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Abstract. The amplituhedron An,k,m(Z) is the image of the positive Grassmannian Gr≥0
k,n under

the map Z̃ : Gr≥0
k,n → Grk,k+m induced by a positive linear map Z : Rn → Rk+m. Motivated by a

question of Hodges, Arkani-Hamed and Trnka introduced the amplituhedron as a geometric object

whose tilings conjecturally encode the BCFW recursion for computing scattering amplitudes. More

specifically, the expectation was that one can compute scattering amplitudes in N = 4 SYM by

tiling the m = 4 amplituhedron An,k,4(Z) — that is, decomposing the amplituhedron into ‘tiles’

(closures of images of 4k-dimensional cells of Gr≥0
k,n on which Z̃ is injective) — and summing the

‘volumes’ of the tiles. In this article we prove two major conjectures about the m = 4 amplituhedron:

i) the BCFW tiling conjecture, which says that any way of iterating the BCFW recurrence gives

rise to a tiling of the amplituhedron An,k,4(Z); ii) the cluster adjacency conjecture for BCFW tiles,

which says that facets of tiles are cut out by collections of compatible cluster variables for Gr4,n.

Moreover, we show that each BCFW tile is the subset of Grk,k+4 where certain cluster variables

have particular signs. Along the way, we construct many explicit seeds for Gr4,n comprised of

high-degree cluster variables, which may be of independent interest in the study of cluster algebras.
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1. Introduction

The (tree) amplituhedron An,k,m(Z) is the image of the positive Grassmannian Gr≥0

k,n under the

amplituhedron map Z̃ : Gr≥0

k,n → Grk,k+m. It was introduced by Arkani-Hamed and Trnka [AHT14]

in order to give a geometric interpretation of scattering amplitudes in N = 4 super Yang Mills

theory (SYM): in particular, one can conjecturally compute N = 4 SYM scattering amplitudes

by ‘tiling’ the m = 4 amplituhedron An,k,4(Z) — that is, by decomposing the amplituhedron into

smaller ‘tiles’ — and summing the ‘volumes’ of the tiles. While the case m = 4 is most important for

physical applications1, the amplituhedron makes sense for any positive n, k,m such that k+m ≤ n,

and has a very rich geometric and combinatorial structure. It generalizes cyclic polytopes (when

k = 1), cyclic hyperplane arrangements [KW19] (when m = 1), and the positive Grassmannian

(when k = n−m), and it is connected to the hypersimplex and the positive tropical Grassmanian

[LPW23, PSBW23] (when m = 2). Two of the guiding problems about the amplituhedron have

been:

• the cluster adjacency conjecture, which says that facets of tiles are cut out by collections of

compatible cluster variables.

• the BCFW tiling conjecture, which says that any way of iterating the BCFW recurrence gives

rise to a collection of cells whose images tile the m = 4 amplituhedron An,k,4(Z).

The first connection of cluster algebras to scattering amplitudes in N = 4 SYM was made by

Golden–Goncharov–Spradlin–Vergu–Volovich [GGS+14], who showed that singularities of scattering

amplitudes of planar N = 4 SYM at loop level can be described using cluster X -variables. Cluster

adjacency was introduced by Drummond–Foster–Gürdoğan [DFG18, DFG19], who conjectured

that the terms in tree-level N = 4 SYM amplitudes coming from the BCFW recursions are rational

functions whose poles correspond to compatible cluster variables of the Grassmannian Gr4,n, see

also [MSSV19]. The cluster adjacency conjecture was subsequently reformulated in terms of the

m = 2 and m = 4 amplituhedron in [ LPSV19] and [GP23], then proved for all tiles of the m = 2

amplituhedron by Parisi–Sherman-Bennett–Williams [PSBW23].

Meanwhile, the BCFW tiling conjecture arose alongside the definition of the amplituhedron

[AHT14]. In 2005, Britto–Cachazo–Feng–Witten [BCFW05] gave a recurrence which expresses

scattering amplitudes as sums of rational functions of momenta; in this recurrence, the individual

terms have “spurious poles,” singularities not present in the amplitude. Hodges [Hod13] later

observed that in some cases the amplitude is the volume of a polytope, with spurious poles arising

from internal boundaries of a triangulation of the polytope, and asked if in general each amplitude

is the volume of some geometric object. Arkani-Hamed and Trnka [AHT14] found the amplitudron

as the answer to this question, interpreting the BCFW recurrence as giving collections of BCFW

cells whose images conjecturally tile An,k,4(Z). Subsequently BCFW-like tilings of the m = 1 and

m = 2 amplituhedron were proved in [KW19] and [BH19], building on prior work of [AHTT18] and

[KWZ20]; and partial progress was made on the BCFW tiling conjecture when m = 4 [KWZ20],

including an explicit description of the standard BCFW cells, those cells obtained by performing

1The m = 2 amplituhedron is also closely related to ‘loop-level’ amplitudes [KL20] and to some correlators of
determinant operators and form factors [CHCM23, BT23] in planar N = 4 SYM.
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the BCFW recurrence in the canonical way. Finally it was proved by Even-Zohar–Lakrec–Tessler

[ELT21] that the standard BCFW cells give a tiling of the m = 4 amplituhedron.

In this paper we build on [PSBW23] and [ELT21] to give a very complete picture of the m = 4

amplituhedron. We show that arbitrary BCFW cells satisfy the cluster adjacency conjecture, and

to each standard BCFW cell we associate an explicit cluster seed for the Grassmannian Gr4,n; this

seed can be described using the combinatorics of chord diagrams. We also prove the BCFW tiling

conjecture: we show that any way of iterating the BCFW recurrence gives rise to a collection of

cells whose images tile the amplituhedron.

1.1. Main results. We now provide some background and explain our results in more detail.

Given an n × (k + m) matrix Z with all maximal minors positive, the amplituhedron map is the

map Z̃ : Gr≥0

k,n → Grk,k+m induced by matrix multiplication by Z; the amplituhedron An,k,m(Z)

is then the image of the nonnegative Grassmannian Gr≥0

k,n under this map. One of the main ideas

of Arkani-Hamed and Trnka [AHT14] is that the BCFW recurrence [BCFW05] for computing

scattering amplitudes in N = 4 super Yang Mills theory can be interpreted as a recurrence which

produces a collection of N(n− 3, k + 1) 4k-dimensional cells of Gr≥0

k,n, where N(n− 3, k + 1) is the

Narayana number 1
k+1

(
n−4
k

)(
n−3
k

)
. The images of these cells under Z̃ should give a tiling of the

m = 4 amplituhedron An,k,4(Z).

There is one particularly natural way to iterate the BCFW recurrence, which leads to a collection

of cells of Gr≥0

k,n we call the standard BCFW cells. Several descriptions of standard BCFW cells

in terms of Narayana-enumerated objects were given in [KWZ20]. Another description in terms of

chord diagrams (see the top of Figure 2) was given in [ELT21], and it is that one which we will

primarily use here (see Definition 6.7).

Standard BCFW cells are a special case of (general) BCFW cells Sr, which are certain cells in

Gr≥0

k,n of dimension 4k. We construct general BCFW cells recursively, using the BCFW product. A

chord diagram can be interpreted as a recursive procedure for constructing a standard BCFW cell

(cf. Definition 6.12).

Our first main result (cf. Theorem 7.7) is the following.

Theorem (BCFW tile theorem). The amplituhedron map is injective on each general BCFW cell.

That is, the closure Zr := Z̃(Sr) of the image of a general BCFW cell Sr is a tile, which we refer

to as a general BCFW tile.

There is a natural notion of facet of a tile (see Definition 2.14), generalizing the notion of facet

of a polytope. We study facets by describing associated functionaries – polynomial functions in

twistor coordinates – which vanish on them.

Our next main result (cf. Theorem 7.16) is the following. For I ∈
(

[n]
4

)
, we use 〈I〉 and 〈〈I〉〉

to denote the corresponding Plücker coordinate of Gr4,n and twistor coordinate on Grk,k+4; see

Section 2.5 for the connection between Plücker coordinates and twistor coordinates.

Theorem (Cluster adjacency for BCFW tiles). Let Zr be a general BCFW tile of An,k,4(Z). Then

for each facet ZS of Zr, there is a functionary FS(〈〈I〉〉) which vanishes on ZS, such that the set

{FS(〈I〉) : ZS a facet of Zr}
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is a collection of compatible cluster variables for Gr4,n.

Strengthening the connection with cluster algebras, we associate to each general BCFW tile Zr

a larger collection of compatible cluster variables x(r) for Gr4,n (cf. Definition 7.3). Interpreting

each cluster variable as a functionary we describe each general BCFW tile as the subset of the

Grassmannian Grk,k+4 where these cluster variables take on particular signs. The following theorem

appears later as Corollary 7.12.

Theorem (Sign description of BCFW tiles). Let Zr be a general BCFW tile. For each element x

of x(r), the functionary x(Y ) has a definite sign sx on Z◦r and

Z◦r = {Y ∈ Grk,k+4 : sx x(Y ) > 0 for all x ∈ x(r)}.

Our strategy to prove the cluster adjacency theorem above is to give a recursive description of

general BCFW cells in terms of the BCFW product, and to show that the polynomials cutting out

the corresponding BCFW tiles are related by product promotion (cf. Definition 4.2), which is a

cluster quasi-homomorphism (cf. Theorem 4.7). The fact that product promotion is a cluster

quasi-homomorphism may be of independent interest in the study of the cluster structure on

Gr4,n, as it allows us to map cluster variables (respectively, clusters) from C(Ĝr4,{1,2,...,a,b,n}) ×
C(Ĝr4,{b,c,d,...,n}) to C(Ĝr4,n), where a < b and c < d < n are consecutive.

Using the combinatorics of chord diagrams, we also give an explicit description of standard

BCFW tiles and associated cluster structures, including: a characterization of each facet of a

standard BCFW tile, together with the functionary which vanishes on the facet (Theorem 9.7); a

description of the seed associated to a standard BCFW tile, including both the quiver (Definition 9.8,

Theorem 9.10) and the cluster variables (Theorem 8.4, Theorem 9.1). We expect that most of these

results can be extended to general BCFW tiles.

We note that much of the work thus far on the cluster structure of the Grassmannian has focused

on cluster variables which are Plücker coordinates or are polynomials in Plücker coordinates with

low degree; by constrast, the cluster variables we obtain can have arbitrarily high degree in Plücker

coordinates, see Theorem 8.4 for their explicit descriptions.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

D3

D1
D2

D6

D5 D4

Figure 1. The chord diagram for a standard BCFW tile of A14,6,4(Z).

The latter part of this paper is devoted to generalizing the main result of [ELT21]. In particular,

we characterize the boundaries of BCFW cells (cf. Lemma 10.5), we analyze the signs of functionaries

on general BCFW cells (cf. Theorem 11.3), and we prove that the amplituhedron map is injective

on general BCFW cells. We use these ingredients to prove our last main result (cf Theorem 12.3):
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Figure 2. The seed associated to the standard BCFW tile in Figure 1. The mutable
variables are circled; all other variables are frozen. The colors (red, green, blue)
indicate the different cases of Definition 9.8.

Theorem (BCFW tiling theorem). Every collection {Sr} of general BCFW cells obtained by

iterating the BCFW recurrence (cf. Definition 12.2) gives rise to a tiling {Zr} of the amplituhedron

An,k,4(Z). That is:

• the amplituhedron map is injective on each general BCFW cell Sr, i.e. Zr := Z̃(Sr) is a tile;

• the open tiles {Z◦r } are pairwise disjoint;

• and the tiles in {Zr} cover the amplituhedron An,k,4(Z).

This generalizes the main result of [ELT21], which proved the same result for the standard BCFW

cells, and proves the main conjecture of [AHT14].

1.2. Further motivation and context. From the point of view of physics, it is important to

understand facets of amplituhedron tiles, because they correspond to poles of Yangian invariants,

the rational functions that are the building blocks of scattering amplitudes, see Remark 4.6.

Studying tiles can then give a geometric interpretation of the notion of cluster adjacency in physics.

Moreover, it would be interesting to show that tiles are positive geometries [AHBL17, Lam22].

From the point of view of cluster algebras, the study of tiles for the amplituhedron An,k,m is

useful because it is closely related to the cluster structure on the Grassmannian Grm,n, as was

shown for m = 2 in [PSBW23] and as this paper demonstrates for m = 4. In particular, for

m = 4, the BCFW product (Section 4.3) used to recursively build tiles (Theorem 7.7) has a

cluster quasi-homomorphism counterpart called product promotion (Section 4), that can be used

to recursively construct cluster variables and seeds in Gr4,n (Theorem 4.7). Secondly, inverting

the amplituhedron map on tiles is related to solving the ‘C · z equations’ which generates cluster

variables for the symbol alphabet of loop amplitudes, see Remark 7.13.

In the closely related field of total positivity, one prototypical problem is to give an efficient

characterization of the “positive part” of a space as the subset where a certain minimal collection of

functions take on positive values [FZ00]; this is sometimes called a “positivity test.” For example,

if we define the positive Grassmannian Gr>0
k,n as the subset of the real Grassmannian where all

Plücker coordinates are strictly positive, then for any extended cluster x̃ for Grk,n [Sco06], we have

Gr>0
k,n = {Y ∈ Grk,n : x(Y ) > 0 for all x ∈ x̃}.
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We think of our “Sign description of BCFW tiles” theorem (see Corollary 7.12 and Theorem 9.11)

as “positivity tests” for membership in a BCFW tile of the amplituhedron. See [PSBW23, Theorem

6.8] for an analogous result for m = 2, and Conjecture 7.17 for some conjectures for general m.

From the point of view of discrete geometry, it is interesting to study tiles and more generally

Z̃-images of positroid cells because one can think of them as a generalization of polytopes in the

Grassmannian. In particular, our sign description of BCFW tiles can be thought of as analogues of

the hyperplane description of polytopes. Note, however, that the inequalities defining “facets” of

the of tiles—which correspond to frozen variables—are not enough to cut out the tiles as a subset of

Grk,k+4. As for the positivity test for Gr>0
k,n, in addition to the frozen variables, we need to include

some additional ‘mutable’ cluster variables, hence the crucial role of cluster algebras.

1.3. Organization. The structure of this paper is as follows. Section 2 provides background

on the positive Grassmannian and the amplituhedron, and Section 3 provides background on

cluster algebras, including the notion of cluster quasi-homomorphism, and the cluster algebra

structure of C[Ĝrk,n]. In Section 4 we introduce product promotion and prove that it is a cluster

quasi-homomorphism. In Section 5 we define the BCFW map and BCFW product, which we

then use in Section 6 to define the standard and general BCFW cells. In Section 7 we analyze

the images of BCFW cells and prove the cluster adjacency theorem for general BCFW tiles. In

Section 8 we deepen the connection to cluster algebras: we give explicit formulas for the cluster

variables associated to standard BCFW tiles, and describe the sign that each such cluster variable

takes on the tile. In Section 9 we then associate an explicit seed (a quiver plus cluster variables) to

each standard BCFW tile, using the combinatorics of chord diagrams. In Section 10 and Section 11

we provide proofs of some technical results about BCFW cells and BCFW tiles, including the fact

that the amplituhedron map is injective on each (general) BCFW cell. These results are then

used in Section 12, where we show that each collection of BCFW cells gives rise to a tiling of the

amplituhedron. We end with Appendix A, which provides necessary background on plabic graphs.
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2. Background on the amplituhedron (tiles, facets, functionaries)

2.1. The (positive) Grassmannian. The Grassmannian Grk,n(F) is the space of all k-dimensional

subspaces of an n-dimensional vector space Fn. Let [n] denote {1, . . . , n}, and
([n]
k

)
denote the set
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of all k-element subsets of [n]. We can represent a point V ∈ Grk,n(F) as the row-span of a full-rank

k× n matrix C with entries in F. Then for I = {i1 < · · · < ik} ∈
([n]
k

)
, we let 〈I〉V = 〈i1 i2 . . . ik〉V

be the k×k minor of C using the columns I. The 〈I〉V are called the Plücker coordinates of V , and

are independent of the choice of matrix representative C (up to common rescaling). The Plücker

embedding V 7→ {〈I〉V }I∈([n]
k ) embeds Grk,n(F) into projective space. When it does not cause

confusion, we will identify C with its row-span and drop the subscript V on Plücker coordinates.

If C has columns v1, . . . , vn, we may also identify 〈i1 i2 . . . ik〉V with the element vi1∧vi2∧· · ·∧vik ,

hence the Plücker coordinates are alternating in the indices, e.g. 〈i1 i2 . . . ik〉 = −〈i2 i1 . . . ik〉.

Remark 2.1. For convenience, if I is a subset (rather than a sequence) of positive integers, then

we let 〈I〉 denote the Plücker coordinate obtained by listing the elements of I in increasing order.

In this paper we will often be working with the real Grassmannian Grk,n = Grk,n(R).

Definition 2.2 (Positive Grassmannian). [Lus94, Pos06] We say that V ∈ Grk,n is totally nonnegative

if (up to a global change of sign) 〈I〉V ≥ 0 for all I ∈
([n]
k

)
. Similarly, V is totally positive if 〈I〉V > 0

for all I ∈
([n]
k

)
. We let Gr≥0

k,n and Gr>0
k,n denote the set of totally nonnegative and totally positive

elements of Grk,n, respectively. Gr≥0

k,n is called the totally nonnegative Grassmannian, or sometimes

just the positive Grassmannian.

If we partition Gr≥0

k,n into strata based on which Plücker coordinates are strictly positive and

which are 0, we obtain a cell decomposition of Gr≥0

k,n into positroid cells [Pos06]. Each positroid cell

S gives rise to a matroid, whose bases are precisely the k-element subsets I such that the Plücker

coordinate 〈I〉 does not vanish on S; this matroid is called a positroid.

Both Grk,n and Gr≥0

k,n admit an action of the dihedral group, which will be useful to us.

Definition 2.3 (Dihedral group on the Grassmannian). Let [cyck,n] denote the n× n matrix

[cyck,n] =


0 1 . . . 0
... 0

. . .
...

0 0 · · · 1

(−1)k−1 0 . . . 0

 .
We define the cyclic shift as the map cyc : Matk,n → Matk,n which sends | | |

v1 v2 · · · vn
| | |

 7→
 | | |
v1 v2 · · · vn
| | |

 · [cyck,n] =

 | | |
(−1)k−1vn v1 · · · vn−1

| | |

 .
Let [refln] denote the antidiagonal n × n matrix with 1’s along the antidiagonal and let Pk,i,s

denote the k×k diagonal matrix with ith diagonal entry (−1)s and all others equal to 1. We define

reflection as the map refl : Matk,n → Matk,n which sends | | |
v1 v2 · · · vn
| | |

 7→ P
k,1,(k2)

·

 | | |
v1 v2 · · · vn
| | |

 · [refln] = P
k,1,(k2)

 | | |
vn vn−1 · · · v1

| | |


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The maps cyc, refl descend to automorphisms on Grk,n and Gr≥0

k,n, which we denote in the same

way. Note that

〈I〉cycM = 〈I − 1〉M and 〈I〉reflM = 〈n+ 1− I〉M ,(1)

where I − 1 is the subset obtained from I by subtracting 1 (modulo n) from each element2 and

n+ 1− I is obtained from I by subtracting each element from n+ 1. That is, the pullbacks are

cyc∗ : 〈I〉 7→ 〈I − 1〉 and refl∗ : 〈I〉 7→ 〈n+ 1− I〉.

We use the notation cyc−∗ := (cyc−1)∗.

There is another operation which will be useful to us, which embeds Grk,n into a larger Grassmannian.

Definition 2.4. Choose an index set N and let I ⊂ N be disjoint from N . The map preI :

Matk,N → Matk,N∪I inserts zero columns at positions I, where Matk,N consists of matrices with

rows indexed by 1, . . . , k and columns indexed by N . If I = {i}, we write prei := pre{i}. The map

preI descends to a map on Grk,N and Gr≥0
k,N , which we denote in the same way.

2.2. Chain polynomials. In what follows, we will be studying cluster variables for the Grassmannian

which are certain polynomials in the Plücker coordinates, so we introduce some distinguished

polynomials here.

Definition 2.5 (Chain polynomials). We introduce the quadratic polynomials

〈a b c | d e | f g h〉 = 〈a b c d〉 〈e f g h〉 − 〈a b c e〉 〈d f g h〉(2)

= −〈a b c f〉〈d e g h〉+ 〈a b c g〉〈d e f h〉 − 〈a b c h〉〈d e f g〉.(3)

More generally, we define polynomials of degree s+ 1 as follows:

〈a0 b0 c0 | d1,0 d1,1 | b1 c1 | d2,0 d2,1 | b2 c2 | . . . | ds,0 ds,1 | bs cs as〉

=
∑

t∈{0,1}s
(−1)t1+···+ts 〈a0 b0 c0 d1,t1〉 〈d1,1−t1 b1 c1 d2,t2〉 〈d2,1−t2 b2 c2 d3,t3〉 · · · 〈ds,1−ts bs cs as〉

In the notation 〈a0 b0 c0 | d1,0 d1,1 | b1 c1 | d2,0 d2,1 | b2 c2 | . . . | ds,0 ds,1 | bs cs as〉, the vertical bars separate

the indices into collections which we call clauses, e.g. each of a0b0c0 and d1,0 d1,1 is a clause.

Remark 2.6. Permuting blocks introduces a sign coming from the sign of the permutation, e.g.

〈a b c | d e | f g h〉 = −〈f g h | d e | a b c〉.

Also note that permuting the indices in a single block (e.g. permuting the numbers abc) multiplies

the polynomial by the sign of the permutation.

Remark 2.7. These polynomials may factor or terms may vanish if there are overlaps in the

indices. E.g. in (2), 〈a b c | d e | f g h〉 will factor as a product of two Plücker coordinates if |{a, b, c}∩
{f, g, h}| = 2 or |{d, e} ∩ ({a, b, c} \ {f, g, h})| = 1. Concretely, if a < b < c < d < e < f < g < h,

〈a b d | d e | f g h〉 = −〈abde〉〈dfgh〉
〈a b c | d e | a b h〉 = 〈abcd〉〈eabh〉 − 〈abce〉〈dabh〉 = 〈abch〉〈abde〉.

2Note that according to the convention in Remark 2.1, the elements of I − 1 are listed in increasing order in 〈I − 1〉.
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Remark 2.8 (Notations in physics). In the physics literature, (2) is usually denoted by 〈a, b, c, (de)∩
(fgh)〉 or simply 〈abc (de) ∩ (fgh)〉, where (de) ∩ (fgh) denotes the vector vd〈efgh〉 − ve〈dfgh〉,
which spans the intersection between the two-plane (de) spanned by vd, ve and the three-plane

(fgh) spanned by vf , vg, vh. Similarly, (2) can also be rewritten as 〈(abc)∩ (de)fgh〉 and using (3)

as 〈de(fgh)∩ (abc)〉, where (fgh)∩ (abc) denotes vf ∧vg〈habc〉−vf ∧vh〈gabc〉+vg ∧vh〈fabc〉. This

notation was introduced in [AHBC+11], see also [GGS+14, Section 2].

Definition 2.9 (Pure functions and degree). Let Ĝrk,n denote the affine cone over the Grassmannian

in its Plücker embedding. Recall that the homogeneous coordinate ring C[Ĝrk,n] of the Grassmannian

is generated by the Plücker coordinates, and is Zn>0-graded; equivalently, its relations are preserved

by the torus action on the Grassmannian. Concretely, F ∈ C[Ĝrk,n] lies in the component with

grading (a1, . . . , an) ∈ Zn>0 if it can be written as a polynomial in Plücker coordinates where the

index i appears ai times in each term. In this case, we call F pure and define degi F = ai. An

element of the ring of rational functions C(Grk,n) of the Grassmannian is pure if it can be written

as the ratio F/G where F,G ∈ C[Ĝrk,n] are both pure. We set degi F/G = degi F − degiG.

Throughout this paper we will only be considering functions which are pure.

2.3. The amplituhedron, tiles, tilings, and facets. Building on [AHBC+16], Arkani-Hamed

and Trnka [AHT14] introduced the (tree) amplituhedron, which they defined as the image of the

positive Grassmannian under a positive linear map. Let Mat>0
n,p denote the set of n × p matrices

whose maximal minors are positive.

Definition 2.10 (Amplituhedron). Let Z ∈ Mat>0
n,k+m, where k+m ≤ n. The amplituhedron map

Z̃ : Gr≥0
k,n → Grk,k+m is defined by Z̃(C) := CZ, where C is a k×n matrix representing an element

of Gr≥0
k,n, and CZ is a k × (k +m) matrix representing an element of Grk,k+m. The amplituhedron

An,k,m(Z) ⊂ Grk,k+m is the image Z̃(Gr≥0
k,n).

In this paper we will be concerned with the case where m = 4.

Notation 2.11. Throughout this paper we will often use the phrase “for all Z” as shorthand for

“for all Z ∈ Mat>0
n,k+4,” when the k and n are understood.

Definition 2.12 (Tiles). Fix k, n,m with k+m ≤ n and choose Z ∈ Mat>0
n,k+m. Given a positroid

cell S of Gr≥0
k,n, we let Z◦S := Z̃(S) and ZS := Z̃(S) = Z̃(S). If D is an element of an indexing set

and SD is the corresponding cell, we also write Z◦D and ZD for Z◦SD
and ZSD

. We call ZS and Z◦S
a tile and an open tile for An,k,m(Z) if dim(S) = km and Z̃ is injective on S.

Definition 2.13 (Tilings). A tiling of An,k,m(Z) is a collection {ZS | S ∈ C} of tiles, such that:

• their union equals An,k,m(Z), and

• the open tiles Z◦S , Z
◦
S′ are pairwise disjoint.

Definition 2.14 (Facet of a cell and a tile). Given two positroid cells S′ and S, we say that S′

is a facet of S if S′ ⊂ S and S′ has codimension 1 in S. If S′ is a facet of S and ZS is a tile of

An,k,m(Z), we say that ZS′ is a facet of ZS if ZS′ ⊂ ∂ZS and has codimension 1 in ZS .
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2.4. Twistor coordinates and functionaries.

Definition 2.15 (Twistor coordinates). Fix Z ∈ Mat>0
n,k+m with rows Z1, . . . , Zn ∈ Rk+m. Given

Y ∈ Grk,k+m with rows y1, . . . , yk, and {i1, . . . , im} ⊂ [n], we define the twistor coordinate, denoted

〈〈Y Zi1Zi2 · · ·Zim〉〉 or 〈〈i1i2 · · · im〉〉

to be the determinant of the matrix with rows y1, . . . , yk, Zi1 , . . . , Zim .

Note that using Laplace expansion, we can express the twistor coordinates of Y as linear functions

in the Plücker coordinates of Y , whose coefficients are the m×m minors of Z.

Lemma 2.16 (Twistor expansion lemma). Let C ∈ Gr≥0

k,n and set Y := CZ. Then

〈〈Y Zi1 . . . Zim〉〉 =
∑

J={j1<···<jk}∈([n]
k )

〈J〉C 〈j1, . . . , jk, i1, . . . , im〉Z(4)

=
∑

J∈([n]
k ), J∩I=∅

〈J〉C 〈j1, . . . , jk, i1, . . . , im〉Z ,(5)

where the second line follows from the first by noting that 〈j1, . . . , jk, i1, . . . , im〉Z = 0 whenever

{j1, . . . , jk} and {i1, . . . , im} have an element in common.

Definition 2.17 (Functionaries and rational functionaries). We refer to a homogeneous polynomial

in twistor coordinates as a functionary, and to a ratio of functionaries as a rational functionary.

By a slight abuse of notation, we will sometimes consider a functionary as a function on the

domain Grassmannian Grk,n, by composing with the amplituhedron map.

Definition 2.18. For S ⊂ Gr≥0

k,n, we say a rational functionary F has sign s ∈ {0,±1} on the

image of S if for all Z ∈ Mat>0
n,k+4 and for all Y ∈ Z◦S , F (Y ) has sign s. If F has sign 0, we also

say it vanishes on the image of S. In these cases, we say that F has fixed sign on Z◦S .

As we will see in Section 2.5, we can identify twistor coordinates with Plücker coordinates of a

related matrix. We therefore use parallel notation to that of Section 2.2 in what follows.

Definition 2.19 (Chain functionaries). We let

(6) 〈〈a b c | d e | f g h〉〉 = 〈〈a b c d〉〉 〈〈e f g h〉〉 − 〈〈a b c e〉〉 〈〈d f g h〉〉,

and more generally, we define chain functionaries of degree s+ 1 as follows:

〈〈a0 b0 c0 | d1,0 d1,1 | b1 c1 | d2,0 d2,1 | b2 c2 | . . . | ds,0 ds,1 | bs cs as〉〉

=
∑

t∈{0,1}s
(−1)t1+···+ts 〈〈a0 b0 c0 d1,t1〉〉 〈〈d1,1−t1 b1 c1 d2,t2〉〉 〈〈d2,1−t2 b2 c2 d3,t3〉〉 · · · 〈〈ds,1−ts bs cs as〉〉

2.5. Plücker coordinates versus twistor coordinates. In this section we explain how we can

talk interchangeably about twistor coordinates for the amplituhedron and Plücker coordinates

for Gr4,n. In particular, the amplituhedron is homeomorphic to the B-amplituhedron, and the

homeomorphism identifies twistor coordinates of the amplituhedron with Plücker coordinates of the

B-amplituhedron. The construction of the B-amplituhedron is motivated by the observation that
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since An,k,m(Z) ⊂ Grk,k+m, when m is small, it is sometimes more convenient to take orthogonal

complements and work with Grm,k+m instead of Grk,k+m.

Definition 2.20 ([KW19, Definition 3.8]). Choose Z ∈ Mat>0
n,k+m, and let W ∈ Gr>0

k+m,n be the

column span of Z. We define the B-amplituhedron to be

Bn,k,m(W ) := {V ⊥ ∩W | V ∈ Gr≥0

k,n} ⊂ Grm(W ),

where Grm(W ) denotes the Grassmannian of m-planes in W .

Proposition 2.21 ([KW19, Lemma 3.10 and Proposition 3.12]). Choose Z ∈ Mat>0
n,k+m, and let

W ∈ Gr>0
k+m,n be the column span of Z. We define a map fZ : Grm(W )→ Grk,k+m by

fZ(X) := Z(X⊥) = {Z(x) : x ∈ X⊥}.

Then fZ restricts to a homeomorphism from Bn,k,m(W ) onto An,k,m(Z), sending V ⊥ ∩W to Z̃(V )

for all V ∈ Gr≥0

k,n. Moreover, fZ restricts to a diffeomorphism from an open neighborhood of

Bn,k,m(W ) in Grm(W ) to a neighborhood of An,k,m(Z) in Grk,k+m .

Lemma 2.22 shows that the twistor coordinates of the amplituhedron An,k,m(Z) ⊂ Grk,k+m are

equal to the Plücker coordinates of the B-amplituhedron Bn,k,m(W ) ⊂ Grm,n.

Lemma 2.22 ([KW19, (3.11)]). If we let Y := fZ(X) in Proposition 2.21, we have

(7) 〈I〉X = 〈〈Y ZI〉〉 for all I ∈
(

[n]

m

)
.

We say that a rational functionary F is pure if the corresponding rational function in Plücker

coordinates is pure (cf. Definition 2.9) and define degi F in the same way. Throughout this paper,

the rational functionaries that we consider will be pure.

Definition 2.23. We say that a functionary is irreducible if and only if the corresponding polynomial

in Plücker coordinates in Grm,n defined by the map which takes 〈〈hijl〉〉 → 〈hijl〉, is irreducible.

Our notion of when a functionary is irreducible may not be the same as the notion of when its

expansion in the Plücker coordinates of C or Y and minors Z is irreducible.

3. Background on cluster algebras

3.1. Background on cluster algebras. Cluster algebras were introduced by Fomin and Zelevinsky

in [FZ02]; see [FWZc] for an introduction. We give a quick definition of cluster algebras from quivers

here. All such cluster algebras are cluster algebras of geometric type.

Definition 3.1 (Quiver). A quiver Q is an oriented graph given by a finite set of vertices Q0, a

finite set of arrows Q1, and two maps s : Q1 → Q0 and t : Q1 → Q0 taking an arrow to its source

and target, respectively.

A loop of a quiver is an arrow α whose source and target coincide. A 2-cycle of a quiver is a pair

of distinct arrows β and γ such that s(β) = t(γ) and t(β) = s(γ).
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Definition 3.2 (Quiver Mutation). Let Q be a quiver without loops or 2-cycles. Let k be a vertex

of Q. Following [FZ02], we define the mutated quiver µk(Q) as follows: it has the same set of

vertices as Q, and its set of arrows is obtained by the following procedure:

(1) for each subquiver i→ k → j, add a new arrow i→ j;

(2) reverse all allows with source or target k;

(3) remove the arrows in a maximal set of pairwise disjoint 2-cycles.

It is not hard to check that mutation is an involution, that is, µ2
k(Q) = Q for each vertex k.

Definition 3.3 (Labeled seeds). Choose s ≥ r positive integers. Let F be an ambient field of

rational functions in r independent variables over C(xr+1, . . . , xs). A labeled seed in F is a pair

(x̃, Q), where

• x̃ = (x1, . . . , xs) forms a free generating set for F , and

• Q is a quiver on vertices 1, 2, . . . , r, r+ 1, . . . , s, whose vertices 1, 2, . . . , r are called mutable, and

whose vertices r + 1, . . . , s are called frozen.

We call x̃ the (labeled) extended cluster of a labeled seed (x̃, Q). The variables {x1, . . . , xr}
are called cluster variables, and the variables c = {xr+1, . . . , xs} are called frozen (or coefficient

variables). We let M denote the group of Laurent monomials in the frozen variables, which we call

the frozen group.

Definition 3.4 (Seed mutations). Let (x̃, Q) be a labeled seed in F , and let k ∈ {1, . . . , r}. The

seed mutation µk in direction k transforms (x̃, Q) into the labeled seed µk(x̃, Q) = (x̃′, µk(Q)),

where the cluster x̃′ = (x′1, . . . , x
′
s) is defined as follows: x′j = xj for j 6= k, whereas x′k ∈ F is

determined by the exchange relation

(8) x′k xk =
∏
α∈Q1

s(α)=k

xt(α) +
∏
α∈Q1

t(α)=k

xs(α) .

Note that arrows between two frozen vertices of a quiver do not affect seed mutation; therefore

we often omit arrows between two frozen vertices.

Definition 3.5 (Patterns). Consider the r-regular tree Tr whose edges are labeled by the numbers

1, . . . , r, so that the r edges emanating from each vertex receive different labels. A cluster pattern is

an assignment of a labeled seed Σt = (x̃t, Qt) to every vertex t ∈ Tn, such that the seeds assigned to

the endpoints of any edge t
k−−− t′ are obtained from each other by the seed mutation in direction k.

The components of x̃t are written as x̃t = (x1;t , . . . , xs;t).

Clearly, a cluster pattern is uniquely determined by an arbitrary seed.

Definition 3.6 (Cluster algebra). Given a cluster pattern, we denote

(9) X =
⋃
t∈Tr

x̃t = {xi,t : t ∈ Tr , 1 ≤ i ≤ r} ,

the union of clusters of all the seeds in the pattern. The elements xi,t ∈ X are called cluster

variables. Let C[c±1] be the ground ring consisting of Laurent polynomials in the frozen variables.
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The cluster algebra A associated with a given pattern is the C[c±1]-subalgebra of the ambient field

F generated by all cluster variables, with coefficients which are Laurent polynomials in the frozen

variables: A = C[c±1][X ]. We denote A = A(x̃, Q), where (x̃, Q) is any seed in the underlying

cluster pattern. We say that A has rank r because each cluster contains r cluster variables. Cluster

(or frozen) variables that belong to a common cluster are said to be compatible.

Remark 3.7. Another common convention is to choose the ring C[c] of polynomials in the frozen

variables as the ground ring, and define the cluster algebra as A := C[c][X ].

Some structural results on cluster algebras will be helpful for us.

Theorem 3.8 ([CIKLFP13, Corollary 3.6]). Let A be a cluster algebra coming from a quiver. Then

every seed is uniquely determined by its cluster.

