the promotion ¥(F') of a functionary F' as WF.

Theorem 11.3 (Signs under promotion). Let Sp, C Gr,io Ny OR C Grlig Ny be positroid cells as in
Notation 5.7. Let F be a pure rational functionary with indices contained in Ny, (resp. Ng).

(1) If F vanishes on the image of Sy, (resp. Sgr), then V,.F vanishes on the image of Sg > Sg.

(2) If F has strong sign s € {£1} on the image of S (resp. Sgr), then U,.F has strong sign
(—1)(krtl)deen Fg (o) ) on the image of St > Sg.

(8) Let (F,...,F,) be an r-tuple of pure rational functionaries with indices in Ny, (resp. Ng).
Denote by A C {—1,0,1}" the collection of sign vectors sgn(F1(Y,Z),...,F.(Y,Z)), where Z

; >0 ; o >0 )
varies over Maty 4 andY wvaries over Zg (resp. Z € Maty, ;. .4, Y € Z3, ). Let

A = {((—1)krtDdeg P, - (_q)krtDdes, Frg y (g s) € A} (resp. AT = A).
Then for all Z and allY € Z3, s, sgn(UeeFy, ..., o Fy) € cl(A).

Lemma 11.4. Let S;, > S C GrZ%, with Sy, Sgr as in Notation 5.7. Then the twistor coordinates

kn’
(—)* = (bedn), (=1)**'(acdn)), (abdn)), —(aben)), (abed)

have strong sign +1 on the image of Sg, > Sg.

Proof. Expand each twistor ((ijlh)) as in (4). We obtain a sum of products of Pliicker coordinate
of the matrix C € St <1 Sg, and the matrix Z. The sum is over all Pliicker coordinates of C' which
are non zero and intersect the set {a,b, c,d,n} precisely in the singleton {a, b, c,d,n} \ {i,7,l,h}. It
is straightforward to see that all these terms come with the sign in the lemma using Lemma 10.1.
Lemma 10.4 shows that the summation is non-empty. O

Lemma 11.5. Let S be a BCFW cell of Gry. Fori,j € [n — 1] with i +1 < j, the twistor
(i,941,7,541)) is strongly positive on Zg. Fori € {2,...,n}, the twistor ((i,i41,n,1)) has strong
sign (—=1)*=1 on Z3.

Proof. The proof is almost identical to the proof of the previous lemma. Again we expand the
twistor coordinates using (4), and observe that all possible nonzero terms terms come with the sign



CLUSTER ALGEBRAS AND TILINGS FOR THE m =4 AMPLITUHEDRON 73

indicated in the lemma statement. As long as there is at least one Pliicker coordinate of C' which
does not use the indices 4,7 + 1,7,7 + 1 and is nonzero, the summation is non zero. But such a
coordinate exists, as S is 4-coindependent, by Corollary 10.7. U

11.2. The proof of Theorem 11.2. In this section and the next, if F' is a functionary, we will
sometimes write F'(Y,Z) where Y € Gry 44 and Z € Mati’(}cM. We also sometimes write (Y Zr))
for the twistor coordinate ((I)). Recall that in (I)) = (Y Zr)), the elements of I are listed in
increasing order.

The following lemma relates twistor coordinates before and after applying pre;, cyc, refl.

Lemma 11.6. Let N denote the index set of S, and let S" denote one of pre; S, cyc S,refl S. Choose
C'e S, and Z' a positive matriz of the appropriate size. Then there exists C € S and Z positive
so that for all I € (JZ),

'z zt) if " =pre; S
(Cz zp) = { (~)FItleye™(C'Z" Z7)  if S' = cye S
refl*(C'Z" Z}) if " =refl S.
Proof. It S" = pre; S, then Z' € Mat;,% (bt The matrices C and Z are respectively defined by

deleting the ith column of C’ and the ith row of Z’. It is clear that CZ = C'Z’ and for all x € N,
Z, = Z!. The equality of twistor coordinates follows.

For the remaining cases, we assume N = [n] to simplify notation. If S” = cyc S, then we define
C € S to be the unique element such that cyc C' = C’. Recall from the definition of cyclic shift (cf.
Definition 2.3) that cyc C' = C'-[cycy, ,,] where [cycy, ] is an n x n matrix. We define Z := [cycy ,,]Z/,
so that C'Z" = Clcycy ,]Z = CZ. Note that Z is again a matrix with positive maximal minors.

So we have (CZ Zr)) = (C'Z" Zr)). We now rewrite the right hand twistor entirely in terms
of Z'. From the definition of [cycy, ,], we have that Z; = Z/,, for i < n and Z, = (-1)"1Z{. If
I ={u < v <z <y} does not contain n, then

(C'Z" Z1) = (C'Z' Zy1 Z041 Z11 Zya) = oye " (C'Z" Zp)
where the last equality holds because the indices are in increasing order. If I = {u < v < x < n},
then
(C'z Z1) = (-V)"NC'Z 231 201 Zyn 20) = (-0O)NC'Z 212,41 21 Zi)
and the final twistor is (—1)* cyc™(C'Z" Z}).

If 8" =refl S, the proof is quite similar. Recall that refl is an involution. Define C' := refl C’, so
that C' = reflC = P, | (k)C[reﬂn] (cf. Definition 2.3 for the definitions of Py ;s and [refl,]). We
»\2

choose Z = [refl,]Z'P, (*+1) which again has positive maximal minors. With these choices,
bt 2

C'Z" is equal to C'Z with the first row multiplied by (—1)(5) and the first column multiplied by
k+4 k+4

(—1)( 2"). Note that Z; is Z;,_; ., with first entry multiplied by (—1)( 2"). This implies that for

I={u<v<z<y},

<<CZZUZUZ$ZEI>> = <<C,Z,Z';L+1—uzflz+1—vz7lz+1—m 7,L+1—y>> = <<C,Z,Z;L+1—yz7lz+1—;rZflz—i-l—vZ’;H-l—u»
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where the first equality uses the fact that the parity of (g) depends only on k£ mod 4. Since the
indices of the rightmost twistor are in increasing order, it is equal to refl*((C'Z'Z})), as desired. [

Proof of Theorem 11.2. We first consider the case when F' has sign s € {0,+1,—1} on the image
of S. We will give the argument for the sign of cyc™ F' on the image of cyc S; the others are very
similar. Note that by definition, cyc™ F' has an expression in terms of the cyclic shifts of twistor
coordinates cyc *((I)). Pick C’ € cycS and Z’ positive, and let C € S and Z be the matrices
from Lemma 11.6. Applying Lemma 11.6 separately to each twistor coordinate in F', each term
gets a sign of (—1)*9°8x I 50 we see that F(CZ, Z) = (—1)*den F cye* F(C'Z', Z'). By assumption,
F(CZ,Z) has sign s, and so cyc* F(C'Z',Z") has sign s as well. Since C' and Z’' were chosen
arbitrarily, this shows cyc* F' has sign s on the image of cyc S.

We now consider the case when F' has strong sign s € {+1,—1} on the image of S. That is,
as a function from S x Ma 57(,]€+4, F = f(C,2)/g(C, Z) where f,g are polynomials in the Pliicker
coordinates of C and the maximal minors of Z, all coefficients of f are sign s and all coefficients of
g are positive. We again will only give the argument for the strong sign of cyc™ F' on the image
of cyc S; the others are very similar. Lemma 11.6 implies that for any C’ € cycS and Z’ positive,
(—1)kdeen Foye= [(C'Z', Z') is equal to F(CZ,Z), where C,Z are as constructed in the lemma.
Thus we have

(—1)kdeen F ey F(C'Z', Z") = f(C, Z)/9(C, Z).
What remains is to rewrite f(C,Z) and ¢g(C, Z) in terms of the Pliicker coordinates and maximal
minors of C’, Z' without changing the signs of any coefficients. This is straightforward: since
C' =cycC, (I'c = (I + 1)¢r, and, similarly, since Z = cyc Z', (I)z = (I — 1) . O

11.3. The proof of Theorem 11.3. We will treat the case when the indices of F' are contained in
Np. The proof for the other case is similar; we remark on the differences at the end of this section.

Notation 11.7. For a positroid Sgr in GrEIS’NR, we set S5 = Gr,ngL 1 Sg, and for a positroid
>0 _ >0
Sy, of GrkbNL, we set ST = S, GrkR’NR )

Using Notation 11.7, Lemma 10.1 implies that S; > S C Sij‘%. Indeed, let Pr,P; be as in
Lemma 10.1. Every element of Pr, P} is a basis for Gr,?LO’ n,» S0 by Lemma 10.1, every basis for
Sp > SR is a basis of S3.