Definition 3.9. For a ring R with 1, let R× be the set of invertible elements in R. Recall that a

ring without zero divisors is called an integral domain. A non-invertible element a in an integral

domainR is irreducible if it cannot be written as a product a = bc with b, c ∈ R both non-invertible.

Note that every cluster algebra is an integral domain, since it is by definition a subring of a field.

Theorem 3.10 ([GLS13, Theorem 1.3]). Consider a cluster algebra A = A(x̃, Q), with ground

ring the Laurent polynomials C[x±1
r+1, . . . , x

±1
s ] in the frozen variables.

• We have A(x̃, Q)× = {λxar+1

r+1 . . . xass | λ ∈ C×, ai ∈ Z}.
• Every cluster variable in a cluster algebra is irreducible.

3.2. The cluster structure on the Grassmannian. The Grassmannian has a cluster structure

[Sco06], which we recall here, following the exposition of [FWZa]. We also discuss several operations

on the Grassmannian which are compatible with the cluster structure.

Definition 3.11. Given a k-element subset J = {j1, j2, . . . , jk} ⊂ {1, 2, . . . , n} and a positive

integer i, we define

(J + i) mod n := {j1 + i, j2 + i, . . . , jk + i},
where the sums are taken modulo n. We often write J + i if the n is clear from context.

The set of frozen variables for the cluster structure on the Grassmannian consists of the n

cyclically consecutive Plücker coordinates

(10) f1 := 〈[k]〉 and fi := 〈[k] + (i− 1) mod n〉 for 2 ≤ i ≤ n.

For example, the frozen variables for Gr4,7 are the Plücker coordinates

〈1234〉, 〈2345〉, 〈3456〉, 〈4567〉, 〈1567〉, 〈1267〉, 〈1237〉.

A particularly nice seed for the Grassmannian cluster structure is the rectangles seed Σk,n.

Definition 3.12 (Rectangles seed Σk,n). We construct a quiver Qk,n whose vertices are labeled

by the rectangles contained in an k × (n − k) rectangle R, including the empty rectangle ∅. The

frozen vertices of Qk,n are labeled by the rectangles of sizes k × j (with 1 ≤ j ≤ n− k), rectangles

of sizes i× (n− k) (with 1 ≤ i ≤ k), and the empty rectangle. The arrows from an i× j rectangle

go to rectangles of sizes i × (j + 1), (i + 1) × j, and (i − 1) × (j − 1) (assuming those rectangles
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∅

3467

3567

2367

2567

1267

1567

3457 2347 1237

3456 2345 1234

4567

1457

1467

1347

1367

1237

1267

1456 1345 1234

4567 3456 2345

1567

Figure 3. Left: the quiver Q4,7 with vertices labeled by rectangles contained in
a 4 × 3 rectangle. Middle: the rectangles seed Σ4,7, where we identify 4-element
subsets of [7] with Plücker coordinates. Frozen variables are boxed. Right: the
cyclically shifted rectangles seed Σ1

4,7. The following mutation sequence maps us
from the seed in the middle, to the seed at the right: mutate at
2567, 3567, 2367, 3467, 2347, 3457.

have nonzero dimensions, fit inside R, and the arrow does not connect two frozen vertices). There

is also an arrow from the frozen vertex labeled by ∅ to the vertex labeled by the 1 × 1 rectangle.

See Figure 3, left.

We map each rectangle r contained in the k × (n − k) rectangle R to an k-element subset of

{1, 2, . . . , n} (representing a Plücker coordinate), as follows. We justify r so that its upper left

corner coincides with the upper left corner of R. There is a path of length n from the northeast

corner of R to the southwest corner of R which cuts out the smaller rectangle r; we label the steps

of this path from 1 to n. We then map r to the set of labels J(r) of the vertical steps on this

path. This construction allows us to assign to each vertex of the quiver Qk,n a particular Plücker

coordinate. We set

x̃k,n = {〈J(r)〉 | r is a rectangle contained in an k × (n− k) rectangle},

and then define the rectangles seed Σk,n = (x̃k,n, Qk,n). See Figure 3.

The rectangles seed gives rise to a cluster structure on the (complex) Grassmannian.

Theorem 3.13 ([Sco06]). The coordinate ring C[Ĝrk,n] of the affine cone over the Grassmannian

equals the cluster algebra A(Σk,n) (see Remark 3.7). Alternatively, if we let Gr◦k,n denote the

open subset of the Grassmannian where the frozen variables don’t vanish, then the coordinate ring

C[Ĝr
◦
k,n] is the cluster algebra A(Σk,n).

Whenever we refer to “the cluster structure for” or “a seed for” Ĝrk,n, Ĝr
◦
k,n or their coordinate

rings, we are refering to the cluster algebra, respectively a seed in the cluster algebra, in Theorem 3.13.

Note in this context, we are discussing the complex Grassmannian.
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3.3. Operations compatible with the cluster structure on the Grassmannian.

Definition 3.14. We define the cyclically shifted rectangles seed Σi
k,n by replacing each vertex

labeled J in Qk,n by (J + i) mod n. See e.g. the right of Figure 3.

Lemma 3.15 ([FWZa, Exercise 6.7.7]). The seeds Σi
k,n (for all i) are mutation equivalent. More

specifically, let cyccyccyc = cyck,ncyck,ncyck,n be the mutation sequence in which we start from the seed Σk,n and

mutate at each of the mutable variables of Qk,n exactly once, in the following order: mutate each row

from right to left, starting from the top row and ending at the bottom row. Then cyccyccyc(Σk,n) = Σ1
k,n.

Furthermore, let cyc−1cyc−1cyc−1 = cyc−1
k,ncyc−1
k,ncyc−1
k,n be the mutation sequence in which we start from the seed Σk,n and

mutate at each of the mutable variables of Qk,n exactly once, in the following order: mutate each row

from left to right, starting from the bottom row and ending at the top row. Then cyc−1cyc−1cyc−1(Σk,n) = Σ−1
k,n.

Definition 3.16. We define the reflected rectangles seed or the corectangles seed Σco
k,n by replacing

each vertex labeled J = {j1 < · · · < jk} in Qk,n by {n − jk + 1, . . . , n − j2 + 1, n − j1 + 1}, then

reversing each arrow of the quiver. We call this the “corectangles” (or complement of rectangles)

seed because the Plücker coordinates are exactly those labeling the vertical steps of the Young

diagrams obtained from a k × (n− k) rectangle by removing a rectangle from the lower right.

Proposition 3.17 ([MS16, Theorem 11.17]). The seeds Σk,n and Σco
k,n are mutation equivalent via

the explicit mutation sequence in [MS16, Definition 11.4].

While we do not need it in this paper, we note that the mutation sequence above is a maximal

green sequence [KD20] and passes only through Plücker coordinates.

Recall the maps cyc and refl from Definition 2.3, it is easy to see that refl is an involution and

cyc−1 = cycn−1. Their pullbacks are automorphisms of C[Ĝrk,n] which interact nicely with the

cluster structure. From Lemma 3.15 and Proposition 3.17, we have the following.

Corollary 3.18. If (x̃, Q) is a seed for Grk,n, then so is (x̃ ◦ cyc, Q) and (x̃ ◦ refl, Qop), where

Qop is Q with every arrow reversed. Thus the maps cyc∗, refl∗ : C[Ĝrk,n] → C[Ĝrk,n] take cluster

variables to cluster variables and preserve compatibility and exchange relations.

In Section 4, we will need to work with cluster structures on Grassmannians Gr4,J of 4-planes

in a vector space with basis indexed by a set J ⊂ Z, as opposed to [n]. We will therefore need the

following generalization of Definition 3.11.

Definition 3.19. Consider the Grassmannian Gr4,J , where J = {j1 < · · · < j`} ⊂ [n]. We let fJji
denote the Plücker coordinate associated to the subset {ji, ji+1, ji+2, ji+3}, where the addition in

the subscripts is modulo `. If we are discussing the cluster algebra structure on Gr4,n, we will refer

to the frozen variables as either {f [n]
1 , . . . , f

[n]
n }, or {f1, . . . , fn}.

Lemma 3.20 gives an inclusion of Grassmannian cluster structures that will be useful in Section 4.3.

Lemma 3.20. Let J ⊂ [n]. Choose j ∈ J and set I := J \ {j}. Consider the natural inclusion

ι : C[Grk,I ]→ C[Grk,J ] given by 〈A〉 7→ 〈A〉. Then ι maps cluster variables to cluster variables and

preserves compatibility and exchange relations.
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Proof. In an appropriate cyclic rotation of the rectangles seed for Grk,J , the Plücker coordinates

containing j are exactly the frozen variables in the rightmost column. The cluster variables in the

second-from-rightmost column are f Ij−k+1, f
I
j−k+2, . . . , f

I
j−1, f

I
j+1. Deleting the cluster variables in

the rightmost column and freezing the cluster variables in the second-from-rightmost column gives

a cyclic rotation of the rectangles seed for Grk,I . This implies that for every seed (x̃, Q) for Grk,I ,

there is a seed (x̃′, Q′) for Grk,J where x̃ ⊂ x̃′ and Q is the induced subquiver of Q′ using the

variables of x̃. This in turn implies the lemma. �

Remark 3.21. In an abuse of notation, we use cyc∗, refl∗ to denote maps on twistor coordinates and

(rational) functionaries on Grk,k+4 given by identifying twistor coordinates 〈〈Y ZI〉〉 with Plücker

coordinates 〈I〉 for Gr4,n and using (1). That is, cyc∗〈〈Y ZI〉〉 := 〈〈Y ZI−1〉〉 and refl∗〈〈Y ZI〉〉 :=

〈〈Y Zn+1−I〉〉, where I, I − 1, n + 1 − I are written in increasing order. This is different from the

maps 〈〈Y ZI〉〉 7→ 〈〈(cycY )ZI〉〉 and 〈〈Y ZI〉〉 7→ 〈〈(reflY )ZI〉〉, which we will never use.

3.4. Quasi-homomorphisms of cluster algebras. In this section we define quasi-homomorphisms

of cluster algebras, following [Fra16] and [Fra20].

Definition 3.22 (Exchange ratios). Given a cluster seed Σ = ((x1, . . . , xs), Q) for a cluster algebra

of rank r ≤ s, and a mutable variable xi (so that 1 ≤ i ≤ r), the exchange ratio of xi (with respect

to Σ) is

(11) ŷΣ(xi) =

∏
j:i→j x

# arr(i→j)
j∏

j:j→i x
# arr(j→i)
j

,

where arr(i→ j) denotes the number of arrows from i to j in the quiver Q.

Given a cluster algebra A, we let M denote its frozen group, that is the group of Laurent

monomials in the frozen variables. For elements x, y ∈ A, we say that x is proportional to y,

writing x ∝ y, if x = My for some Laurent monomial M ∈ M. We then refer to M as a frozen

factor.

Definition 3.23 (Cluster quasi-homomorphism). [Fra16, Definition 3.1 and Proposition 3.2] Let

A and A be two cluster algebras of the same rank r, and with respective frozen groups M and

M. Then an algebra homomorphism f : A → A that satisfies f(M) ⊆ M is called a (cluster)

quasi-homomorphism from A to A if there are seeds Σ = ((x1, . . . , xs), Q) and Σ = ((x̄1, . . . , x̄s̄), Q̄)

for A and A, such that

(1) f(xi) ∝ x̄i for 1 ≤ i ≤ r
(2) f(ŷΣ(xi)) = ŷΣ(x̄i) for 1 ≤ i ≤ r.
(3) the map i 7→ ī of mutable nodes in Q and Q̄ extends to an isomorphism of the corresponding

induced subquivers.

If conditions (1), (2), and (3) hold, we say that Σ is similar to Σ, and we write f(Σ) ∝ Σ.

Note that conditions (1) and (2) above imply condition (3), as they allow one to read off

adjacencies of mutable nodes; however, we choose to include condition (3) in the definition since it

is readily checkable and hence useful when looking Σ and Σ.

Proposition 3.24. [Fra16, Proposition 3.2] If a seed Σ is similar to the seed Σ, then each seed of

the seed pattern containing Σ is similar to the corresponding seed of the seed pattern containing Σ.
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4. Product promotion is a cluster quasihomomorphism

In this section we introduce the notion of product promotion, which is a homomorphism from

C(Ĝr4,NL
)×C(Ĝr4,NR

) to C(Ĝr4,n), where NL and NR are defined in Notation 4.1. The main result

of this section is that product promotion is a cluster quasi-homomorphism. Therefore if we apply

product promotion to a cluster variable (resp. subset of a cluster), we obtain a cluster variable

(resp. subset of a cluster) of Gr4,n, up to a Laurent monomial in the usual frozen variables plus three

more Plücker coordinates. We will later use product promotion to inductively give a description of

the BCFW tiles as semi-algebraic sets in Grk,k+4, see Theorem 7.7. Product promotion is also a

key tool in the proof of cluster adjacency (cf. Theorem 7.16).

4.1. Product promotion. Given an element V of the Grassmannian Grk,n represented by a k×n
matrix with columns v1, . . . , vn, recall that we identify the Plücker coordinate 〈i1, . . . , ik〉 with

vi1 ∧ · · · ∧ vik . In what follows, in an abuse of notation, we write vi as just i.

Notation 4.1. Choose integers 1 < a < b < c < d < n such that a, b and c, d, n are consecutive.

Let NL = {1, 2, . . . , a, b, n} and NR = {b, . . . , c, d, n}. We let Ĝr
◦
4,NL

, Ĝr
◦
4,NR

, and Ĝr
◦
4,n denote the

(affine cones over the complex) Grassmannians in vector spaces with bases labeled by NL, NR and

{1, 2, . . . , n}, respectively,3 where we removed the locus where the frozen variables vanish.

Definition 4.2 (Product promotion). Using Notation 4.1, product promotion is the homomorphism

Ψac = Ψ : C(Ĝr4,NL
)× C(Ĝr4,NR

)→ C(Ĝr4,n)

induced by the following substitution:

on Ĝr4,NL
: b 7→ b− 〈b c d n〉

〈a c d n〉
a =

(ba) ∩ (cdn)

〈a c d n〉
(12)

on Ĝr4,NR
: n 7→ n− 〈a b c n〉

〈a b c d〉
d+
〈a b d n〉
〈a b c d〉

c =
〈a c d n〉
〈a b c d〉

b− 〈b c d n〉
〈a b c d〉

a =
(ba) ∩ (cdn)

〈a b c d〉
(13)

on Ĝr4,NR
: d 7→ d− 〈a b d n〉

〈a b c n〉
c =

(dc) ∩ (abn)

〈a b c n〉
(14)

While Ψac = Ψ depends on the choice of integers a and c, we will usually drop the subscripts

when it is clear from context.

Remark 4.3. Equivalently, product promotion is the homomorphism which acts on C(Ĝr4,NL
) as

follows. Given distinct i, j, ` ∈ {1, 2, . . . , a− 1}, we have

(a1) Ψ(〈i j ` b〉) = 〈i j ` | b a | c d n〉
〈a c d n〉

(a2) Ψ(〈i j b n〉) = 〈i j n | a b | c d n〉
〈a c d n〉

and Ψ acts as the identity on all other Plücker coordinates of Ĝr4,NL
. Product promotion acts on

C(Ĝr4,NR
) as follows. Given distinct i, j, ` ∈ {b, b+ 1, . . . , c}, we have

(b1) Ψ(〈i j ` d〉) = 〈i j ` | d c | a b n〉
〈a b c n〉 = 〈cd | i j ` | a b n〉

〈a b c n〉

3Note that e.g. we are overloading notation and letting n index a element of a vector space basis for three different
vector spaces; however, in what follows, the meaning should be clear from context.
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(b2) Ψ(〈i j d n〉) = 〈i j n | c d | a b n〉
〈a b c n〉 = 〈na b | i j | c d n〉

〈a b c n〉

(b3) Ψ(〈i j ` n〉) = 〈i j ` | b a | c d n〉
〈a b c d〉 = 〈ab | i j ` | c d n〉

〈a b c d〉

and Ψ acts as the identity on all other Plücker coordinates of Ĝr4,NR
. Note that since Plücker

coordinates are antisymmetric one can, e.g., regard Case (a2) as a special case of (a1). However,

we prefer to keep Cases (a1) and (a2) separate for the reader’s convenience.

Definition 4.4 (Upper promotion). In many cases, we extend Definition 4.2 and allow a = 1, so

that (a, b, c, d) = (1, 2, n−2, n−1). Then Ĝr
◦
4,NL

= Ĝr
◦
4,{12n} is empty and C(Ĝr4,NL

) is trivial. The

homomorphism, which we call upper promotion, reduces to Ψ : C(Ĝr4,NR
) → C(Ĝr4,n), following

rules (b1), (b2), (b3).

Remark 4.5. Some numerators obtained in promotion may factor, see e.g. Remark 2.7.

Remark 4.6 (Relation to Physics). Product promotion is related to an operation on the building

blocks of scattering amplitudes in the physics literature. Using BCFW bridges, [AHBC+11, Section

2.5] illustrates a procedure to build a Yangian invariant YL ⊗BCFW YR from products of two

Yangian invariants YL and YR. Yangian invariants depend on momentum twistors. If we have n

particle scattering, the corresponding collection of momentum twistors gives a point in Gr4,n, so

Yangian invariants can be interpreted as functions of Plücker coordinates for Gr4,n. To connect

with [AHBC+11], we identify their indices (j, j + 1, n − 1, n, 1) for momentum twistors with our

indices (a, b, c, d, n) in Notation 4.1. Then the ‘left’ Yangian invariant YL depends on the momentum

twistors with indices in 1, . . . , j, I, which can be identified with the indices n, 1, . . . , a, b of Ĝr4,NL
.

The ‘right’ Yangian invariant YR depends on the momentum twistors with indices I, j + 1, . . . , n−
1, n, which can be identified with the indices n, b, . . . , c, d of Ĝr4,NR

. To produce YL ⊗BCFW YR,

one makes the following substitutions in YL and YR:

I 7→ (j j + 1) ∩ (n− 1n 1), or in our notation, b 7→ (a b) ∩ (c d n) on Ĝr4,NL
(15)

I 7→ (j j + 1) ∩ (n− 1n 1), or in our notation, n 7→ (a b) ∩ (c d n) on Ĝr4,NR
(16)

n 7→ n̂ := (n− 1n) ∩ (j j + 1 1), or in our notation, d 7→ (c d) ∩ (a b n) on Ĝr4,NR
,(17)

to obtain ŶL and ŶR. Then using our indices

YL ⊗BCFW YR := [a, b, c, d, n] ŶLŶR

where [a, b, c, d, n] is the unique Yangian invariant (up to multiplication by a scalar) in the indices

a, b, c, d, n (it is often called ‘R-invariant’). As indicated in the right hand sides of (15), (16), (17),

these operations coincide with product promotion defined in equations (12), (13), (14), respectively,

up to a sign and a factor of the inverse of a Plücker coordinate, which do not change YL⊗BCFW YR.

4.2. Product promotion is a cluster quasihomomorphism. In this section we state and prove

our main theorem about product promotion (see Theorem 4.7). In what follows, we use the notation

for frozen variables from Definition 3.19.

Since C[Ĝr
◦
4,NL

] and C[Ĝr
◦
4,NR

] are cluster algebras, the product C[Ĝr
◦
4,NL

]× C[Ĝr
◦
4,NR

] is also a

cluster algebra, where each seed is the disjoint union of a seed for C[Ĝr
◦
4,NL

] and for C[Ĝr
◦
4,NR

].
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Theorem 4.7 (Product promotion is a cluster quasihomomorphism). Using the notation of Notation 4.1,

let Σ0 = ΣL
0 tΣR

0 be the seed for the cluster structure on C[Ĝr
◦
4,NL

]×C[Ĝr
◦
4,NR

] shown in Figure 4,

and let Fr(Σ1) = Fr(Σa,c
1 ) be the seed for the cluster structure on C[Ĝr

◦
4,n] shown in Figure 6, where

we have additionally frozen the cluster variables

T := {〈1 2n | a b | c d n〉, 〈a−1 a b n〉, 〈1 a b n〉, 〈a b b+1n〉, 〈a b d n〉, 〈a b c n〉, 〈a b c d〉, 〈b c d n〉, 〈a c d n〉}.

Then we have that:

(1) Product promotion Ψ : C(Ĝr4,NL
)×C(Ĝr4,NR

)→ C(Ĝr4,n) is a quasi-homomorphism of cluster

algebras from A(Σ0) to A(Fr(Σ1)).

(2) If we apply product promotion to a cluster of A(Σ0), we obtain a cluster of A(Fr(Σ1)), up to

Laurent monomials in the elements of

T ′ := {〈a b c n〉, 〈a b c d〉, 〈b c d n〉, 〈a c d n〉} ⊂ T .

(3) If we apply product promotion to a frozen variable of A(Σ0), we obtain a frozen variable of

A(Fr(Σ1)) (which is a cluster or frozen variable for Gr4,n) times a Laurent monomial in T ′.

We note that there are some special cases of Theorem 4.7, namely upper promotion (a = 1),

a = 2, a = 3, and c = b+ 1, which require some clarification, see Section 4.3.

Since by Theorem 4.7, Ψ maps cluster variables to cluster variables times a frozen factor, it is

convenient to define the following map.

Definition 4.8 (Rescaled product promotion). Using the notation of Notation 4.1, let x be a

cluster or frozen variable of C[Ĝr
◦
4,NL

] or C[Ĝr
◦
4,NR

]. We let Ψ(x) = Ψac(x) denote the cluster

or frozen variable of Gr4,n obtained from Ψac(x) by removing the Laurent monomial in T ′ (c.f.

Theorem 4.7 (2) and (3)). (If x = 〈bcdn〉, then Ψ(〈bcdn〉) = 〈bcdn〉 is a cluster variable for C[Ĝr
◦
4,n]

and the relevant Laurent monomial in T ′ is equal to 1, so Ψ(〈bcdn〉) = 〈bcdn〉.) We call Ψ(x) the

rescaled product promotion of x.

Example 4.9. Consider the cluster variables {x} in the red box of Figure 4. If we apply product

promotion Ψac to {x}, we obtain the cluster variables {Ψac(x)} in the red box of Figure 5. If we

instead apply the rescaled product promotion Ψac to {x}, we obtain the cluster variables {Ψac(x)}
in the red box of Figure 6. Note that {Ψac(x)} are obtained from {Ψac(x)} by removing the factors

rn, rd, which are Laurent monomials in 〈b c d n〉, 〈a b c n〉, 〈a b c d〉.

Proof of Theorem 4.7. Let Σ0 denote the initial seed for C[Ĝr
◦
4,NL

]×C[Ĝr
◦
4,NR

] shown in Figure 4.

We note that Σ0 is indeed a seed because each connected component is a cyclic shift of the rectangles

seed for C[Ĝr
◦
4,NL

] and C[Ĝr
◦
4,NR

]. If we apply product promotion to Σ0, we obtain the “promoted

seed” Ψ(Σ0), shown in Figure 5.

Next we claim that the seed Σ1 shown in Figure 6 is a seed for C[Gr◦4,n]. To prove this, note that

in C[Gr◦4,n], we have

(18) 〈c d n | a b |n 1 2〉〈1 a dn〉 = 〈1 2 dn〉〈1 a b n〉〈a c d n〉+ 〈1 2 an〉〈1 c d n〉〈a b d n〉.

So to prove that Σ1 is a seed for C[Gr◦4,n], it suffices to show that the seed Σ′1 obtained from Σ1 by

mutating at 〈c d n | a b |n 1 2〉 is a seed for C[Gr◦4,n].
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Figure 4. The initial seed Σ0 for C[Ĝr4,NL
]× C[Ĝr4,NR

], which is a disjoint union

of a seed ΣL
0 for C[Ĝr4,NL

] (left) and a seed ΣR
0 for C[Ĝr4,NR

] (right). We use the
notation x′ := x − 1, x′′ := x − 2 and x+i := x + i. Mutable variables are in the
shaded regions, the others are all frozen.

Figure 5. The result Ψ(Σ0) of applying the product promotion to Σ0. We use
the notation rx := 〈b c d n〉/〈a b c x〉 and x′ := x− 1, x′′ := x− 2, x+i := x+ i.

Since all cluster and frozen variables of Σ′1 are Plücker coordinates, we can verify that Σ′1 is a

seed for C[Gr◦4,n] by constructing a reduced plabic graph G whose target-labeled seed is Σ′1. Such

a reduced plabic graph is shown in Figure 7.

Now let Fr(Σ1) be the seed obtained from Σ1 by freezing the cluster variables 〈1 2n | a b | c d n〉,
〈1 a b n〉, 〈a− 1 a b n〉, 〈a b d n〉, 〈a b b+ 1n〉, 〈a b c n〉, 〈a b c d〉, 〈b c d n〉, and 〈a c d n〉 (see Figure 6).

We will show that the product promotion, viewed as a map Ψ : A(Σ0) → A(Fr(Σ1)), is a

quasi-homomorphism of cluster algebras. More specifically, we will show that the two seeds Σ0 and

Fr(Σ1) satisfy the conditions of Definition 3.23. These two seeds are shown in Figures 4 and 6.

Looking at Figure 5 and Figure 6, we see immediately that conditions (1) and (3) of Definition 3.23

hold: the images Ψ(xi) of mutable variables (shown in Figure 5) differ from their counterparts

(shown in Figure 6), only by the frozen variables {〈a b c n〉, 〈a b c d〉, 〈b c d n〉}. The induced subquivers

obtained by restricting to the mutable cluster variables agree.
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Figure 6. The seed Fr(Σ1) = Fr(Σa,c
1 ) for C[Gr4,n]. Fr(Σ1) is obtained from Σ1

by freezing the variables in the dashed boxes. We use the notation x′ := x− 1 and
x+i := x+ i.

Figure 7. The plabic graph for Gr4,n whose corresponding seed is Σ′1 in the proof
of Theorem 9.1. We use the notation x′ := x − 1, x′′ := x − 2 and x+i := x + i.
Mutating at the face 〈1 a dn〉 (dashed circle) gives the seed Σ1.

Condition (2), that the corresponding exchange ratios agree, holds for the mutable variables in

the left “NL” connected component of Ψ(Σ0). Indeed, this holds by inspection for 〈12an〉, and the

neighborhoods of all other mutable variables are identical in the two seeds.

We now show condition (2) holds for the remaining exchange ratios. We first consider the

leftmost column of mutable cluster variables from the “NR” connected component of Ψ(Σ0) and
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Figure 8. To construct the seed Λ from Ψ(Σ0), add the variables fc = 〈1cdn〉, fd =
〈12dn〉, 〈abdn〉, 〈abcn〉, 〈abcd〉, 〈acdn〉, then the dashed purple and dotted red arrows.
The purple dashed arrows are all present in Ω, while the red dotted arrows make
the exchange ratios of the mutable variables of Λ match up with those in Ω. The
frozen variables of Λ are boxed.

the corresponding ones in Fr(Σ1). We have:

ŷΨ(Σ0)

(
〈a b c′ n〉 · rn

)
= ŷFr(Σ1)

(
〈a b c′ n〉

)
=
〈a b c′′ n〉〈a b c′ c〉
〈a b c n〉〈a b c′′ c′〉

ŷΨ(Σ0)

(
〈a b c′ c〉 · rd

)
= ŷFr(Σ1)

(
〈a b c′ c〉

)
=
〈a b c′′ c′〉〈b c′ c d〉〈a b c n〉
〈b c′′ c′ c〉〈a b c′ n〉〈a b c d〉

ŷΨ(Σ0)

(
〈b c′ c d〉

)
= ŷFr(Σ1)

(
〈b c′ c d〉

)
=
〈b c′′ c′ c〉〈a b c d〉fc′
〈a b c′ c〉〈b c d n〉fc′′

We now consider the exchange ratios for the other cluster variables. The cluster variables of the first

and second rows (in the NR part) of Ψ(Σ0) differ from the cluster variables of the corresponding

rows of Fr(Σ1) just by common factors (rn and rd respectively). Moreover, for each cluster variable

xi in Ψ(Σ0) not in its first column, the number of out-going arrows i→ j such that xj is in row r

equals the number of in-going arrows l → i with xl from the same row r. Therefore, any common

factor among the row r cancels in ŷ(xi). Hence Ψ(Σ0) and Fr(Σ1) have the same exchange ratios.

Therefore we have a quasi-homomorphism of cluster algebras Ψ : A(Σ0) → A(Fr(Σ1)), where

A(Fr(Σ1)) is a subcluster algebra of C[Gr◦4,n], in the sense of [FWZd, Definition 4.2.6]. But then

by definition of quasi-homomorphism, if we promote a cluster variable (respectively, cluster) of

C[Ĝr
◦
4,NL

] × C[Ĝr
◦
4,NR

], we obtain a cluster variable (respectively, cluster) of A(Fr(Σ1)), up to

multiplication by Laurent monomials in the frozen variables of A(Fr(Σ1)).

The final claim we need to prove is that if we promote a cluster variable of C[Ĝr
◦
4,NL

]×C[Ĝr
◦
4,NR

],

we obtain a cluster variable of C[Gr◦4,n], up to multiplication by a Laurent monomial in the set T ′.
To show this, we consider 2 slight modifications of Ψ(Σ0) and Fr(Σ1).

Let Ω be the seed obtained from Fr(Σ1) by unfreezing all its frozen variables which are not in

T ′. Let Λ be the seed obtained from Ψ(Σ0) by:

• adding the variables fc = 〈1cdn〉, fd = 〈12dn〉, 〈abdn〉, 〈abcn〉, 〈abcd〉, 〈acdn〉;
• freezing all variables in T ′ and declaring all other variables mutable;



CLUSTER ALGEBRAS AND TILINGS FOR THE m = 4 AMPLITUHEDRON 23

• adding the purple dashed arrows shown in Figure 8;

• and then finally adding the red dotted arrows between elements of T ′ and mutable variables so

that all the newly mutable variables have the same exchange ratios as the corresponding newly

mutable variables in Ω.

Notice that we did not add any arrow incident to a mutable variable of Ψ(Σ0), so we did not affect

any of the exchange ratios that we previously analyzed. The final step of adding the red dotted

arrows is possible because after we added the purple dashed arrows in Figure 8, the exchange ratios

for newly mutable variables (those which were not mutable in Ψ(Σ0)) differ from the exchange

ratios in Ω by Laurent monomials in T ′.
We’ve now constructed two cluster algebras A(Λ) and A(Ω) whose cluster variables are in

bijection, and whose frozen variables are precisely T ′. Moreover, each initial cluster variable of

A(Λ) is proportional to the corresponding cluster variable of A(Ω), and the exchange ratios around

corresponding initial cluster variables agree. These properties are preserved under mutation, so

each cluster variable of A(Λ) is proportional to the corresponding cluster variable of A(Ω), with

frozen factor a Laurent monomial in T ′. The cluster variables of A(Ψ(Σ0)) are cluster variables of

A(Λ) because the variables we added to Λ are adjacent only to variables which are frozen in Ψ(Σ0).

Similarly, cluster variables of A(Fr(Σ1)) are cluster variables of A(Ω), since the seeds only differ by

freezing. So the frozen factors of variables in A(Ψ(Σ0)) are Laurent monomials in T ′. �

As a consequence of Definition 4.2 and Theorem 4.7, we obtain the following.

Corollary 4.10. The polynomial 〈i j n | a b | c d n〉 = 〈a b n | c d | i j n〉 = 〈c d n | i j | a b n〉 is a cluster

variable and hence positive on Gr>0
4,n whenever i < j < a < b < c < d < n. And the polynomial

〈i j ` | b a | c d n〉 is a cluster variable and hence positive on Gr>0
4,n whenever

• i < j < ` < a < b < c < d < n or

• c < d < i < j < ` < a < b < n or

• a < b < i < j < ` < c < d < n.

Remark 4.11. Note that if {i, j, `, q, r, s, t} ⊂ {1, 2, 3, . . . , a− 1, n}, we have that

Ψ(〈i j ` | r q | s t b〉) =
〈i j ` | r q | s t | b a | c d n〉

〈a c d n〉
.

Therefore we can extend Corollary 4.10 to higher degree chain polynomials, and conclude e.g. that

if i < j < ` < q < r < s < t < b, then 〈i j ` | r q|s t | b a | c d n〉 = 〈i j ` | q r|s t | a b | c d n〉 is a cluster

variable and hence positive on Gr>0
4,n.

4.3. Degenerate cases of Theorem 4.7. There are a few special cases of Theorem 4.7 that

warrant discussion. The proofs are all analogous to those of Theorem 4.7 so we omit them.

• Theorem 4.7 holds also for upper promotion (c.f. Definition 4.4), where4

T = T ′ = {〈abcn〉, 〈abcd〉, 〈bcdn〉}.

In this case, Σ0 and Ψ(Σ0) consist only of the right connected component of the quiver in Figures 4

and 5; the seed Fr(Σ1) is shown on the left in Figure 9.

4In this case, 〈acdn〉 = 〈1cdn〉 = fc and 〈abdn〉 = 〈12dn〉 = fd so are already frozen in C[Gr4,n].
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Figure 9. Left: the seed Fr(Σ1) in the case of upper promotion, where a = 1 and
b = 2. Right: the seed Fr(Σ1) when a = 2 and b = 3. We use the notation x′ := x−1
and x+i := x+ i.

• If a = 2, then Theorem 4.7 holds for T = {〈abdn〉, 〈abcn〉, 〈abcd〉, 〈bcdn〉, 〈acdn〉, 〈a b b + 1n〉}
and T ′ = {〈abcn〉, 〈abcd〉, 〈bcdn〉}. In this case, the left connected component of Σ0 and Ψ(Σ0)

consist of the single frozen variable 〈123n〉; the seed Fr(Σ1) is shown on the right in Figure 9.

• If a = 3 or c = b + 1, then some of the Plücker coordinates in Figure 6 coincide. If a = 3, then

〈2abn〉 = 〈a− 1 a b n〉; if c = b+ 1 then 〈abcn〉 = 〈a b b+ 1n〉. To obtain the quiver for Fr(Σ1) in

these cases, one should identify the vertices labeled by equal Plücker coordinates.

5. The BCFW map and the BCFW product

In this section we define the BCFW map on nonnegative Grassmannians, and define the closely

related BCFW product on positroid cells in terms of plabic graphs. We will use these to define

BCFW cells in Section 10. We will later see that the BCFW product is closely related to product

promotion (see for example Definition 7.1, Theorem 7.15, and Theorem 11.3.)

Notation 5.1. Fix 1 ≤ a < b < c < d < n such that a, b and c, d, n are consecutive, and

let NL = {1, . . . , a, b, n} and NR = {b, . . . , c, d, n}, as in Notation 4.1. Also fix k ≤ n and two

nonnegative integers kL ≤ |NL| and kR ≤ |NR| such that kL + kR + 1 = k.

Definition 5.2 (BCFW Map). Using Notation 5.1, the BCFW map is the rational map

ι./ : Gr≥0

kL,NL
× Gr>0

1,5 × Gr≥0

kR,NR
99K Gr≥0

k,n

where (A, [α : β : γ : δ : ε], B) is mapped to the (row span of the) k × n matrix (∗) in Figure 10.

Here [α : β : γ : δ : ε] denote the positive homogeneous coordinates of a point in Gr>0
1,5 ⊂ RP4.

Remark 5.3.

(1) The definition of the BCFW map ι./ depends on the choices of a, c, n, etc. in Notation 5.1.

Such choice will always be fixed in advance and, if it is clear, we will not mention it.

(2) The rowspan of (∗) depends only on the values of α, β, γ, δ, ε up to simultaneous rescaling.

Similarly, it only depends on the rowspans of A and B rather than the specific matrices.

Additionally, for generic inputs the rank of (∗) is k. Therefore the map ι./ is well defined.
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Figure 10. The image of (A, [α : β : γ : δ : ε], B) under the BCFW map ι./. Here,
A′a := Aa + α

βAb, B
′
d := Bd + δ

εBn, B′c := Bc + γ
δB
′
d, and in a standard abuse of

notation we identify the matrix (∗) with its rowspan.