The proof will utilize the following lemmas.

Lemma 11.8. S5, can be constructed in the following way. Start with Sg.

Apply the upper BCFW map to Sg.

Perform incy, ..., incy,, and then prey, 4q,...,pre, ;.

Apply yn(t1),y1(t2), ... Yk, —1(tk,—1) in that order.

For each h =1,...,b— kg, apply the operations xp, yn—1(tk,:n), Thp+h—2(tk,—1:0), - -, Th(t1n) in
that order.

The proof is completely analogous to the proof of [ELT21, Lemma 9.6], which goes by comparing
the collections of non zero Pliicker coordinates for the two descriptions. See Figure 23 for a plabic
graph proof of the lemma.
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FiGURE 23. On the upper left, the plabic graph constructed by the sequence of
operations in Lemma 11.8. Performing the moves in the bottom row produces the
graph on the upper right, which is of the form G <t Ggr where G a plabic graph for
Gr,?g Ny The graph on the left is thus a plabic graph for S%.

Lemma 11.9. Let C € S}, and Z € Mati%H. Then there exists C' € Sg and 7' € Matﬁ% kptd

such that for any functionary F with indices in Ngr, Vo..F(CZ,Z) = F(C'Z', Z').
This follows from [ELT21, Section 4]. For the reader’s convenience, we outline a proof.

Proof. We will show the lemma holds for each intermediate cell obtained in the process in Lemma 11.8.
The first step in Lemma 11.8 is the upper BCFW map. Let T := 1,q(Gr7s xSg), choose C € T' and
choose a positive matrix Z. The proof of [ELT21, Lemma 4.28] together with [ELT21, Lemma 4.22]
define an element C’ € Sk and positive matrix Z’ with the following property: for any functionary
F with indices in Ng, there is a functionary G such that F(C'Z',Z') = G(CZ, Z). [ELT21, Lemma
4.35] implies that G = ¥, F; this is spelled out more explicitly in [ELT21, Example 4.40]. Note
that by Lemma 11.4, the twistor coordinates in [ELT21, Lemma 4.35] are all nonzero on the image
of 1sq(Gris xSR), so one may divide in [ELT21, Lemma 4.35] to obtain precisely the formulas
defining promotion.

Now, let T" denote a cell obtained partway through the process described in Lemma 11.8, and
T’ the cell obtained in the previous step. Fix C € T and Z a positive matrix of the appropriate
dimensions. [ELT21, Lemmas 4.18, 4.21 and 4.24] construct ¢’ € T' and Z’ a positive matrix of
the appropriate dimensions with the following property:

(#x) 1 if I € ("F) or I = {a,b,x,y} where 2,y € N, then the twistor coordinates (C'Z’ Z})) and
(CZ Zr)) are equal.

Consider any functionary F with indices contained in Ng. All twistor coordinates in ¥,.F' are
of the sort appearing in (¥x), so we have that ¥,.F(C'Z',Z') = V. .F(CZ,Z). Taking T = S5, and
iterating, we obtain the lemma statement. ([l

The final lemma involves functionaries with strong sign on the image of a cell, and tracks how
the strong sign evolves under various operations.



76 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

Lemma 11.10. We adopt the notation and assumptions of Theorem 11.8 and suppose F has

indices contained in N, (resp. Ng).

(1) Suppose F has strong sign s on the image of Sp, (resp. Sg). Then for i ¢ N (resp. i ¢ Ng),
F has strong sign s on the image of pre;(Sr) (resp. pre;(Sgr)). Additionally, F' has strong sign
(—1)%8n F's (resp. s) on the image of inc;(S) (resp. inc;(Sg)).

(2) Suppose F has strong sign s on the image of Sy (resp. Sg). Choose i ¢ N (resp. i ¢ Ng).
Then F' has strong sign s on the image of x;(R1).St, and y;—1(R4).St, (resp. z;(R4).Sr and
yi1(R}).5n).

(3) If F has strong sign s on the image of Sp, then W,.F has strong sign (—1)4°8n s on the image
of ta(SE, X Gri% X Gr(?({]bcdn}). If F' has strong sign s on the image of Sg, then V,.F has

strong sign s on the image of LM(Gri% X SR).
Again, the proof of this lemma relies on various results from [ELT21, Section 4].

Proof. Throughout, we will show the results only for S := S, except in a few places where there is
a difference between the arguments. So we assume that on the image of Sg, F = f(C,Z)/9(C, Z)
where f, g are polynomials in the Pliicker coordinates of C, Z, the coefficients of f are all of sign s
and the coefficients of g are all positive. We will sometimes write F'(Y, Z) to make the dependence
of F on Z clear. We also write (Y Z)) instead of (uvzy)).

Proof of (1): The case of pre; S is shown in Theorem 11.2.

The argument for inc; S uses [ELT21, Lemma 4.21], which shows that for any Z' and C’ :=
inc;(C), there is a Z such that for each twistor ((I)) appearing in F, (C'Z’ Z}) = (CZ Zr)).
(There is no sign because [¢] N I is empty, since I C Ngr.) We have (I)c = (I U{i})cr and by the
proof of [ELT21, Lemma 4.21], the same statement holds for Z, Z’. So adding i to each Pliicker
coordinate and minor appearing in f and g gives a formula for F' on the image of inc;(.5).

The argument for inc;(Sy) (assuming F' has strong sign s on Sp) is exactly the same, except that
if n € I, then (C'Z" Z}) = —(CZ Z;)). So F(C'Z',Z") = (—1)%8F'F(CZ, Z), and the strong
sign of F' on the image of inc,(Sy) is (—1)d¢&n £'s.

Proof of (2): The arguments for x; and y;_; are very similar, so we will only give the x; argument
here. Let S = z;(R4).Sg.

First, if S = 9/, then the statement is clearly true. So we will assume S # 5’, and thus S C 5.

Every C' € S’ can be written uniquely as Cx;(t) for t > 0, C € S. The parameter ¢ is the ratio
(TU{i+1})er /(T U{i})er where I C [n]\ {i,7+ 1} is any subset such that I U {i} is a basis of S
but I U {i + 1} is not. Such I exists since the matroid of S’ strictly contains that of S.

Fix Z'. Let Z = x;(t)Z’, so that CZ = Cx;(t)Z' = C'Z'. By [ELT21, Lemma 4.24], (C'Z’ Z})) =
(CZ Zr)) for all twistors appearing in F, because ¢ ¢ I. This implies that F(C'Z',Z") =
F(CZ, Z) = f(C,Z2)/g(C,Z). What remains is to re-express the right hand side in terms of
Pliickers of ¢’ and Z’, without changing the signs of any coefficients.

It follows from the proof of [Lam15, Lemma 7.11] that the Plicker coordinates of C' are Laurent
polynomials in the Pliicker coordinates of C’ with positive coefficients. Maximal minors of Z are
positive polynomials in the maximal minors of Z’ and in ¢, which is the ratio of two Pliicker
coordinates of C’. Thus we may rewrite f(C,Z)/g(C,Z) in terms of maximal minors of Z’' and
Pliicker coordinates of C’ without changing the sign of any coefficient.
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Proof of (3): Note that t(Gry x5) = LN(Grg({)a by X Gry xS) can also be described as

S5 = Ye(R4)-ya(Ry).yn(Ry).xa(Ry). inca(S).

Write
Sl = yn(R+).xa(R+).inCa(S), 82 = yd(]R_,_).Sl, 53 = yc(R+).SQ.

Note that F' has strong sign s on the image of S; by (1) and (2).

For C € S3, C' = y.(t).C’ for unique t > 0 and C’ € Sy. Similarly, C’ = y4(s).C” for unique s > 0
and C” € S;. Note that ¢, s can be computed as (I U{c})c/(I U{d})c, and (I U{d})c/{(IU{n})c
respectively for any I € . such that I is a basis for S. Such an [ is guaranteed to exist
because {b,c,d,n} is coindependent for S.

Fix Z. Let Z' := y.(t)Z and Z" := yq4(s)Z', so that C"Z" = CZ. Note that (C"Z" Z])) =
(CZ Z]) = ¥ee(CZ Zr)). This implies that Vo F(CZ,Z) = F(C"Z",Z"). Since F has strong sign
s on the image of S, the right hand side is equal to p(C”, Z") /q(C", Z") where p, ¢ are polynomials
in the Pliickers of C”, Z"”, all coefficients of p have sign s and all coefficients of g are positive. Again,
what remains is to re-express this in terms of the Pliickers of C, Z without changing the signs of
coefficients. Again, the proof of [Lam15, Lemma 7.11] shows that the Pliicker coordinates of C”
are positive Laurent polynomials in the Pliicker coordinates of C’, which are themselves positive
Laurent polynomials in the Pliicker coordinates of C'. Since additionally s,t are positive ratios of
Pliicker coordinates of C, we are done.

The argument for the strong sign of ¥,.F' on the image of

(1 % Gr7g X G153y o ay) = Ya(Re)-9p(Re)-ye(Ry ).za(Ry) 0 incg o preg(Si)

is very similar. The only difference is that (1), (2) imply F' has strong sign (—1)4°8» £'s on the image
of S1 := yp(Ry).ye(Ry).xq(R4 )oincg o pre, (St ). Then essentially the same argument as above shows
that W,.F also has strong sign (—1)9°8» I's on the image of y, (R ).S1 = t(SL ><Gr1>7% X Gra?b,c,d,n})‘

With these lemmas in hand, we proceed to the proof of Theorem 11.3.

Proof of Theorem 11.3. We assume that the indices in F' are contained in Ng, as the other case is
similar. At the end of the proof we will discuss the differences in the other case.

Item (1): Suppose F vanishes on the image of Sg. By Lemma 11.9, ¥,.F evaluated on a point of
S% is equal to F' evaluated on a point of Sg (using a different matrix Z). Thus, ¥,.F vanishes on
the image of S%, and also on the image of Sif%. Since Sp, <t Sg C Sif% V,.F vanishes on Sy, <1 Sg,
as desired.

Item (2): Suppose F has strong sign s on the image of Sg. Since {a,b,n} is co-independent for
Sp, we may find 1 < iy < i < ...ig, < a such that B = {iy,42,...,4, } is a basis for Sp. Let
S’ c GrELO, Ny be the positroid cell whose only basis is B. Define

(30) Sq:= 8" >4 Sg = Prey,\ (1ufabn}) © inc;,, o+ oinc;, oineg, (tsa(Grys X Sr)).

Since the bases of S’ are a subset of the bases in Sp, it is easy to see using Lemma 10.1 that
every basis of S is a basis of Sy, <1 Sg. So we have

(31) SQQSLDQSRQST%.
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Using Lemma 11.10 on Npg, Sg, we will show that W,.F' has strong sign s on the images of both
St and S.

We deal with the sign of W,.F' on the image of S} first. In Lemma 11.8, we apply the upper
BCFW map, incy, pre, for £ ¢ Ng, and z;,y;—1 for i ¢ Ng. So by Lemma 11.10, ¥,.F has strong
sign s on the image of S%.

Since the operations applied in (30) are a subset of those applied in Lemma 11.8, an identical
argument shows that W,.F' has strong sign s on the image of 5.

By (31), ¥4cF having strong sign s on the image of S3 implies that either W, F' has strong sign
s or it is identically zero on the image of Sy <t Sg. The second possibility is ruled out by W,.
having strong sign s on the image of Sg. This completes the argument.

Item (3): Again we prove the statement for Sr. We first study the possible sign profiles of
(UFy,...,UF,) on points of ngj,%. Lemma 11.9 implies that for every Y € nga there exists C' € Si

and a positive matrix Z’' € Matﬁ%kR 44 such that
sen(VE(Y, Z),...,YE.(Y,Z)) =sgn(FA(C'Z', 2, ..., F.(C'Z', Z") € A.

Thus, the possible sign profiles for points of Z;E, and all possible positive Z also lie in the set A.

Since Z5 C Zgg = nga, every Y € Zg is the limit of a sequence (Y,)72; C Zgr}q%. By passing to a
subsequence we may assume that the sequence of sign profiles

sgn(VF1(Yy), ..., UF. (V)2 C A

is the constant sequence. It is immediate to see that the limit of point with a sign profile in A has
a sign profile in cl(A).

Changes for Sr: There is a version of Lemma 11.8 for S7, where the first step is the “lower
embedding” (S x Gry x Gr(i?b,c,d,n}) of [ELT21, Definition 3.7]. There is also a version of
Lemma 11.9, which has an added sign of (—1)*rtDdeg. I o the right hand side. This is because
for any functionary F', the evaluation of F' on a point in the image of Sy, is the same as the evaluation
of (—1)4%8n F'sW,.F on a point in the image of t(Sy, ¥ Gry) (see [ELT21, Example 4.38]). Then
each of the subsequent kr applications of inc change the sign by (—1)dx¥F = (—1)deen I From
here, the arguments for (1),(2),(3) are identical. O

11.4. The rows of the BCFW matrix. In this section, we set up a particular way of writing
the rows v} (for 1 < i < k) of the BCFW matrix M,. This will be very useful when we invert Z on
Z7. Recall from Definition 2.3 the matrices [cycy, ], [refln], Py is-

Definition 11.11. Let S, C Gr,f(ll be the BCFW cell associated to recipe t. Recall the notation
FStep and p from Notation 6.18. For each coordinate (; € C; (cf Definition 6.20), where 1 <i < k
and ¢ € {a, 3,7, 9, €}, we recursively define a row vector vzi e R™

(1) If FStep = (ag, bk, ¢k, di, ng), then for i = k, we set

U;k = eak7 'Uék = ebk’ v’tyk = (_1)kReCk7 Ug'k = (_1)kRedk7 U;k = (_1)kRenk7
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and for i < k, we set

o vé . yak(%)Pn nkp+1  if the ith step tuple is in ¢z,
‘i ’UC ydk( )Yer, (32) if the ith step tuple is in tg.

(2) If FStep = cyc, then vf, = v‘z “[eyeg -
(3) If FStep = prey, , then vg = vg
(4) If FStep = refl, then

ot {(—1)(g)vg - [refl,]  if the ith step tuple indexes the top row of M,
G —

UZZ - [refl,] else.
Note that we implicitly embed RV < R” and RNE < R™ in (1) above, so y,-(t) isn X n.

Finally for 1 <4 < k we define vj := a;v;, + Bzvﬁ + 705, + d;v5, + iz, If the recipe is clear
from context, we will drop the superscript t.

From the definition of M, (Definition 6.20) and Proposition 6.22, we have the following lemma.

Lemma 11.12. Let S, C Gr;0 be a BCFW cell. Fori = 1,...,k, the vector v} is precisely the
row of the BCFW matriz M, mdea:ed by the ith step tuple. In particular, for each V€ S,, there is
a unique choice of ([a; : i+ i : 0; 1 €]) € (Grf%)k such that V' = span(vi, ..., v}).

11.5. The inverse problem for BCFW cells: the proof of Theorem 7.7. In this subsection
we will show how to invert the amplituhedron map on the image of a BCFW cell, thus proving that
BCFW cells map injectively into the amplituhedron. We will use the following key lemma.

Lemma 11.13. Letk > 1 and let Y € Matyy (x14) and Z € Matsy (44, with row vectors Y1, ..., Yy,
and Z4,...,7Zs, respectively. Define

= (2345) Z1 — ((1345)) Z5 + ((1245) Z3 — (1235Y) Z4 + (1234)) Zs.

Suppose at least one of the 5 twistor coordinates ((2345)), (1345)), ((1245)), (1235)), ((1234)) is nonzero.
Then span(Y7,...,Yy) Nspan(Zy,. .., Zs) = span(v), and in particular is the trivial vector space if
and only if v = 0.

Proof. The assumption on twistor coordinates implies that Y has rank k, Z has rank either 4 or
5 and that span(Yy,..., Y%, Z1,...,Z5) C R¥ has dimension exactly k 4 4. If Z has rank 5, the
lemma now follows from [ELT21, Lemma 4.34].

If Z has rank 4, then span(Y7,...,Yy) Nspan(Zy,..., Zs) is trivial for dimension reasons. We
will show v = 0. Since Z is rank 4, we can find a nontrivial linear combination

5
Z l‘ij =0.
j=1

Now, fix i € [5] so that z; # 0. We claim (Y Z5)\(51)) # 0. Indeed, if (Y Zj5p (1)) = 0, then we

would have
ZazYz = Z x; Z
BI\{i}
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Since the intersection of span(Yi,...,Yy) and span(Zi,...,Z5) is trivial, each side of the above
linear combination must be equal to 0. But this shows the left nullspace of Z has dimension at
least 2, a contradiction. So (Y Zs 1)) # 0.