(3) The numbers kL or kR may be zero. If e.g. kL = 0 then GrkL,NL
is a point and A is a 0×(a+2)

matrix. The matrix (∗) is (kR + 1)× n and the columns 1, . . . , a− 1 are zero columns.

(4) In the special case that kL = 0 and a = 1, and hence NL = {a, b, n}, we call ι./ the upper

BCFW map. We omit the first argument and write

ι./ : Gr>0
1,5 × Gr≥0

kR,NR
99K Gr≥0

k,n .

(5) For any set of indices N ⊂ [n] ordered according to the usual order on integers, the definition

of ι./ naturally extends to the setting of Gr≥0

k,N rather than Gr≥0

k,n. We replace 1 and n in the

definition with the smallest and largest elements of N , respectively.

We now introduce an operation on positroid cells we call BCFW product, fixing notation as in

Notation 5.1. We will define the operation in terms of plabic graphs, see Appendix A.

Definition 5.4 (BCFW product). Let GL, GR be plabic graphs of respective ranks kL, kR on

NL, NR as in Notation 5.1, let PL,PR be their corresponding positroids and SL, SR their corresponding

positroid cells. The BCFW product of GL and GR, denoted GL ./ GR, is the plabic graph in the

right-hand side of Figure 11. We also denote by PL ./ PR and SL ./ SR the positroid and positroid

cell corresponding to GL ./ GR, and we call these the BCFW products of PL,PR and SL, SR.

The notation ./ is intended to echo the “butterfly” connecting GL, GR in the right-hand side of

Figure 11. While we overload this notation, it will always be clear from context what kind of object
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Figure 11. The BCFW product GL ./ GR of plabic graphs GL and GR.

it denotes. Note that whenever we apply a BCFW product, we will assume that the cells SL and

SR use index sets NL and NR as in Notation 5.1.

We will show the BCFW map on a pair of positroid cells gives their BCFW product, under

appropriate assumptions. First, we need a definition.

Definition 5.5. Let V ∈ Grk,N . A subset J ⊆ N is coindependent5 for V if V has a nonzero Plücker

coordinate 〈I〉V , such that I ∩ J = ∅. By convention, if k = 0 then all subsets are coindependent

for V . If S ⊂ Grk,n, then J is coindependent for S if J is coindependent for all V ∈ S.

Remark 5.6. By Proposition A.7 and Theorem A.10, J is coindependent for a cell S if and only

if every plabic graph G for S has a perfect orientation where all boundary vertices in J are sinks.

Notation 5.7 (Coindependence). We use Notation 5.1 and fix positroid cells SL ⊂ Gr≥0
kL,NL

and

SR ⊂ Gr≥0
kR,NR

such that {a, b, n} is coindependent for SL and {b, c, d, n} is coindependent for SR.

We will prove Proposition 5.8 (1) below, and defer the proof of (2) to Proposition 10.2.

Proposition 5.8. Fix SL, SR as in Notation 5.7. Then we have the following:

(1) The map ι./ is well-defined on SL × Gr>0
1,5 × SR and its image is SL ./ SR.

(2) The map ι./ is injective on SL × Gr>0
1,5 × SR, and hence we have an isomorphism

ι./ : SL ×Gr>0
1,5×SR

∼−→ SL ./ SR.

It follows that dim(SL ./ SR) = dimSL + dimSR + 4.

We note that when kL = 0 and a = 1 above, {a, b, n} is coindependent for SL, so this proposition

covers the case that ι./ is the upper BCFW map.

Proof. We first show that ι./ is well-defined on SL ×Gr>0
1,5×SR and that the image is SL ./ SR.

Choose reduced plabic graphsGL, GR for SL, SR. The coindependence assumption plus Remark 5.6

implies that GL, respectively GR, has a perfect orientation OL, respectively OR, where {a, b, n},
respectively {b, c, d, n}, are sinks. We may assume that both OL and OR are acyclic using the

coindependence assumption and Lemma A.8. Now, orient the edges of GL ./ GR according to OL,

OR and orient all other edges according to Figure 12.

5This name comes from matroid theory. The nonzero Plücker coordinates of V determine a matroid M . The subset
J is coindependent for V exactly when J is independent in the matroid dual to M .



CLUSTER ALGEBRAS AND TILINGS FOR THE m = 4 AMPLITUHEDRON 27

Figure 12. The perfect orientation and edge weighting of GL ./ GR used in the
proof of Proposition 5.8. All weights are positive, and edge weights of 1 are omitted.

This gives a perfect orientation of GL ./ GR whose sources are a together with the sources of

OL and OR. Thus SL ./ SR is rank k = 1 + kL + kR.

Now, we will analyze the path matrix of GL ./ GR (cf Definition A.9) and show that one can

perform invertible row operations to obtain precisely the matrix (∗) of Figure 10. First, by using

gauge transformations (cf Lemma A.11) of the 10 internal black/white vertices shown in Figure 12,

as well as the seven internal vertices of GL and GR which are incident to the boundary vertices

{a, b, n} of GL and {b, c, d, n} of GR, we can assume that the 21 oriented edges in Figure 12 are

weighted as in the figure, where edge weights of 1 are omitted.

Now, let A,B be path matrices of GL, GR with respect to the perfect orientations OL,OR. Note

that A,B represent elements of SL, SR. By inspection of the paths in Figure 12, the path matrix

of GL ./ GR isA1 · · · Aa−1 0 −tAa 0 · · · 0 (−1)kR+1uvwA′a (−1)kR+1uvA′a (−1)kR+1A′n
0 · · · 0 1 t 0 · · · 0 (−1)kRuvw (−1)kRuv (−1)kRu

0 · · · · · · 0 Bb Bb+1 · · · Bc−1 B′c B′d Bn


where

A′a := Aa + 1
tAb, B′d := Bd + vBn, B′c := Bc + wB′d, A′n = An + uA′a,

and the “middle” row is indexed by the source a. By adding a suitable multiple of the row indexed

by a to the rows above, one obtains a full-rank matrix of the form

(19)

A1 · · · Aa−1 A′a Ab 0 · · · 0 0 0 (−1)kR+1An
0 · · · 0 1 t 0 · · · 0 (−1)kRuvw (−1)kRuv (−1)kRu

0 · · · · · · 0 Bb Bb+1 · · · Bc−1 B′c B′d Bn

 .
Setting t = β

α , u = ε
α , v = δ

ε , w = γ
δ and rescaling the row indexed by a by α in (19) gives a full-rank

matrix exactly of the form (∗) in Figure 10. Thus, ι./ is well-defined on (A, [α : β : γ : δ : ε], B) and

ι./ sends this triple to the rowspan of the matrix in (19) with the variable substitutions mentioned

above. The rowspan of (19) lies in SL ./ SR for any positive parameter values. This shows that

ι./ is well-defined on SL ×Gr>0
1,5×SR and that ι./(SL ×Gr>0

1,5×SR) ⊂ SL ./ SR. To see the reverse

inclusion, note that varying [α : β : δ : γ : ε] and the values of the weights in A,B is the same as
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Figure 13. Applying inverse T-duality twice to GL ./ GR gives the BCFW bridge
recurrence in ‘momentum space’ [AHBC+16, Equation (2.26)]. We use the notation
Ǧ for the inverse T-dual of G. Left: GL ./ GR; center: application of inverse T
duality to GL ./ GR; right: application of inverse T duality twice to GL ./ GR.

varying the values of the weights on GL ./ GR, and so the matrices in (19) will vary over all points

in SL ./ SR.

The statement that ι./ is injective on SL ×Gr>0
1,5×SR is Proposition 10.2.

The dimension of SL ×Gr>0
1,5×SR is dimSL + dimSR + 4 and SL ./ SR is the image of this set

under a bijective map, so has the same dimension. �

Remark 5.9 (BCFW map and product in physics). An analogous matrix representation of the

BCFW map ι./ (as in Figure 10) appeared in [Bou10, Equation (3.6)]. The first appearance of the

“butterfly” plabic graph from Figure 11 is in [BH15, Equation (3.3)]. Note that the “butterfly”

plabic graph GL ./ GR is related to the BCFW bridge recurrence in momentum space (see

[AHBC+16, Equation (2.26)]) by two applications of the inverse T-duality operation on plabic

graphs (see [PSBW23, Definition 8.7, Remark 8.9]). See Figure 13 for an illustration.

6. Standard and general BCFW cells

In this section we define the standard and general BCFW cells. We then introduce chord diagrams

(cf. Definition 6.7) and recipes (cf. Definition 6.16), which label standard and general BCFW cells

respectively. Finally, we define the BCFW matrix for each BCFW cell, a convenient representative

matrix, and use it to show that BCFW cells in Gr≥0

k,n are 4k-dimensional.

First, we define BCFW cells. Recall the dihedral group action on Gr≥0

k,n from Definition 2.3. We

refer to the following collection of cells as general BCFW cells, or simply as BCFW cells.

Definition 6.1 (General BCFW cells). The set of general BCFW cells is defined recursively:

(Base case) For k = 0, the trivial cell Gr>0
0,n is a general BCFW cell.

(Insert zero) If S is a general BCFW cell, then so is any cell obtained by inserting a zero column.

(Cyclic shift + reflect) If S is a general BCFW cell, then so is any cyclic shift or reflection of S.

(Product) Fix the quantities in Notation 5.1. If SL and SR are general BCFW cells on NL and

NR, then so is their BCFW product SL ./ SR.
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Figure 14. Standard BCFW cells (left) and general BCFW cells (right) in Gr≥0

1,n,
where the . . . denote black lollipops in the remaining indices.

Remark 6.2. By Corollary 10.7, general BCFW cells satisfy the coindependence assumptions of

Proposition 5.8. Thus, taking the BCFW product of two BCFW cells is the same as applying the

BCFW map to them. So the “(Product)” step in Definition 6.1 could be equivalently stated as: if

SL and SR are general BCFW cells, then so is ι./(SL ×Gr>0
1,5×SR).

The standard BCFW cells, which we define below, are a particularly nice subset of BCFW cells.

The images of the standard BCFW cells yield a tiling of the amplituhedron [ELT21].

Definition 6.3 (Standard BCFW cells). Standard BCFW cells are defined recursively as follows.

(Base case) For k = 0, the trivial cell Gr0,n is a standard BCFW cell.

(Insert zero’) If S is a standard BCFW cell, then so is the cell obtained by inserting a zero column

in the penultimate position.

(Product) Fix Notation 5.1. If SL and SR are standard BCFW cells on NL and NR, then their

BCFW product SL ./ SR is a standard BCFW cell.

Remark 6.4. The standard BCFW cells defined here are the same as those in [KWZ20, ELT21],

though Definition 6.3 uses different terminology than those two papers. Indeed, [KWZ20] obtains

standard BCFW cells by applying the “BCFW bridge recurrence in momentum space”(see Figure 13,

right), then applying T-duality twice. This is the same as repeatedly applying the BCFW product.

[KWZ20] also gives an explicit construction of standard BCFW cells in terms of pairs of noncrossing

lattice paths, while [ELT21] gives an explicit construction of standard BCFW cells in terms of chord

diagrams, and shows that the two constructions agree [ELT21, Proposition 2.28].

Example 6.5. For k = 1, the BCFW cells in Gr≥0

1,n are indexed by the elements of
(
[n]

5

)
. For

I = {a, b, c, d, e} ∈
(
[n]

5

)
, the corresponding BCFW cell consists of points with Plücker coordinates

〈a〉, 〈b〉, 〈c〉, 〈d〉, 〈e〉 > 0 and all others zero. The plabic graph has a 5-valent white vertex adjacent to

boundary vertices a, b, c, d, e and all other vertices are black lollipops, see Figure 14. The standard

BCFW cells for k = 1 are only those where a, b and c, d are consecutive and e = n. For k = n− 4,

the totally positive Grassmannian Gr>0
n−4,n is the only BCFW cell. It can be obtained from the

point Gr>0
0,4 by repeatedly applying the upper BCFW map.

Remark 6.6. It follows from the above definition that if k > 0 then k ≤ n − 4 for a BCFW cell

in Gr≥0

k,n. Hence, when one generates a BCFW cell with the (Product) step, kR ≤ |NR| − 4 and

kL ≤ max(0, |NL|−4). In terms of Notation 5.1, kL ≤ a−2 and kR ≤ c− b−1, with the additional

possibility that kL = 0 and a = 1, which is the case of the upper BCFW map.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

D3

D1
D2

D6

D5 D4

D = {(3, 4, 5, 6), (5, 6, 8, 9), (1, 2, 8, 9), (10, 11, 12, 13), (9, 10, 12, 13), (8, 9, 13, 14)}

Figure 15. A chord diagram D with k = 6 chords n = 15 markers.

6.1. Standard BCFW cells from chord diagrams. In this section we introduce chord diagrams,

and show how each gives an algorithm for constructing a standard BCFW cell. In Section 6.2 we

then give a generalization of this algorithm, called a recipe, for constructing a general BCFW cell.

Definition 6.7 (Chord diagram [ELT21]). Let k, n ∈ N. A chord diagram D ∈ CDn,k is a set of

k quadruples named chords, of integers in the set {1, . . . , n} named markers, of the following form:

D = {(a1, b1, c1, d1), . . . , (ak, bk, ck, dk)} where bi = ai + 1 and di = ci + 1

such that every chord Di = (ai, bi, ci, di) ∈ D satisfies 1 ≤ ai < bi < ci < di ≤ n− 1 and no

two chords Di, Dj ∈ D satisfy ai = aj or ai < aj < ci < cj .

It follows from this definition that the number of different chord diagrams with n markers and

k chords is the Narayana number N(n − 3, k + 1): |CDn,k| = 1
k+1

(
n−4
k

)(
n−3
k

)
. As we explain

in Definition 6.12 below, each chord diagram gives rise to a standard BCFW cell by encoding a

sequence of BCFW products and penultimate zero column insertions.

See Figure 15, where we visualize such a chord diagram D in the plane as a horizontal line with n

markers labeled {1, . . . , n} from left to right, and k nonintersecting chords above it, whose start and

end lie in the segments (ai, bi) and (ci, di) respectively. The definition imposes restrictions on the

chords: they cannot start before 1, end after n−1, or start or end on a marker. Two chords cannot

start in the same segment (s, s+ 1), and one chord cannot start and end in the same segment, nor

in adjacent segments. Two chord cannot cross. Pictorially, the forbidden configurations are:

i i 1 n−1 n n−1 n i i+1 i i+1 i−1 i i+1 crossing

We say that a chord is a top chord if there is no chord above it, e.g. D3 and D6 in Figure 15. One

natural way to label the chords is by D1, . . . , Dk such that for all 1 ≤ j ≤ k, Dj is the rightmost top

chord among the set of chords {D1, . . . , Dj} as in Figure 15. This is equivalent to sorting the chords

according to their ends. The visualization of chord diagrams provides us with useful terminology,

which we illustrate in Figure 15. This terminology will primarily be used in Section 8.
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Definition 6.8 (Terminology for chords). A chord is a top chord if there is no chord above it, and

otherwise it is a descendant of the chords above it, called its ancestors, and in particular a child

of the chord immediately above it, which is called its parent. For example, D4 has parent D5

and ancestors D5 and D6. Two chords are siblings if they are either top chords or children of a

common parent; for example, D1 and D2 are siblings, and D3 and D6 are siblings. Two chords

are same-end if their ends occur in a common segment (e, e + 1), are head-to-tail if the first ends

in the segment where the second starts, and are sticky if their starts lie in consecutive segments

(s, s+ 1) and (s+ 1, s+ 2). For example, chords D2 and D3 are same-end, chords D1 and D2 are

head-to-tail, and chords D5 and D6 are sticky.

Remark 6.9. The definition of a chord diagram naturally extends to general index sets with a

total order. Thus, we will sometimes work with a finite set of markers N ⊂ {1, . . . , n} rather

than {1, . . . , n}, and a set K of chord indices rather than {1, . . . , k}, and denote these diagrams by

CDN,K . We will always have that the largest marker is n ∈ N , the starts and ends of chords will be

consecutive pairs in N (and also N) and the rightmost top chord will be denoted by Dk = DmaxK .

Definition 6.10 (Left and right subdiagrams). Let D be a chord diagram in CDN,K . A subdiagram

is obtained by restricting to a subset of the chords and a subset of the markers which contains both

these chords and the marker n. Let Dk = (a, b, c, d) be the rightmost top chord of D, where

1 ≤ a < b < c < d < n, and moreover a, b and c, d are consecutive in N .

In the case that d, n are consecutive as well we define DL, the left subdiagram of D, on the markers

NL = {1, 2, . . . , a, b, n} and the right subdiagram DR on NR = {b, . . . , c, d, n}. The subdiagram DL

contains all chords that are to the left of Dk , and DR contains the descendants of Dk .

Example 6.11. For the chord diagramD in Figure 15, the rightmost top chord isD6 = (8, 9, 13, 14),

so NL = {1, . . . , 9, 15} and DL = {D1, D2, D3}, while NR = {9, . . . , 15} and DR = {D4, D5}.

Definition 6.12 (Standard BCFW cell from a chord diagram). LetD ∈ CDN,K be a chord diagram.

We recursively construct from D a standard BCFW cell SD in Gr≥0

K,N as follows:

(1) If k = 0, then the BCFW cell is the trivial cell SD := Gr≥0

0,N .

(2) Otherwise, let Dk = (a, b, c, d) be the rightmost top chord of D and let p denote the penultimate

marker in N .

(a) If d 6= p, let D′ be the subdiagram on N \ {p} with the same chords as D, and let SD′ be

the standard BCFW cell associated to D′. Then, we define SD := prep SD′ , which denotes

the standard BCFW cell obtained from SD′ by inserting a zero column in the penultimate

position p.

(b) If d = p, let SL and SR be the standard BCFW cells on NL and NR associated to the

left and right subdiagrams DL and DR of D. Then, we let SD := SL ./ SR, the standard

BCFW cell which is their BCFW product as in Definition 5.4.

Example 6.13. The standard BCFW cell SD of the chord diagram D in Figure 15 is SL ./ SR
where the chord subdiagrams DL, DR are as in Example 6.11. One can keep applying the recursive
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Figure 16. Recursive construction of a standard BCFW cell from a chord diagram
as in Definition 6.12. Top left (right): construction of D (GD) from D′ (G′) as in
(1a); bottom left (right) construction of D (GD) from DL, DR (GL, GR) as in (1b).

definition and obtain:

SL = Gr0,{1,2,15} ./
((

Gr0,{2,3,4,15} ./ Gr0,{4,5,6,15}
)
./ Gr0,{6,7,8,9,15}

)
SR = pre14

(
Gr0,{9,10,15} ./

(
Gr0,{10,11,15} ./ Gr0,{11,12,13,15}

))
Remark 6.14. It is not hard to see that every standard BCFW cell arises from a chord diagram.

Moreover two distinct chord diagrams give rise to different cells [ELT21]. Therefore every standard

BCFW cell arises from a unique chord diagram.

Remark 6.15. In Definition 6.12 we have taken care to work with chord diagrams on general index

sets N , but in what follows we often slightly abuse notation and consider the index set [n], and the

extension to general index sets is implied.

6.2. General BCFW cells from recipes. In this section, we establish conventions for labeling

general BCFW cells. We also define BCFW matrices, which are distinguished representatives for

the elements of general BCFW cells, obtained by repeatedly applying preI , cyc, refl and ι./.

Each general BCFW cell may be specified by a list of operations from Definition 6.1. The class

of general BCFW cells includes the standard BCFW cells, but is additionally closed under the

operations of cyclic shift, reflection, and inserting a zero column anywhere (see Definition 2.3), at

any stage of the recursive generation. Since any sequence of these operations can be expressed as

preI followed by cycr followed by refls for some I, r, s, we can specify in a concise form which ones

take place after each BCFW product. We will record the generation of a BCFW cell using the

formalism of recipe in Definition 6.16, which will be convenient for the proofs to come.

Definition 6.16 (General BCFW cell from a recipe). A step-tuple on a finite index set N ⊂ N is

a 4-tuple

((ai, bi, ci, di, ni), preIi , cycri , reflsi),
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Figure 17. Illustration of building up a BCFW cell using the recipe r of
Example 6.17. Box i shows the result after the first i step-tuples. The result of
the step (ai, bi, ci, di, ni) is shown on the left in each box, and the results of the steps
preIi , cycri and reflsi are shown on the right.

where Ii ⊆ N such that ni is the largest element in N \ Ii, ai < bi and ci < di < ni are both

consecutive in N \ Ii, 0 ≤ ri < |N |, and si ∈ {0, 1}. A step-tuple records a BCFW product of two

cells using indices (ai, bi, ci, di, ni); then zero column insertions in positions Ii; then applying the

cyclic shift ri times; and then applying reflection si times. Note that some of these operations may

be the identity. Each operation in a step-tuple which is not the identity is called a step.

A recipe r on N is either the empty set (the trivial recipe on N), or a recipe rL on NL followed

by a recipe rR on NR followed by a step-tuple ((ak, bk, ck, dk, nk),preIk , cycrk , reflsk) on N , where

NL = (N \ Ik) ∩ {nk, . . . , ak, bk} and NR = (N \ Ik) ∩ {bk, . . . , ck, dk, nk}. We let Sr denote the

general BCFW cell on N obtained by applying the sequence of operations specified by r. If r

consists of k step-tuples, then Sr ⊂ Gr≥0

k,N .

Example 6.17. Consider the recipe r consisting of the following sequence of 4 step-tuples:

((3, 4, 5, 6, 12), pre2), ((1, 2, 5, 6, 12), cyc2, refl)), ((6, 7, 8, 9, 11),pre10,12), ((5, 6, 10, 11, 12), cyc4, refl).

Figure 17 shows the plabic graph of the general BCFW cell Sr obtained from r following Definition 6.16.
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Because our arguments are frequently recursive, we need some notation for the BCFW cells

obtained by deleting the final step of a recipe. We use the following notation throughout.

Notation 6.18. Let r be a recipe for a BCFW cell S ∈ Gr≥0

k,N . Let FStep denote the final

step, which is either (ak, bk, ck, dk, nk),preIk , cyc or refl. If FStep 6= (ak, bk, ck, dk, nk), then we let p

denote the recipe obtained by replacing FStep with the identity. Note that Sp is again a BCFW cell.

If FStep = (ak, bk, ck, dk, nk), let rL and rR denote the recipes on NL and NR as in Definition 6.16.

Then rL, rR are recipes for BCFW cells SL ⊂ Gr≥0

kL,NL
and SR ⊂ Gr≥0

kR,NR
and S = SL ./ SR. Note

that to avoid clutter, we will usually use L,R as subscripts rather than writing SrL , SrR .

Remark 6.19. In contrast with the bijective correspondence between standard BCFW cells and

chord diagrams, multiple recipes could give rise to the same general BCFW cell. Even the sets of 5

indices that are involved in the BCFW products are not uniquely determined by the resulting cell.

We now construct a representative matrix for elements of a BCFW cell. We will use this matrix

in the next section to invert the Z̃-map on BCFW cells (see Definition 7.1 and Theorem 7.7).

Definition 6.20 (BCFW parameters and matrix). Let r be a recipe on N for a BCFW cell Sr. We

define the BCFW parameters Cr and BCFW matrix Mr of Sr recursively. If r is the trivial recipe,

then Cr = ∅ and Mr is a 0×N matrix. If FStep = (ak, bk, ck, dk, nk), then let CL, CR and ML,MR

be the BCFW parameters and matrices of SL, SR. The BCFW parameters and matrix of Sr are

Cr := CL ∪ {αk, βk, δk, γk, εk} ∪ CR = {αi, βi, δi, γi, εi}ki=1

Mr := ι./(ML, [αk : βk : δk : γk : εk],MR).

where in a slight abuse of notation, here ι./(. . . ) denotes the matrix (∗) from Figure 10 rather than

its rowspan. If FStep ∈ {preIk , cyc, refl}, then we define Cr := Cp and Mr := FStep(Mp).

We can think of the BCFW parameters αi, βi, γi, δi, εi (for 1 ≤ i ≤ k) as abstract variables,

but in Proposition 6.22, we will show that when they range over the positive real numbers, the

corresponding BCFW matrices sweep out the BCFW cell Sr.

In words, Mr is precisely the matrix obtained by following the sequence of operations given

by r, and the BCFW parameters are exactly the 5k parameters used in the applications of ι./ as

in Definition 5.2. The entries of Mr are rational functions of the BCFW parameters Cr and may

depend on the recipe r chosen. Each row of the BCFW matrix is naturally indexed by a step-tuple

in r. We will frequently use ζi ∈ {αi, βi, γi, δi, εi} (for 1 ≤ i ≤ k) to denote one BCFW parameter.

Example 6.21 (BCFW parameters and matrix). We build the BCFW matrix Mr of the cell Sr
from Example 6.17 in terms of the BCFW parameters {ζi}. We will denote (10, 11, 12) as (A,B,C).

• (Step 1): after last step of the first step-tuple:

M
(1)
L =

2 3 4 5 6 C( )
0 α1 β1 γ1 δ1 ε1

• (Step 2): after the first step of the second step-tuple M
(2)
L = ι./(0, [α2 : β2 : γ2 : δ2 : ε2],M

(1)
L ):
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M
(2)
L =

1 2 3 4 5 6 C( )
α2 β2 0 0 −γ2 −δ2 −ε2

0 0 α1 β1 γ′1 δ′1 ε1

,

where: δ′1 = δ1 + δ2
ε2
ε1 and γ′1 = γ1 + γ2

δ2
δ′1. In Step 3 we apply cyc2 and refl to M

(2)
L and get M

(3)
L .

• (Step 4): after the last step of the third step-tuple:

MR =
6 7 8 9 A B C( )
α3 β3 γ3 δ3 0 ε3 0

• (Step 5): after the first step of the fourth step-tuple M (5) = ι./(M
(3)
L , [α4 : β4 : γ4 : δ4 : ε4],MR) :

M (5) =

1 2 3 4 5 6 7 8 9 A B C


−γ2 0 0 β2 α′2 ε2 0 0 0 0 0 δ2

γ′1 β1 α1 0 −µ1 −ε1 0 0 0 0 0 −δ′1
0 0 0 0 α4 β4 0 0 0 −γ4 −δ4 −ε4

0 0 0 0 0 α3 β3 γ3 δ3 ν3 ε3 0

,

where: α′2 = α2 + α4
β4
ε2, µ1 = α4

β4
ε1, and ν3 = γ4

δ4
ε3. Finally, in order to get Mr, we apply cyc4

and refl to M (5).

We now show that allowing the BCFW parameters to vary in Mr gives a parametrization of Sr.

Proposition 6.22. Let r be a recipe for a BCFW cell Sr with BCFW matrix Mr. Then the map(
Gr>0

1,5

)k → Sr

([αi : βi : γi : δi : εi])
k
i=1 7→ Mr

sending the collection of BCFW parameters to the BCFW matrix Mr is a bijection, where as usual

we identify Mr with its row span. In particular, Sr has dimension 4k.

Given a recipe r, the BCFW parameters Cr of a point V ∈ Sr are given (up to rescaling) by the

preimage of V under the bijection above.

Proof. We proceed by induction on the number of steps in r. The base case is when r is trivial,

and is trivially true. If FStep = preIk , cyc or refl, the proposition for Sr easily follows from the

proposition for Sp. If FStep = (ak, bk, ck, dk, nk), then this follows from the inductive hypothesis on

SL, SR and Proposition 5.8, which we may apply because Corollary 10.7 shows that BCFW cells

always satisfy the coindependence assumptions of Notation 5.7. �

7. BCFW tiles and cluster adjacency

In this section we prove that the (closures of the) images of BCFW cells are tiles, and then state

and prove the cluster adjacency theorem for general BCFW tiles. We note that our proof relies on

a few technical ingredients that we defer to later sections.
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7.1. BCFW tiles. Recall the definition of the amplituhedron map Z̃ from Definition 2.10, where

Z ∈ Mat>0

n,k+m, and the definition of a tile from Definition 2.12. Our goal for this section is to use

the BCFW matrix and parameters to invert the amplituhedron map on the image Z◦r = Z̃(Sr) of

each BCFW cell. Since Proposition 6.22 shows that BCFW cells in Gr≥0

k,n have dimension 4k, this

will show that Zr is a tile.

The first step is to define one rational functionary for each BCFW parameter ζi ∈ Cr where

ζ ∈ {α, β, γ, δ, ε}. The product promotion map Ψac (Definition 4.2) plays an integral role. The

signs in the following definition are introduced such that each coordinate functionary is positive on

the corresponding open tile (see Theorem 7.7).

Recall from Definition 2.9 the degree degi F of a functionary F in an index i, and the operations

refl∗, cyc−∗ on functionaries (cf. Definition 2.3, Remark 3.21).

Definition 7.1 (Coordinate functionaries of BCFW cells). Let Sr ⊂ Gr≥0

k,n be a BCFW cell. For

each BCFW parameter ζi ∈ Cr we define the coordinate functionary ζri (Y ) to be the function on

Grk,k+4 given by the following recursive definition:

• If FStep = (ak, bk, ck, dk, nk), then we define

αr
k(Y ) := (−1)kR〈〈bk ck dk nk〉〉 βrk(Y ) := (−1)kR+1〈〈ak ck dk nk〉〉

γrk(Y ) := 〈〈ak bk dk nk〉〉 δrk(Y ) := −〈〈ak bk ck nk〉〉 εrk(Y ) := 〈〈ak bk ck dk〉〉,
and for i 6= k

ζri (Y ) :=

{
(−1)sΨakck(ζLi )(Y )

Ψakck(ζRi )(Y )
if the ith step-tuple is in

{
rL

rR
, where s = (kR+1) degnk

ζLi (Y ).

• If FStep =


refl

cyc

preIk

then ζri (Y ) :=


refl∗ ζpi (Y )

(−1)s
′
cyc−∗ ζpi (Y )

ζpi (Y )

, where s′ = k degn ζ
p
i (Y ).

We define the twistor matrix M tw
r (Y ) be the matrix Mr of Definition 6.20 where each BCFW

parameter ζi is set to equal the coordinate functionary ζri (Y ). Its entries are rational functionaries.

Example 7.2 (Coordinate functionaries). We will build recursively the coordinate functionaries

{ζri (Y )} of the cell Sr from Example 6.17. We will follow the same steps as in Example 6.21. We

will denote (10, 11, 12) as (A,B,C) and {αi(Y ), βi(Y ), γi(Y ), δi(Y ), εi(Y )} as {ζi(Y )} for brevity.

• (Step 1): The coordinate functionaries {ζ(1)
1 (Y )} are respectively:

〈〈4 5 6C〉〉,−〈〈3 5 6C〉〉, 〈〈3 4 6C〉〉,−〈〈3 4 5C〉〉, 〈〈3 4 5 6〉〉.

• (Step 2): The coordinate functionaries {ζ(2)
2 (Y )} are respectively:

−〈〈2 5 6C〉〉, 〈〈1 5 6C〉〉,−〈〈1 2 6C〉〉, 〈〈1 2 5C〉〉,−〈〈1 2 5 6〉〉.

{ζ(2)
1 (Y )} are obtained as ζ

(2)
1 = Ψ1,5(ζ

(1)
1 ) and are respectively:

〈〈4 5 6C〉〉,−〈〈3 5 6C〉〉, 〈〈3 4C | 5 6 | 1 2C〉〉
〈〈1 2 5C〉〉

,−〈〈3 4 5 | 2 1 | 5 6C〉〉
〈〈1 2 5 6〉〉

, 〈〈3 4 5 6〉〉.
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• (Step 3): {ζ(3)
1 (Y )} and {ζ(3)

2 (Y )} are obtained by performing cyc2 and refl on the respective

coordinate functionaries of Step 2.

• (Step 4): The coordinate functionaries {ζ(4)
3 (Y )} are respectively:

〈〈7 8 9B〉〉,−〈〈6 8 9B〉〉, 〈〈6 7 9B〉〉,−〈〈6 7 8B〉〉, 〈〈6 7 8 9〉〉.

• (Step 5): The coordinate functionaries {ζ(5)
4 (Y )} are respectively:

−〈〈6ABC〉〉, 〈〈5ABC〉〉,−〈〈5 6BC〉〉, 〈〈5 6AC〉〉,−〈〈5 6AB〉〉.

{ζ(5)
3 (Y )} are obtained as ζ

(5)
3 = Ψ5,10(ζ

(4)
3 ) and are respectively:

〈〈7 8 9 |BA | 5 6C〉〉
〈〈5 6AC〉〉

,−〈〈6 8 9 |BA | 5 6C〉〉
〈〈5 6AC〉〉

,
〈〈6 7 9 |BA | 5 6C〉〉
〈〈5 6AC〉〉

,−〈〈6 7 8 |BA | 5 6C〉〉
〈〈5 6AC〉〉

, 〈〈6 7 8 9〉〉.

{ζ(5)
2 (Y )} are obtained as ζ

(5)
2 = Ψ5,10(ζ

(3)
2 ) and are respectively:

−〈〈1 4C | 5 6 |ABC〉〉
〈〈5ABC〉〉

, 〈〈1 5 6C〉〉,−〈〈4 5 6C〉〉,−〈〈1 4 5 6〉〉, 〈〈1 4 5C〉〉.

{ζ(5)
1 (Y )} are obtained as ζ

(5)
1 = Ψ5,10(ζ

(3)
1 ) and are respectively:

〈〈1 2C | 5 6 |ABC〉〉
〈〈5 6BC〉〉

,−〈〈1 3C | 5 6 |ABC〉〉
〈〈5ABC〉〉

,

−〈〈ABC | 5 6 | 2 3 | 1C | 4 5 6〉〉
〈〈1 4 5 6〉〉〈〈5ABC〉〉

,
〈〈1 2 3 | 4 5 | 1 2 | 5 6 |ABC〉〉
〈〈1 4 5C〉〉〈〈5ABC〉〉

,−〈〈1 2 3C〉〉.

Finally, {ζri (Y )} are obtained by applying cyc4, refl on the coordinate functionaries of Step 5.

The twistor matrix M tw
r (Y ) is obtained from the BCFW matrix Mr in Example 6.21 by setting each

BCFW parameter ζri equal to the corresponding coordinate functionary ζri (Y ) computed above.

It is also convenient to define the following variant of the coordinate functionaries, which will be

cluster variables for Gr4,n. The definition is based on rescaled product promotion Ψ (Definition 4.8).

Definition 7.3 (Coordinate cluster variables of BCFW cells). Let Sr ⊂ Gr≥0

k,n be a BCFW cell.

For each BCFW parameter ζi ∈ Cr the coordinate cluster variables ζ̄ri is defined as follows:

• If FStep = (ak, bk, ck, dk, nk), then we define

ᾱr
k := 〈bk ck dk nk〉 β̄rk := 〈ak ck dk nk〉

γ̄rk := 〈ak bk dk nk〉 δ̄rk := 〈ak bk ck nk〉 ε̄rk := 〈ak bk ck dk〉,

and for i 6= k, ζ̄ri :=

{
Ψakck(ζ̄Li )

Ψakck(ζ̄Ri )
if the ith step-tuple is in

{
rL

rR
.

• If FStep =


refl

cyc

preIk

then ζ̄ri :=


refl∗ ζ̄pi

cyc−∗ ζ̄pi

ζ̄pi

.
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We denote the set of coordinate cluster variables for Sr by x(r). Note that x(r) depends on the

recipe r rather than just the BCFW cell.

Example 7.4 (Coordinate cluster variables). We will build recursively the coordinate cluster

variables {ζ̄ri} of the cell Sr from Example 6.17. We will follow the same steps as in Example 6.21

and Example 7.2. We will denote (10, 11, 12) as (A,B,C) and {ᾱi, β̄i, γ̄i, δ̄i, ε̄i} as {ζ̄i} for brevity.

• (Step 1): The coordinate cluster variables {ζ̄(1)
1 } are respectively:

〈4 5 6C〉, 〈3 5 6C〉, 〈3 4 6C〉, 〈3 4 5C〉, 〈3 4 5 6〉.

• (Step 2): The coordinate cluster variables {ζ̄(2)
2 } are respectively:

〈2 5 6C〉, 〈1 5 6C〉, 〈1 2 6C〉, 〈1 2 5C〉, 〈1 2 5 6〉.

{ζ̄(2)
1 } are obtained as ζ̄

(2)
1 = Ψ1,5(ζ̄

(1)
1 ) and are respectively:

〈4 5 6C〉, 〈3 5 6C〉, 〈3 4C | 5 6 | 1 2C〉, 〈3 4 5 | 2 1 | 5 6C〉, 〈3 4 5 6〉.

• (Step 3): {ζ̄(3)
1 } and {ζ̄(3)

2 } are obtained by performing cyc2 and refl on the respective coordinate

cluster variables of Step 2.

• (Step 4): The coordinate cluster variables {ζ̄(4)
3 } are respectively:

〈7 8 9B〉, 〈6 8 9B〉, 〈6 7 9B〉, 〈6 7 8B〉, 〈6 7 8 9〉.

• (Step 5): The coordinate cluster variables {ζ̄(5)
4 } are respectively:

〈6ABC〉, 〈5ABC〉, 〈5 6BC〉, 〈5 6AC〉, 〈5 6AB〉.

{ζ̄(5)
3 } are obtained as ζ̄

(5)
3 = Ψ5,10(ζ̄

(4)
3 ) and are respectively:

〈7 8 9 |BA | 5 6C〉, 〈6 8 9 |BA | 5 6C〉, 〈6 7 9 |BA | 5 6C〉, 〈6 7 8 |BA | 5 6C〉, 〈6 7 8 9〉.

{ζ̄(5)
2 } are obtained as ζ̄

(5)
2 = Ψ5,10(ζ̄

(3)
2 ) and are respectively:

〈1 4C | 5 6 |ABC〉, 〈1 5 6C〉, 〈4 5 6C〉, 〈1 4 5 6〉, 〈1 4 5C〉.

{ζ̄(5)
1 } are obtained as ζ̄

(5)
1 = Ψ5,10(ζ̄

(3)
1 ) and are respectively:

〈1 2C | 5 6 |ABC〉, 〈1 3C | 5 6 |ABC〉,
〈ABC | 5 6 | 2 3 | 1C | 4 5 6〉, 〈1 2 3 | 4 5 | 1C | 5 6 |ABC〉, 〈1 2 3C〉.

Finally, {ζ̄ri} are obtained by applying cyc4, refl on the coordinate cluster variables of Step 5.

Remark 7.5 (Chain polynomials and beyond). In Theorem 8.4, we will show that coordinate

cluster variables for standard BCFW cells are always chain polynomials (cf. Definition 2.5).

However, this is not the case for general BCFW cells. To describe a specific example Sr on

N = {1, . . . ,C}, we start with the standard BCFW cell corresponding to the chord diagram

D′ = ((3, 7, 8, 9), (8, 9,A,B), (1, 2,A,B)) with N ′ = {1, 2, 3, 7, 8, 9,A,B,C}.

Using Theorem 8.4, we have γ̄D
′

1 = 〈C A B | 2 1 | 3 7 | 8 9 |A B C〉 . This variable is preserved after an

application of pre{4,6}. Then, after suitable reflections and rotations, we can apply upper promotion,

which in terms of the original indices of D′ takes place at (a, b, c, d, n) = (5, 4, 8, 7, 6). The above
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cluster variable promotes using the rule 7 7→ 7− 〈5 4 7 6〉
〈5 4 8 6〉8, and yields

γ̄r1 = Ψ(γ̄D
′

1 ) = 〈C A B | 2 1 | 3 7 | 8 9 |A B C〉〈4 5 6 8〉+ 〈C A B | 2 1 | 3 7 9〉〈8 A B C〉〈4 5 6 7〉.

This expression further expands to an irreducible quartic polynomial in Plücker coordinates with

8 terms, which cannot be written as a chain polynomial.

Lemma 7.6. Let r be a recipe for a BCFW cell. Then the coordinate cluster variables x(r) are a

collection of compatible cluster variables for Gr4,n.

Proof. We prove this by induction on the number of step-tuples in r. The base case is trivial. If the

final step is cyc, refl or prei, the statement follows from the inductive hypothesis and Corollary 3.18

and Lemma 3.20, which assert that cyc−∗, refl∗ and the inclusion map send cluster variables to

cluster variables and preserve compatibility. If the final step is (a, b, c, d, n), then the definition

of Ψ implies that x(r) consists of cluster variables for Gr4,n. To see compatibility, note that by

induction, x(rL) t x(rR) is a set of compatible cluster variables for C[Ĝr4,NL
] × C[Ĝr4,NR

]. By

Theorem 4.7 and the definition of Ψ, applying Ψ to x(rL) t x(rR) gives a collection of compatible

cluster variables for Gr4,n. Moreover, these cluster variables are compatible with the Plücker

coordinates 〈abcd〉, 〈abcn〉, 〈abdn〉, 〈acdn〉, 〈bcdn〉, which are all frozen in Fr(Σ1). This completes

the proof of the lemma. �

We now state one of our main theorems. It says that the amplituhedron map Z̃ is injective on

each BCFW cell Sr, giving an inverse map in terms of the coordinate functionaries. This shows

that Zr is a tile. Moreover, it describes each open tile Zr as a semi-algebraic set in Grk,k+4. It will

be proved in Section 11.5..

Theorem 7.7 (General BCFW cells give tiles). Let Sr be a general BCFW cell with recipe r. Then

for all Z ∈ Mat>0
n,k+4, Z̃ is injective on Sr and thus Zr is a tile. In particular, given Y ∈ Z̃(Sr), the

unique preimage of Y in Sr is given by (the rowspan of) of the twistor matrix M tw
r (Y ). Moreover,

Z◦r = {Y ∈ Grk,k+4 : ζri (Y ) > 0 for all coordinate functionaries of Sr}.

Theorem 7.7 allows us to make the following definition.

Definition 7.8 (BCFW tiles). A general (respectively, standard) BCFW tile ZS is the closure

Z̃(S) of the image of a general (respectively, standard) BCFW cell S. If the BCFW cell has the

form Sr (respectively, SD) for a recipe r (respectively, chord diagram D), then we also denote the

corresponding tile by Zr (respectively, ZD).

Example 7.9. Given the cell Sr ⊂ Gr4,12 obtained by the recipe of Example 6.17, then Zr is a tile

for A12,4,4(Z). Moreover, Z◦r is the region in Gr4,8 where all the coordinate functionaries {ζri (Y )}
in Example 7.2 are positive.

Example 7.10. For k = 1, the amplituhedron An,1,4(Z) is a cyclic polytope in P4 whose vertices

are the n rows of Z. The k = 1 BCFW tiles are exactly the full-dimensional simplices whose

vertices are vertices of the cyclic polytope An,1,4(Z). In particular, the tile corresponding to the

BCFW cell on the right in Figure 14 is the simplex with vertices Za, Zb, Zc, Zd, Ze.
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n
k

0 1 2 3 4 5 6 7 8 9

5 1 1
6 1 6 1
7 1 21 21 1
8 1 56 176 56 1
9 1 126 939 939 126 1
10 1 252 3785 8690 3785 252 1
11 1 462 12562 55847 55847 12562 462 1
12 1 792 36102 279148 534258 279148 36102 792 1
13 1 1287 92807 1158664 3795064 3795064 1158664 92807 1287 1

Table 1. Number of BCFW tiles of An,k,4(Z). For comparison, the standard
BCFW tiles of A13,4,4(Z) consists of 5292 out of the 3795064 general BCFW tiles.

Notation 7.11. Given a cluster variable x in Gr4,n, we will denote as x(Y ) the functionary on

Grk,k+4 obtained by identifying Plücker coordinates 〈I〉 on Gr4,n with twistor coordinates 〈〈I〉〉 on

Grk,k+4, see Section 2.5. When it is clear from the context, we will talk about cluster variables and

the corresponding functionaries interchangeably.

Theorem 7.7 gives a description of each open BCFW tile as a semi-algebraic set in Grk,k+4, cut

out by the positivity of the coordinate functionaries. Each coordinate functionary is a (signed)

Laurent monomial in the coordinate cluster variables, and vice versa. Using Theorem 7.7 and the

ingredients in its proof, we can obtain a description of the open tile using cluster variables.

Corollary 7.12 (Sign description for general BCFW tiles). Let Zr be a general BCFW tile. For

each element x of x(r), the functionary x(Y ) has a definite sign sx on Z◦r and

Z◦r = {Y ∈ Grk,k+4 : sx x(Y ) > 0 for all x ∈ x(r)}.

Proof. Corollary 11.18 shows that for each element x of x(r), the functionary x(Y ) has a definite

sign sx on Z◦r . This implies that Z◦r ⊂ {Y ∈ Grk,k+4 : sx x(Y ) > 0 for all x ∈ x(r)}, so all that

remains is the reverse inclusion. By Theorem 7.7, Z◦r is the subset of Grk,k+4 where the coordinate

functionaries are positive, so it suffices to show that the coordinate functionaries are positive on

the points in the right hand set.

Suppose Y ∈ Grk,k+4 satisfies sxx(Y ) > 0 for all coordinate cluster variables. Comparing the

definition of the coordinate functionaries in Definition 7.1 to the definition of the coordinate cluster

variables in Definition 7.3, we see that each coordinate functionary is a signed Laurent monomial

in the coordinate cluster variables. Thus, the signs sx of the coordinate cluster variables imply that

each coordinate functionary ζ also has a particular sign on Y . This sign must be positive, since

x(Y ′) has sign sx on any Y ′ in the tile Z◦r and every coordinate functionary is positive on Y ′. �

One may compute the signs sx in Corollary 7.12 recursively using Theorems 11.2 and 11.3

and Remark 9.34.
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Remark 7.13 (Relevance to physics). A connection between certain positroid cells in Gr≥0
k,n and

cluster variables in Gr4,n was explored in [MSSV20, HL21]. The authors consider a positive

parametrisation of positroid cells using edge or face variables of an associated plabic graph. Then

by solving the ‘C · z equations’, they express these variables as ratios of elements of C[Gr4,n]. They

observe that most of the polynomials appearing are cluster variables for Gr4,n and are relevant for

the symbol alphabet of loop amplitudes in N = 4 SYM. However, they also note that there are

polynomials which are not cluster variables. We observe that for a positroid cell S which gives a

tile ZS , solving the ‘C · z equations’ is equivalent to inverting the amplituhedron map Z̃ on ZS . In

this section (see Definition 7.3, Theorem 7.7 and Corollary 7.12) we showed that, parametrising a

BCFW cell Sr using BCFW parameters ζi ∈ Cr, one may express all ζi as ratios of cluster variables

in Gr4,n (thought as functionaries in Grk,k+4). Morover, changing the recipe r for a BCFW cell

may give a different set of cluster variables. It would be interested to explore the relevance of all

such cluster variables for the symbol alphabet and loop amplitudes.

Example 7.14 (Sign description of BCFW tiles). Consider the tile Zr in A12,4,4(Z), where r is the

recipe from Example 6.17. Then, Z◦r is the region in Gr4,8 where all the coordinate cluster variables

{ζ̄ri} in Example 7.4 – thought as functionaries – have a certain definite sign. Note that their signs

is determined by the positivity of the coordinate functionaries in Example 7.2 (and vice-versa).

7.2. Cluster adjacency for BCFW tiles. Now we turn to cluster adjacency for general BCFW

tiles. Recall from Definition 2.14 the notion of a facet of Zr. We will use the following theorem (a

special case of Theorems 11.2 and 11.3) to find functionaries which vanish on facets of Zr. Recall

Notation 2.11 and the definition of product promotion Ψ from Definition 4.2.

Theorem 7.15. (1) Let S ⊂ Gr≥0

k,n be a positroid cell. Suppose that F is a pure rational functionary

which vanishes on ZS for all Z. Then
F

cyc−∗ F

refl∗ F

vanishes on


ZpreI S

ZcycS

ZreflS

, for all Z.

(2) Let SL ⊂ GrkL,NL
and SR ⊂ GrkR,NR

be positroid cells as in Notation 5.7. Let F be a pure

functionary with indices contained in NL (resp. NR) which vanishes on ZSL
(resp. ZSR

) for

all Z. Then Ψ(F ) vanishes on ZSL./SR
for all Z.

Using Theorem 7.15 and Lemma 10.5, we can prove the following theorem.

Theorem 7.16 (Cluster adjacency for general BCFW tiles). Let Zr be a general BCFW tile of

An,k,4(Z). Each facet ZS of Zr lies on a hypersurface cut out by a functionary FS(〈〈I〉〉) such that

FS(〈I〉) ∈ x(r). Thus {FS(〈I〉) : ZS a facet of Zr} consists of compatible cluster variables of Gr4,n.

Proof. Note that by Lemma 7.6, x(r) consists of compatible cluster variables for Gr4,n (under the

usual identification of Plücker coordinates and twistor coordinates). So the final sentence of the

theorem statement follows from the second sentence. To prove the second sentence, we will show

the following claim.

Claim: Let S ⊂ Sr be a cell in the boundary of Sr. Then for all Z, ZS lies in the vanishing locus

of an element of x(r).
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We prove the claim by induction on the number of steps in r. We will use the notation of

Notation 6.18. For the base case (k = 0 and r = ∅), there is nothing to prove. If FStep = preI ,

then the map preI is a stratification-preserving homeomorphism from Sp to Sr. That is, any cell

in the boundary of Sr is of the form preI(S) for some S in the boundary of Sp. By the inductive

hypothesis, there is some functionary F ∈ x(p) which vanishes on ZS for all Z. By Theorem 7.15,

F also vanishes on ZpreI S for all Z. By Definition 7.3, F is also an element of x(r), so the claim

holds in this case. The arguments for FStep = cyc or FStep = refl are analogous.

If FStep = (a, b, c, d, n), then by Lemma 10.5 the boundary of Sr consists of (1) cells of the form

S′L ./ S
′
R where S′L ⊆ SL, S′R ⊆ SR, (S′L, S

′
R) 6= (SL, SR) and {a, b, n}, {b, c, d, n} are coindependent

for S′L, S
′
R, respectively; and (2) cells for which some element of

({a,b,c,d,n}
4

)
fails to be coindependent.

Consider a cell S′L ./ S
′
R appearing in (1) and suppose S′L 6= SL. By the inductive hypothesis

on SL, there is a functionary F ∈ x(L) which vanishes on ZS′L for all Z. By Theorem 7.15, the

promotion Ψ(F ) vanishes on ZS′L./S
′
R

for all Z. By Lemma 11.4, the twistor coordinates 〈〈bcdn〉〉,
〈〈acdn〉〉, 〈〈abdn〉〉, 〈〈abcn〉〉, 〈〈abcd〉〉 are nonvanishing on ZS′L./S

′
R

. So in fact the rescaled product

promotion Ψ(F ) vanishes on ZS′L./S
′
R

for all Z. By Definition 7.3, Ψ(F ) is also an element of x(r).

This proves the claim for boundary cells of the form S′L ./ S′R where S′L 6= SL. An analogous

argument shows the claim for the boundary cells of the form SL ./ S
′
R.

Now, let S be a cell in (2), and say I is an element of
({a,b,c,d,n}

4

)
which is not coindependent

for S. This means that every basis of S has nonempty intersection with I. Consider the twistor

coordinate 〈〈I〉〉. for all Z, every term in the sum (4) is equal to zero. So 〈〈I〉〉 vanishes on ZS for all

Z. By Definition 7.3, 〈〈I〉〉 is in x(r) (it is one of the five twistor coordinates added). This concludes

the proof of the claim.

Now, the claim implies the theorem. Indeed, any facet of Zr is by definition ZS for some cell

S ⊂ Sr. By the claim, ZS lies in the vanishing locus of an element of x(r) for any choice of Z. �

We believe that one can generalize Theorem 7.16 and Corollary 7.12 as follows.

Conjecture 7.17 (Cluster adjacency and positivity tests for tiles). Let ZS′ be a tile of the

amplituhedron An,k,m(Z).

(i) (Cluster adjacency): Then for each facet ZS of ZS′, there is a functionary FS(〈〈I〉〉) which

vanishes on ZS, such that the collection

F = {FS(〈I〉) : ZS a facet of ZS′}

is a collection of compatible cluster variables for Grm,n.

(ii) (Positivity test): Moreover for even m, given any extended cluster x̃ for Grm,n containing F ,

there are signs sx ∈ {1,−1} for each x ∈ x̃, such that

Z◦S = {Y ∈ Grk,k+m : sx · x(Y ) > 0 for all x ∈ x̃},

where as in Notation 7.11, x(Y ) is the functionary corresponding to the cluster variable x.

We will prove Conjecture 7.17 for standard BCFW tiles in Section 9 (see Theorem 9.11), and for

a non-BCFW tile (the ‘spurion’) in our companion paper [ELP+24] for the m = 4 amplituhedron.
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8. Cluster variables for standard BCFW tiles

In this section, we focus on standard BCFW tiles ZD. We give explicit formulas for the coordinate

cluster variables x(D) (cf. Definition 7.3) in Theorem 8.4. We give explicit formulas for the sign of

each element of x(D) on the open tile Z◦D in Proposition 8.10.

8.1. Domino Cluster Variables. We first rewrite Definition 7.3 in the standard BCFW case

using the combinatorics of chord diagrams. For a standard BCFW tile ZD, we call the coordinate

cluster variables domino cluster variables or simply domino variables. The terminology comes from

[KWZ20] and [ELT21], where some related variables were used for entries of matrices parametrizing

BCFW cells. The term “domino” was used for such variables, since the vectors and matrices tended

to have adjacent pairs of nonzero same-sign entries, such as α, β and γ, δ in Figure 10.

Definition 8.1 (Domino cluster variables). Let D be a chord diagram in CDn,k, and let Dk =

(a, b, c, d) denote the rightmost top chord, where 1 ≤ a < b < c < d < n, and moreover a, b and

c, d are consecutive. We define the domino (cluster) variables x(D) = {ᾱi, β̄i, γ̄i, δ̄i, ε̄i | 1 ≤ i ≤ k}
recursively as follows, using the rescaled product promotion Ψ from Definition 4.8.

1. (Removing the penultimate marker) If d < n − 1, let D′ be the chord diagram on [n] \ {n − 1}
obtained from D by removing the marker n−1. For any chord Dj of D, and for ζ̄ ∈ {ᾱ, β̄, γ̄, δ̄, ε̄}:

ζ̄Dj = ζ̄D
′

j

2. (Removing the rightmost top chord) Otherwise, if d = n− 1,

the domino variables of D are obtained from those of the left and right subdiagrams DL, DR

(cf Definition 6.10) as follows.

• The domino variables associated to the top chord Dk are given by the five Plücker coordinates:

ᾱDk = 〈b c d n〉 β̄Dk = 〈a c d n〉 γ̄Dk = 〈a b d n〉 δ̄Dk = 〈a b c n〉 ε̄Dk = 〈a b c d〉

• For ζ̄ ∈ {ᾱ, β̄, γ̄, δ̄, ε̄},and for D′ = DL or DR, with Dj ∈ D′, we define:

ζ̄Dj = Ψ(ζ̄D
′

j ).

We note that when the chord diagram D is understood, we will often use ζ̄j to denote ζ̄Dj .

Remark 8.2. Suppose that the chord diagram D contains a chord Dj = (b, b+1, c, d), i.e., a sticky

same-end child of the top chord Dk according to the terminology in Definition 6.8. Then by

Definition 4.8, β̄D
′

j = 〈bcdn〉 = β̄Dj = ᾱDk . This implies that in any chord diagram D, if Dp has a

sticky same-end child Dj , then β̄Dj = ᾱDp .

Definition 8.1 gives rise to explicit formulas for the domino variables, see Theorem 8.4. These

formulas have different cases depending on whether certain chords are head-to-tail siblings, same-end

parent and child, or sticky parent and child, using the terms introduced in Definition 6.8. We use

the notation x′ := x− 1 and use the adjective “sticky” to mean “is a sticky child of some chord”.

Notation 8.3. Let D ∈ CDn,k be a chord diagram with chords (a1, b1, c1, d1), . . . , (ak, bk, ck, dk),

and consider any chord Di = (ai, bi, ci, di). We use the following notation for pieces of chain
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polynomials:

| . . . x y ↗i n〉 = | . . . x y | b(1) a(1) | c(1) d(1) | b(2) a(2) | c(2) d(2) | · · · | b(m) a(m) | c(m) d(m) n〉
〈n↖i x y . . . | = 〈n c(m) d(m) | b(m) a(m) | · · · | c(2) d(2) | b(2) a(2) | c(1) d(1) | b(1) a(1) |x y . . . |,

where the chords D(1) = (a(1), b(1), c(1), d(1)), . . . , D(m) = (a(m), b(m), c(m), d(m)) are the following

possibly-empty chain of ancestors of Di, ordered bottom to top: D(1) is the lowest ancestor of Di

that does not end in (x, y), and D(r+1) is the lowest ancestor of D(r) that does not end at (c(r), d(r)),

i.e. is not same-end with D(r).

We also set

↗̃` n =

{
↗` n if D` is not sticky

−a′` otherwise
, n ↖̃` =

{
n ↖` if D` is not sticky

−a′` otherwise
.

Theorem 8.4 (Domino cluster variables as chain polynomials). Let D ∈ CDn,k be a chord diagram

and use Notation 8.3. The domino cluster variables x(D) are given by the following chain polynomials:

ᾱi = 〈bi ci di ↗i n〉

β̄i =

ᾱp if Di has sticky same-end parent Dp

〈ai ci di ↗̃i n〉 otherwise

γ̄i =



〈n ↖̃i ai bi | ci di | cj dj ↗j n〉 if Di has head-to-tail sibling Dj = (ci, di, cj , dj)

〈n ↖̃p ap bp | ai bi | ci di ↗i n〉 if Di has same-end parent Dp and Di not sticky

〈n ↖̃p bi ai a
′
i〉 if Di has same-end parent Dp and Di sticky

〈ai bi di ↗̃i n〉 otherwise

δ̄i = 〈ai bi ci ↗̃i n〉.
ε̄i = 〈ai bi ci di〉

Example 8.5 (Domino cluster variables). Using Theorem 8.4, the domino cluster variables x(D)

for the chord diagram D in Figure 15 are as follows. We will denote (10, 11, 12, 13, 14, 15) as

(A,B,C,D,E, F ). For the rightmost top chord D6 = (8, 9, D,E):

ᾱ6 = 〈9DE F 〉 β̄6 = 〈8DE F 〉 γ̄6 = 〈8 9E F 〉 δ̄6 = 〈8 9DF 〉 ε̄6 = 〈8 9DE〉

which is also immediate from Definition 8.1. The other top chord D3 = (1, 2, 8, 9) follows the same

cases, except for γ̄3 which is affected by its head-to-tail sibling D6 on the right:

ᾱ3 = 〈2 8 9F 〉 β̄3 = 〈1 8 9F 〉 γ̄3 = 〈F 1 2 | 8 9 |DE F 〉 δ̄3 = 〈1 2 8F 〉 ε̄3 = 〈1 2 8 9〉

The chord D5 = (9, A,C,D) is sticky. The variable ᾱ5 demonstrates the ↗5 arrow notation, while

β̄5, γ̄5, δ̄5 are affected by D5 being sticky, e.g. β̄5 = 〈9C D ↗̃5 F 〉 = 〈9C D (−8)〉 = 〈8 9C D〉.

ᾱ5 = 〈AC D | 9 8 |DE F 〉 β̄5 = 〈8 9C D〉 γ̄5 = 〈8 9AD〉 δ̄5 = 〈8 9AC〉 ε̄5 = 〈9AC D〉
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Then, D4 = (A,B,C,D) is a sticky child of its same-end parent D5, which shows the third case for

γ̄4 = 〈n ↖̃5 b4 a4 a
′
4〉 = −〈8, B,A, 9〉, where n ↖̃5 = −a′5 in this case as D5 is sticky:

ᾱ4 = 〈BC D | 9 8 |DE F 〉 β̄4 = ᾱ5 γ̄4 = 〈8 9AB〉 δ̄4 = 〈9ABC〉 ε̄4 = 〈ABC D〉

Note that D5 is omitted from the chain denoted by ↗4 in ᾱ4 since it ends in (C,D).

The next chord D2 = (5, 6, 8, 9) is a nonsticky child of its same-end parent D3, and hence

illustrates the second case for γ̄2:

ᾱ2 = 〈6 8 9F 〉 β̄2 = 〈5 8 9F 〉 γ̄2 = 〈F 1 2 | 5 6 | 8 9F 〉 δ̄2 = 〈5 6 8 | 2 1 | 8 9F 〉 ε̄2 = 〈5 6 8 9〉

Finally, for the chord D1 = (3, 4, 5, 6), the variable γ̄1 is given by a cubic chain polynomial, as D1

is head-to-tail with D2 and below D3; moreover, 〈n ↖̃1 | = 〈n↖1 | as D1 is not sticky:

γ̄1 = 〈F ↖1 3 4 | 5 6 | 8 9 ↗1 F 〉 = 〈F 8 9 | 2 1 | 3 4 | 5 6 | 8 9F 〉

and the remaining domino cluster variables are given by:

ᾱ1 = 〈4 5 6 | 2 1 | 8 9F 〉 β̄1 = 〈3 5 6 | 2 1 | 8 9F 〉 δ̄1 = 〈3 4 5 | 2 1 | 8 9F 〉 ε̄1 = 〈3 4 5 6〉

From Theorem 8.4, we can conclude the following corollary, which will be useful in proofs.

Corollary 8.6. Let D be a chord diagram on {1, . . . , c, d, n} as in Definition 8.1. Then each

domino cluster variable ζ̄ can be represented as a chain polynomial which satisfies the following

properties:

(1) If ζ̄ has degree 1, then d cannot appear without at least one of n and c.

(2) If ζ̄ has degree ≥ 2, then

(a) n can only occur at the two end clauses: 〈n ∗ ∗ | . . .〉 or 〈. . . | ∗ ∗ n〉.
(b) If d occurs in a clause so do both c and n. Thus d occurs in an end clause.

We will prove Theorem 8.4 by induction on the number of chords, using the following key lemma.

Lemma 8.7. Let D ∈ CDn,k be a chord diagram, with rightmost top chord Dk = (a, b, c, d) and

subdiagrams DL, DR as in Definition 6.10. Suppose the formulas in Theorem 8.4 and Corollary 8.6

hold for the domino variables ζ̄D
′

for D′ ∈ {DL, DR}. Then the numerator of Ψac(ζ̄
D′) is irreducible

and thus equals ζ̄D in all cases except

(1) if Dk has a same-end sticky child Di, then

Ψac(γ̄
D′
i ) =

ᾱk γ̄
D
i

δ̄k
and Ψac(δ̄

D′
i ) =

ᾱk δ̄
D
i

ε̄k
,

(2) if Dk has a sticky child Di which is not same end, then

Ψac(β̄
D′
i ) =

ᾱk β̄
D
i

ε̄k
, Ψac(γ̄

D′
i ) =

ᾱk γ̄
D
i

(ε̄k )s
, Ψac(δ̄

D′
i ) =

ᾱk δ̄
D
i

ε̄k
,

(3) if Dk has a sticky child Di and Di has a same-end

child Dj, then

Ψac(γ̄
D′
j ) =

ᾱk γ̄
D
j

(ε̄k )s
.

where s ∈ {1, 2} is the number of clauses of ζ̄D
′

where n appears without d.
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Remark 8.8. In Lemma 8.7, we have that s = 2 in (2) if Di has a head-to-tail sibling which is not

same-end to Dk ; and s = 2 in (3) if Di, Dj are not same-end to Dk .

Proof of Lemma 8.7. Recall from Definition 4.8 that the numerator ν of Ψac(ζ̄
D′) is equal to ζ̄D (a

cluster variable for C[Gr4,n]) times a monomial in T ′ = {ᾱk , β̄k , δ̄k , ε̄k} = {〈bcdn〉, 〈acdn〉, 〈abcn〉, 〈abcd〉}.
If Ψ(ζ̄D

′
) = ζ̄D

′
, then Ψ(ζ̄D

′
) has no denominator and is equal to ν. Because ζ̄D

′
is a cluster variable

for C[Gr4,NL
] or C[Gr4,NR

], by Lemma 3.20 it is also a cluster variable for C[Gr4,n]. Thus we have

ν = ζ̄D.

So we restrict our attention to domino variables on which promotion is not the identity. We will

characterize when ν factors, while matching up these cases with certain configurations of chords.

First, suppose D′ = DL, a chord diagram on {1, 2, . . . , a, b, n}. We may assume that b appears

in some clause of ζ̄D
′

without a, since otherwise promotion (in particular (12)) sends ζ̄D
′

to itself.

By Corollary 8.6, ζ̄D
′

= 〈ijbn〉 for some i < j < a. Applying (a2), we have

Ψ(ζ̄D
′
) =
〈i j n | a b | c d n〉
〈a c d n〉

so ν = 〈i j n | a b | c d n〉.

By Corollary 4.10, ν is a cluster variable for Gr4,n and thus is irreducible.

Now, suppose thatD′ = DR, a chord diagram on {b, b+1, . . . , c, d, n}. Notice that the substitution

(14) has an effect on ζ̄D
′

if and only if in some clause, d appears without c, which by Corollary 8.6,

occurs if and only if ζ̄D
′

= 〈ijdn〉 for b ≤ i < j < c. Applying (b2) we obtain

Ψ(〈i j d n〉) =
〈na b | i j | c d n〉
〈a b c n〉

and ν = 〈na b | i j | c d n〉.

If i = b, ν = −〈nabj〉〈bcdn〉 = ᾱk 〈abjn〉. Otherwise, by Corollary 4.10, ν is a cluster variable

for Gr4,n. Using Theorem 8.4, ζ̄D
′

= 〈bjdn〉 for j 6= c precisely when ζ̄ = γ̄i for Di a sticky and

same-end child of Dk . So the preceding paragraph gives the factorization for γ̄i in (1).

For all other ζ̄D
′
, promotion acts only by (13). We first consider the case of degree 1, when

ζ̄D
′

= 〈ij`n〉 for b ≤ i < j < ` < d. Applying (b3) yields ν = 〈ij` | ba | cdn〉. If i = b, then

ν = −〈bj`a〉〈bcdn〉 = 〈abj`〉ᾱk . Otherwise, ν does not factor by Corollary 4.10.

Using Theorem 8.4, ζ̄D
′

= 〈bj`n〉 for j < ` < d precisely when ζ̄ = δ̄i for Di a sticky child of

Dk ; ζ̄ = β̄i for Di a sticky, not same-end child of Dk ; ζ̄ = γ̄i for Di a sticky, not same-end child

of Dk with no head-to-tail sibling; and ζ̄ = γ̄i where Di has a sticky same-end parent Dp which is

a sticky child of Dk . So the preceding paragraph gives the factorization for δ̄i in (1) and (2), the

factorization for β̄i in (2), and some cases of the factorizations for γ̄i in (2) and (3). The remaining

cases for γ̄i in (2) is when Di is a sticky, not same-end child of Dk with a head-to-tail sibling; for

(3), it is when Di is a non-sticky same-end child of Dp, which is a sticky child of Dk .

Now we assume ζ̄D
′

has degree at least 2, and that n appears in at least one clause without d

(otherwise by Corollary 8.6, promotion fixes ζ̄D
′
). Note that by Corollary 8.6, the index n only

appears in an end clause of ζ̄D
′
, say | ijn〉 or 〈nij | . In this case, when we apply (13) to obtain the

numerator ν of Ψ(ζ̄D
′
) only, we replace | ijn〉 by | ij | ba | cdn〉 and replace 〈nij | by 〈ncd | ba | ij | .

Note that if n appears in an end clause of ν, d appears in the same clause.

We first show that 〈acdn〉, 〈abcn〉 do not divide ν. Consider C ∈ Gr4,n such that columns

C1, . . . , Ca−1 are zero vectors, columns Cb, . . . , Cn give an element of Gr>0
4,NR

and Ca = Cn.

Clearly 〈acdn〉, 〈abcn〉 vanish on C, so it suffices to show that ν does not vanish on C. Notice
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that when evaluated on C, a chain polynomial 〈· · · | ij | ba | cdn〉 simplifies to −〈· · · | ija〉〈bcdn〉 =

−〈bcdn〉〈· · · | ijn〉 and similarly 〈ncd | ba | ij | · · ·〉 simplifies to −〈bcdn〉〈nij | · · ·〉. Applying this

observation to ν, we obtain

ν(C) = −〈bcdn〉C · ζ̄D
′
(C) or ν(C) = 〈bcdn〉2C · ζ̄D

′
(C)

depending on whether one or both end clauses of ζ̄D
′

are affected by (13). In either case, ν(C)

does not vanish on C, since both factors are cluster variables for Gr4,NR
and thus do not vanish

when evaluated on Cb, . . . , Cn.

Now we show 〈abcd〉 does not divide ν. Let C ∈ Gr4,n be as in the last paragraph and let B

be the matrix obtained by replacing Cd with Cn and Cn with −Cd. Since Ba and Bd = Cn are

equal, 〈abcd〉B = 0. On the other hand, as we noted earlier, each end clause of ν containing n also

contains d, so by Corollary 8.6, ν(B) = ν(C) 6= 0.

Claim 8.9. Suppose that ζ̄D
′

as above has degree at least 2. Then 〈bcdn〉 divides the numerator

ν of Ψac(ζ̄
D′) if and only if b and n appear together in the same clause of ζ̄D

′
.

We start with the forward direction of the claim. We assume that b and n do not appear together

in the same clause of ζ̄D
′
. We will again construct an element of the Grassmannian on which 〈bcdn〉

vanishes but ν does not (which will imply that 〈bcdn〉 does not divide ν). Choose C ∈ Gr≥0
4,n such

that columns C1, . . . , Ca−1 are zero vectors and columns Ca, . . . , Cn give an element of Gr>0
4,{a,...,n}.

Let B be the matrix obtained from C by replacing Cb with Cn. Then 〈bcdn〉 vanishes on B, and

we have

ν(B) = 〈acdn〉ζ̄D′(B) or ν(B) = 〈acdn〉2ζ̄D′(B).

If b does not occur in ζ̄D
′
, then ζ̄D

′
(B) = ζ̄D

′
(C), which is positive, hence ν(B) is non-vanishing.

If b does occur in ζ̄D
′
, it must come from the first marker of a top chord in DR. Recall we are

assuming b does not appear in a clause with n and ζ̄D
′

has degree at least 2. Using Theorem 8.4

and its notation, we may have b = a(m) in a string

yz ↗i n = · · · | b(m)a(m) | c(m)d(m)n〉 or n↖i yz = 〈nc(m)d(m) | b(m)a(m) | · · ·

or we may have b as one of ai, a
′
i, ap or a′p. If b = ai or b = ap then ζ̄D

′
is a Plücker coordinate, so

we need only consider the case where b = a(m) as above, or b = a′i or b = a′p and ζ̄ = γ̄i for some

chord.

Case 1. Suppose b appears in ζ̄D
′

= γ̄D
′

i as a′i, in the notation of Theorem 8.4. Then we

must be in the second of the eight cases of γ̄: Di has a head-to-tail sibling Dj = (u, v, w, x),

and Di is the sticky not same-end child of parent Dp = (b, s, y, z), which is a top chord. So

γ̄D
′

i = 〈aibbi | cidi | cjdj | aib | cpdpn〉. Then ν = 〈aibbi | cidi | cjdj | aib | cpdp | ba | cdn〉 and on B it

simplifies to

ν(B) = −〈aibbi | cidi | cjdjb〉〈aicpdpb〉〈acdn〉 = 〈naibi | cidi | cjdjn〉C〈aicpdpn〉C〈acdn〉C .

The first factor is γ̄D
′′

i where D′′ consists of the chords beneath Dp. In particular the first term

is positive on C, as are the other terms, so ν(B) 6= 0.
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Case 2. Suppose b appears in ζ̄D
′

= γ̄D
′

i as a′p. Then Di is a non-sticky same-end child of Dp,

and Dp has a sticky parent Dq = (b, a′p, cq, dq) which may or may not be same end. Then

ν = 〈apbbp | aibi | cidi | ba | cdn〉 or ν = 〈apbbp | aibi | cidi | a′pb | cqdq | ba | cdn〉

depending on if Dp is a same-end child or not. Evaluating on B we obtain

ν(B) = −〈napbp | aibi | cidin〉C〈acdn〉C or ν(B) = 〈napbp | aibi | cidin〉C〈a′pcqdqn〉C〈acdn〉C .