Choose j # i and apply the linear functional (Y Zjs)\ f; jyu)) to the linear relation above. Then

i (Y Zsp iy Zi)) + 2illY Zisp iy Z4) = 0

or, rearranging,

2 _ =i &Y Zspiy )
z; (Y Zisp gy

This shows v = 0. O

Before using Lemma 11.13 to invert Z, we need an alternate formulation of the twistor matrix
MM™(Y) for S;. Recall from Definition 7.1 that the entries of MV (Y) are rational functions in
the recursively defined coordinate functionaries (;(Y). We show that these functionaries can be
expressed differently using the vectors UZ}-'

Proposition 11.14. Let S. € Gr{ be a BCFW cell and {(;(Y)} its collection of coordinate

functionaries. Let ve, = va(y) be the vectors from Definition 11.11 with (; set to equal C;(Y).

Then fori=1,...,k, we have

(32)

ai(Y) :<<U5¢Z7 Uy, Z, 05,2, inZ» Bi(Y) = _<<vaiZ’ Uy, 2, 05,2, UQ’Z» YY) = <<UaiZ7 Vg, 4, V5, 2, veiZ»
5i(Y) = _<<U04iZ7 V8,2, Uy, 4, inZ>> g(Y) = <<U04iZ7 V8,4, Uy, 4, v5iZ>>'

Proof. We induct on the number of steps in t. The base case of 0 steps is trivially true. We now

need to show that if (32) holds for p (or vz, tg), then it holds for t.

If FStep = prey, , then the coordinate functionaries are the same for v and p. This shows that
the vectors for t,p are the same as well, since they are defined using the same formulas and are
evaluated on the same functionaries. So (32) holds for ¢ if it holds for p.

The arguments for FStep = refl and FStep = cyc are similar to each other, so we give only the
latter case here. By Definition 7.1, when we go from p to t, the left hand sides of (32) change by

F s Fi=(—1)Fdeenl ey .

We will show the right hand sides also change by this operation. Notice that for a pure functionary
F, F is obtained by substituting

Ty — (—1)k_1ZI and Z; — Zj4q for j <n.
This can be seen by writing F' in terms of twistors ((J)) with elements of J written in increasing
order, as is our convention.
Note that vzi is obtained from vg by right multiplying by [cyckyn] and replacing the coordinate
functionaries C;(Y) with the coordinate functionaries (5(Y). That is, if
Ugi =Fe +--+Fy, 1en1+ Frep

where F; are rational functionaries, then

Uzi = Flez +---+ Fn_len + (—1)k71ﬁ’n61.
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Right multiplying by Z, we see that replacing ng by inZ in the right hand sides of (32) has the
effect substituting Z,, with (—1)*71Z; and Z; with Z;;; for all other j, as desired.
Now, if FStep = (a, b, c,d,n), (32) holds for i = k by definition, since
Vo Z = Zo g Z =2y vy Z=(-1)"Z, w5 Z=(-1)""2Z; v, Z=(-1)"r2Z,.
If the ith step tuple of t is in vz, then the coordinate functionaries change by
F s F = (—1)katDdeg, Py p

when we pass from vz, to t. We will show this is also how the right hand sides of (32) change. The

argument if the ith 4-step tuple of t is in tg is very similar, and is left to the reader.
o (Y

Note that vzi is obtained from UCLi by right multiplication by ya(WY;)Pmmk r+1 and then replacing
the coordinate functionaries C]-L(Y) with (;(Y'). That is, if
Ué :F161+"'+Faea+Fbeb+Fnen

where F; are rational functionaries, then

5 3 5 aulY 3
Ug =Fe +- -+ Feeq + F <€b + B:EY; €a> + (—1)Ft Fey,.

Recalling that g:((g = - ffZiﬁZ?w we see that replacing véZ by UZiZ in the right hand sides of (32)

has the effect of substituting

{(bedn) kp+1

Zy v Zp — Z d Zyw— (=1)rtlz

b b <<(ICdTL>> a aln n ( ) n

which is precisely the map F — F' since all functionaries appearing are pure. ([l

We now partially invert the Z-map on a BCFW cell. That is, we show there is a subset of Z¢ on
which Z : S; — Z? is invertible. Later we show that this subset is the entire open BCFW tile Z¢.

Proposition 11.15. Let S, € Grf(;l be a BCFW cell. Let Y € Grgpya be a point such that
CG(Y) > 0 for all coordinate functionaries. Then MM™(Y) € S, and is the unique element of
Z=X(Y)N S,. In particular,

(33) Z D{Y € Griya 2 GG (Y) > 0 for all coordinate functionaries}.

Proof. First, since all coordinate functionaries are positive on Y, [o;(Y) : Bi(Y) : %(Y) : 6;(Y) :
g;(Y)]k_, is an element of (Gri%)k. The matrix C' := M (Y) is precisely the image of this point
under the map in Proposition 6.22, so is in S,. Writing the rows of M (Y') using the vectors v,
we see the vectors v, are all evaluated on the coordinate functionaries of Y, so are precisely the

vectors appearing in Proposition 11.14.
Now, by Lemma 11.12, row 4 of C' is equal to

v; = (Y )va, + Bi(Y)vg, + (Y )vy, + 6;(Y)vs, + €:(Y)ve,
so by Proposition 11.14, row ¢ of CZ is equal to
Vi Z =(v8,Z, 0y, Z, V5, 2,0, Z )V £ — (Vo £, 0, 2,08, 2,06, Z )05, Z + (Voy Z,08, 2,05, 2, ve; Z )0y, Z
— (V0 2,08, Z, 0y, Z, 06, Z) 05, Z A (Vo 4,08, 2,04, 2,05, 2 ) Ve, Z.
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Note that v;Z is a nonzero vector and is also exactly the vector v from Lemma 11.13 applied to Y
and the matrix with rows v,, Z,vg,Z,v,Z,v5,Z,v,;Z. All of the twistor coordinates appearing as
coefficients are nonzero by assumption, thus by Lemma 11.13, the vector v;Z spans the subspace
Y Nspan(va, Z,vg, 2, vy, 2, v5,Z,ve; Z) and in particular is a nonzero vector in Y. This implies that
the rowspan of C'Z is contained in Y. Since both subspaces are k-dimensional, they must be equal.
Thus C is a preimage of Y.

Now, suppose C" € Sp is another preimage of Y, with BCFW parameters {¢;} and vectors vl
We will show that in fact C’ has the same BCFW parameters as C, starting with ¢ = k. For i = k,
we have v¢, = V¢ because these vectors are the same for all elements of Sp.

The kth row of C'Z is

W2 = Vg Z+ Bivg, Z+ 140y Z 0305 Z €0 Z = v, Z+ Bvg, Z + vy Z + 0405, Z +€jve, Z

and is a nonzero element of Y. Also, vi.Z € span(va,Z,vs,Z, vy, Z, Vs, 2,0, Z), so must be
proportional to vy Z, which spans Y Nspan(va, Z, v, Z, vy, Z,v5, 2, v, Z). Thus

[k Br vk Ok ek] = [ Bl i Vet 0% = €L
Now, suppose (; = Cj‘ for all j > ¢. This implies that v;, = v since v¢, depends only on the

BCFW parameters indexed by j > 7. Repeating the argument above with the ith row of C'Z’ shows
that

[ e Bi iy 2 0iei] = [ Bl il 8 gl

To prove Theorem 7.7, we just need to show the reverse inclusion in (33). That is, for every point
C € S;, we need to show that C'Z has positive coordinate functionaries. To do so, we analyze the
signs of functionaries on Z7 before and after promotion, cyclic shift, and reflection, using results
from Section 11.1.

Proof of Theorem 7.7. 1t suffices to show the reverse inclusion in (33), since the desired statement is

already known for the set on the right hand side. That is, we need to show that for all Z € Mati% 4

(34) Z CHY € Grypya : ¢ (Y) > 0 for all coordinate functionaries}

We will show that all coordinate functionaries for v have strong sign +1 on the image of S;, and so
in particular are positive on Z?.

We proceed by induction. The base case is K = 0 or v = (), which is trivially true since there are
no coordinate functionaries for t.

Now, suppose FStep € {pre Ik,reﬂ}. By induction, the coordinate functionaries of p are strongly
positive on the image of Sy. By Definition 7.1, the coordinate functionaries for v are obtained from
those for p by doing nothing (if FStep = prej, ) or applying refi* (if FStep = refl). In either case,
Theorem 11.2 show that the coordinate functionaries for v have strong sign +1 on the image of 5.

If FStep = cyc, then ¢f(Y) = (—1)Fde8n &) cye=* ¢¥(Y). Again, the inductive hypothesis and
Theorem 11.2 show that this functionary has strong sign +1 on the image of S..
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If FStep = (a,b, ¢, d,n), then Lemma 11.4 shows that each of the five twistors (;(Y') have strong
sign +1 on the image of S.. Theorem 11.3, Item 2 and the inductive hypothesis shows that the
remaining coordinate functionaries have strong sign +1 on the image of 5. U

Since the map Y ~ M (Y") of Theorem 7.7 amounts to a continuous inverse of Z on Z2, we
have the following corollary.

Corollary 11.16. The amplituhedron map, restricted to a BCEFW cell, is open.
Corollary 11.17. Let S, be a BCFW cell. Then 8Z, C Z(dS.).

Proof. Since Z restricts to a homeomorphism on S, Z; is open and thus is contained in the interior
of Z.. Since Z, is the image of S, the boundary of Z, is contained in the image of 9.. O

We also show that each coordinate cluster variable of ¢ (c.f. Definition 7.3) has a strong sign on
the image of S..

Corollary 11.18. Let S, be a BCFW cell and let {; € x(x) be a coordinate cluster variable. Then
for some s € {£1}, ; has strong sign s on the image of S..

Proof. We proceed by induction. Recall that @‘ is either one of the twistor coordinates in Lemma 11.4;
or it is equal to one of Ef ,cyc* CT ,refl* @p ; or it is the rescaled product promotion of EZL or fﬁ
In the first case, the corollary is true by Lemma 11.4. In the second, it is true by Theorem 11.2.
In the third case, Theorem 11.3 tells us that W((F) (or W(([?), as appropriate) has a strong sign
on the image of S;. By definition, {; = W(¢}) differs from ¥((F) by a Laurent monomial in the
twistors appearing in Lemma 11.4. Since each of these twistors has a strong sign on the image of
S, this implies that ¢; also has a strong sign on the image of S.. O

Remark 11.19. While Corollary 11.18 is stated for the coordinate cluster variables of x(t), the

*

proof holds for any functionary which can be obtained by repeatedly applying ¥, cyc™*, and refl
to a cluster variable with strong sign on the image of the appropriate BCFW cell. In particular,
twistor coordinates whose indices are cyclically consecutive in N have a strong sign on the image
*

of every BCFW cell with marker set N. Repeatedly applying ¥, cyc™, and refl to such a twistor

coordinate will produce a functionary with strong sign on the image of the appropriate BCFW cell.

12. BCFW TILINGS

Recall the notion of tiling from Definition 2.13. In this section we will prove the BCFW tiling
conjecture (see Theorem 12.3), which was implicit in [AHT14], and which gives a large class of
tilings of the amplituhedron A, 1 4(Z) using BCFW tiles.

Notation 12.1. Throughout this section we use Notation 2.11, Notation 5.1 and fix £ > 0,n >
k + 4. Moreover, we define b,,;, := 2 if k;, = 0 and otherwise b,,;y, := kr, + 3.

Definition 12.2 (BCFW collections). We say that a collection 7 of 4k-dimensional BCFW cells
in Grf% is a BOFW collection of cells for A, 1 4 if it has the following recursive form:

o If n =k +4, T is the single BCFW cell Gr72.

e If k=0, T is the single trivial BCFW cell Grag.
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(n,k) = (7,2) 7 6O 7 6 7 6°

FIGURE 24. Some BCFW collections in terms of plabic graphs. For (n,k) = (5,1)
and (n,k) = (6,2), there is a unique BCFW collection which contains the unique
BCFW cell Gri?1,27374,5} and Grg 6,12} > Gr1 (23456}, respectively. For (n, k) =
(6,1), we show a BCFW collection where 7. and each Ty, i, n consists of a single
cell. For (n,k) = (7,2) we show a 6-element BCFW collection.

o If 7 ={S,} is a BCFW collection of cells, so is refl T := {refl S;} and cyc" T := {cyc" S,}.
e Otherwise
T=Twel || Topkrbn
b,k

where

— b ranges from b,,;, to n — 3 — kg, and byn, k1, kg as in Notation 12.1,

— Tpre = {prey(S")|i € F}, where {S'|i € F} is a BCFW collection of cells for Ay, fay,5.4,

— Thy knbm has the form {S% Sg% | i € D,j € €} where {S¢ | i € D} and {Sg% | j € &} are

BCFW collections of cells for Ay, x, 4 and Ay, ip.4-

See Figure 24 for examples of BCFW collections.

Theorem 12.3 is the second main result of our paper. The statement was conjectured in [AHT14],
and in the case of the standard BCFW collection, was proven in [ELT21].

Theorem 12.3 (BCFW tilings). Let {S1,...,S¢} be a BCFW collection of cells for A, 4. Then for
all Z, the corresponding collection of tiles {Zs,, ..., Zs,} is a tiling of the amplituhedron A, ; 4(Z),
which we refer to as a BCFW tiling.

Theorem 12.3 is a special case of the more general Theorem 12.6, which we will prove below.
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Mol 1 2 3 4 |5
n
5 1] 1
6 1] 2 1
7 1] 7 7 1
8 11402624 | 40 | 1
9 1]297]>10" ][ >107[297 [ 1

TABLE 2. Number of BCFW tilings of A, ; 4(2)

b,kr,kr
n d n d

FiGUurRe 25. BCFW tiling for A, 4. On the right hand side: the first term
is obtained by tiling A\ (ay k4 (from Tpre); the second term is the union over
b,kr,, kr as in Definition 12.4 of the collections of tiles obtained by tiling Ay, , 4
and Any, kp.4 independently (from T, iy bn)-

Definition 12.4. A collection T of 4k-dimensional BCFW cells in Grr,i?1 is called a quasi-BCFW
collection of cells for A, j, 4 if there is a decomposition

T = 7I)re U |_| EL,kR,b,na
kkaRJ)

where

e b ranges from b,,;, to n — 3 — kg, and byn, kL, kr as in Notation 12.1,
o Tpre = {prey(S")]i € F}, where the collection {S'|i € F} gives a tiling of A\ (43 4,4 for all Z,
® Ti; knpbn has either of the following forms:

- {S%j > S | i € D,j € &}, where the collection {S}% C Grf}g,NR | i € D} gives a tiling of
AnNp kpa for all Z, and for every i the collection {S7’ C Gr,i({NL | 7 € &} gives a tiling of
AN, oy for all Z,

- {9% S;;Lj | St C GrfLO’NL, S;;Lj C Gr%}g’NR,z’ € D, j € &}, and the conditions on the right and
left side in the above point are interchanged.

In the first case we say that Ty, xppn is fibred on the right side, and in the second we say it is

fibred on the left side.
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Remark 12.5. Definition 12.4 is similar to Definition 12.2. However, while the tiles involved in
Definition 12.4 are all BCFW tiles, their collection does not need to be produced via the recursion
in Definition 12.2, but instead is obtained from tilings of amplituhedra with smaller n and k.

Theorem 12.6. Let T = {S1,..., 5S¢} be a quasi-BCFW collection of cells for Ay 4. Then for all
Z, the corresponding collection of tiles {Zs,, ..., Zs,} is a tiling of the amplituhedron Ay, j 4(Z).

Our starting point for proving Theorem 12.6 is the following theorem, proven in [ELT21, Theorem
9.5, Lemma 9.7] and the comment after the proof of [ELT21, Proposition 9.9].

Theorem 12.7. Let Z € Mati?C+4 and
Chre 1= pred(Gr,i([)n]\{d}) and Cip kpbm = Gr,?LO’NL > Gr,fiNE .
Then the sets
{Z(Cpre)} U{Z(Chy kpbn) | kr,kr >0, kr, + kg =k — 1, bypin <b < n—3— kg}

are pairwise disjoint and their union is dense in Ay g 4(Z).