The first factor is γ̄D
′′

i , where D′′ consists of the chords beneath Dq, so is positive on C. Therefore

ν(B) 6= 0.

Case 3. Suppose b appears in ζ̄D
′

only as a(m) in a string “yz ↗j n” or “n↖j yz”. This means

that DR has a top chord (b, f, g, h) which is an ancestor of the chord corresponding to ζ̄D
′
. After

applying (13), we see e.g.

ν = 〈· · · | fb | gh | ba | cdn〉 or ν = 〈ncd | ba | gh | fb | · · ·〉.

Evaluating on B, we see factorizations

ν(B) = 〈· · ·n〉C〈fghn〉C〈acdn〉 or ν(B) = 〈ncda〉〈nghf〉C〈n · · ·〉C .

or possibly both. The first and last factors above (or the “middle factor” if both factorizations

occur) are precisely the domino variable ζ̄D
′′

where D′′ is the diagram of chords beneath (b, f, g, h).

Thus ν(B) is nonzero.

Now, we show the backwards direction of Claim 8.9. Suppose that b and n appear in the same

clause of ζ̄D
′
, which has degree at least 2. Then using Theorem 8.4 and its notation, we must have

that ζ̄ = γ̄i, where Di is either a sticky child of Dk with a head-to-tail sibling to its right; or Di

is a non-sticky, same-end child of Dp = (b, ∗, ∗, ∗), which is a sticky child of Dk . It is immediate

that ν has a factor of ᾱk , and the polynomial ν/ᾱk agrees with the formula in Theorem 8.4 for γ̄Di .

We have already shown that polynomials of this form are not divisible by 〈bcdn〉 in Cases 1 and 2

above. This completes the proof of the factorization of Ψ(γ̄D
′

i ) in the remaining cases in (2), (3).

�

Proof of Theorem 8.4. We proceed by induction on the size of the marker set. The base case, with

three markers, is trivial as there are no chords.

Let Dk = (a, b, c, d) be the rightmost top chord of D. First, suppose d < n − 1. As in

Definition 8.1, let D′ be the chord diagram on N ′ = {1, . . . , n − 2, n} obtained from D by erasing

the marker n − 1. In this case, by definition ζ̄Dj = ζ̄D
′

j for all domino variables. Further, all the

formulas for ζ̄Di in the statement of Theorem 8.4 are identical to those for D′, which hold by the

inductive hypothesis. Hence, the theorem holds for D.

Now suppose d = n − 1. It is immediate from the definition that Theorem 8.4 holds for the

domino variables ᾱk , β̄k , γ̄k , δ̄k , ε̄k indexed by the top chord. So we turn to the remaining domino

variables ζ̄D. Let DL, DR be as in Definition 6.10. By the inductive hypothesis, Theorem 8.4 and

Corollary 8.6 hold for DL and DR, and so in particular, we may apply Lemma 8.7 to D.

Consider a domino variable ζ̄Dj where the chord Dj is in DL. By definition, ζ̄Dj = Ψac(ζ̄
DL
j ).

By Corollary 8.6, Ψac fixes ζ̄DL
j , and thus ζ̄Dj = ζ̄DL

j , unless ζ̄DL
j = 〈xybn〉 for x < y < a. Using

Theorem 8.4 for DL, the latter equality occurs only if Dj = (x, y, a, b) is a top (rightmost) chord
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of DL and ζ̄ = γ̄; in this case, γ̄Dj = 〈nxy | ab | cdn〉 by direct calculation (Lemma 8.7 ensures there

is no factorization).

On the other hand, the statement of Theorem 8.4 gives the same formula for ζ̄Dj and ζ̄DL
j for

all variables except γ̄j where Dj = (x, y, a, b) is a top chord. This is because the ancestors and

descendants of Dj are the same in DL and in D for all Dj in DL, and the siblings of Dj are the

same in both chord diagrams unless Dj is a sibling of Dk. Now,if Dj = (x, y, a, b) is a top chord,

then the formula in Theorem 8.4 for γ̄Dj is 〈xyn | ab | cdn〉, which agrees with the formula in the

above paragraph. So by induction (and direct calculation), Theorem 8.4 holds for ζ̄Dj .

We now turn to domino variables ζ̄Dj where Dj is in DR. Suppose first that Ψac fixes ζ̄DR
j and

thus ζ̄Dj = ζ̄DR
j . Using Corollary 8.6, this means that either (1) the clauses of ζ̄DR

j containing n

also contain c, d; or (2) ζ̄DR
j is a Plücker coordinate which avoids d, n; or (3) ζ̄DR

j = 〈x y c d〉
with x, y < c. In case (1), by Theorem 8.4, the clause | cdn〉 in ζ̄DR

j is there because Dj ends at

c, d or an ancestor of Dj ends at c, d and contributes to ↗j or ↖j . This implies that Dk will not

contribute to ↗j . So Theorem 8.4 gives the same formulas for ζ̄Dj and ζ̄DR
j in the former case and

thus Theorem 8.4 holds by induction for these domino variables. In cases (2) and (3), ζ̄DR
j is equal

to ε̄j or Dj is a sticky child of some chord, and the formulas of Theorem 8.4 are again the same for

ζ̄DR
j and ζ̄Dj .

If Ψac does not fix ζ̄DR
j , then either ζ̄DR

j = 〈xydn〉 or an end clause of ζ̄DR
j contains n but not

c or d. In the first case, the fourth paragraph of Lemma 8.7’s proof gives ζ̄Dj in various cases,

which direct comparison shows is equal to the formula given in Theorem 8.4. In the second case,

the numerator of Ψac(ζ̄
DR
j ) is obtained from ζ̄DR

j by (11), which changes |xyn〉 to |xy | ba | cdn〉.
If this numerator does not factor, then it is equal to ζ̄Dj . The change |xyn〉 7→ |xy | ba | cdn〉 is

exactly the effect of adding Dk to the chain of ancestors contributing to ↗j and ↖j , which is the

only difference in the formulas in Theorem 8.4 for ζ̄DR
j and ζ̄Dj . If the numerator of Ψac(ζ̄

DR
j ) does

factor, then ζ̄Dj is computed in the proof of Lemma 8.7, and direct comparison shows that this is

the same as the formula in Theorem 8.4.

�

8.2. Signs of domino variables on tiles. Corollary 7.12 asserts that for each coordinate cluster

variable x ∈ x(r), the corresponding functionary x(Y ) has a fixed sign on the general BCFW tile

Z◦r . For standard BCFW tiles, we give here an explicit combinatorial rule for this sign.
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Proposition 8.10. Let D ∈ CDn,k be a chord diagram. The domino variables x(D) have the

following fixed signs on Z◦D:

sgn(ᾱi(Y )) = (−1)after(Di)+1

sgn(β̄i(Y )) =

{
(−1)after(Di)·nonsticky(Di) if Di is not a sticky same-end child

sgn(ᾱp(Y )) if Di is a sticky same-end child of Dp

sgn(γ̄i(Y )) =


(−1)after(Di)·sticky(Di) if Di has a right head-to-tail sibling

(−1)after(Di)·sticky(Di)+after(Dp)·sticky(Dp)+1 if Di is a same-end child of Dp

(−1)after(Di)·nonsticky(Di)+below(Di)+1 otherwise

sgn(δ̄i(Y )) = (−1)after(Di)·nonsticky(Di)+below(Di)

sgn(ε̄i(Y )) = +1,

where

after(Di) = |{j : ai ≤ aj}| is the number of chords starting to the right of Di including Di

below(Di) = |{j : ai < aj < cj ≤ ci}| is the number of chords below Di

sticky(Di) = |{j : aj = ai − 1}| is 1 if Di is a sticky child of another chord and 0 otherwise

nonsticky(Di) = 1− sticky(Di).

Example 8.11 (Signs of domino variables). Let ZD be the tile corresponding to the chord diagramD

in Figure 15. The following A domino variables are negative on Z◦D:

ᾱ2, ᾱ3, ᾱ5 = β̄4, β̄1, β̄6, γ̄2, δ̄1, δ̄5, δ̄6.

The remaining domino variables are positive on Z◦D.

Proposition 8.10 can be deduced from the recursive definition of the domino variables (cf.

Definition 8.1), the factorizations in Lemma 8.7, and the following lemma detailing how signs

of domino variables on tiles change after a BCFW step.

Lemma 8.12. Using Notation 5.1, let SL ⊂ Gr≥0
kL,NL

and SR ⊂ Gr≥0
kR,NR

be BCFW cells with chord

diagrams DL, DR. Let F ∈ x(DL) (resp. F ∈ x(DR)). If F has sign s ∈ {±1} on Z◦L (resp. Z◦R)

for all Z, then

(−1)r · s ·Ψac(F ) > 0 (resp. s ·Ψac(F ) > 0)

on Z◦SL./SR
for all Z, where r = (kR + 1) degn F . Moreover, the twistors

(−1)kR〈〈bcdn〉〉, (−1)kR+1〈〈acdn〉〉, 〈〈abdn〉〉, −〈〈abcn〉〉, 〈〈abcd〉〉 are positive on Z◦S for all Z.

Lemma 8.12 follows from Lemma 11.4, Theorem 11.3 and Corollary 11.18, applied to standard

BCFW cells.

9. The cluster algebra of a standard BCFW tile

In this section we explicitly describe a cluster algebra A(ΣD) associated to a standard BCFW

tile ZD. We show that each cluster variable is a regular function on the Grassmannian and has
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a fixed sign on the tile. Moreover, we give many descriptions of each open BCFW tile Z◦D as a

semialgebraic set in Grk,k+4 using cluster variables in any fixed extended cluster of A(ΣD).

Finally, we give an algorithm for constructing the quiver associated to each tile ZD. A useful

tool in our proof is the notion of a signed seed of a cluster algebra, see Definition 9.22, together

with the fact that the property of being a signed seed is preserved under mutation.

9.1. The seed of a standard BCFW tile. We will inductively construct a cluster from a chord

diagram D, by repeatedly removing either the penultimate marker or the rightmost top chord Dk .

In the latter case, we build our cluster based on those of the left and right subdiagrams of D.

Recall that in Definition 8.1 we associated a set x(D) of domino cluster variables to each chord

diagram D. The following result, which is a consequence of Theorem 4.7, enlarges the set x(D) to

an extended cluster x̃(D) for Gr4,n. By Theorem 3.8, there is a unique seed Σ̃D for Gr4,n whose

extended cluster is x̃(D).

Theorem 9.1 (Extended cluster for a standard BCFW tile). Let D be a chord diagram in CDn,k,

and let Dk = (ak, bk, ck, dk) denote the rightmost top chord, where 1 ≤ ak < bk < ck < dk < n,

where ak, bk and ck, dk are consecutive.

We inductively construct an extended cluster x̃(D) for Gr4,n, with frozen variables f1, . . . , fn, as:

1. (Base case) If n = 4 then x̃(D) consists of the single Plücker coordinate f1 = 〈1 2 3 4〉.
2. (Remove penultimate marker) If d < n−1, then let D′ be the chord diagram on {1, 2, . . . , n−2, n}

obtained from D by removing the marker n − 1. We let x̃(D) be x̃(D′) together with the four

frozen variables in Gr4,n involving n− 1, that is,

x̃(D) = x̃(D′) ∪ {fn−4, fn−3, fn−2, fn−1}.

3. (Remove rightmost top chord) Otherwise, if d = n − 1, let DL and DR be the left and right

subdiagrams as in Definition 6.10.

Recall that Ψ = Ψac denotes rescaled product promotion, as in Definition 4.8. We let x̃(D) be

x̃(D) = {β̄k, γ̄k, δ̄k, ε̄k} ∪Ψ(x̃(DL) ∪ x̃(DR)) ∪ {fc, fd, fa−1},

the union of the new domino variables, the promotions of the old variables, and three frozen

variables in Gr4,n. (We note that ᾱk will already be an element of Ψ(x̃(DR)).)

Then x̃(D) is the extended cluster of a unique seed Σ̃D = (x̃(D), Q̃D) for the cluster algebra

structure on Gr4,n.

Remark 9.2. While Theorem 9.1 is stated for markers [n], it naturally extends to general index

sets, e.g. as the ones in Remark 6.9. It can also naturally be extended to general BCFW cells Zr

by applying cyc−∗ or refl∗ for each cyc or refl step in the recipe r.

Remark 9.3. We note that in Case (3) of Theorem 9.1, if a = 1 and b = 2, then DL is the chord

diagram on 3 markers with no chords and

x̃(D) = {β̄k, γ̄k, δ̄k, ε̄k} ∪Ψ(x̃(DL) ∪ x̃(DR)) ∪ {fc, fd, fa−1} = {β̄k, γ̄k, δ̄k, ε̄k} ∪Ψ(x̃(DR)),

because in this case, fc = β̄k, fd = γ̄k, and fa−1 = fn = Ψ(〈2, 3, d, n〉).
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We now focus on the domino variables; our goal will be to explicitly describe the arrows

connecting them in the quiver Q̃D of Σ̃D. We start by partitioning them into mutable and frozen

domino variables. Geometrically, the frozen domino variables correspond to facets of ZD.

Definition 9.4 (Mutable and frozen domino variables). Let D ∈ CDn,k be a chord diagram,

corresponding to a standard BCFW tile ZD in An,k,4. Let Mut(ZD) denote the following collection

of domino cluster variables, where 1 ≤ i ≤ k:

• ᾱi where Di has a sticky child

• β̄i where Di starts where another chord ends or Di has a same-end sticky parent.

• δ̄i where Di has a same-end child.

• ε̄i where Di has a same-end child.

Let Froz(ZD) denote the complementary collection of domino cluster variables, that is:

• ᾱi unless Di has a sticky child

• β̄i unless Di starts where another chord ends or Di has a same-end sticky parent.

• γ̄i in all cases.

• δ̄i unless Di has a same-end child.

• ε̄i unless Di has a same-end child.

Remark 9.5. Recall from Remark 8.2 that if Di has a same-end sticky parent Dp, then β̄i = ᾱp.

Example 9.6 (Mutable and frozen domino variables). Let ZD be the tile with the chord diagram D

from Figure 15 and domino variables as in Example 8.5. Among those, the mutable variables are:

ᾱ5, ᾱ6, β̄2, β̄4, β̄6, δ̄3, δ̄5, ε̄3, ε̄5 ∈ Mut(ZD).

Hence Froz(ZD) consists of the remaining 21 domino variables. Note that ᾱ5 = β̄4 by Remark 8.2.

Theorem 9.7 (Frozen variables as facets). Let D ∈ CDn,k be a chord diagram, corresponding to

a standard BCFW tile ZD in An,k,4(Z). Then for each cluster variable ζ̄i ∈ Froz(ZD), there is a

unique facet of ZD which lies in the zero locus of the functionary ζ̄i(Y ). Moreover, for any Z, there

are no other facets of ZD.

Theorem 9.7 is proved in our companion paper [ELP+24].

We next define arrows between the domino variables, then show that these are arrows in Q̃D.

Definition 9.8 (The seed ΣD of a BCFW tile ZD). Let D ∈ CDn,k be a chord diagram, and ZD
the corresponding BCFW tile. Recall the definition of Mut(ZD) from Definition 9.4. We define a

seed ΣD = (x(D), QD) (which will be a subseed of Σ̃D cf. Theorem 9.10) as follows. The extended

cluster x(D) is obtained from x̃(D) by freezing some variables; more specifically, the mutable

cluster variables of x(D) will be precisely Mut(ZD), and all other elements of x̃(D) are declared to

be frozen. To obtain the quiver QD, we consider each chord Di in turn, check if it satisfies any of

the conditions in the table below, and if so, we draw the corresponding arrows.
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ᾱi β̄i

γ̄i δ̄i ε̄i

γ̄j δ̄j ε̄j

ᾱi β̄iε̄i

ᾱjε̄j

if same-end

If Di has sticky same-end child Dj then the dotted arrow from ᾱi to ε̄i appears, along with the

usual arrows of the “sticky” and “same-end” cases. In view of Remark 8.2, in this case ᾱi stands

also for β̄j as they are equal.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

D3

D1
D2

D6

D5 D4

Figure 18. The seed ΣD associated to the chord diagram D above (also in
Figure 15). The variables x(D) are as in Example 8.5. The mutable variables
Mut(ZD) are circled; the other variables are the frozen variables Froz(ZD). The
colors (red, green, blue) indicate the different cases of Definition 9.8.

Example 9.9 (Seed of a standard BCFW tile). The seed ΣD from Figure 18 is built from

Definition 9.8 by applying the rules for the following conditions. Head-to-tail left siblings: (i, j) ∈
{(2, 1), (6, 3)}; same-end child: (i, j) ∈ {(3, 2), (5, 4)}; sticky child: (i, j) ∈ {(6, 5), (5, 4)}.
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Theorem 9.10 and Theorem 9.11 are the main results of this section. They will be proved in

Section 9.3 and Section 9.4.

Theorem 9.10 (The seed of a standard BCFW tile is a subseed of a Gr4,n seed). Let D ∈ CDn,k.

The seed ΣD = (x(D), QD) is obtained from the seed Σ̃D = (x̃(D), Q̃D) for Gr4,n by freezing the

variables not in the set Mut(ZD) of Definition 9.8. Hence every cluster variable (respectively,

exchange relation) of A(ΣD) is a cluster variable (resp., exchange relation) for Gr4,n.

The following theorem characterizes the open BCFW tile Z◦D in terms of any extended cluster

of A(ΣD). It generalizes Corollary 7.12 for standard BCFW tiles.

Theorem 9.11 (Positivity tests for standard BCFW tiles). Let D ∈ CDn,k. Using Notation 7.11,

every cluster and frozen variable x in A(ΣD) is such that x(Y ) has a definite sign sx ∈ {1,−1}
on the open BCFW tile Z◦D, where the signs of the domino variables are given by Proposition 8.10.

We have

Z◦D = {Y ∈ Grk,k+4 : sx · x(Y ) > 0 for all x ∈ x(D)}
= {Y ∈ Grk,k+4 : sx · x(Y ) > 0 for all x ∈ x̃(D)}
= {Y ∈ Grk,k+4 : sx · x(Y ) > 0 for all x in any fixed extended cluster of A(ΣD)}.

Example 9.12 (Positivity test for the standard BCFW tiles). For the tile ZD with chord diagram

D in Figure 18, we have:

Z◦D = {Y ∈ Gr6,10 : sx · x(Y ) > 0 for all x ∈ x(D)},

with x(D) as in Example 8.5 and the respective signs sx as in Example 8.11.

The following lemma provides a description of exchange relations which is equivalent to the local

description given in Definition 9.8. Lemma 9.13 will be useful in the proof of Theorem 9.10.

Lemma 9.13. Let D ∈ CDn,k. The exchange relations of ΣD are as follows.

R1. (Sticky) Suppose that Di is a chord with a sticky child Dj. Then

ᾱiᾱ
′
i = (β̄i)ε̄j(ᾱp) + ᾱj(ε̄i),

where β̄i appears unless Di has a sticky same-end parent, ᾱp is present only if Di has a sticky

parent Dp, and ε̄i is present only if Dj is same-end with Di.

j
i

i.

j
i

ii.

ᾱiᾱ
′
i = β̄iε̄j + ᾱj ᾱiᾱ

′
i = β̄iε̄j + ᾱj ε̄i

j
i
piii.

j
i
piv.

j
i
pv.

j
i
pvi.

ᾱiᾱ
′
i = β̄iε̄jᾱp + ᾱj ᾱiᾱ

′
i = β̄iε̄jᾱp + ᾱj ε̄i ᾱiᾱ

′
i = ε̄jᾱp + ᾱj ᾱiᾱ

′
i = ε̄jᾱp + ᾱj ε̄i
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R2. (Head-to-tail) Suppose that Di has a head-to-tail sibling Dj on its left. Then

j i

β̄iβ̄
′
i = γ̄j + ᾱiδ̄j

R3a. (Same end) Suppose that Di has a same-end child Dj. Then

δ̄iδ̄
′
i = γ̄j ε̄i(δ̄p)(β̄`) + γ̄iδ̄j(ε̄p),

where δ̄p and ε̄p are present only if Di has a same-end parent Dp and β̄` is present only if Di has

a head-to-tail sibling D` to its right.

j

i
i.

j

i

`

ii.

j

i

piii.

δ̄iδ̄
′
i = γ̄j ε̄i + γ̄iδ̄j δ̄iδ̄

′
i = γ̄j ε̄iβ̄` + γ̄iδ̄j δ̄iδ̄

′
i = γ̄j ε̄iδ̄p + γ̄iδ̄j ε̄p

R3b. (Same end) Suppose that Di has a same-end child Dj. Then

ε̄iε̄
′
i = δ̄j(ᾱi)(ε̄p) + δ̄iε̄j(ᾱp),

where ᾱi is present only if Dj is sticky to Di, ε̄p is present only if Di has a same-end parent Dp,

and ᾱp is present only if Di has a sticky parent Dp.

j

i
i.

j

i

ii.

j

i

piii.

j
i

p
iv.

ε̄iε̄
′
i = δ̄j + δ̄iε̄j ε̄iε̄

′
i = δ̄jᾱi + δ̄iε̄j ε̄iε̄

′
i = δ̄j ε̄p + δ̄iε̄j ε̄iε̄

′
i = δ̄jᾱiε̄p + δ̄iε̄j

j
i

p
v.

j
i

pvi.

j
i

pvii.

j
i

pviii.

ε̄iε̄
′
i = δ̄j ε̄p + δ̄iε̄jᾱp ε̄iε̄

′
i = δ̄jᾱiε̄p + δ̄iε̄jᾱp ε̄iε̄

′
i = δ̄j + δ̄iε̄jᾱp ε̄iε̄

′
i = δ̄jᾱi + δ̄iε̄jᾱp

Example 9.14. The exchange relations for ΣD in Figure 18 can be obtained from Lemma 9.13 as:

R1. i), (i, j) = (6, 5) : ᾱ′6ᾱ6 = β̄6ε̄5 + ᾱ5, R1. iv), (p, i, j) = (6, 5, 4) : ᾱ′5ᾱ5 = β̄5ε̄4ᾱ6 + ᾱ5ε̄5.

R2, (i, j) = (2, 1) : β̄′2β̄2 = γ̄1 + ᾱ2δ̄1, R2, (i, j) = (6, 3) : β̄′6β̄6 = γ̄3 + ᾱ6δ̄3.

R3a ii), (i, j, `) = (3, 2, 6) : δ̄′3δ̄3 = γ̄2ε̄3β̄6 + γ̄3δ̄2, R3a i), (i, j) = (5, 4) : δ̄′5δ̄5 = γ̄4ε̄3 + γ̄3δ̄2.

R3b i), (i, j) = (3, 2) : ε̄′3ε̄3 = δ̄2 + δ̄3ε̄2, R3b viii), (p, i, j) = (6, 5, 4) : ε̄′5ε̄5 = δ̄4ᾱ5 + δ̄5ε̄4ᾱ6.

See Example 9.16 for expressions of the primed variables and Example 8.5 for the non-primed ones.

9.2. Cluster variables obtained from ΣD by a single mutation. There are several ways to

show that the cluster variables in A(Σ(D)) are regular on Gr4,n. One way is to show that the

cluster variables obtained by any single mutation of the initial seed are regular functions on Gr4,n



56 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

(then use the Starfish lemma [FWZa, Proposition 6.4.1]). We do this in Proposition 9.15, which

gives explicit formulas for these cluster variables as polynomials in Plücker coordinates. We give a

second way in the proof of Theorem 9.10, which proves the stronger statement that each exchange

relation in A(Σ(D)) is in fact an exchange relation in the cluster structure for Gr4,n.

Proposition 9.15. Let D ∈ CDn,k, and let ᾱ′i, β̄
′
i, δ̄
′
i, ε̄
′
i be as in Lemma 9.13. Then:

R1. ᾱ′i = 〈ai, bi + 1, cj , dj〉.
R2. β̄′i = 〈aj , bj , bi ↗̃j n〉.

R3a. i) β̄`, δ̄p, ε̄p are not present: δ̄′i =

{
〈ai bi di|aj bj |ci di ↗j n〉 if Dj not sticky

〈a′j , aj , bj , di〉 if Dj sticky

ii) β̄` is present: δ̄′i = 〈n ↖̃j aj bj |a` b`|c` d` ↗` n〉.
iii) δ̄p, ε̄p are present: δ̄′i = 〈n ↖̃p ap bp|ci di|bj aj ↗̃j n〉.

R3b. ε̄′i = 〈aj , bj , ci,↗i n〉.

Example 9.16. The variables ᾱ′i, β̄
′
i, δ̄
′
i, ε̄
′
i in Proposition 9.15 for Figure 15 are as follows. See also

Example 9.14 for the corresponding exchange relations. We will denote (10, . . . , 15) as (A, . . . , F ).

R1. i), (i, j) = (6, 5) : ᾱ′6 = 〈8AC D〉, R1. iv), (p, i, j) = (6, 5, 4) : ᾱ′5 = 〈9BC D〉.

For rule R2, we have the pairs (i, j) ∈ {(2, 1), (6, 3)}, which gives respectively:

β̄′2 = 〈3 4 6 ↗̃1 F 〉 = 〈3 4 6|2 1|8 9F 〉, β̄′6 = 〈1 2 9 ↗̃3 F 〉 = 〈1 2 9F 〉.

R3a ii), (i, j, `) = (3, 2, 6) : δ̄′3 = 〈F ↖̃2 5 6|8 9|DE ↗6 F 〉 = 〈F 8 9|6 5|8 9|DE F 〉.
R3a i), (i, j) = (5, 4) : δ̄′5 = 〈9ABD〉.

Finally, for rule R3b, we have the pairs (i, j) ∈ {(3, 2), (5, 4)}, which gives respectively:

ε̄′3 = 〈5 6 8↗3 F 〉 = 〈5 6 8F 〉, ε̄′5 = 〈ABC ↗5 F 〉 = 〈ABC|9 8|DE F 〉.

In the following proof, we will use the following identities:

Lemma 9.17. Let a, b, c, d, e, x, y, z ∈ [n], then

i) 〈n ↖̃a b c d〉 = −〈b c d ↗̃a n〉;
ii) 〈x y z a〉〈b c d e〉 = 〈x y z b〉〈a c d e〉 − 〈x y z c〉〈a b d e〉 + 〈x y z d〉〈a b c e〉 − 〈x y z e〉〈a b c d〉, and we

will say we used the Plücker identity for the five marked vectors in 〈x y z a〉〈b c d e〉.

Proof of Proposition 9.15. We will provide detailed proofs of Cases (R1) and (R2), below. Case

(R3) can be proved in a similar fashion.

Case R1. i) Di has a sticky not same-end child Dj . Di is not a sticky child.

In this case, the exchange relation is

ᾱiᾱ
′
i = β̄iε̄j + ᾱj ,

moreover (ai, bi, bi + 1) = (a′j , aj , bj). Then

ᾱj = 〈bj , cj , dj ↗j n〉 = 〈bi + 1, cj , dj ↗j n〉 = 〈bi + 1, cj , dj |bi ai|ci di ↗i n〉,
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as |cj , dj ↗j n〉 = |cj , dj |bi ai|ci di ↗i n〉, in this case. From expanding the chain polynomial above:

ᾱj = 〈bi + 1, cj , dj bi〉︸ ︷︷ ︸
−ε̄j

〈ai ci di ↗i n〉︸ ︷︷ ︸
β̄i

−〈bi + 1, cj , dj ai〉︸ ︷︷ ︸
−ᾱ′i

〈bi ci di ↗i n〉︸ ︷︷ ︸
ᾱi

.

Case R1. ii) Di is not a sticky child and it has a sticky same-end child Dj . In this case, the

exchange relation is

ᾱiᾱ
′
i = β̄iε̄j + ᾱj ε̄i,

moreover (ai, bi, bi + 1, ci, di) = (a′j , aj , bj , cj , dj). Then

〈ai ci di ↗i n〉︸ ︷︷ ︸
β̄i

〈bi, bi + 1, ci, di〉︸ ︷︷ ︸
ε̄j

+ 〈bi + 1, ci, di ↗j n〉︸ ︷︷ ︸
ᾱj

〈ai, bi, ci, di〉︸ ︷︷ ︸
ε̄i

= 〈bi ci di ↗j n〉︸ ︷︷ ︸
ᾱi

〈ai, bi + 1, ci, di〉︸ ︷︷ ︸
ᾱ′i

,

where we used the Plücker identity for the 5 highlighted vectors in 〈ai ci di ↗i n〉〈bi, bi + 1, ci, di〉,
and |ci, di ↗j n〉 = |ci, di ↗i n〉, in this case.

Case R1. iii) Di has a sticky non same-end child Dj and a sticky non same-end parent Dp. In

this case, the exchange relation is

ᾱiᾱ
′
i = β̄iε̄jᾱp + ᾱj ,

moreover (ap, bp) = (a′i, ai) and (ai, bi, bi + 1) = (a′j , aj , bj). Then

ᾱj = 〈bj , cj , dj ↗j n〉 = 〈bi + 1, cj , dj ↗j n〉 = 〈bi + 1, cj , dj |bi ai|ci di|ai a′i|cp dp ↗p n〉,

as |cj , dj ↗j n〉 = |cj , dj |bi ai|ci di|bp ap|cp dp ↗p n〉, in this case. From expanding the chain

polynomial above:

−〈bi + 1, cj , dj , ai〉︸ ︷︷ ︸
−ᾱ′i

〈bi ci di|ai a′i|cp dp ↗p n〉︸ ︷︷ ︸
ᾱi

−〈bi + 1, cj , dj , bi〉︸ ︷︷ ︸
−ε̄j

〈ai ci di a′i〉︸ ︷︷ ︸
−β̄i

〈ai cp dp ↗p n〉︸ ︷︷ ︸
ᾱp

,

as |ci, di|a′i ai|cp dp ↗p n〉 = |ci di ↗i n〉, in this case.

Case R1. iv) Di has a sticky same-end child Dj and a sticky non same-end parent Dp. In this

case, the exchange relation is

ᾱiᾱ
′
i = β̄iε̄jᾱp + ᾱj ε̄i,

moreover (ap, bp) = (a′i, ai), (ai, bi, bi + 1) = (a′j , aj , bj) and (cj , dj) = (ci, di). Then

〈bi + 1, ci, di|ai a′i|cp dp ↗p n〉︸ ︷︷ ︸
ᾱj

〈ai, bi, ci, di〉︸ ︷︷ ︸
ε̄i

=

= 〈ai, ci, di|ai a′i|cp dp ↗p n〉 〈bi + 1, bi, ci, di〉︸ ︷︷ ︸
−ε̄j

−〈bi, ci, di|ai a′i|cp dp ↗p n〉︸ ︷︷ ︸
ᾱi

〈bi + 1, ai, ci, di〉︸ ︷︷ ︸
−ᾱ′i

,

where we used the Plücker identity for the 5 marked vectors in 〈bi + 1, ci, di|ai a′i|cp dp ↗p n〉〈ai, bi, ci, di〉
and |ci, di|ai a′i|cp dp ↗p n〉 = |ci, di|bp ap|cp dp ↗p n〉 = |ci, di ↗i n〉. Finally, we have:

〈ai, ci, di|ai a′i|cp dp ↗p n〉 = 〈a′i ai di|ai ci|ci di ↗p n〉 = −〈a′i ai di ci〉︸ ︷︷ ︸
β̄i

〈ai ci di ↗p n〉︸ ︷︷ ︸
ᾱp

.

Case R1. v) Di has a sticky non same-end child Dj and a sticky same-end parent Dp. In this

case, the exchange relation is

ᾱiᾱ
′
i = ε̄jᾱp + ᾱj ,
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moreover (ap, bp) = (a′i, ai) and (ai, bi, bi + 1, ci, di) = (a′j , aj , bj , cj , dj). Then

ᾱj = 〈bj , cj , dj ↗j n〉 = 〈bi + 1, cj , dj |bi ai|ci di ↗p〉,

as |cj , dj ↗j n〉 = |cj , dj |bi ai|ci di ↗p n〉, in this case. From expanding the chain polynomial above:

〈bi + 1, cj , dj bi〉︸ ︷︷ ︸
−ε̄j

〈ai ci di ↗p n〉︸ ︷︷ ︸
ᾱp

−〈bi + 1, cj , dj ai〉︸ ︷︷ ︸
−ᾱ′i

〈bi ci di ↗p n〉︸ ︷︷ ︸
ᾱi

,

as ↗p n equals ↗i n, in this case.

Case R1. vi) Di has a sticky same-end child Dj and a sticky same-end parent Dp. In this case,

the exchange relation is

ᾱiᾱ
′
i = ε̄jᾱp + ᾱj ε̄i,

moreover (ap, bp) = (a′i, ai), (ai, bi, bi + 1) = (a′j , aj , bj) and (cp, dp) = (cj , dj) = (ci, di). Then

〈bi + 1, ci, di ↗p n〉︸ ︷︷ ︸
ᾱj

〈ai bi ci di〉︸ ︷︷ ︸
ε̄i

= 〈ai, ci, di ↗p n〉︸ ︷︷ ︸
ᾱp

〈bi + 1, bi, ci, di〉︸ ︷︷ ︸
−ε̄j

−〈bi, ci, di ↗p n〉︸ ︷︷ ︸
ᾱi

〈bi + 1, ai, ci, di〉︸ ︷︷ ︸
−ᾱ′i

,

where we used the Plücker identity on the 5 highlighted vectors in 〈bi + 1, ci, di ↗p n〉〈ai bi ci di〉
and used the fact that | . . .↗p n〉, | . . .↗i n〉, | . . .↗j n〉 are all equal, in this case.

Case R2. Di has a head-to-tail sibling Dj on its left. In this case, the exchange relation is

β̄iβ̄
′
i = γ̄j + ᾱiδ̄j ,

moreover (cj , dj) = (ai, bi). Then, expanding the following chain polynomial

〈n ↖̃j aj bj |ai bi|ci di ↗i n〉︸ ︷︷ ︸
γ̄j

= 〈n ↖̃j aj bj ai〉︸ ︷︷ ︸
−δ̄j

〈bi ci di ↗i n〉︸ ︷︷ ︸
ᾱi

−〈n ↖̃j aj bj bi〉︸ ︷︷ ︸
−β̄′i

〈ai ci di ↗i n〉︸ ︷︷ ︸
β̄i

,

as ↗̃i equals ↗i in this case, and 〈n ↖̃j aj bj x〉 = −〈aj bj x ↗̃j n〉.
�

9.3. The proof of Theorem 9.10. We next turn to the proof of Theorem 9.10. In what follows,

we say that a relation xx′ = M +M ′ is an exchange relation for Gr4,n if there is a seed Σ for Gr4,n

such that xx′ = M +M ′ is the exchange relation of x in Σ.

As a first step towards proving Theorem 9.10, we prove the following lemma.

Lemma 9.18. Suppose Di = (ai, bi, ci, di) is the rightmost top chord of D. Then every exchange

relation in Lemma 9.13 is an exchange relation for Gr4,n. In particular, in this case, the relations

become the following:

R1. (Sticky, not same-end) Suppose Dj = (bi, bj , cj , dj) where dj < ci is a sticky child of Di. Then

〈bicidin〉︸ ︷︷ ︸
ᾱi

〈aibjcjdj〉︸ ︷︷ ︸
ᾱ′i

= 〈aicidin〉︸ ︷︷ ︸
β̄i

〈bibjcjdj〉︸ ︷︷ ︸
ε̄j

+ 〈bjcjdj | biai | cidin〉︸ ︷︷ ︸
ᾱj

.

R1’. (Sticky same-end) Suppose Dj = (bi, bj , ci, di) is a sticky same-end child of Di. Then

〈bicidin〉︸ ︷︷ ︸
ᾱi

〈aibjcidi〉︸ ︷︷ ︸
ᾱ′i

= 〈aicidin〉︸ ︷︷ ︸
β̄i

〈bibjcidi〉︸ ︷︷ ︸
ε̄j

+ 〈bjcidin〉︸ ︷︷ ︸
ᾱj

〈aibicidi〉︸ ︷︷ ︸
ε̄i

.
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R2. (Head-to-tail) Suppose Dj = (aj , bj , ai, bi) is a head-to-tail sibling of Di to its left. Then

〈aicidin〉︸ ︷︷ ︸
β̄i

〈ajbjbin〉︸ ︷︷ ︸
β̄′i

= 〈ajbjn | aibi | cidin〉︸ ︷︷ ︸
γ̄j

+ 〈bicidin〉︸ ︷︷ ︸
ᾱi

〈ajbjain〉︸ ︷︷ ︸
δ̄j

.

R3a. (Same end, not sticky) Suppose that Dj = (aj , bj , ci, di) is a same-end nonsticky child of Di

(so bi < aj). Then

〈aibicin〉︸ ︷︷ ︸
δ̄i

〈ajbjdi | aibi | cidin〉︸ ︷︷ ︸
δ̄′i

= 〈ajbjn | cidi | aibin〉︸ ︷︷ ︸
γ̄j

〈aibicidi〉︸ ︷︷ ︸
ε̄i

+ 〈aibidin〉︸ ︷︷ ︸
γ̄i

〈ajbjci | biai | cidin〉︸ ︷︷ ︸
δ̄j

.

R3a’. (Same end sticky) Suppose Dj = (bi, bj , ci, di) is a sticky same-end child of Di. Then

〈aibicin〉︸ ︷︷ ︸
δ̄i

〈aibibjdi〉︸ ︷︷ ︸
δ̄′i

= 〈aibibjn〉︸ ︷︷ ︸
γ̄j

〈aibicidi〉︸ ︷︷ ︸
ε̄i

+ 〈aibidin〉︸ ︷︷ ︸
γ̄i

〈aibibjcj〉︸ ︷︷ ︸
δ̄j

.

R3b. (Same end, not sticky) Suppose Dj = (aj , bj , ci, di) is a same-end nonsticky child of Di. Then

〈aibicidi〉︸ ︷︷ ︸
ε̄i

〈ajbjcin〉︸ ︷︷ ︸
ε̄′i

= 〈ajbjci | biai | cidin〉︸ ︷︷ ︸
δ̄j

+ 〈aibicin〉︸ ︷︷ ︸
δ̄i

〈ajbjcidi〉︸ ︷︷ ︸
ε̄j

.

R3b’. (Same end sticky) Suppose Dj = (bi, bj , ci, di) is a sticky same-end child of Di. Then

〈aibicidi〉︸ ︷︷ ︸
ε̄i

〈bibjcin〉︸ ︷︷ ︸
ε̄′i

= 〈aibibjci〉︸ ︷︷ ︸
δ̄j

〈bicidin〉︸ ︷︷ ︸
ᾱi

+ 〈aibicin〉︸ ︷︷ ︸
δ̄i

〈bibjcidi〉︸ ︷︷ ︸
ε̄j

.

Proof. Let N be the set of 7 indices appearing in the domino variables of Di, Dj . One can check

computationally that the relations listed are exchange relations for Gr4,N
∼= Gr4,7, for example by

searching through all seeds. Using Lemma 3.20, this shows that the relations are exchange relations

for Gr4,n for any [n] ⊃ N . �

Definition 9.19. Let D ∈ CDn,k be a chord diagram with rightmost top chord Dk = (a, b, c, d)

and let DL, DR be as in Definition 8.1.

Let R be a relation from Definition 9.8 for D̃, where D̃ = DL or D̃ = DR and suppose it is an

exchange relation for Gr4,n. We say that R is stable under promotion (induced by Dk ) if relation

R with the corresponding domino variables of D is also an exchange relation for Gr4,n.

For example, if

(20) β̄D̃i (β̄D̃i )′ = γ̄D̃j + ᾱD̃i δ̄
D̃
j

is an exchange relation for Gr4,n and

β̄Di (β̄Di )′ = γ̄Dj + ᾱDi δ̄
D
j

is as well, then we say (20) is stable under promotion (induced by Dk ).

Proposition 9.20. Let D be a chord diagram on [n]. The relations (R1), (R2), (R3a) and (R3b)

in Lemma 9.13 are exchange relations for Gr4,n.

Proof. We will verify this using promotion. Because promotion is a quasi-cluster homomorphism

(Theorem 4.7), we can obtain exchange relations for Gr4,n by promoting exchange relations for
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Gr4,NL
and Gr4,NR

. Using the notation of Theorem 4.7, let x be a mutable variable of A(Σ0) in

a seed Σ and u the corresponding cluster variable of A(Fr(Σ1)) in a seed Σ′ (which is also a seed

for Gr4,n). If xx′ = M + M is the exchange relation for x in Σ and uu′ = N + N is the exchange

relation in Σ′, then Ψac(M + M ′) differs from N + N ′ by a Laurent monomial in T ′. To clear

this monomial, we write Ψac(M +M ′) over a common denominator, then take the numerator and

remove all common factors in T ′. Call the resulting binomial fac(Ψac(M + M ′)); it is equal to

N +N ′.

Consider a chord Di in D. By repeatedly removing penultimate markers which are not in any

chord or removing the rightmost top chord and taking either DL or DR (defined as in Theorem 9.1),

we obtain a chord diagram D′ where Di is the rightmost top chord. Suppose the rightmost

top chords we removed in this process were, in order, (a1, b1, c1, d1), . . . , (ap, bp, cp, dp). Using

Lemma 8.7, we will show that each relation in Definition 9.8 is obtained from an exchange relation

in Lemma 9.18 by the sequence fa1c1 ◦ Ψa1c1 ◦ · · · ◦ fapcp ◦ Ψapcp . By the previous paragraph, this

will imply each relation in Definition 9.8 is an exchange relation for Gr4,n.

The following observation will be useful. It follows immediately from the definition of promotion.

Observation 9.21. Suppose D is a chord diagram on N with largest markers x, y := x+ 1, n and

choose a, c such that a < c − 1, c < n − 1 and either x ≤ a or a + 1 ≤ x ≤ c. Let M,M ′ be any

monomials in the domino variables of D with no clauses containing y but not x, the same number

of clauses containing both y and n, and the same number of clauses with n but not y. Then the

denominators of Ψac(M) and Ψac(M
′) are equal.

[Case (R2.)] Suppose that Di and Dj are chords which are head-to-tail siblings, with Dj to

the left of Di. Since Di is a rightmost top chord in D′, Lemma 9.18 implies that

(21) β̄D
′

i (β̄D
′

i )′ = γ̄D
′

j + ᾱD
′

i δ̄D
′

j or 〈aicidin〉(β̄D
′

i )′ = 〈najbj | aibi | cidin〉+ 〈bicidin〉〈ajbjain〉

is an exchange relation for Gr4,n. Now we show inductively that (21) is stable under the promotions

Ψapcp , . . . ,Ψa1c1 . Suppose it is stable up until Ψ = Ψaqcq , corresponding to adding the rightmost

top chord Dq. Let D̃ be the chord diagram obtained from D′ by adding chords Dp, Dp−1, . . . , Dq+1

(and the appropriate chord diagrams beneath or to the left). By induction, (21) holds for D̃. Using

Theorem 8.4, the terms on the right hand side satisfy the conditions of Observation 9.21. More

specifically, ᾱD̃i = 〈bicidi ↗i n〉,

γ̄D̃j =

{
〈n↖j ajbj | aibi | cidi ↗j n〉 Dj not sticky

〈aja′jbj | aibi | cidi ↗j n〉 Dj sticky
and δ̄D̃j =

{
〈ajbjai ↗j n〉 Dj not sticky

〈a′jajbjai〉 Dj sticky
.

There are no clauses containing the penultimate marker d of D̃ but not d − 1. In γ̄D̃j , the clause

| cidi ↗j n〉 is equal to | cidi ↗i n〉 because Dj , Di are siblings. Also, bjai ↗j n in δ̄D̃j involves the

same chain of ancestors as n↖j ajbj in γ̄D̃j , so if this chain is nontrivial, the end clause is the same

in each. This verifies the conditions of Observation 9.21.

So after promotion Ψaqcq , both terms have the same denominator. By Lemma 8.7, nontrivial

factorization occurs in the numerator only if Dj is a sticky child of Dq. In this case, the numerator

of Ψ(γ̄D̃j ) is ᾱqγ̄j and the numerator of Ψ(δ̄D̃j ) is ᾱq δ̄j , so ᾱq is a common factor of the numerator. So
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applying faqcq gives (21) for the chord diagram with Dq added. Thus (21) is stable under promotion

by Dq.

[Case (R3a.)] Suppose that Di is a same-end parent of Dj . Lemma 9.18 implies that

(22) δ̄D
′

i (δ̄D
′

i )′ = γ̄D
′

j ε̄D
′

i + γ̄D
′

i δ̄D
′

j

is an exchange relation for Gr4,n. It is straightforward to verify that (22) is stable under any

sequence of promotions corresponding to chords which are not same-end parents or head-to-tail

siblings with Di. (Note that this implies none of the chords in the sequence are same-end or

head-to-tail with Di.) Indeed, using Theorem 8.4, the assumptions of Observation 9.21 hold for

each promotion in the sequence, so both terms of the right-hand side have the same denominator.

There are no factorizations in the numerator unless the chord Dq added is sticky to Di. Then by

Lemma 8.7, both Ψ(γ̄j) and Ψ(γ̄i) have a factor of ᾱp and there are no other factorizations. So we

see (22) is stable.

Now suppose one of the chords D1, . . . , Dp is a same-end parent of Di. This chord is necessarily

Dp, so we are applying product promotion Ψ = Ψapcp to (22). The denominator of Ψ(γ̄D
′

j ) is εp,

and the denominator of Ψ(γ̄D
′

i ) is δp; Ψ fixes both δ̄D
′

j and ε̄D
′

i . If Dp is not a sticky parent, then by

Lemma 8.7, when we apply promotion to the right-hand side of (22), no extra factors will appear

in the numerators. If Dp is a sticky parent, then by Lemma 8.7 (1), the numerator of Ψ(γ̄D
′

i ) is

ᾱpγ̄
D′′
i ; by Lemma 8.7 (3), the numerator of Ψ(γ̄D

′
j ) is ᾱpγ̄

D′′
j ; and no other factorizations occur.

In either case, after applying fapcp , we obtain the exchange relation

(23) δ̄D
′′

i (δ̄D
′′

i )′ = γ̄D
′′

j ε̄D
′′

i δ̄D
′′

p + γ̄D
′′

i δ̄D
′′

j ε̄D
′′

p ,

where D′′ is the diagram obtained from D′ by adding Dp and chords to its left. Further, (23) is

stable under all subsequent promotions, again using Theorem 8.4 to check Observation 9.21 and

Lemma 8.7 to check that any factorization in numerators contributes the same factor to each term.

Now suppose instead one of the chords D1, . . . , Dp is a head-to-tail sibling with Di to its right.

Again, this chord must be Dp. Note that Ψapcp acts nontrivially on a domino variable of (22) only

if that domino variable has a clause containing br = di but not ar = ci. Using Theorem 8.4, the

only such domino variable of (22) is γ̄D
′

i = 〈ai, bi, bp, n〉, and hence when we apply promotion to γ̄D
′

i

we introduce a new denominator of βp. There is no factorization in any numerators, so applying

fapcp , we obtain

(24) δ̄D
′′

i (δ̄D
′′

i )′ = γ̄D
′′

j ε̄D
′′

i β̄D
′′

p + γ̄D
′′

i δ̄D
′′

j ,

where D′′ is the chord diagram obtained from D′ by adding Dp and chords below it. The relation

(24) is stable under all subsequent promotions, by a similar argument as previously.

The proofs of relations (R1) and (R3b) are similar to the proofs above, so we omit them. �

Proof of Theorem 9.10. LetD ∈ CDn,k and ΣD be the seed defined in Definition 9.8. By Theorem 9.1,

x̃(D) is an extended cluster for Gr4,n and Σ̃D = (x̃(D), Q̃D) is the unique seed of Gr4,n with that

cluster. We need to show that for any x ∈ Mut(ZD), the exchange relation of x is the same in ΣD

and Σ̃D.

Recall that the mutable variables Mut(ZD) are precisely those appearing on the left hand side

of relations (R1), (R2), (R3a), (R3b). Fix x ∈ Mut(ZD), let R be its exchange relation in ΣD,
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and let U be all neighbors of x in ΣD. By Proposition 9.20, there is a seed Σ′ of Gr4,n containing

{x} ∪U and R is the exchange relation of x in Σ′. Now, by [CL20, Theorem 10], any seed of Gr4,n

containing {x} ∪ U may be obtained from Σ′ by a sequence of mutations avoiding {x} ∪ U , and

thus x has exchange relation R in any seed containing {x} ∪U . Since Σ̃D contains {x} ∪U , x also

has exchange relation R in Σ̃D. We have shown the first sentence of the theorem statement. The

second sentence follows immediately. �

9.4. Signed seeds and the proof of Theorem 9.11. The following notion of signed seed will

be useful for proving Theorem 9.11.

Definition 9.22 (Signed seed). Given a seed ((x1, . . . , xs), Q), let (σ1, . . . , σs) ∈ {1,−1}s be an

assignment of signs to each cluster and frozen variable. We denote the vertices of Q by v1, . . . , vs
(preserving this labeling after mutation), and we write σ(xi) and σ(vi) to denote σi. For vi a

mutable vertex of Q, let

inQσ (vi) =
∏
vj→vi

σj and outQσ (vi) =
∏
vi→vj

σj .

We say that Σ̃ = ((x1, . . . , xs), (σ1, . . . , σs), Q) is a signed seed if for each mutable vertex vi,

(25) inQσ (vi) = outQσ (vi).

Definition 9.23. We define mutation of signed seeds by

µk(Σ̃) = (µk(x1, . . . , xs), (σ
′
1, . . . , σ

′
s), µk(Q)),

where σ′k = σk · inQσ (vk), and σ′i = σi for i 6= k.

Remark 9.24. The definition of signed seeds and their mutation is motivated by the following.

Say x1, . . . , xs are real nonzero numbers with signs σ1, . . . , σs. When (25) holds, then for any i, the

number

x′i =

∏
i→j xj +

∏
j→i xj

xi

has sign σ′i = σi · inQσ (vi) = σi · outQσ (vi). So if σi is the sign of a cluster variable xi when evaluated

on some point p, signed seed mutation determines the sign of an arbitrary cluster variable on p.

Remark 9.25. There is a convenient reformulation of the notion of signed seed in terms of the

exchange matrix B(Q) associated to a quiver Q with s vertices, of which r ≤ s are mutable. Recall

that the exchange matrix B := (bij) of Q is the s× r matrix defined by

bij =

{
#(arrows i→ j) if there is an arrow i→ j

−#( arrows j → i) otherwise.

Thus we can write

inQσ (vi) =
∏
bji>0

(σj)
bji and outQσ (vi) =

∏
bji<0

(σj)
bji .

It follows that (25) is equivalent to the statement that

(26)
∏
j

(σj)
bji = 1.
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Proposition 9.26. If Σ̃ is a signed seed, then µk(Σ̃) is a signed seed for any mutable direction k.

Proof. We will show that after we mutate in direction k, (25) still holds for µk(Σ̃). Let Q′ denote

µk(Q). In Q′, (25) clearly holds at vertex vk itself, and also for any vertex vi which is not adjacent

to vk. So let vi be a mutable vertex which is adjacent to vk, i.e. bki 6= 0: we need to verify (25).

Without loss of generality we suppose that bki > 0. (The argument when bki < 0 is similar, so

we omit it.) Let B′ = (b′ij) be the exchange matrix of Q′. We will verify (26), that is, we will show

that
∏
j(σ
′)b
′
ji = 1. Note that since bki > 0, when we mutate at k, there are three cases:

b′ji =


−bji if j = k

bji + bjkbki if bjk > 0

bji otherwise.

Now we have that

∏
j

(σ′)b
′
ji = (σ′k)

b′ki ·
∏

j 6=k,bjk>0

(σj)
b′ji ·

∏
j 6=k,bjk≤0

(σj)
bji

= (σk inQσ (vk))
−bki ·

∏
j 6=k,bjk>0

(σj)
bji+bjkbki ·

∏
j 6=k,bjk≤0

(σj)
bji

=

σbkik ·
∏

j 6=k,bjk>0

σ
bji
j ·

∏
j 6=k,bjk≤0

σ
bji
j

 · inQσ (vk)
bki ·

∏
j 6=k,bjk>0

(σj)
bjkbki

=
∏
j

(σj)
bji · inQσ (vk)

bki · inQσ (vk)
bki = 1.

�

Proposition 9.27 (ΣD is a signed seed). Use Proposition 8.10 to assign a sign in {+,−} to each

domino variable of ΣD. Then with these signs, the seed ΣD in Definition 9.8 is a signed seed.6

Example 9.28. The seed ΣD in Figure 18, with the signs given in Example 8.11 is a signed seed.

It is easy to verify that in(ζ̄i) = out(ζ̄i), for each mutable ζ̄i ∈ Mut(ZD). For example:

in(ᾱ5) = sgn(ᾱ6) sgn(β̄5) sgn(ε̄4) = (+1)(+1)(+1) = +1 = (+1)(+1) = sgn(ᾱ4) sgn(ε̄5) = out(ᾱ5).

in(ᾱ6) = sgn(β̄6) sgn(ε̄5) = (−1)(+1) = −1 = sgn(ᾱ5) = out(ᾱ6).

Proof of Proposition 9.27. Recall that Proposition 8.10 recursively follows from Lemma 8.12. We

will use Lemma 8.12 recursively in this proof. Because Lemma 8.12 and Proposition 8.10 are

consistent, the signs in this proof obtained by using Lemma 8.12 are the same as those given in

Proposition 8.10.

We start by showing that for each relation in Lemma 9.18, which concerns the case where chord

Di is the rightmost top chord of our chord diagram, each of the two monomials on the right-hand

6Each mutable variable of ΣD is incident only to domino variables, so for the purpose of checking the signed seed
property, it doesn’t matter what sign we associate to the other frozen variables of ΣD.
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side has the same sign, viewed as functions on the associated tile of the amplituhedron. We then

show using Lemma 8.12 that this property is preserved under promotion.

In what follows, suppose that Di = (a, b, c, d) is the rightmost top chord, and let ` := kR + 1 be

the number of chords in the subdiagram consisting of Di and all chords below it.

In Case (R2), we have that sgn(ᾱi) = (−1)`−1 by Lemma 8.12. Before we added Di to the chord

diagram, we had that γ̄j = 〈aj , bj , b, n〉, with sign +1, and δ̄j = 〈aj , bj , a, n〉, with sign −1, again

by Lemma 8.12. Since both γ̄j and δ̄j contain an odd number of n’s, and come from DL, their

promotions pick up a sign of (−1)` by Lemma 8.12. Note that δ̄j is fixed by promotion, while γ̄j
is affected by rule (a2). By Lemma 8.7, Ψ(γ̄j) = γ̄j/〈acdn〉. Since 〈acdn〉 = β̄i has sign (−1)`, we

will have sgn(γ̄j) = (−1)2` = +1, and sgn(δ̄j) = (−1)(−1)`. It follows that γ̄j will have sign +1 and

ᾱiδ̄j will have sign +1, so both monomials on the right-hand side are positive.

Similar arguments yield the signs of the monomials in the exchange relations for all other cases.

In Case (R1), we have that sgn(β̄i) = (−1)`, sgn(ε̄j) = 1, and sgn(ᾱj) = (−1)`−2.

In Case (R1’), we have that sgn(β̄i) = (−1)`, sgn(ε̄j) = sgn(ε̄i) = 1, and sgn(ᾱj) = (−1)`−2.

In Case (R3a), we have that sgn(γ̄j) = sgn(δ̄j) = −1 and sgn(ε̄i) = sgn(γ̄i) = 1.

In Case (R3a’), we have that sgn(γ̄j) = sgn(ε̄i) = sgn(γ̄i) = sgn(δ̄j) = 1.

In Case (R3b), we have that sgn(δ̄j) = sgn(δ̄i) = −1 and sgn(ε̄j) = 1.

In Case (R3b’), we have that sgn(δ̄j) = (−1)`, sgn(ᾱi) = (−1)`−1, sgn(ε̄j) = 1 and sgn(δ̄i) = −1.

To verify the signed seed property, it suffices to show that when we apply promotion to an exchange

relation where we know that both monomials on the right-hand side have the same sign, we obtain

a relation in which both monomials on the right-hand side still have the same sign. But this follows

from Lemma 8.12, and the fact that cluster exchange relations for the Grassmannian are pure. �

Proof of Theorem 9.11. The first statement just follows from Corollary 7.12.

We turn to the second statement. Proposition 8.10 shows that each domino variable x ∈ x̃(D)

has a fixed sign sx on Z◦D. All other variables in x̃(D) are obtained by repeatedly applying rescaled

product promotion to a frozen variable of some Gr4,N . By Lemma 11.5 and Remark 11.19, each

such variable x ∈ x̃(D) has a fixed sign sx on Z◦D. The signed seed property (Proposition 9.27)

shows that all cluster variables s in A(ΣD) have a fixed sign sx on Z◦D. This completes the proof

of the second statement of the theorem.

We turn to the third statement. The fact that the two subsets of Grk,k+4 on the right-hand side of

Theorem 9.11 coincide is a consequence of the signed seed property (Proposition 9.27). The above

paragraph asserts that Z◦D ⊆ {Y ∈ Grk,k+4 : sx · x(Y ) > 0 for all x ∈ x̃(D)}. So all that remains is

to show the reverse inclusion. This argument is identical to the proof of Corollary 7.12. �

9.5. Algorithm for determining the quiver of a BCFW tile. In this section we describe an

algorithm for constructing the quiver of a standard BCFW tile. As we explain in Remark 9.34,

it is possible to generalize this algorithm to the case of general BCFW tiles, but for simplicity we

focus on standard tiles here. This algorithm relies on a few computational ingredients.

Recall the definitions of the mutation sequences cyck,ncyck,ncyck,n and cyc−1
k,ncyc−1
k,ncyc−1
k,n from Lemma 3.15. In what

follows, we apply cyc4,n−1cyc4,n−1cyc4,n−1 to Σ−2
4,n by regarding the rightmost two columns of variables as frozen.
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Figure 19. The elements of the extended cluster of Σ1 of Figure 6 arranged
according to the vertices of the rectangle quiver of Σ4,n, from which they are obtained
by applying the mutation sequence of Lemma 9.30.

Lemma 9.29 (Adding a new marker d = n− 1). Let c = n− 2 and d = n− 1. Suppose that µµµ is a

mutation sequence from the rectangles seed for Gr
4,{1,...,c,d̂,n} (see Figure 3) to the seed Σ̃D′ (from

Theorem 9.1) associated to D′, where D′ is a chord diagram on markers {1, . . . , c, d̂, n}. Then

µµµ◦cyccyccyc4,n−1 ◦cyccyccyc−2
4,n(Σ4,n) = Σ̃D, i.e. µµµ◦cyccyccyc4,n−1 ◦cyccyccyc−2

4,n is a mutation sequence from the rectangles

seed Σ4,n to Σ̃D, where D is the chord diagram obtained from D′ by adding a new marker d.

Proof. By Lemma 3.15, cyccyccyc−2
4,n(Σ4,n) = Σ−2

4,n, and hence only the rightmost column of frozens contain

the index d = n−1. If we ignore those four frozen variables, the remaining quiver is a cyclic shift of

the rectangles seed for Gr4,{1,2,...,d̂,n}. If we apply cyccyccyc4,n−1 to that remaining quiver we get exactly

the rectangles seed for Gr4,{1,2,...,d̂,n}. Therefore we can now apply µµµ to obtain Σ̃D′ together with

the four frozen variables containing d = n− 1 in the rightmost column. This is the seed Σ̃D. �

Lemma 9.30 (A mutation sequence from the rectangles seed Σ4,n to Σ1 = Σa,c
1 ). Let a, b, c, d, n be

as in Notation 4.1, and let nR = n − a. The following is a mutation sequence from the rectangles

seed Σ4,n to the seed Σ1 = Σa,c
1 shown in Figure 6:

First mutate down each column, going from right to left, skipping the vertices labeled by rectangles

3× (nR − 2), 1× (nR − 3), 2× (nR − 3), 3× (nR − 3), 1× (nR − 4).

Then again mutate down each column, going from right to left, skipping the vertices labeled by

rectangles

2× (nR − 2), 3× (nR − 2), 1× (nR − 3), 2× (nR − 3), 3× (nR − 3)

and all rectangles which are contained in a 1× (nR − 4) or a 3× 1 rectangle.

After this sequence, the variables of Σa,c
1 label the vertices of the quiver as shown in Figure 19.

We note that while Lemma 9.30 was tested extensively via computer checks, it is experimental.

The reader who does not want to rely on experimental statements can use the (less-efficient)

procedure for going from Σ4,n to Σ1 explained in Remark 9.31.

Remark 9.31. By [OS17], given any two Plücker seeds Σ and Σ′ for Gr4,n, one can find a sequence

of mutations at 4-valent vertices that does not involve mutating at any Plücker coordinate that

Σ and Σ′ have in common. Thus a (less-efficient) alternative to to Lemma 9.30 is to start at the

rectangles seed and randomly mutate at 4-valent vertices labeled by Plücker coordinates which are

not in Σ1, until one arrives at the seed Σ1.

Proposition 9.32 (A mutation sequence from Fr(Σ1) to Σ̃D). Let D ∈ CDn,k be a chord diagram

and DL, DR its left and right subdiagrams as in Definition 6.10. If µµµ(L) and µµµ(R) are mutation
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sequences from ΣL
0 and ΣR

0 (shown in Figure 5) to Σ̃DL
and Σ̃DR

, respectively, then µµµ(R)µµµ(L) is a

mutation sequence from Fr(Σ1) to Σ̃D.

Proof. By Theorem 4.7 and Proposition 3.24, the seed ΣL
0 t ΣR

0 is similar to Fr(Σ1), and hence

the seed µµµ(R)µµµ(L)(ΣL
0 t ΣR

0 ) = Σ̃DL
t Σ̃DR

is similar to µµµ(R)µµµ(L)(Fr(Σ1)), that is, Ψ(Σ̃DL
t

Σ̃DR
) ∝ µµµ(R)µµµ(L)(Fr(Σ1)). Therefore when we apply the rescaled product promotion map, we

obtain Ψ(Σ̃DL
t Σ̃DR

) = µµµ(R)µµµ(L)(Fr(Σ1)). It follows that µµµ(R)µµµ(L)(Fr(Σ1)) contains the cluster

variables Ψ(x̃(DL)∪x̃(DR)). The seed µµµ(R)µµµ(L)(Fr(Σ1)) also contains the variables {β̄k, γ̄k, δ̄k, ε̄k}∪
{fc, fd, fa−1} because these are frozen in Fr(Σ1). Therefore µµµ(R)µµµ(L)(Fr(Σ1)) contains the entire

cluster x̃(D), defined in Theorem 9.1, and hence coincides with Σ̃D. �

By combining the previous results, we obtain a recursive construction of the mutation sequence

from the rectangles seed Σ4,n to Σ̃D.

Theorem 9.33 (Recursive algorithm for Σ̃D). Let Σ̃D be the seed associated to a chord diagram

D ∈ CDn,k. As before, let c = n − 2 and d = n − 1. The following is an inductive algorithm for

constructing the mutation sequence from the rectangles seed Σ4,n to Σ̃D.

• Suppose that D has no chord ending at (c, d). Let D′ be the chord diagram on {1, 2, . . . , c, d̂, n}
obtained from D by removing the penultimate marker d. By induction we know the mutation

sequence from the rectangles seed for Gr
4,{1,...,c,d̂,n} to Σ̃D′, so by Lemma 9.29, we can obtain the

mutation sequence from the rectangles seed Σ4,n to Σ̃D.

• Suppose that the rightmost top chord ends at (c, d), that is, Dk = (a, b, c, d). Let NL = {1, 2, . . . , a, b, n}
and NR = {b, . . . , c, d, n}, with DL and DR the left and right subdiagrams of D. Then Proposition 9.32

gives a mutation sequence from Fr(Σ1) to Σ̃D, and Lemma 9.30 gives a mutation sequence from

the rectangles seed Σ4,n to Σ1, so by concatenating them, we obtain a mutation sequence from

Σ4,n to Σ̃D.

Remark 9.34. It is possible to generalize Theorem 9.33 to the case of general BCFW tiles. Recall

from Definition 6.16 that general BCFW cells are built by a sequence of operations consisting of the

BCFW product, inserting a marker, performing a cyclic shift, and performing a reflection. Since

we have mutation sequences corresponding to the cyclic shift (cf. Lemma 3.15) and reflection (cf.

Proposition 3.17), it is possible to extend Theorem 9.33 to produce a mutation sequence from the

rectangles seed to the seed associated to any general BCFW tile.

10. Proofs about the BCFW product

Recall the BCFW map and BCFW product from Definitions 5.2 and 5.4. In this section, we

show the effect of the BCFW product at the level of matroids under appropriate hypotheses (cf.

Notation 5.7). Under the same hypotheses, we show that the BCFW map is injective, and describe

the closure and boundary of SL ./ SR. We also verify every BCFW cell satisfies these hypotheses.

Lemma 10.1 (Positroids and BCFW product). Let SL ⊂ Gr≥0
kL,NL

and SR ⊂ Gr≥0
kR,NR

be positroid

cells as in Notation 5.7, with associated positroids PL and PR, and plabic graphs GL and GR. Let

P ′L and P ′R be the positroids corresponding to G′L and G′R (shown at the right of Figure 20); note

that G′L and G′R can be regarded as subgraphs of GL ./ GR.
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Figure 20. On the left, GL ./ GR with edge colorings used in the proof of
Lemma 10.1. Center and right, the graphs G′L, G

′
R mentioned in the statement of

the same result.

Then the bases of the positroid PL ./ PR of SL ./ SR are exactly the sets IL t {f} t IR where

IL, f, IR are disjoint and satisfy one of the following:

IL f IR
(1) IL ∈ PL, b /∈ IL a IR ∈ P ′R
(2) IL ∈ PL b IR ∈ P ′R
(3) IL ∈ P ′L c IR ∈ PR, d /∈ IR
(4) IL ∈ P ′L d IR ∈ PR
(5) IL ∈ P ′L n IR ∈ PR
(6) IL ∈ P ′L n (IR \ {c}) ∪ {d} ∈ PR

Proof. We prove the lemma by analyzing the possible source sets of perfect orientations ofGL ./ GR,

which by Proposition A.7 and Theorem A.10, give rise to the bases of PL ./ PR.

In any perfect orientation O of GL ./ GR, either the dashed green highlighted edges or the dotted

blue highlighted edges must form a directed path and the other highlighted edges of Figure 20

must be oriented towards the vertex v. If the blue highlighted edges form a directed path, then O
restricted to the blue edges is a perfect orientation of G′L; similarly with the green edges and G′R.

Consider a perfect orientation O of GL ./ GR.

Case 1: Suppose the green highlighted edges are a directed path in O. Then, depending on the

orientation of the edges incident to u, we are in one of the cases in Figure 21 where edges e, e′ form

a directed path. In (a), the restriction OL of O to GL is a perfect orientation where a, b are sinks.

The restriction O′R of O to G′R is a perfect orientation whose source set must be disjoint from that

of OL (because only one edge may be oriented away from vertex x, n may not be a source in both

OL and OR). Any such perfect orientations of GL, G
′
R may arise as OL,O′R. The sources of O are

precisely a, the sources of OL and the sources of O′R. So this case shows that all sets in (1) are

bases of PL ./ PR. Using similiar logic, case (b) shows that all sets in (2) are bases of PL ./ PR.

Case 2: Suppose the blue highlighted edges are a directed path in O. Then, depending on the

orientation of the edges incident to w, we are in one of the cases in Figure 22.

In (a), the restriction O′L of O to G′L has n as a sink. The restriction OR of O to GR also has n

as a sink, and has source set disjoint from that of O′L, again because only one edge may be oriented
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Figure 21.

Figure 22.

away from x. These are the only conditions on O′L and OR. Fixing O′L and OR with sources IL, IR,

one can find O with sources IL ∪ {n} ∪ IR. If d ∈ IR and c is not, there is another choice of O,

with sources IL ∪ {n} ∪ (IR \ {d} ∪ {c}). This covers cases (5) and (6), and there are no further

possibilities for O. In (b), OR has sinks d, n and O′L,OR have disjoint source sets. The sources of

O are the sources of O′L,OR and either c or d. This covers cases (3) and (4).

�

Proposition 10.2. Let SL ⊂ Gr≥0
kL,NL

and SR ⊂ Gr≥0
kR,NR

be positroid cells as in Notation 5.7.

Then ι./ is injective on SL ×Gr>0
1,5×SR.

Proof. By Proposition 5.8 (1), the image ι./(SL ×Gr>0
1,5×SR) is equal to the cell SL ./ SR. Pick a

point V ∈ SL ./ SR and choose any preimage (A, [α : β : γ : δ : ε], B). Let M be the representative

matrix of V resulting from this choice; that is M is the matrix (∗) in Figure 10.

We first express [α : β : γ : δ : ε] in terms of Plücker coordinates of V . Let IL be a basis for PL
avoiding {a, b, n} and let IR be a basis for PR avoiding {b, c, d, n}. Because adding bridges does

not remove bases (cf. Theorem A.15), Lemma 10.1 implies that If := IL t {f} t IR is a basis of

PL ./ PR for f ∈ {a, b, c, d, n}. Now, the submatrix of M on columns If has a single non-zero entry

in the (kL + 1)th row (which is one of α, β,±γ,±δ,±ε), which is in column f . Deleting row a and
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column f from the submatrix gives a block-diagonal matrix with determinant ±Q 6= 0. So we have

〈Ia〉M = α ·Q, 〈Ib〉M = β ·Q, 〈Ic〉M = γ ·Q, 〈Id〉M = δ ·Q, 〈In〉M = ε ·Q,

or in other words that

(27) [α : β : γ : δ : ε] = [〈Ia〉V : 〈Ib〉V : 〈Ic〉V : 〈Id〉V : 〈In〉V ].

Now, we recover A,B. Let

V ′L := V ∩ span(e1, . . . , ea, eb, en) and V ′R := V ∩ span(eb, . . . , ec, ed, en).

We claim that V ′L = A · ya(αβ ) and V ′R = B · yd( δε ) · yc(
γ
δ ) (that is, V ′L and V ′R are elements of SP ′L

and SP ′R , using the notation of Lemma 10.1). The containment ⊃ is clear in both cases. For the

containment ⊂, it suffices to show dimV ′L = kL and dimV ′R = kR.

Any vector in V ′L∩V ′R would be in V ∩span(eb, en). However, if there existed v ∈ V ∩span(eb, en),

then all nonzero Plücker coordinates of V would contain either b or n. The basis Ia constructed

above contains neither b nor n, so such a v cannot exist. Thus V ′L ∩ V ′R is trivial. Let w denote the

span of the (kL + 1)st row of M . Note that w has trivial intersection with V ′L and with V ′R since

α, β, γ, δ, ε are all nonzero. So we have

V = w + V ′L + V ′R = w ⊕ V ′L ⊕ V ′R
and dimV ′L + V ′R = k − 1 = kL + kR. Since V ′L and V ′R have dimensions at least kL and kR,

respectively, we conclude that dimV ′L = kL and dimV ′R = kR as desired.

Since V ′L = A · ya(αβ ) and V ′R = B · yd( δε ) · yc(
γ
δ ), we have

(28) A = V ′L · ya
(
−α
β

)
and B = V ′R · yc

(
−γ
δ

)
· yd

(
−δ
ε

)
.

Combining (27) and (28), we see that the preimage of V under ι./ is uniquely determined by V ;

in other words, ι./ is injective. �

Remark 10.3. The line w in the proof of Proposition 10.2 can also be defined as w := V ∩
span(ea, eb, ec, ed, en). Indeed, the containment ⊂ is clear. If the right hand side had dimension at

least 2, this would imply the existence of a vector in V ′L∩ span(ea, eb, en) or V ′R∩ span(eb, ec, ed, en).