In particular, on Z(Cpre) all twistor coordinates (i,i+1,n—2,n)) withi € [1,n— 4] are positive,
while on each Z(CkL,k:R,b,n) at least one such twistor coordinate is negative. In addition, for allb # b’
the quadratic functionaries (b — 1, ,n|n —2,d|b,b— 1,n) have opposite signs on Z(Cr, kpbn)
and Z(CkL,kR,b’,n)'

Definition 12.8. We say that two open tiles Zg ,Z3 are separated by a family Fi,...,Fy of
functionaries if each F; has a strong sign on one of Z3 ,Z3 , and, there are two disjoint sets
A,B C {~1,0,1}" such that for all Z

(sgn F1(Y),sgn F5(Y),...,sgn Fn(Y)) € Aforall Y € Zg |
while (sgn F1(Y),sgn F»(Y),...,sgn Fy(Y)) € B forall Y € Zg, .
Remark 12.9. If Zg , Zg, are separated by a family of functionaries, then Zg NZ3 = () for all Z.

Corollary 12.10. Two BCFW tiles Zg,, Zs, satisfy Zg NZg, = 0 for all Z if and only if they are
separated by a family of functionaries.

This corollary is an immediate consequence of Remark 12.9, and Theorem 7.7 and its proof, as
we can take the collection of coordinates functionaries for the two open tiles Zg , Zg as the list of
functionaries.

As we already proved BCFW cells give tiles in Theorem 7.7, the following two results are enough
to complete the proof of Theorem 12.6.

Proposition 12.11. Let T be a quasi-BCFW collection of cells for Ap 4. Then Zg N 23, = 0,
for any pair of cells S1,S2 in T.

Proposition 12.12. Let T be a quasi-BCFW collection of cells for Appa. Then Appa(Z) =
User Zs-

In the rest of the section, we proceed with proving Proposition 12.11, and then Proposition 12.12.
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Proof of Proposition 12.11. By the definition of a BCFW collection, every S € T belongs to either
7;)re or to EL,kR,b,n'
Case (1): Consider S, 5, € T. If 51,52 € T both belong to Tpre, then they can be written as

S1 = prey(S]), and So = prey(S5),

where by construction and Corollary 12.10 there is a family of functionaries Fi, ..., F), separating
51,55, The same functionaries are easily seen to separate Si,.S2 using Theorem 11.2. Hence the
claim follows by Corollary 12.10.

Case (2): If S1,52 € T, kp b, then without loss of generality,

. ) Yy ¥
S| = Sz] > Sﬁ and Sy = SZJ > Sﬁ,

where {S%} gives a tiling of Ay, kp4(Zr) for all Zg and {S%j}, {Sg’jl} for fixed 4,7’ gives a tiling
of An, k,.4(Zy) for all Zy,.

Since S7 # Sy either i # i’ or ¢ = ¢’ but j # j'. We treat the first case, the second is treated
similarly. By Corollary 12.10, Zg% gy
Using Item 2, Item 3 of Theorem 11.3, we will show that Zg and Zg can be separated by the
family W(F}),..., ¥(Fy) of functionaries and so are disjoint for all Z by Corollary 12.10. Without

loss of generality, let FY,..., F) have a strong sign + on Z2, and Fary1,..., Fx have a strong sign
R

Z;i, can be separated by a family F1,..., Fiy of functionaries.

+ on Z,. This means that on Zg, the signs of (F1,...,Fy) are of the form
R R

(+17 o '7+178M+17 s 75N)7 where (SM-‘rla s 75N) eUC {i170}{M+17M7N}7

while on Z;i/ these signs are all of the form
R

(S1,.. >80, +1, ..., +1), where (si,...,sp) € V C {£1,0}{LM}

Since F1, ..., Fy is separating, at most one of U, V' contains the all +1 vector. By Item 2 and Item 3
of Theorem 11.3, on every point of Zg the promotions (¥(F}),..., ¥(Fy)) have a sign vector of
the form

(+1,..., 41, 80741, .-, 55), where (spri1,...,sn5) € cl(U) C {=1,0{MFLNE
while on every point of Zg the sign vector is of the form
(S$1y.-.ysnm,+1,...,4+1), where (s1,...,sn) € cl(V) C {:l:l,O}{l""’M}.

Notice that a sign vector is simultaneously of the form (+1,...,+1,sa/41,...,55) and of the
form (s1,...,sm,+1,...,+1) if and only if it is the all +1 vector. At most one of cl(U),cl(V)
contains the all +1 vector, since at most one of U,V contains the all +1 vector.

Thus, the sets

{(+1,. .., 41, 80415+, SN) & (M1, - - -5 8N) € cl(U)},
{(81,...,8M,—|-1,...,+1) : (81,...,81\/[) S CI(V)}

do not intersect.
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Case (3): Suppose S; and Sz belong to different sets among Tpre, { Tk, kb Ly kpb- Denote these
sets by 71,72 respectively, and let C7,C5 such that C; = Cpre if T; = Tpre, and C; = Cy, kpbon if
Ti = Ty kpnbn (Cpre and Ck, gy b.pn are as in Theorem 12.7.)

Assume towards contradiction that for some Z the intersection Zg N Zg is non empty. Then,
since Zg , Zg, are open (Corollary 11.16), also their intersection U # () is open. Lemma 12.13 below
shows that also Z(C}), Z(Cs) are open. Since

7%, C Z(Cv), Z§, € Z(Ca),

this implies U is contained in Z(Cy) N Z(Cy), and hence intersects Z(Cy) N Z(Cy) in an open
nonempty set. But this contradicts Theorem 12.7.
U

Lemma 12.13. Let S7, S} be as in Notation 11.7. Then:
e the sets %gi and Zg«}q% ~cm"e open;
o the sets Z(Cpre) and Z(Cl, kpbn) are open.
Proof. We start with the first statement. We prove it for ng}q%7 the proof for ng’i is similar. We
will show that the amplituhedron map is submersive on S, and since submersions are open it will
prove our claim.

Note that for |[Nz| < ki + 4, S3 is a BCFW cell, hence 2]57% is open and submersive by
Corollary 11.16.

Let |Np| > kr + 4 and denote Wy, = Span(Z; : i € N), d = dim(W7). Since every k + 4 rows of
Z are linearly independent, d = min(Ny, k + 4)

Let 7 : F' — Gry, (Wr) be the fiber bundle whose fiber over W € Gry, (Wp) is

Fyy = 7' (W) = Gry 1 (RF /W),
The amplituhedrom map Z : St — Grp k44 decomposes as
Sk — F — Gry 4,
where the map ® : F' — Gry, 44 is given by
SU,W)=U+W,
and the map = : Sj, — F is given by
E(V) = (2(V)/(V12),VLZ),

where Vi, = V N Span(e; : i € Np).

We will show that these maps are well defined and submersive. This will imply that also their
composition, Z |S;12 is a submersion.

The map ®: ® is well defined, since if Uy, Us are different liftings of a (kg +1)-subspace of R4 /T
to k-spaces Ul, U5 C R¥+4 then

Ul +W =Uy+W € Gry s

It surjective, since any k—space V C R¥*% intersects Wy in a subspace of dimension at least
d—4 > k. Thus we can decompose V' (not uniquely) as U + W where W is a k;—space in W NV.
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® is then seen to be everywhere submersive, by standard arguments.
The map =Z: Let V be an element of S%, by the proof of Proposition 10.2 and Remark 10.3, V'
can be written uniquely as

V=V, & Vg,
where VI, € prey 4 Gr,?LO’NL and Vg belongs to the BCFW cell Sj of pre; ., 4 GrliSH,NR
obtained by applying the upper BCFW map with indices a, b, c,d,n to Sg, and then adding zero
columns.

Let Y1, := V. Z, then Y, C Wp. In addition, VL, € prey,q 41 Gr,?LOJVL - Grfﬁn. On Gr]io’n,
right multiplication by the positive matrix Z is just the amplituhedron map from Gr,iom to Gry, gt4a-
Hence Y7, € Ay, i, kta—k,, (Z), so in particular Y7, is of dimension kz and Y7, € Gry, (Wr).

Since Z(V) = (Y/Yr, Y1), E indeed maps S} to F.

Let’s denote by T, M the tangent space of the differentiable manifold M at the point p. We can
conclude that = is a submersion if we show that:

(1) at V € S5, the Vi, directions of Ty Sy, surject on the base directions Ty, Gry, (Wr);
(2) at V € Sg, the Vg directions surject on the fiber directions Ty y, Grpe1 (RFH /7).