Then all nonzero Plücker coordinates of V contain either a, b, or n in the first case, or b, c, d or n in

the second case. But in the first case, the Plücker coordinate 〈Ic〉 defined in the proof—or in the

second case 〈Ia〉 defined in the proof—does not contain any of these indices.

Now we turn to the closure and boundary of SL ./ SR, which almost have a product structure.

This will be used when analyzing the facets of BCFW tiles. We need the following lemma.

Lemma 10.4. Let SL ⊂ Gr≥0
kL,NL

and SR ⊂ Gr≥0
kR,NR

be positroid cells as in Notation 5.7, then

P := ι./(SL ×Gr>0
1,5×SR) = SL ./ SR and each element of

({a,b,c,d,n}
4

)
is coindependent for P .

Proof. For the first statement, take J ∈
({a,b,c,d,n}

4

)
and write {f} = {a, b, c, d, n} \ J. Choose a

basis IR for SR, avoiding b, c, d, n, and a basis IL for SL avoiding a, b, n. Then by Lemma 10.1

I = IL ∪ IR ∪ {f} is a basis for P.

�
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For a subset S ⊂ Gr≥0

k,n, we use S to denote its closure in the Euclidean topology on Gr≥0

k,n.

Lemma 10.5 (Boundary of SL ./ SR). Let Cabcdn ⊂ Gr≥0

k,n be the union of cells for which some

element of
({a,b,c,d,n}

4

)
is not coindependent. Let S := SL ./ SR, with SL, SR as in Notation 5.7.

Then

(29) S = (S ∩ Cabcdn) t S t
⊔

(S′L,S
′
R)∈C

S′L ./ S
′
R,

where the union is over the collection C of pairs (S′L, S
′
R) 6= (SL, SR) such that S′L ⊂ SL, S

′
R ⊂ SR

and {a, b, n} and {b, c, d, n} are coindependent for S′L and S′R respectively. Thus,

∂S = (∂S ∩ Cabcdn) t
⊔

(S′L,S
′
R)∈C

S′L ./ S
′
R.

Proof. By Theorem A.12, S is the union of S together with any cells we get by deleting one or

more of the edges of GL ./ GR.

Let G be the plabic graph GL ./ GR. We now show that if we delete some edges of GL
(respectively GR), obtaining a graph G′L (respectively, G′R) corresponding to a cell S′L in which

{a, b, n} (respectively, {b, c, d, n}) fails to be coindependent, then the cell S′ corresponding to the

resulting graph G′ will lie in Cabcdn. Suppose that {a, b, n} fails to be coindependent for G′L. Then

any perfect orientation O of G′L must have a source at a, b, or n. Suppose O has a source at a.

Then the edge of G emanating from the vertex of GL labeled a must be directed towards a. But

now any extension of O to a perfect orientation of G′ must have a source at the external vertex

labeled a. Similarly, if the perfect orientation O of G′L has a source at b, then any extension of O
to a perfect orientation of G′ must have a source at either the external vertex a or b of G′. Finally,

if O has a source at the vertex n of G′L, then any extension of O must have a source at the external

vertex n of G′. This shows that {a, b, n} fails to be coindependent for S′ so S′ lies in Cabcdn. The

proof for GR is analogous.

Finally we can check by hand that if we delete any edge of the butterfly, some element of({a,b,c,d,n}
4

)
will fail to be coindependent, where we use the characterization of Remark 5.6. For

example, if we delete the u− v edge in Figure 20, then it is impossible to find a perfect orientation

in which a and b are sinks. If we delete the v−w edge, it is impossible to find a perfect orientation

in which c, d, n are sinks. The other cases are similar. �

Finally, we verify that BCFW cells always fulfill the assumptions of Propositions 5.8 and 10.2

and Lemma 10.5.

Definition 10.6. We say that P ⊂ Gr≥0

k,n is 4-coindependent if every 4-element subset of [n] is

co-independent for P .

The BCFW product preserves 4-coindependence, which means that taking the BCFW product

of two BCFW cells is the same as applying ι./ to them.

Corollary 10.7. If SL, SR are 4-coindependent, then SL ./ SR is as well. Therefore all BCFW

cells are 4-coindependent.
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Proof. We first note that 4-coindependence is preserved under cyclic rotation, reflection, and adding

a zero column, and all positroid cells for k = 0 are 4-coindependent. So the second statement follows

from the first.

Let PL,PR,P ′L,P ′R be as in Lemma 10.1. Using Proposition A.7, we note that if J ∈ PL,

then J ∈ P ′L as well, and similarly for PR,P ′R. Thus our assumptions imply P ′L and P ′R are

4-coindependent.

Let B ∈
(

[n]
4

)
be a quadruple of indices. We will show that there exists I ∈

([n]\B
k

)
which is a

basis of PL ./ PR. Let BL = B ∩NL and BR = B ∩NR.

(1) If B ⊂ NR, then by 4-coindependence for P ′R, there is a basis IR of P ′R avoiding B. By

assumption, PL has a basis IL which avoids a, b, n and thus is disjoint from IR and from B. Set

I = ILt{a}tIR. By Lemma 10.1 (1), I is a basis of PL ./ PR, and it avoids B by construction.

(2) If B ⊂ NL, a similar argument as above (now using Lemma 10.1(4)) gives a basis I = IL t
{d} t IR which avoids B, where IL ∈ P ′L avoids B and IR ∈ PR avoids b, c, d, n.

(3) Suppose B is not contained in NR or NL and b /∈ B. This implies that |BL|+ |BR| ≤ 5, so one

of BL, BR has size at most 2. Add n to the smaller of the two; denote the new sets by B′L and

B′R. Let IR be a basis of P ′R avoiding B′R ∪ {b} and let IL be a basis of PL avoiding B′L ∪ {b}.
Then I = IR t {b} t IL is a basis by Lemma 10.1 (2) and avoids B.

(4) Suppose B is not contained in NR or NL and b ∈ B. Then for some f ∈ {c, d, n}, we have

f /∈ B. If possible, choose f = d or f = n; otherwise, let f = c (that is, only set f = c if

d, n ∈ B). Then let IL be a basis of P ′L avoiding BL ∪{n} and let IR be a basis of PR avoiding

BR ∪ {f}. The sets IL, IR are disjoint, since both avoid b and IL avoids n. They are both

disjoint from {f} by construction, and if f = c, then d /∈ IR. So by Lemma 10.1 (3), (4) or (5),

I = IR t {f} t IL is a basis.

�

11. The proof that BCFW cells give tiles

The main goal of this section is to show how to invert the amplituhedron map on the image

of a BCFW cell, thus proving Theorem 7.7, which shows that BCFW cells map injectively into

the amplituhedron. In Section 11.1, Section 11.2, and Section 11.3 we will explain how signs of

functionaries on tiles evolve when we apply the operations of cyclic shift, reflection, and promotion.

In Section 11.4 we will explain a useful way of writing the rows of the BCFW matrix. Finally in

Section 11.5 we will prove Theorem 7.7.

11.1. How signs of functionaries evolve. We need the following definitions, which strengthen

the notion of the sign of a functionary on a tile (c.f. Definition 2.18).

Definition 11.1. A rational functionary F has strong sign +1 or is strongly positive on the image

of S if for all C ∈ S, F (CZ) can be written as a ratio of polynomials in the Plücker coordinates of

C and maximal minors of Z with all coefficients of sign +1. A rational functionary has strong sign

−1 or is strongly negative on the image of S if it is the negative of a functionary with strong sign

+1 on the image of S.
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Note that if F has strong sign s on the image of S, it also has sign s on the image of S. The

converse may not be true.

Say S is a cell and S′ is obtained from S by applying an operation from Definition 6.1. The

following two theorems (which will be proved in Section 11.2 and Section 11.3) show that if a

functionary F has fixed sign on the image of S, then there is a related functionary F ′ with a fixed

sign on the image of S′.

Theorem 11.2 (Signs under dihedral group and pre). Let S ⊂ Gr≥0

k,n be a positroid cell. Suppose

that F is a pure rational functionary with (strong) sign s on Z◦S. Then
F

cyc−∗ F

refl∗ F

has (strong) sign


s

(−1)k degn F s

s

on the image of


preI S

cycS

reflS

.

If B ⊂ {−1, 0, 1}r, we define cl(B) ⊂ {−1, 0, 1}r to be minimal set of tuples which contains B

and is closed under the operation of changing an entry from ±1 to 0. In the following, with a slight

abuse of notation, we will often denote the promotion Ψ(F ) of a functionary F as ΨF .

Theorem 11.3 (Signs under promotion). Let SL ⊂ Gr≥0
kL,NL

, SR ⊂ Gr≥0
kR,NR

be positroid cells as in

Notation 5.7. Let F be a pure rational functionary with indices contained in NL (resp. NR).

(1) If F vanishes on the image of SL (resp. SR), then ΨacF vanishes on the image of SL ./ SR.

(2) If F has strong sign s ∈ {±1} on the image of SL (resp. SR), then ΨacF has strong sign

(−1)(kR+1) degn F s (resp. s) on the image of SL ./ SR.

(3) Let (F1, . . . , Fr) be an r-tuple of pure rational functionaries with indices in NL (resp. NR).

Denote by A ⊆ {−1, 0, 1}r the collection of sign vectors sgn(F1(Y,Z), . . . , Fr(Y,Z)), where Z

varies over Mat>0
NL,kL+4 and Y varies over Z◦SL

(resp. Z ∈ Mat>0
NR,kR+4, Y ∈ Z◦SR

). Let

A′ = {((−1)(kR+1) degn F1s1, . . . , (−1)(kR+1) degn Frsr) : (s1, . . . , sr) ∈ A} (resp. A′ = A).

Then for all Z and all Y ∈ Z◦SL./SR
, sgn(ΨacF1, . . . ,ΨacFr) ∈ cl(A′).

Lemma 11.4. Let SL ./ SR ⊂ Gr≥0

k,n, with SL, SR as in Notation 5.7. Then the twistor coordinates

(−1)kR〈〈bcdn〉〉, (−1)kR+1〈〈acdn〉〉, 〈〈abdn〉〉, −〈〈abcn〉〉, 〈〈abcd〉〉

have strong sign +1 on the image of SL ./ SR.

Proof. Expand each twistor 〈〈ijlh〉〉 as in (4). We obtain a sum of products of Plücker coordinate

of the matrix C ∈ SL ./ SR, and the matrix Z. The sum is over all Plücker coordinates of C which

are non zero and intersect the set {a, b, c, d, n} precisely in the singleton {a, b, c, d, n} \ {i, j, l, h}. It

is straightforward to see that all these terms come with the sign in the lemma using Lemma 10.1.

Lemma 10.4 shows that the summation is non-empty. �

Lemma 11.5. Let S be a BCFW cell of Gr≥0

k,n. For i, j ∈ [n − 1] with i + 1 < j, the twistor

〈〈i, i+1, j, j+1〉〉 is strongly positive on Z◦S. For i ∈ {2, . . . , n}, the twistor 〈〈i, i+1, n, 1〉〉 has strong

sign (−1)k−1 on Z◦S.

Proof. The proof is almost identical to the proof of the previous lemma. Again we expand the

twistor coordinates using (4), and observe that all possible nonzero terms terms come with the sign
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indicated in the lemma statement. As long as there is at least one Plücker coordinate of C which

does not use the indices i, i + 1, j, j + 1 and is nonzero, the summation is non zero. But such a

coordinate exists, as S is 4-coindependent, by Corollary 10.7. �

11.2. The proof of Theorem 11.2. In this section and the next, if F is a functionary, we will

sometimes write F (Y,Z) where Y ∈ Grk,k+4 and Z ∈ Mat>0
n,k+4. We also sometimes write 〈〈Y ZI〉〉

for the twistor coordinate 〈〈I〉〉. Recall that in 〈〈I〉〉 = 〈〈Y ZI〉〉, the elements of I are listed in

increasing order.

The following lemma relates twistor coordinates before and after applying prei, cyc, refl.

Lemma 11.6. Let N denote the index set of S, and let S′ denote one of prei S, cycS, reflS. Choose

C ′ ∈ S′, and Z ′ a positive matrix of the appropriate size. Then there exists C ∈ S and Z positive

so that for all I ∈
(
N
4

)
,

〈〈CZ ZI〉〉 =


〈〈C ′Z ′ Z ′I〉〉 if S′ = prei S

(−1)k·|I∩{n}| cyc−∗〈〈C ′Z ′ Z ′I〉〉 if S′ = cycS

refl∗〈〈C ′Z ′ Z ′I〉〉 if S′ = reflS.

Proof. If S′ = prei S, then Z ′ ∈ Mat>0
N∪{i},k+4. The matrices C and Z are respectively defined by

deleting the ith column of C ′ and the ith row of Z ′. It is clear that CZ = C ′Z ′ and for all x ∈ N ,

Zx = Z ′x. The equality of twistor coordinates follows.

For the remaining cases, we assume N = [n] to simplify notation. If S′ = cycS, then we define

C ∈ S to be the unique element such that cycC = C ′. Recall from the definition of cyclic shift (cf.

Definition 2.3) that cycC = C · [cyck,n] where [cyck,n] is an n×n matrix. We define Z := [cyck,n]Z ′,

so that C ′Z ′ = C[cyck,n]Z = CZ. Note that Z is again a matrix with positive maximal minors.

So we have 〈〈CZ ZI〉〉 = 〈〈C ′Z ′ ZI〉〉. We now rewrite the right hand twistor entirely in terms

of Z ′. From the definition of [cyck,n], we have that Zi = Z ′i+1 for i < n and Zn = (−1)k−1Z ′1. If

I = {u < v < x < y} does not contain n, then

〈〈C ′Z ′ ZI〉〉 = 〈〈C ′Z ′ Z ′u+1Z
′
v+1Z

′
x+1Z

′
y+1〉〉 = cyc−∗〈〈C ′Z ′ Z ′I〉〉

where the last equality holds because the indices are in increasing order. If I = {u < v < x < n},
then

〈〈C ′Z ′ ZI〉〉 = (−1)k−1〈〈C ′Z ′ Z ′u+1Z
′
v+1Z

′
x+1Z

′
1〉〉 = (−1)k〈〈C ′Z ′ Z ′1Z ′u+1Z

′
v+1Z

′
x+1〉〉

and the final twistor is (−1)k cyc−∗〈〈C ′Z ′ Z ′I〉〉.
If S′ = reflS, the proof is quite similar. Recall that refl is an involution. Define C := reflC ′, so

that C ′ = reflC = P
k,1,(k2)

C[refln] (cf. Definition 2.3 for the definitions of Pk,i,s and [refln]). We

choose Z = [refln]Z ′P
k+4,1,(k+4

2 ), which again has positive maximal minors. With these choices,

C ′Z ′ is equal to CZ with the first row multiplied by (−1)(
k
2) and the first column multiplied by

(−1)(
k+4
2 ). Note that Zi is Z ′n−i+1 with first entry multiplied by (−1)(

k+4
2 ). This implies that for

I = {u < v < x < y},

〈〈CZZuZvZxZy〉〉 = 〈〈C ′Z ′Z ′n+1−uZ
′
n+1−vZ

′
n+1−xZ

′
n+1−y〉〉 = 〈〈C ′Z ′Z ′n+1−yZ

′
n+1−xZ

′
n+1−vZ

′
n+1−u〉〉
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where the first equality uses the fact that the parity of
(
k
2

)
depends only on k mod 4. Since the

indices of the rightmost twistor are in increasing order, it is equal to refl∗〈〈C ′Z ′Z ′I〉〉, as desired. �

Proof of Theorem 11.2. We first consider the case when F has sign s ∈ {0,+1,−1} on the image

of S. We will give the argument for the sign of cyc−∗ F on the image of cycS; the others are very

similar. Note that by definition, cyc−∗ F has an expression in terms of the cyclic shifts of twistor

coordinates cyc−∗〈〈I〉〉. Pick C ′ ∈ cycS and Z ′ positive, and let C ∈ S and Z be the matrices

from Lemma 11.6. Applying Lemma 11.6 separately to each twistor coordinate in F , each term

gets a sign of (−1)k degn F so we see that F (CZ,Z) = (−1)k degn F cyc∗ F (C ′Z ′, Z ′). By assumption,

F (CZ,Z) has sign s, and so cyc∗ F (C ′Z ′, Z ′) has sign s as well. Since C ′ and Z ′ were chosen

arbitrarily, this shows cyc∗ F has sign s on the image of cycS.

We now consider the case when F has strong sign s ∈ {+1,−1} on the image of S. That is,

as a function from S ×Mat>0
n,k+4, F = f(C,Z)/g(C,Z) where f, g are polynomials in the Plücker

coordinates of C and the maximal minors of Z, all coefficients of f are sign s and all coefficients of

g are positive. We again will only give the argument for the strong sign of cyc−∗ F on the image

of cycS; the others are very similar. Lemma 11.6 implies that for any C ′ ∈ cycS and Z ′ positive,

(−1)k degn F cyc−∗ F (C ′Z ′, Z ′) is equal to F (CZ,Z), where C,Z are as constructed in the lemma.

Thus we have

(−1)k degn F cyc−∗ F (C ′Z ′, Z ′) = f(C,Z)/g(C,Z).

What remains is to rewrite f(C,Z) and g(C,Z) in terms of the Plücker coordinates and maximal

minors of C ′, Z ′ without changing the signs of any coefficients. This is straightforward: since

C ′ = cycC, 〈I〉C = 〈I + 1〉C′ , and, similarly, since Z = cycZ ′, 〈I〉Z = 〈I − 1〉Z′ . �

11.3. The proof of Theorem 11.3. We will treat the case when the indices of F are contained in

NR. The proof for the other case is similar; we remark on the differences at the end of this section.

Notation 11.7. For a positroid SR in Gr≥0
kR,NR

, we set S/R = Gr>0
kL,NL

./ SR, and for a positroid

SL of Gr≥0
kL,NL

, we set S.L = SL ./ Gr>0
kR,NR

.

Using Notation 11.7, Lemma 10.1 implies that SL ./ SR ⊂ S/R. Indeed, let PL,P ′L be as in

Lemma 10.1. Every element of PL,P ′L is a basis for Gr>0
kL,NL

, so by Lemma 10.1, every basis for

SL ./ SR is a basis of S/R.

The proof will utilize the following lemmas.

Lemma 11.8. S/R can be constructed in the following way. Start with SR.

• Apply the upper BCFW map to SR.

• Perform inc1, . . . , inckL , and then prekL+1, . . . ,prea−1 .

• Apply yn(t1), y1(t2), . . . ykL−1(tkL−1) in that order.

• For each h = 1, . . . , b− kL, apply the operations xkL+h−1(tkL;h), xkL+h−2(tkL−1;h), . . . , xh(t1;h) in

that order.

The proof is completely analogous to the proof of [ELT21, Lemma 9.6], which goes by comparing

the collections of non zero Plücker coordinates for the two descriptions. See Figure 23 for a plabic

graph proof of the lemma.
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Figure 23. On the upper left, the plabic graph constructed by the sequence of
operations in Lemma 11.8. Performing the moves in the bottom row produces the
graph on the upper right, which is of the form G ./ GR where G a plabic graph for
Gr>0

kL,NL
. The graph on the left is thus a plabic graph for S/R.

Lemma 11.9. Let C ∈ S/R and Z ∈ Mat>0
n,k+4. Then there exists C ′ ∈ SR and Z ′ ∈ Mat>0

NR,kR+4

such that for any functionary F with indices in NR, ΨacF (CZ,Z) = F (C ′Z ′, Z ′).

This follows from [ELT21, Section 4]. For the reader’s convenience, we outline a proof.

Proof. We will show the lemma holds for each intermediate cell obtained in the process in Lemma 11.8.

The first step in Lemma 11.8 is the upper BCFW map. Let T := ι./(Gr>0
1,5×SR), choose C ∈ T and

choose a positive matrix Z. The proof of [ELT21, Lemma 4.28] together with [ELT21, Lemma 4.22]

define an element C ′ ∈ SR and positive matrix Z ′ with the following property: for any functionary

F with indices in NR, there is a functionary G such that F (C ′Z ′, Z ′) = G(CZ,Z). [ELT21, Lemma

4.35] implies that G = ΨacF ; this is spelled out more explicitly in [ELT21, Example 4.40]. Note

that by Lemma 11.4, the twistor coordinates in [ELT21, Lemma 4.35] are all nonzero on the image

of ι./(Gr>0
1,5×SR), so one may divide in [ELT21, Lemma 4.35] to obtain precisely the formulas

defining promotion.

Now, let T denote a cell obtained partway through the process described in Lemma 11.8, and

T ′ the cell obtained in the previous step. Fix C ∈ T and Z a positive matrix of the appropriate

dimensions. [ELT21, Lemmas 4.18, 4.21 and 4.24] construct C ′ ∈ T ′ and Z ′ a positive matrix of

the appropriate dimensions with the following property:

(∗∗) : if I ∈
(
NR
4

)
or I = {a, b, x, y} where x, y ∈ NR, then the twistor coordinates 〈〈C ′Z ′ Z ′I〉〉 and

〈〈CZ ZI〉〉 are equal.

Consider any functionary F with indices contained in NR. All twistor coordinates in ΨacF are

of the sort appearing in (∗∗), so we have that ΨacF (C ′Z ′, Z ′) = ΨacF (CZ,Z). Taking T = S/R and

iterating, we obtain the lemma statement. �

The final lemma involves functionaries with strong sign on the image of a cell, and tracks how

the strong sign evolves under various operations.



76 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

Lemma 11.10. We adopt the notation and assumptions of Theorem 11.3 and suppose F has

indices contained in NL (resp. NR).

(1) Suppose F has strong sign s on the image of SL (resp. SR). Then for i /∈ NL (resp. i /∈ NR),

F has strong sign s on the image of prei(SL) (resp. prei(SR)). Additionally, F has strong sign

(−1)degn F s (resp. s) on the image of inci(SL) (resp. inci(SR)).

(2) Suppose F has strong sign s on the image of SL (resp. SR). Choose i /∈ NL (resp. i /∈ NR).

Then F has strong sign s on the image of xi(R+).SL and yi−1(R+).SL (resp. xi(R+).SR and

yi−1(R+).SR).

(3) If F has strong sign s on the image of SL, then ΨacF has strong sign (−1)degn F s on the image

of ι./(SL × Gr>0
1,5×Gr>0

0,{b,c,d,n}). If F has strong sign s on the image of SR, then ΨacF has

strong sign s on the image of ι./(Gr>0
1,5×SR).

Again, the proof of this lemma relies on various results from [ELT21, Section 4].

Proof. Throughout, we will show the results only for S := SR, except in a few places where there is

a difference between the arguments. So we assume that on the image of SR, F = f(C,Z)/g(C,Z)

where f, g are polynomials in the Plücker coordinates of C,Z, the coefficients of f are all of sign s

and the coefficients of g are all positive. We will sometimes write F (Y, Z) to make the dependence

of F on Z clear. We also write 〈〈Y ZI〉〉 instead of 〈〈uvxy〉〉.
Proof of (1): The case of prei S is shown in Theorem 11.2.

The argument for inci S uses [ELT21, Lemma 4.21], which shows that for any Z ′ and C ′ :=

inci(C), there is a Z such that for each twistor 〈〈I〉〉 appearing in F , 〈〈C ′Z ′ Z ′I〉〉 = 〈〈CZ ZI〉〉.
(There is no sign because [`] ∩ I is empty, since I ⊂ NR.) We have 〈I〉C = 〈I ∪ {i}〉C′ and by the

proof of [ELT21, Lemma 4.21], the same statement holds for Z,Z ′. So adding i to each Plücker

coordinate and minor appearing in f and g gives a formula for F on the image of inci(S).

The argument for inci(SL) (assuming F has strong sign s on SL) is exactly the same, except that

if n ∈ I, then 〈〈C ′Z ′ Z ′I〉〉 = −〈〈CZ ZI〉〉. So F (C ′Z ′, Z ′) = (−1)degn FF (CZ,Z), and the strong

sign of F on the image of inc`(SL) is (−1)degn F s.

Proof of (2): The arguments for xi and yi−1 are very similar, so we will only give the xi argument

here. Let S′ = xi(R+).SR.

First, if S = S′, then the statement is clearly true. So we will assume S 6= S′, and thus S ⊂ S′.
Every C ′ ∈ S′ can be written uniquely as Cxi(t) for t > 0, C ∈ S. The parameter t is the ratio

〈I ∪ {i+ 1}〉C′/〈I ∪ {i}〉C′ where I ⊂ [n] \ {i, i+ 1} is any subset such that I ∪ {i} is a basis of S

but I ∪ {i+ 1} is not. Such I exists since the matroid of S′ strictly contains that of S.

Fix Z ′. Let Z = xi(t)Z
′, so that CZ = Cxi(t)Z

′ = C ′Z ′. By [ELT21, Lemma 4.24], 〈〈C ′Z ′ Z ′I〉〉 =

〈〈CZ ZI〉〉 for all twistors appearing in F , because i /∈ I. This implies that F (C ′Z ′, Z ′) =

F (CZ,Z) = f(C,Z)/g(C,Z). What remains is to re-express the right hand side in terms of

Plückers of C ′ and Z ′, without changing the signs of any coefficients.

It follows from the proof of [Lam15, Lemma 7.11] that the Plücker coordinates of C are Laurent

polynomials in the Plücker coordinates of C ′ with positive coefficients. Maximal minors of Z are

positive polynomials in the maximal minors of Z ′ and in t, which is the ratio of two Plücker

coordinates of C ′. Thus we may rewrite f(C,Z)/g(C,Z) in terms of maximal minors of Z ′ and

Plücker coordinates of C ′ without changing the sign of any coefficient.
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Proof of (3): Note that ι./(Gr>0
1,5×S) = ι./(Gr>0

0,{a,b,n}×Gr>0
1,5×S) can also be described as

S3 = yc(R+).yd(R+).yn(R+).xa(R+). inca(S).

Write

S1 = yn(R+).xa(R+). inca(S), S2 = yd(R+).S1, S3 = yc(R+).S2.

Note that F has strong sign s on the image of S1 by (1) and (2).

For C ∈ S3, C = yc(t).C
′ for unique t > 0 and C ′ ∈ S2. Similarly, C ′ = yd(s).C

′′ for unique s > 0

and C ′′ ∈ S1. Note that t, s can be computed as 〈I ∪ {c}〉C/〈I ∪ {d}〉C , and 〈I ∪ {d}〉C/〈I ∪ {n}〉C
respectively for any I ∈

(
b+1,...,c−1

kL

)
such that I is a basis for S. Such an I is guaranteed to exist

because {b, c, d, n} is coindependent for S.

Fix Z. Let Z ′ := yc(t)Z and Z ′′ := yd(s)Z
′, so that C ′′Z ′′ = CZ. Note that 〈〈C ′′Z ′′ Z ′′I 〉〉 =

〈〈CZ Z ′′I 〉〉 = Ψac〈〈CZ ZI〉〉. This implies that ΨacF (CZ,Z) = F (C ′′Z ′′, Z ′′). Since F has strong sign

s on the image of S1, the right hand side is equal to p(C ′′, Z ′′)/q(C ′′, Z ′′) where p, q are polynomials

in the Plückers of C ′′, Z ′′, all coefficients of p have sign s and all coefficients of q are positive. Again,

what remains is to re-express this in terms of the Plückers of C,Z without changing the signs of

coefficients. Again, the proof of [Lam15, Lemma 7.11] shows that the Plücker coordinates of C ′′

are positive Laurent polynomials in the Plücker coordinates of C ′, which are themselves positive

Laurent polynomials in the Plücker coordinates of C. Since additionally s, t are positive ratios of

Plücker coordinates of C, we are done.

The argument for the strong sign of ΨacF on the image of

ι./(SL ×Gr>0
1,5×Gr>0

0,{b,c,d,n}) = ya(R+).yb(R+).yc(R+).xd(R+) ◦ incd ◦ prec(SL)

is very similar. The only difference is that (1), (2) imply F has strong sign (−1)degn F s on the image

of S1 := yb(R+).yc(R+).xd(R+)◦incd ◦ prec(SL). Then essentially the same argument as above shows

that ΨacF also has strong sign (−1)degn F s on the image of ya(R+).S1 = ι./(SL×Gr>0
1,5×Gr>0

0,{b,c,d,n}).

�

With these lemmas in hand, we proceed to the proof of Theorem 11.3.

Proof of Theorem 11.3. We assume that the indices in F are contained in NR, as the other case is

similar. At the end of the proof we will discuss the differences in the other case.

Item (1): Suppose F vanishes on the image of SR. By Lemma 11.9, ΨacF evaluated on a point of

S/R is equal to F evaluated on a point of SR (using a different matrix Z). Thus, ΨacF vanishes on

the image of S/R, and also on the image of S/R. Since SL ./ SR ⊂ S/R, ΨacF vanishes on SL ./ SR,

as desired.

Item (2): Suppose F has strong sign s on the image of SR. Since {a, b, n} is co-independent for

SL, we may find 1 ≤ i1 < i2 < . . . ikL < a such that B = {i1, i2, . . . , ikL} is a basis for SL. Let

S′ ⊂ Gr≥0
kL,NL

be the positroid cell whose only basis is B. Define

(30) S/ := S′ ./ SR = preNL\(I∪{a,b,n}) ◦ incikL ◦ · · · ◦ inci2 ◦ inci1(ι./(Gr>0
1,5×SR)).

Since the bases of S′ are a subset of the bases in SL, it is easy to see using Lemma 10.1 that

every basis of S/ is a basis of SL ./ SR. So we have

(31) S/ ⊆ SL ./ SR ⊆ S/R.
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Using Lemma 11.10 on NR, SR, we will show that ΨacF has strong sign s on the images of both

S/R and S/.

We deal with the sign of ΨacF on the image of S/R first. In Lemma 11.8, we apply the upper

BCFW map, inc`,pre` for ` /∈ NR, and xi, yi−1 for i /∈ NR. So by Lemma 11.10, ΨacF has strong

sign s on the image of S/R.

Since the operations applied in (30) are a subset of those applied in Lemma 11.8, an identical

argument shows that ΨacF has strong sign s on the image of S/.

By (31), ΨacF having strong sign s on the image of S/R implies that either ΨacF has strong sign

s or it is identically zero on the image of SL ./ SR. The second possibility is ruled out by Ψac

having strong sign s on the image of S/. This completes the argument.

Item (3): Again we prove the statement for SR. We first study the possible sign profiles of

(ΨF1, . . . ,ΨFr) on points of Z◦S/
R
. Lemma 11.9 implies that for every Y ∈ Z◦S/

R
there exists C ′ ∈ SR

and a positive matrix Z ′ ∈ Mat>0
NR,kR+4 such that

sgn(ΨF1(Y,Z), . . . ,ΨFr(Y,Z)) = sgn(F1(C ′Z ′, Z ′), . . . , Fr(C
′Z ′, Z ′) ∈ A.

Thus, the possible sign profiles for points of Z◦S/
R
, and all possible positive Z also lie in the set A.

Since Z◦S ⊆ ZS/
R

= Z◦S/
R
, every Y ∈ Z◦S is the limit of a sequence (Yn)∞n=1 ⊂ Z◦S/

R
. By passing to a

subsequence we may assume that the sequence of sign profiles

sgn(ΨF1(Yn), . . . ,ΨFr(Yn))∞n=1 ⊆ A

is the constant sequence. It is immediate to see that the limit of point with a sign profile in A has

a sign profile in cl(A).

Changes for SL: There is a version of Lemma 11.8 for S.L, where the first step is the “lower

embedding” ι./(SL × Gr>0
1,5×Gr>0

0,{b,c,d,n}) of [ELT21, Definition 3.7]. There is also a version of

Lemma 11.9, which has an added sign of (−1)(kR+1) degn F on the right hand side. This is because

for any functionary F , the evaluation of F on a point in the image of SL is the same as the evaluation

of (−1)degn F sΨacF on a point in the image of ι./(SL ×Gr>0
1,5) (see [ELT21, Example 4.38]). Then

each of the subsequent kR applications of inc change the sign by (−1)degn ΨF = (−1)degn F . From

here, the arguments for (1),(2),(3) are identical. �

11.4. The rows of the BCFW matrix. In this section, we set up a particular way of writing

the rows vri (for 1 ≤ i ≤ k) of the BCFW matrix Mr. This will be very useful when we invert Z̃ on

Z◦r . Recall from Definition 2.3 the matrices [cyck,n], [refln], Pk,i,s.

Definition 11.11. Let Sr ⊂ Gr≥0

k,n be the BCFW cell associated to recipe r. Recall the notation

FStep and p from Notation 6.18. For each coordinate ζi ∈ Cr (cf Definition 6.20), where 1 ≤ i ≤ k

and ζ ∈ {α, β, γ, δ, ε}, we recursively define a row vector vrζi ∈ Rn:

(1) If FStep = (ak, bk, ck, dk, nk), then for i = k, we set

vrαk
= eak , vrβk = ebk , vrγk = (−1)kReck , vrδk = (−1)kRedk , vrεk = (−1)kRenk

,
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and for i < k, we set

vrζi =

{
vLζi · yak(αk

βk
)Pn,n,kR+1 if the ith step tuple is in rL

vRζi · ydk( δkεk )yck(γkδk ) if the ith step tuple is in rR.

(2) If FStep = cyc, then vrζi = vpζi · [cyck,n].

(3) If FStep = preIk , then vrζi = vpζi .

(4) If FStep = refl, then

vrζi =

{
(−1)(

k
2)vpζi · [refln] if the ith step tuple indexes the top row of Mr

vpζi · [refln] else.

Note that we implicitly embed RNL ↪→ Rn and RNR ↪→ Rn in (1) above, so yi(t) is n× n.

Finally for 1 ≤ i ≤ k we define vri := αiv
r
αi

+ βiv
r
βi

+ γiv
r
γi + δiv

r
δi

+ εiv
r
εi . If the recipe is clear

from context, we will drop the superscript r.

From the definition of Mr (Definition 6.20) and Proposition 6.22, we have the following lemma.

Lemma 11.12. Let Sr ⊂ Gr≥0

k,n be a BCFW cell. For i = 1, . . . , k, the vector vri is precisely the

row of the BCFW matrix Mr indexed by the ith step tuple. In particular, for each V ∈ Sr, there is

a unique choice of ([αi : βi : γi : δi : εi]) ∈ (Gr>0
1,5)k such that V = span(vr1, . . . , v

r
k).

11.5. The inverse problem for BCFW cells: the proof of Theorem 7.7. In this subsection

we will show how to invert the amplituhedron map on the image of a BCFW cell, thus proving that

BCFW cells map injectively into the amplituhedron. We will use the following key lemma.

Lemma 11.13. Let k ≥ 1 and let Y ∈ Matk×(k+4) and Z ∈ Mat5×(k+4), with row vectors Y1, . . . , Yk,

and Z1, . . . , Z5, respectively. Define

v := 〈〈2345〉〉Z1 − 〈〈1345〉〉Z2 + 〈〈1245〉〉Z3 − 〈〈1235〉〉Z4 + 〈〈1234〉〉Z5.

Suppose at least one of the 5 twistor coordinates 〈〈2345〉〉, 〈〈1345〉〉, 〈〈1245〉〉, 〈〈1235〉〉, 〈〈1234〉〉 is nonzero.

Then span(Y1, . . . , Yk) ∩ span(Z1, . . . , Z5) = span(v), and in particular is the trivial vector space if

and only if v = 0.

Proof. The assumption on twistor coordinates implies that Y has rank k, Z has rank either 4 or

5 and that span(Y1, . . . , Yk, Z1, . . . , Z5) ⊂ Rk+4 has dimension exactly k + 4. If Z has rank 5, the

lemma now follows from [ELT21, Lemma 4.34].

If Z has rank 4, then span(Y1, . . . , Yk) ∩ span(Z1, . . . , Z5) is trivial for dimension reasons. We

will show v = 0. Since Z is rank 4, we can find a nontrivial linear combination

5∑
j=1

xjZj = 0.