Item 1 can be proved by using standard arguments. We will now prove Item 2.

In order to show that = is a submersion, we will show that at V' € S%, the Vp, directions of
Ty S} surject on the base directions Ty, Gry, (W), while the Vg directions subrject on the fiber
directions Ty y, Gry,+1(R¥™/Y7).

Let us fix V7, and note that

Yg :=Y/Y, C R /vy
is a kp + 1 space, which lies in the image of Sy under the map
(35) Gr70 ) Ny, = Gk (RFF/Y7),
obtained by the right multiplication of Z"Z, whose rows are

Zi/Yr, i=a,b,b+1,...,n.

Once fixing an identification of R¥+4 /Y, with R(¥2+1)+4 this map becomes the amplituhedron map,
as long as Z'7 is a positive matrix under this identification. Note that different identifications leave
the maximal minors of ZVZ and the twistor coordinates of a point in Gry,1(RF**/Y7) invariant,
up to a common multiplicative scalar. In particular, whether a functionary vanishes at a given
point is independent of the identification with RFr+5,

We now show that all Pliicker coordinates of Z"~ have the same sign, hence there is an identification
which makes this matrix positive. Using linear algebra, it is easy to show that the Pliicker
coordinates (I) ,v; equal (up to multiplication of a common scalar) the determinants det(Y}|Z}) of
the (k +4) x (k + 4) matrix obtained by stacking Y/ = CZ, where C[, is a matrix representative
of V1, with a lift Z} of the rows I of ZVZ to R*+4. Here I runs over subsets of {a,...,n} of size
kr+5=k+4—kr.

The determinant det(Y7|Z}) can be expressed as the determinant of the matrix C'} Z, where C,
is the (k+4) x n matrix whose first k7, rows are Cr,, and the remaining rows are the standard basis
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elements e;, ¢ € I. (] is non-negative, Z is positive, and by Lemma 2.16 the determinant of C} Z
is positive. Hence det(Y7|Z}) and the Pliicker coordinates (I),v, are positive.

We can now show that the map in Equation (35) is submersive: its inverse map is smooth near
Y/Yy, since we can run the same pre-image algorithm of Theorem 7.7 for the cell Sy, in analogy
with the usual amplituhedron map. The algorithm does not stop as long as certain functionaries
are nowhere zero, see the proof of Theorem 7.7. Recall that whether a functionary is zero is
independent of the identification with R*¥&+5,

The proof regarding Z (Ckyp kp.bm) is similar to the one of Zg}q2 , but one can use standard
arguments to prove both the analogue of Item 1 and Item 2.

Finally, we complete the proof regarding Cpre. The fact that the amplituhedron map from
Gr o fn\{n—1} O Gry kya is a submersion was shown in [ELT21, Theorem 1.5]. It is straightforward
to conclude that also the amplituhedron map restricted to Cpre = pre,,_; Grk’[n}\ (n—1} submerses.

O

In order to prove Proposition 12.12, we need the following results from [BH19, Proposition 3.3,
Corollary 3.2, Lemma 3.1]:

Theorem 12.14. Let {S¢}iec be a collection of positroid cells in Grk [n\{i}

(1) If {Zs, }eec tiles Z(Gr [ i }) for all Z, then {Ze,(s,) }eec tiles Z (pre; (Grk[ N\ })) for all Z
(2) If {Zs, }cc tiles Z(Gr e\ i }) for all Z, then {chz(Sz Yeee tiles Z(lncZ(Gr/,c+1 ] 1})) for all Z
(3) Let {S;}jep be a collection of positroid cells in Gr® wm- L {Zs;}jep tiles An7k,4(Z) for all Z,
then {Zeyc,(s;) tiep tiles Apka(Z) for all Z.
(4) Let S be a positroid cell in Gr,f(;l, and let Sy, ..., S, be positroid cells contained in S.
If the union of Zs,, ..., Zs, eqz,Lals Zg for all Z, then for any j € [n] we have:

Zej(Re).s = U Zj(Ry).5: and Zy;(Ry).5 = U Zy;®y).5;  Jorall Z.
=1 =

Recall from Notation 11.7 the definition of S* and S<.

Lemma 12.15. Let C be a collection of BCFW cells. If {Zs}sec tiles An, k, 4 (respectively,
ANpkpa), then {Zse}see (respectively, {Zs«}sec) covers ZCkL,kR,b,n for all Z.

Proof. By Lemma 11.8 this statement follows by subsequent applications of Theorem 12.14. More
specifically, there is a sequence s of operations of the form pre;, inc;, z;(R4), y;(R4), such that for

_ q< >0 _ >0 >0 .
each § € C 5.5 = S9 and also 5.GrkR’NR = GrkL’NL > GrkR’NR This means that Z_ GrkR v
UsecZs.s. An analogous argument works for S”.

Lemma 12.16. For every BCFW cell Si in Grlig Np> and every BCFW cell St in Grlr,i0 Ny

Proof. The equalities hold since Zgi , ng% are open, by Lemma 12.13. We now show the inclusion.
Let F1, ..., F5; be the coordinate functionaries of ZngSR where the first 5k, are the promotions of
the coordinate functionaries of Sy, the last 5k are the promotions of the coordinate functionaries of
Sk and the remaining 5 are the (signed) twistors introduced in the k-th step-tuple. By Lemma 11.4,
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the 5 (signed) twistors are positive on Zng S ZEE , Zg}q2 . By Theorem 11.3, the first 5k, are positive
onZg, s, Zgi and the last 5kp are positiveon Z35 s, Zgy?%. By Theorem 7.7 every point for which
all the F; are positive belongs to Z3 s . Thus, every point of Zgi N ng]% belongs to Zg .. We
finish by taking closures. O

Proof of Proposition 12.12. By our assumptions, and Item 1 of Theorem 12.14, , T gives a tiling

of Zg ., for all Z. We will now show that the collection {Zs}tsen, covers the subspace

kb
Z¢y o un- The result will then follow from Theorem 12.7.
L kRr:bn

Fix kr, kg, b,n and suppose without loss of generality that 7y, i, is fibred on the right side:
Eka’b’n = {Sz’j > qu | 1€ D,j € 51‘},

where the collection {ZS% | i € D} tiles of Ay, kp4a(ZR) for all Zr and for every i the collection

{Zsz,j | j € &} covers Ay, i, 4(Z1) for all Z;,. By Lemma 12.15, {Z(S'Ii%)q | i € D} covers Zey, 40

for all Z. Similarly, for every i, {(Szj)D | 7 € &} gives a tiling of ZCy, gppn for all Z. Thus, for all

Z, and every ¢ € D.

Z(sp)e = ZL(giya = U Zigiys N 4(gip S U Zgiinasi, = U Zgiinasi,»
JEE&; JEE&; JEE&;

b,

where the inclusion is by Lemma 12.16 and the last equality uses that Zg are closed sets. Therefore

ZCkL,kR,b,n - U ZSQJ'MS%'
€D jet;

This completes the proof. ]

APPENDIX A. BACKGROUND ON PLABIC GRAPHS

In [Pos06], Postnikov classified the cells of the positive Grassmannian, using equivalence classes
of reduced plabic graphs, and decorated (or affine) permutations. Here we review some of this
technology, following [FWZb], [Pos06], and [PSWO0T7].

Definition A.1 (Plabic graphs). A planar bicolored graph (or “plabic graph”) is a planar graph
G properly embedded into a closed disk, such that each internal vertex is colored black or white;
each internal vertex is connected by a path to some boundary vertex; there are (uncolored) vertices
lying on the boundary of the disk labeled 1,...,n for some positive n; and each of the boundary
vertices is incident to a single edge. See Figure 26 for an example.

FIGURE 26. A plabic graph
If G has an internal leaf which is incident to a boundary vertex, we call this a lollipop. We will
require that our plabic graphs have no internal leaves except for lollipops.
There is a natural set of local transformations (moves) of plabic graphs:
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(M1) Square move (or urban renewal). If a plabic graph has a square formed by four trivalent
vertices whose colors alternate, then we can switch the colors of these four vertices.

(M2) Contracting/expanding a vertexr. Two adjacent internal vertices of the same color can be
merged or unmerged.

(M3) Middle vertex insertion/removal. We can remove/add degree 2 vertices.

See Figure 27 for depictions of these three moves.

I J1 > = > —

FIGURE 27. Local moves (M1), (M2), (M3) on plabic graphs.

Definition A.2. Two plabic graphs are move-equivalent if they can be obtained from each other
by moves (M1)-(M3). The move-equivalence class of a given plabic graph G is the set of all plabic
graphs which are move-equivalent to G. A plabic graph is called reduced if there is no graph in
its move-equivalence in which there is a bubble, that is, two adjacent vertices u and v which are
connected by more than one edge.

Definition A.3 (Decorated permutations). A decorated permutation on [n] is a bijection 7 : [n] —
[n] whose fixed points are each coloured either black (loop) or white (coloop). We denote a black
fixed point ¢ by m(i) = i, and a white fixed point i by 7(i) = i. An anti-excedance of the decorated
permutation 7 is an element i € [n] such that either 7=1(i) > i or 7(i) = 7. We say that a decorated
permutation on [n] is of type (k,n) if it has k anti-excedances.

Definition A.4. Let G be a reduced plabic graph as above with boundary vertices 1,...,n.
For each boundary vertex i € [n], we follow a path along the edges of G starting at i, turning
(maximally) right at every internal black vertex, and (maximally) left at every internal white
vertex. This path ends at some boundary vertex 7(i). By [FWZb, Proposition 7.4.22], the fact
that G is reduced implies that each fixed point of 7 is attached to a lollipop; we color each fixed
point by the color of its lollipop. In this way we obtain the decorated permutation mg = w of G.
We say that G is of type (k,n), where k is the number of anti-excedances of 7¢.

The decorated trip permutation of the plabic graph G of Figure 26 is 7g = (3,4,5,1,2), which
has k = 2 anti-excedances.

Theorem A.5 (Fundamental theorem of reduced plabic graphs). [FWZb, Theorem 7.4.25] [Pos06]
Let G and G' be reduced plabic graphs. The following statements are equivalent:

e G and G' are move-equivalent;
e G and G’ have the same decorated trip permutation.

Definition A.6 (Perfect orientation). A perfect orientation O of a plabic graph G is a choice
of orientation of each edge such that each black internal vertex w is incident to exactly one edge
directed away from w; and each white internal vertex v is incident to exactly one edge directed
towards v. A plabic graph is called perfectly orientable if it has a perfect orientation. Let Go
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denote the directed graph associated with a perfect orientation O of G. The source set Ip C [n]
of a perfect orientation O is the set of boundary vertices ¢ for which ¢ is a source of the directed
graph Gp. The complementary set of sinks will be denoted by Io.

Proposition A.7. [Pos06, Proposition 11.7, Lemma 11.10] Let G be a plabic graph. Then there is
a matroid M(G) called a positroid whose bases are precisely the subsets

{I | I =1Ip for some perfect orientation O of G}.

Lemma A.8. [PSWO07, Lemma 3.2] Fach reduced plabic graph G on [n] has an acyclic perfect
orientation. Moreover, for each total order <; on [n] defined byi <;i+1<; -+ <;n<;1<; - <;
i — 1, G has an acyclic perfect orientation O whose source set I is the lexicographically minimal
basis with respect to <;.

Given a perfect orientation O of a reduced plabic graph G, one can give a parameterization of
an associated cell Sg of Grf?l; the cell depends only on the move-equivalence class of G, not on G
or the choice of perfect orientation. The parameterization is particularly simple when O is acyclic.

Definition A.9 (Path matrix). Let G be a reduced plabic graph on [n] and let O be an acyclic
perfect orientation of G. Set k = |Ip|. Let us associate a variable z. with each edge of G. For
i € Ip and j € Ip, define the boundary measurement M;; as the following expression:

M;; = Z H Te,

P ecP
where the sum is over all directed paths in Go that start and end at the boundary vertices ¢ and
J, and the product is over all edges e in P. The path matriz A = A(G,O) = (a;;) is the unique
k x n matrix such that

e The k x k submatrix of A in the column set I is the identity matrix.
e For any i € Ip and j € Ip, the entry a;; equals £M;;.
e All Pliicker coordinates of A are nonnegative.

Theorem A.10. [Pos06] Let G and O be as in Definition A.9. Then for any positive real values of
the edge variables x¢, the realizable matroid associated to the path matriz A(G, Q) is the positroid
Mg from Proposition A.7. Let Sqg C Grfon denote the set of all k-planes in R™ spanned by the
path matrices A = A(G,Q), as each edge variable xe ranges over Rsg. Then Sg is homeomorphic
to an open ball, of dimension r(G) — 1, where r(G) is the number of regions of G, and S¢ is called
a positroid cell. We have that Gr,ff;l s a disjoint union of positroid cells.

If G is a perfectly orientable graph which fails to be reduced, it still gives rise to a positroid cell
S¢; however, its dimension will be less than r(G).

We can perform certain operations, called gauge transformations, which preserve the boundary
measurements M;;. The following lemma is easy to verify.

Lemma A.11 (Gauge transformations). Let G and O be as in Definition A.9, and let N denote
network consisting of Go together with the edge weights z.. Pick a collection of positive real
numbers t, > 0 associated to each internal vertex v, and for each boundary vertex i, sett; = 1. Let
N' be the network obtained from N by replacing each edge weight x. (where e = (u,v) is an edge
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directed from u to v) by !, = xtut;t. In other words, for each interval vertex v we multiply by t,
the weights of all edges directed away from v, and we divide by t, the weights of all edges directed
towards v. Then the network N' has the same boundary measurements as the network N.

Theorem A.12. [Pos06, Theorem 18.5] If Sg is a cell associated to plabic graph G, then every
cell in the closure of Sg comes from a plabic graph obtained from G by deleting some edges, and
conversely, if we delete some edges of G, obtaining a perfectly orientable graph H, it corresponds
to a cell Sy in the closure of Sq.

Any positroid cell S can be built up using certain atomic operations, x;(t), y;(t), inc;, pre;, which
we now review, see e.g. [Lam15]. Recall from Definition 2.4 the definition of pre;.

Definition A.13. Let E,; be the n x n matrix whose (a,b) entry is 1 and all other entries are

zero. For i =1,...,n — 1, we define the upper triangular matrix z;(t) := I + tE; ;11 and the lower

triangular matrix y;(t) := I +tE;y1,;. We define z,,(t), y,(t) as in [ELT21, Definition 3.4]. For fixed

t, we have maps x;(t), yi(t) : Grg, — Gry,p, to itself, which are induced by right multiplication:
x;i(t) : C'w— Czy(t) and yi(t) : C — Cy;(t).

For i € [n], we also define the map inc; : Maty, )\ (3 — Maty, , by

‘ ‘ ‘ ‘ 0 0 1 0 0
inc; : Cl e Ci—l Ci+1 R Cn — ‘ ‘ 0 ‘ ‘
‘ ‘ ‘ ‘ -Cp o =Cir 0 Cipr -0 Gy
0

This descends to a map inc; : Gry )\ iy — Grg,n-
The maps x;(t), y;(t), inc;, pre; have plabic graph analogues, namely adding bridges and lollipops.

Definition A.14. Let G be a planar graph. The operation of adding a black-white bridge at i
modifies G as follows.

1+1 1+1 4
There is an analagous operation of adding a white-black bridge at i, where the white vertex is at ¢
and the black vertex is at ¢ + 1. For 7 not in the index set of G, the operation of adding a (black
or white) lollipop adds a new boundary vertex i to G and adds an interior (black or white) leaf
adjacent to ¢. The boundary vertex ¢ is placed so that the boundary labels of G are cyclically
increasing when read clockwise.
Theorem A.15. [Karl6, Proposition 2.5 and Section 2.6]
(1) Let S¢ C Gr° be a positroid cell. Then

zi(Ry).Sg :={Cxi(t): C € Sg,t € Ry} and yi(Ry).Sq = {Cy;(t) : C € Sg,t e Ry}
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are positroid cells of Gri(;l whose postroid contains that of Sq. A plabic graph corresponding

to these cells is, respectively, G with a white-black bridge added at i and G with a black-white
bridge added at 1.

(2) Let Sg C Gry ,)\fiy - Then pre; Sg C Gr,i(; and inc; Sg C Gr,i?lm are positroid cells. A plabic
graph corresponding to these cells is, respectively, G with a black lollipop added at i and G with

a white lollipop added at 1.
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