Now, fix i ∈ [5] so that xi 6= 0. We claim 〈〈Y Z[5]\{i}〉〉 6= 0. Indeed, if 〈〈Y Z[5]\{i}〉〉 = 0, then we

would have
k∑
i=1

aiYi =
∑

[5]\{i}

x′jZj .
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Since the intersection of span(Y1, . . . , Yk) and span(Z1, . . . , Z5) is trivial, each side of the above

linear combination must be equal to 0. But this shows the left nullspace of Z has dimension at

least 2, a contradiction. So 〈〈Y Z[5]\{i}〉〉 6= 0.

Choose j 6= i and apply the linear functional 〈〈Y Z[5]\{i,j}u〉〉 to the linear relation above. Then

xj〈〈Y Z[5]\{i,j}Zj〉〉+ xi〈〈Y Z[5]\{i,j}Zj〉〉 = 0

or, rearranging,
xj
xi

= (−1)j−i
〈〈Y Z[5]\{j}〉〉
〈〈Y Z[5]\{i}〉〉

.

This shows v = 0. �

Before using Lemma 11.13 to invert Z̃, we need an alternate formulation of the twistor matrix

M tw
r (Y ) for Sr. Recall from Definition 7.1 that the entries of M tw

r (Y ) are rational functions in

the recursively defined coordinate functionaries ζi(Y ). We show that these functionaries can be

expressed differently using the vectors vrζi .

Proposition 11.14. Let Sr ∈ Gr≥0

k,n be a BCFW cell and {ζi(Y )} its collection of coordinate

functionaries. Let vζi := vrζi(Y ) be the vectors from Definition 11.11 with ζj set to equal ζrj(Y ).

Then for i = 1, . . . , k, we have

αi(Y ) =〈〈vβiZ, vγiZ, vδiZ, vεiZ〉〉 βi(Y ) = −〈〈vαiZ, vγiZ, vδiZ, vεiZ〉〉 γi(Y ) = 〈〈vαiZ, vβiZ, vδiZ, vεiZ〉〉
(32)

δi(Y ) = −〈〈vαiZ, vβiZ, vγiZ, vεiZ〉〉 εi(Y ) = 〈〈vαiZ, vβiZ, vγiZ, vδiZ〉〉.

Proof. We induct on the number of steps in r. The base case of 0 steps is trivially true. We now

need to show that if (32) holds for p (or rL, rR), then it holds for r.

If FStep = preIk , then the coordinate functionaries are the same for r and p. This shows that

the vectors for r, p are the same as well, since they are defined using the same formulas and are

evaluated on the same functionaries. So (32) holds for r if it holds for p.

The arguments for FStep = refl and FStep = cyc are similar to each other, so we give only the

latter case here. By Definition 7.1, when we go from p to r, the left hand sides of (32) change by

F 7→ F̃ := (−1)k degn F cyc−∗ F.

We will show the right hand sides also change by this operation. Notice that for a pure functionary

F , F̃ is obtained by substituting

Zn 7→ (−1)k−1Z1 and Zj 7→ Zj+1 for j < n.

This can be seen by writing F in terms of twistors 〈〈J〉〉 with elements of J written in increasing

order, as is our convention.

Note that vrζi is obtained from vpζi by right multiplying by [cyck,n] and replacing the coordinate

functionaries ζpj (Y ) with the coordinate functionaries ζrj(Y ). That is, if

vpζi = F1e1 + · · ·+ Fn−1en−1 + Fnen

where Fi are rational functionaries, then

vrζi = F̃1e2 + · · ·+ F̃n−1en + (−1)k−1F̃ne1.
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Right multiplying by Z, we see that replacing vpζiZ by vrζiZ in the right hand sides of (32) has the

effect substituting Zn with (−1)k−1Z1 and Zj with Zj+1 for all other j, as desired.

Now, if FStep = (a, b, c, d, n), (32) holds for i = k by definition, since

vαk
Z = Za vβkZ = Zb vγkZ = (−1)kRZc vδkZ = (−1)kRZd vεkZ = (−1)kRZn.

If the ith step tuple of r is in rL, then the coordinate functionaries change by

F 7→ F̃ := (−1)(kR+1) degn FΨacF

when we pass from rL to r. We will show this is also how the right hand sides of (32) change. The

argument if the ith 4-step tuple of r is in rR is very similar, and is left to the reader.

Note that vrζi is obtained from vLζi by right multiplication by ya(
αk(Y )
βk(Y ) )Pn,n,kR+1 and then replacing

the coordinate functionaries ζLj (Y ) with ζrj(Y ). That is, if

vLζi = F1e1 + · · ·+ Faea + Fbeb + Fnen

where Fi are rational functionaries, then

vpζi = F̃1e1 + · · ·+ F̃aea + F̃b

(
eb +

αk(Y )

βk(Y )
ea

)
+ (−1)kR+1F̃nen.

Recalling that αk(Y )
βk(Y ) = − 〈〈bcdn〉〉〈〈acdn〉〉 , we see that replacing vLζiZ by vrζiZ in the right hand sides of (32)

has the effect of substituting

Zb 7→ Zb −
〈〈bcdn〉〉
〈〈acdn〉〉

Za and Zn 7→ (−1)kR+1Zn

which is precisely the map F 7→ F̃ since all functionaries appearing are pure. �

We now partially invert the Z̃-map on a BCFW cell. That is, we show there is a subset of Z◦r on

which Z̃ : Sr → Z◦r is invertible. Later we show that this subset is the entire open BCFW tile Z◦r .

Proposition 11.15. Let Sr ∈ Gr≥0

k,n be a BCFW cell. Let Y ∈ Grk,k+4 be a point such that

ζri (Y ) > 0 for all coordinate functionaries. Then M tw
r (Y ) ∈ Sr and is the unique element of

Z̃−1(Y ) ∩ Sr. In particular,

(33) Z◦r ⊇ {Y ∈ Grk,k+4 : ζri (Y ) > 0 for all coordinate functionaries}.

Proof. First, since all coordinate functionaries are positive on Y , [αi(Y ) : βi(Y ) : γi(Y ) : δi(Y ) :

εi(Y )]ki=1 is an element of (Gr>0
1,5)k. The matrix C := M tw

r (Y ) is precisely the image of this point

under the map in Proposition 6.22, so is in Sr. Writing the rows of M tw
r (Y ) using the vectors vζi ,

we see the vectors vζi are all evaluated on the coordinate functionaries of Y , so are precisely the

vectors appearing in Proposition 11.14.

Now, by Lemma 11.12, row i of C is equal to

vi = αi(Y )vαi + βi(Y )vβi + γi(Y )vγi + δi(Y )vδi + εi(Y )vεi

so by Proposition 11.14, row i of CZ is equal to

viZ =〈〈vβiZ, vγiZ, vδiZ, vεiZ〉〉vαiZ − 〈〈vαiZ, vγiZ, vδiZ, vεiZ〉〉vβiZ + 〈〈vαiZ, vβiZ, vδiZ, vεiZ〉〉vγiZ
− 〈〈vαiZ, vβiZ, vγiZ, vεiZ〉〉vδiZ + 〈〈vαiZ, vβiZ, vγiZ, vδiZ〉〉vεiZ.
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Note that viZ is a nonzero vector and is also exactly the vector v from Lemma 11.13 applied to Y

and the matrix with rows vαiZ, vβiZ, vγiZ, vδiZ, vεiZ. All of the twistor coordinates appearing as

coefficients are nonzero by assumption, thus by Lemma 11.13, the vector viZ spans the subspace

Y ∩ span(vαiZ, vβiZ, vγiZ, vδiZ, vεiZ) and in particular is a nonzero vector in Y . This implies that

the rowspan of CZ is contained in Y . Since both subspaces are k-dimensional, they must be equal.

Thus C is a preimage of Y .

Now, suppose C ′ ∈ SD is another preimage of Y , with BCFW parameters {ζ ′i} and vectors vζ′i .

We will show that in fact C ′ has the same BCFW parameters as C, starting with i = k. For i = k,

we have vζk = vζ′k because these vectors are the same for all elements of SD.

The kth row of C ′Z is

v′kZ = α′kvα′kZ+β′kvβ′kZ+γ′kvγ′kZ+δ′kvδ′kZ+ε′kvε′kZ = α′kvαk
Z+β′kvβkZ+γ′kvγkZ+δ′kvδkZ+ε′kvεkZ

and is a nonzero element of Y . Also, v′kZ ∈ span(vαk
Z, vβkZ, vγkZ, vδkZ, vεkZ), so must be

proportional to vkZ, which spans Y ∩ span(vαk
Z, vβkZ, vγkZ, vδkZ, vεkZ). Thus

[αk : βk : γk : δk : εk] = [α′k : β′k : γ′k : δ′k : ε′k].

Now, suppose ζj = ζ ′j for all j > i. This implies that vζi = vζ′i since vζi depends only on the

BCFW parameters indexed by j > i. Repeating the argument above with the ith row of CZ ′ shows

that

[αi : βi : γi : δi : εi] = [α′i : β′i : γ′i : δ′i : ε′i].

�

To prove Theorem 7.7, we just need to show the reverse inclusion in (33). That is, for every point

C ∈ Sr, we need to show that CZ has positive coordinate functionaries. To do so, we analyze the

signs of functionaries on Z◦r before and after promotion, cyclic shift, and reflection, using results

from Section 11.1.

Proof of Theorem 7.7. It suffices to show the reverse inclusion in (33), since the desired statement is

already known for the set on the right hand side. That is, we need to show that for all Z ∈ Mat>0
n,k+4,

(34) Z◦r ⊆ {Y ∈ Grk,k+4 : ζri (Y ) > 0 for all coordinate functionaries}

We will show that all coordinate functionaries for r have strong sign +1 on the image of Sr, and so

in particular are positive on Z◦r .

We proceed by induction. The base case is k = 0 or r = ∅, which is trivially true since there are

no coordinate functionaries for r.

Now, suppose FStep ∈ {preIk , refl}. By induction, the coordinate functionaries of p are strongly

positive on the image of Sp. By Definition 7.1, the coordinate functionaries for r are obtained from

those for p by doing nothing (if FStep = preIk) or applying refl∗ (if FStep = refl). In either case,

Theorem 11.2 show that the coordinate functionaries for r have strong sign +1 on the image of Sr.

If FStep = cyc, then ζri (Y ) = (−1)k degn ζ
r
i (Y ) cyc−∗ ζri (Y ). Again, the inductive hypothesis and

Theorem 11.2 show that this functionary has strong sign +1 on the image of Sr.
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If FStep = (a, b, c, d, n), then Lemma 11.4 shows that each of the five twistors ζrk(Y ) have strong

sign +1 on the image of Sr. Theorem 11.3, Item 2 and the inductive hypothesis shows that the

remaining coordinate functionaries have strong sign +1 on the image of Sr. �

Since the map Y 7→ M tw
r (Y ) of Theorem 7.7 amounts to a continuous inverse of Z̃ on Z◦r , we

have the following corollary.

Corollary 11.16. The amplituhedron map, restricted to a BCFW cell, is open.

Corollary 11.17. Let Sr be a BCFW cell. Then ∂Zr ⊂ Z̃(∂Sr).

Proof. Since Z̃ restricts to a homeomorphism on Sr, Z
◦
r is open and thus is contained in the interior

of Zr. Since Zr is the image of Sr, the boundary of Zr is contained in the image of ∂Sr. �

We also show that each coordinate cluster variable of r (c.f. Definition 7.3) has a strong sign on

the image of Sr.

Corollary 11.18. Let Sr be a BCFW cell and let ζ̄i ∈ x(r) be a coordinate cluster variable. Then

for some s ∈ {±1}, ζ̄i has strong sign s on the image of Sr.

Proof. We proceed by induction. Recall that ζ̄ri is either one of the twistor coordinates in Lemma 11.4;

or it is equal to one of ζ̄pi , cyc−∗ ζ̄pi , refl∗ ζ̄pi ; or it is the rescaled product promotion of ζ̄Li or ζ̄Ri .

In the first case, the corollary is true by Lemma 11.4. In the second, it is true by Theorem 11.2.

In the third case, Theorem 11.3 tells us that Ψ(ζ̄Li ) (or Ψ(ζ̄Ri ), as appropriate) has a strong sign

on the image of Sr. By definition, ζ̄i = Ψ(ζ̄Li ) differs from Ψ(ζ̄Li ) by a Laurent monomial in the

twistors appearing in Lemma 11.4. Since each of these twistors has a strong sign on the image of

Sr, this implies that ζ̄i also has a strong sign on the image of Sr. �

Remark 11.19. While Corollary 11.18 is stated for the coordinate cluster variables of x(r), the

proof holds for any functionary which can be obtained by repeatedly applying Ψ, cyc−∗, and refl

to a cluster variable with strong sign on the image of the appropriate BCFW cell. In particular,

twistor coordinates whose indices are cyclically consecutive in N have a strong sign on the image

of every BCFW cell with marker set N . Repeatedly applying Ψ, cyc−∗, and refl to such a twistor

coordinate will produce a functionary with strong sign on the image of the appropriate BCFW cell.

12. BCFW tilings

Recall the notion of tiling from Definition 2.13. In this section we will prove the BCFW tiling

conjecture (see Theorem 12.3), which was implicit in [AHT14], and which gives a large class of

tilings of the amplituhedron An,k,4(Z) using BCFW tiles.

Notation 12.1. Throughout this section we use Notation 2.11, Notation 5.1 and fix k ≥ 0, n ≥
k + 4. Moreover, we define bmin := 2 if kL = 0 and otherwise bmin := kL + 3.

Definition 12.2 (BCFW collections). We say that a collection T of 4k-dimensional BCFW cells

in Gr≥0
k,n is a BCFW collection of cells for An,k,4 if it has the following recursive form:

• If n = k + 4, T is the single BCFW cell Gr>0
k,n.

• If k = 0, T is the single trivial BCFW cell Gr>0
0,n.



84 C. EVEN-ZOHAR, T. LAKREC, M. PARISI, M. SHERMAN-BENNETT, R. TESSLER, AND L. WILLIAMS

Figure 24. Some BCFW collections in terms of plabic graphs. For (n, k) = (5, 1)
and (n, k) = (6, 2), there is a unique BCFW collection which contains the unique
BCFW cell Gr>0

1,{1,2,3,4,5} and Gr0,{6,1,2} ./ Gr1,{2,3,4,5,6}, respectively. For (n, k) =

(6, 1), we show a BCFW collection where Tpre and each TkL,kR,b,n consists of a single
cell. For (n, k) = (7, 2) we show a 6-element BCFW collection.

• If T = {Sr} is a BCFW collection of cells, so is refl T := {reflSr} and cycr T := {cycr Sr}.
• Otherwise

T = Tpre t
⊔

b,kL,kR

TkL,kR,b,n,

where

– b ranges from bmin to n− 3− kR, and bmin, kL, kR as in Notation 12.1,

– Tpre = {pred(S
i)|i ∈ F}, where {Si|i ∈ F} is a BCFW collection of cells for A[n]\{d},k,4,

– TkL,kR,b,n has the form {SiL ./ SjR | i ∈ D, j ∈ E} where {SiL | i ∈ D} and {SjR | j ∈ E} are

BCFW collections of cells for ANL,kL,4 and ANR,kR,4.

See Figure 24 for examples of BCFW collections.

Theorem 12.3 is the second main result of our paper. The statement was conjectured in [AHT14],

and in the case of the standard BCFW collection, was proven in [ELT21].

Theorem 12.3 (BCFW tilings). Let {S1, . . . , S`} be a BCFW collection of cells for An,k,4. Then for

all Z, the corresponding collection of tiles {ZS1 , . . . , ZS`
} is a tiling of the amplituhedron An,k,4(Z),

which we refer to as a BCFW tiling.

Theorem 12.3 is a special case of the more general Theorem 12.6, which we will prove below.
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n
k

0 1 2 3 4 5

5 1 1
6 1 2 1
7 1 7 7 1
8 1 40 2624 40 1
9 1 297 > 107 > 107 297 1

Table 2. Number of BCFW tilings of An,k,4(Z)

Figure 25. BCFW tiling for An,k,4. On the right hand side: the first term
is obtained by tiling A[n]\{d},k,4 (from Tpre); the second term is the union over
b, kL, kR as in Definition 12.4 of the collections of tiles obtained by tiling ANL,kL,4

and ANR,kR,4 independently (from TkL,kR,b,n).

Definition 12.4. A collection T of 4k-dimensional BCFW cells in Gr≥0
k,n is called a quasi-BCFW

collection of cells for An,k,4 if there is a decomposition

T = Tpre t
⊔

kL,kR,b

TkL,kR,b,n,

where

• b ranges from bmin to n− 3− kR, and bmin, kL, kR as in Notation 12.1,

• Tpre = {pred(S
i)|i ∈ F}, where the collection {Si|i ∈ F} gives a tiling of A[n]\{d},k,4 for all Z,

• TkL,kR,b,n has either of the following forms:

– {Si,jL ./ SiR | i ∈ D, j ∈ Ei}, where the collection {SiR ⊂ Gr≥0
kR,NR

| i ∈ D} gives a tiling of

ANR,kR,4 for all Z, and for every i the collection {Si,jL ⊂ Gr≥0
kL,NL

| j ∈ Ei} gives a tiling of

ANL,kL,4 for all Z,

– {SiL ./ S
i,j
R | SiL ⊂ Gr≥0

kL,NL
, Si,jR ⊂ Gr≥0

kR,NR
, i ∈ D, j ∈ Ej}, and the conditions on the right and

left side in the above point are interchanged.

In the first case we say that TkL,kR,b,n is fibred on the right side, and in the second we say it is

fibred on the left side.
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Remark 12.5. Definition 12.4 is similar to Definition 12.2. However, while the tiles involved in

Definition 12.4 are all BCFW tiles, their collection does not need to be produced via the recursion

in Definition 12.2, but instead is obtained from tilings of amplituhedra with smaller n and k.

Theorem 12.6. Let T = {S1, . . . , S`} be a quasi-BCFW collection of cells for An,k,4. Then for all

Z, the corresponding collection of tiles {ZS1 , . . . , ZS`
} is a tiling of the amplituhedron An,k,4(Z).

Our starting point for proving Theorem 12.6 is the following theorem, proven in [ELT21, Theorem

9.5, Lemma 9.7] and the comment after the proof of [ELT21, Proposition 9.9].

Theorem 12.7. Let Z ∈ Mat>0
n,k+4 and

Cpre := pred(Gr>0
k,[n]\{d}) and CkL,kR,b,n := Gr>0

kL,NL
./ Gr>0

kR,NR
.

Then the sets

{Z̃(Cpre)} ∪ {Z̃(CkL,kR,b,n) | kL, kR ≥ 0, kL + kR = k − 1, bmin ≤ b ≤ n− 3− kR}

are pairwise disjoint and their union is dense in An,k,4(Z).

In particular, on Z̃(Cpre) all twistor coordinates 〈〈i, i+1, n−2, n〉〉 with i ∈ [1, n−4] are positive,

while on each Z̃(CkL,kR,b,n) at least one such twistor coordinate is negative. In addition, for all b 6= b′

the quadratic functionaries 〈〈b′ − 1, b′, n |n − 2, d | b, b − 1, n〉〉 have opposite signs on Z̃(CkL,kR,b,n)

and Z̃(CkL,kR,b′,n).

Definition 12.8. We say that two open tiles Z◦S1
, Z◦S2

are separated by a family F1, . . . , FN of

functionaries if each Fi has a strong sign on one of Z◦S1
, Z◦S2

, and, there are two disjoint sets

A,B ⊂ {−1, 0, 1}N such that for all Z

(sgnF1(Y ), sgnF2(Y ), . . . , sgnFN (Y )) ∈ A for all Y ∈ Z◦S1
,

while (sgnF1(Y ), sgnF2(Y ), . . . , sgnFN (Y )) ∈ B for all Y ∈ Z◦S2
.

Remark 12.9. If Z◦S1
, Z◦S2

are separated by a family of functionaries, then Z◦S1
∩Z◦S2

= ∅ for all Z.

Corollary 12.10. Two BCFW tiles ZS1 , ZS2 satisfy Z◦S1
∩Z◦S2

= ∅ for all Z if and only if they are

separated by a family of functionaries.

This corollary is an immediate consequence of Remark 12.9, and Theorem 7.7 and its proof, as

we can take the collection of coordinates functionaries for the two open tiles Z◦S1
, Z◦S2

as the list of

functionaries.

As we already proved BCFW cells give tiles in Theorem 7.7, the following two results are enough

to complete the proof of Theorem 12.6.

Proposition 12.11. Let T be a quasi-BCFW collection of cells for An,k,4. Then Z◦S1
∩ Z◦S2

= ∅,
for any pair of cells S1, S2 in T .

Proposition 12.12. Let T be a quasi-BCFW collection of cells for An,k,4. Then An,k,4(Z) =⋃
S∈T ZS .

In the rest of the section, we proceed with proving Proposition 12.11, and then Proposition 12.12.
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Proof of Proposition 12.11. By the definition of a BCFW collection, every S ∈ T belongs to either

Tpre or to TkL,kR,b,n.
Case (1): Consider S1, S2 ∈ T . If S1, S2 ∈ T both belong to Tpre, then they can be written as

S1 = pred(S
′
1), and S2 = pred(S

′
2),

where by construction and Corollary 12.10 there is a family of functionaries F1, . . . , Fn separating

S′1, S
′
2. The same functionaries are easily seen to separate S1, S2 using Theorem 11.2. Hence the

claim follows by Corollary 12.10.

Case (2): If S1, S2 ∈ TkL,kR,b,n, then without loss of generality,

S1 = Si,jL ./ SiR and S2 = Si
′,j′

L ./ Si
′
R,

where {SiR} gives a tiling of ANR,kR,4(ZR) for all ZR and {Si,jL }, {S
i′,j′

L } for fixed i, i′ gives a tiling

of ANL,kL,4(ZL) for all ZL.

Since S1 6= S2 either i 6= i′ or i = i′ but j 6= j′. We treat the first case, the second is treated

similarly. By Corollary 12.10, Z◦
Si
R
, Z◦

Si′
R

can be separated by a family F1, . . . , FN of functionaries.

Using Item 2, Item 3 of Theorem 11.3, we will show that Z◦S1
and Z◦S2

can be separated by the

family Ψ(F1), . . . ,Ψ(FN ) of functionaries and so are disjoint for all Z by Corollary 12.10. Without

loss of generality, let F1, . . . , FM have a strong sign + on Z◦
Si
R

and FM+1, . . . , FN have a strong sign

+ on Z◦
Si′
R

. This means that on Z◦
Si
R

the signs of (F1, . . . , FN ) are of the form

(+1, . . . ,+1, sM+1, . . . , sN ), where (sM+1, . . . , sN ) ∈ U ⊆ {±1, 0}{M+1,...,N},

while on Z◦
Si′
R

these signs are all of the form

(s1, . . . , sM ,+1, . . . ,+1), where (s1, . . . , sM ) ∈ V ⊆ {±1, 0}{1,...,M}.

Since F1, . . . , FN is separating, at most one of U, V contains the all +1 vector. By Item 2 and Item 3

of Theorem 11.3, on every point of Z◦S1
the promotions (Ψ(F1), . . . ,Ψ(FN )) have a sign vector of

the form

(+1, . . . ,+1, sM+1, . . . , sN ), where (sM+1, . . . , sN ) ∈ cl(U) ⊆ {±1, 0}{M+1,...,N},

while on every point of Z◦S2
the sign vector is of the form

(s1, . . . , sM ,+1, . . . ,+1), where (s1, . . . , sM ) ∈ cl(V ) ⊆ {±1, 0}{1,...,M}.

Notice that a sign vector is simultaneously of the form (+1, . . . ,+1, sM+1, . . . , sN ) and of the

form (s1, . . . , sM ,+1, . . . ,+1) if and only if it is the all +1 vector. At most one of cl(U), cl(V )

contains the all +1 vector, since at most one of U, V contains the all +1 vector.

Thus, the sets

{(+1, . . . ,+1, sM+1, . . . , sN ) : (sM+1, . . . , sN ) ∈ cl(U)},
{(s1, . . . , sM ,+1, . . . ,+1) : (s1, . . . , sM ) ∈ cl(V )}

do not intersect.
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Case (3): Suppose S1 and S2 belong to different sets among Tpre, {TkL,kR,b}kL,kR,b. Denote these

sets by T1, T2 respectively, and let C1, C2 such that Ci = Cpre if Ti = Tpre, and Ci = CkL,kR,b,n if

Ti = TkL,kR,b,n (Cpre and CkL,kR,b,n are as in Theorem 12.7.)

Assume towards contradiction that for some Z the intersection Z◦S1
∩ Z◦S2

is non empty. Then,

since Z◦S1
, Z◦S2

are open (Corollary 11.16), also their intersection U 6= ∅ is open. Lemma 12.13 below

shows that also Z̃(C1), Z̃(C2) are open. Since

Z◦S1
⊆ Z̃(C1), Z◦S2

⊆ Z̃(C2),

this implies U is contained in Z̃(C1) ∩ Z̃(C2), and hence intersects Z̃(C1) ∩ Z̃(C2) in an open

nonempty set. But this contradicts Theorem 12.7.

�

Lemma 12.13. Let S.L, S
/
R be as in Notation 11.7. Then:

• the sets Z◦S.
L

and Z◦S/
R

are open;

• the sets Z̃(Cpre) and Z̃(CkL,kR,b,n) are open.

Proof. We start with the first statement. We prove it for Z◦S/
R
, the proof for Z◦S.

L
is similar. We

will show that the amplituhedron map is submersive on S/R, and since submersions are open it will

prove our claim.

Note that for |NL| ≤ kL + 4, S/R is a BCFW cell, hence Z̃|S/
R

is open and submersive by

Corollary 11.16.

Let |NL| > kL + 4 and denote WL = Span(Zi : i ∈ NL), d = dim(WL). Since every k + 4 rows of

Z are linearly independent, d = min(NL, k + 4)

Let π : F → GrkL(WL) be the fiber bundle whose fiber over W ∈ GrkL(WL) is

FW = π−1(W ) = GrkR+1(Rk+4/W ).

The amplituhedrom map Z̃ : S/R → Grk,k+4 decomposes as

S/R → F → Grk,k+4,

where the map Φ : F → Grk,k+4 is given by

Φ(U,W ) = U +W,

and the map Ξ : S/R → F is given by

Ξ(V ) = (Z̃(V )/(VLZ), VLZ),

where VL = V ∩ Span(ei : i ∈ NL).

We will show that these maps are well defined and submersive. This will imply that also their

composition, Z̃|S/
R

is a submersion.

The map Φ: Φ is well defined, since if U1, U2 are different liftings of a (kR+1)-subspace of Rk+4/W

to k-spaces U ′1, U
′
2 ⊆ Rk+4, then

U ′1 +W = U ′2 +W ∈ Grk,k+4 .

It surjective, since any k−space V ⊆ Rk+4 intersects WL in a subspace of dimension at least

d−4 ≥ kL. Thus we can decompose V (not uniquely) as U +W where W is a kL−space in WL∩V.
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Φ is then seen to be everywhere submersive, by standard arguments.

The map Ξ: Let V be an element of S/R, by the proof of Proposition 10.2 and Remark 10.3, V

can be written uniquely as

V = VL ⊕ VR,
where VL ∈ preb+1,...,d−1 Gr>0

kL,NL
and VR belongs to the BCFW cell S′R of pre1,...,a−1 Gr≥0

kR+1,NR

obtained by applying the upper BCFW map with indices a, b, c, d, n to SR, and then adding zero

columns.

Let YL := VLZ, then YL ⊆ WL. In addition, VL ∈ preb+1,...,d−1 Gr>0
kL,NL

⊆ Gr≥0
kL,n

. On Gr≥0
kL,n

,

right multiplication by the positive matrix Z is just the amplituhedron map from Gr≥0
kL,n

to GrkL,k+4.

Hence YL ∈ An,kL,k+4−kL(Z), so in particular YL is of dimension kL and YL ∈ GrkL(WL).

Since Ξ(V ) = (Y/YL, YL), Ξ indeed maps S/R to F.

Let’s denote by TpM the tangent space of the differentiable manifold M at the point p. We can

conclude that Ξ is a submersion if we show that:

(1) at V ∈ S/R, the VL directions of TV S
/
R surject on the base directions TYL GrkL(WL);

(2) at V ∈ S/R, the VR directions surject on the fiber directions TY/YL GrkR+1(Rk+4/YL).

Item 1 can be proved by using standard arguments. We will now prove Item 2.

In order to show that Ξ is a submersion, we will show that at V ∈ S/R, the VL directions of

TV S
/
R surject on the base directions TYL GrkL(WL), while the VR directions subrject on the fiber

directions TY/YL GrkR+1(Rk+4/YL).

Let us fix VL and note that

YR := Y/YL ⊆ Rk+4/YL

is a kR + 1 space, which lies in the image of S′R under the map

(35) Gr≥0
kR+1,NR

→ GrkR+1(Rk+4/YL),

obtained by the right multiplication of ZVL , whose rows are

Zi/YL, i = a, b, b+ 1, . . . , n.

Once fixing an identification of Rk+4/YL with R(kR+1)+4, this map becomes the amplituhedron map,

as long as ZVL is a positive matrix under this identification. Note that different identifications leave

the maximal minors of ZVL and the twistor coordinates of a point in GrkR+1(Rk+4/YL) invariant,

up to a common multiplicative scalar. In particular, whether a functionary vanishes at a given

point is independent of the identification with RkR+5.

We now show that all Plücker coordinates of ZVL have the same sign, hence there is an identification

which makes this matrix positive. Using linear algebra, it is easy to show that the Plücker

coordinates 〈I〉ZVL equal (up to multiplication of a common scalar) the determinants det(Y ′L|Z ′I) of

the (k + 4)× (k + 4) matrix obtained by stacking Y ′L = CLZ, where CL is a matrix representative

of VL, with a lift Z ′I of the rows I of ZVL to Rk+4. Here I runs over subsets of {a, . . . , n} of size

kR + 5 = k + 4− kL.

The determinant det(YL|Z ′I) can be expressed as the determinant of the matrix C ′LZ, where C ′L
is the (k+ 4)×n matrix whose first kL rows are CL, and the remaining rows are the standard basis
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elements ei, i ∈ I. C ′L is non-negative, Z is positive, and by Lemma 2.16 the determinant of C ′LZ,

is positive. Hence det(YL|Z ′I) and the Plücker coordinates 〈I〉ZVL are positive.

We can now show that the map in Equation (35) is submersive: its inverse map is smooth near

Y/YL, since we can run the same pre-image algorithm of Theorem 7.7 for the cell S′R, in analogy

with the usual amplituhedron map. The algorithm does not stop as long as certain functionaries

are nowhere zero, see the proof of Theorem 7.7. Recall that whether a functionary is zero is

independent of the identification with RkR+5.

The proof regarding Z̃(CkL,kR,b,n) is similar to the one of Z◦S/
R

, but one can use standard

arguments to prove both the analogue of Item 1 and Item 2.

Finally, we complete the proof regarding Cpre. The fact that the amplituhedron map from

Gr>0
k,[n]\{n−1} to Grk,k+4 is a submersion was shown in [ELT21, Theorem 1.5]. It is straightforward

to conclude that also the amplituhedron map restricted to Cpre = pren−1 Gr>0
k,[n]\{n−1} submerses.

�

In order to prove Proposition 12.12, we need the following results from [BH19, Proposition 3.3,

Corollary 3.2, Lemma 3.1]:

Theorem 12.14. Let {S`}`∈C be a collection of positroid cells in Gr≥0
k,[n]\{i}.

(1) If {ZS`
}`∈C tiles Z̃(Gr≥0

k,[n]\{i}) for all Z, then {Zprei(S`)}`∈C tiles Z̃(prei(Gr≥0
k,[n]\{i})) for all Z

(2) If {ZS`
}`∈C tiles Z̃(Gr≥0

k,[n]\{i}) for all Z, then {Zinci(S`)}`∈C tiles Z̃(inci(Gr≥0
k+1,[n]\{i})) for all Z

(3) Let {Sj}j∈D be a collection of positroid cells in Gr≥0

k,n. If {ZSj}j∈D tiles An,k,4(Z) for all Z,

then {Zcyci(Sj)}j∈D tiles An,k,4(Z) for all Z.

(4) Let S be a positroid cell in Gr≥0

k,n, and let S1, . . . , Sr be positroid cells contained in S.

If the union of ZS1 , . . . , ZSr equals ZS for all Z, then for any j ∈ [n] we have:

Zxj(R+).S =
r⋃
i=1

Zxj(R+).Si
and Zyj(R+).S =

r⋃
i=1

Zyj(R+).Si
, for all Z.

Recall from Notation 11.7 the definition of S. and S/.

Lemma 12.15. Let C be a collection of BCFW cells. If {ZS}S∈C tiles ANL,kL,4 (respectively,

ANR,kR,4), then {ZS.}S∈C (respectively, {ZS/}S∈C) covers ZCkL,kR,b,n
for all Z.

Proof. By Lemma 11.8 this statement follows by subsequent applications of Theorem 12.14. More

specifically, there is a sequence s of operations of the form prei, inci, xi(R+), yi(R+), such that for

each S ∈ C s.S = S/ and also s.Gr≥0
kR,NR

= Gr≥0
kL,NL

./ Gr≥0
kR,NR

. This means that Z
s.Gr≥0

kR,NR

=

∪S∈CZs.S . An analogous argument works for S.. �

Lemma 12.16. For every BCFW cell SR in Gr≥0
kR,NR

, and every BCFW cell SL in Gr≥0
kL,NL

,

Z◦S.
L
∩ ZS/

R
= ZS.

L
∩ Z◦S/

R
= Z◦S.

L
∩ Z◦S/

R
⊆ ZSL./SR

Proof. The equalities hold since Z◦S.
L
, Z◦S/

R
are open, by Lemma 12.13. We now show the inclusion.

Let F1, . . . , F5k be the coordinate functionaries of Z◦SL./SR
where the first 5kL are the promotions of

the coordinate functionaries of SL, the last 5kR are the promotions of the coordinate functionaries of

SR and the remaining 5 are the (signed) twistors introduced in the k-th step-tuple. By Lemma 11.4,



CLUSTER ALGEBRAS AND TILINGS FOR THE m = 4 AMPLITUHEDRON 91

the 5 (signed) twistors are positive on Z◦SL./SR
, Z◦S.

L
, Z◦S/

R
. By Theorem 11.3, the first 5kL are positive

on Z◦SL./SR
, Z◦S.

L
and the last 5kR are positive on Z◦SL./SR

, Z◦S/
R
. By Theorem 7.7 every point for which

all the Fi are positive belongs to Z◦SL./SR
. Thus, every point of Z◦S.

L
∩ Z◦S/

R
belongs to Z◦SL./SR

. We

finish by taking closures. �

Proof of Proposition 12.12. By our assumptions, and Item 1 of Theorem 12.14, , Tpre gives a tiling

of ZCpre
, for all Z. We will now show that the collection {ZS}S∈TkL,kR,b,n

covers the subspace

ZCkL,kR,b,n
. The result will then follow from Theorem 12.7.

Fix kL, kR, b, n and suppose without loss of generality that TkL,kR,b,n is fibred on the right side:

TkL,kR,b,n = {Si,jL ./ SiR | i ∈ D, j ∈ Ei},

where the collection {ZSi
R
| i ∈ D} tiles of ANR,kR,4(ZR) for all ZR and for every i the collection

{Z
Si,j
L
| j ∈ Ei} covers ANL,kL,4(ZL) for all ZL. By Lemma 12.15, {Z(Si

R)/ | i ∈ D} covers ZCkL,kR,b,n

for all Z. Similarly, for every i, {(Si,jL ). | j ∈ Ei} gives a tiling of ZCkL,kR,b,n
for all Z. Thus, for all

Z, and every i ∈ D.

Z(Si
R)/ = Z◦

(Si
R)/

=
⋃
j∈Ei

Z◦
(Si

R)/
∩ Z

(Si;j
L ).
⊆
⋃
j∈Ei

Z
Si,j
L ./Si

R
=
⋃
j∈Ei

Z
Si,j
L ./Si

R
,

where the inclusion is by Lemma 12.16 and the last equality uses that ZS are closed sets. Therefore

ZCkL,kR,b,n
⊆

⋃
i∈D,j∈Ei

Z
Si,j
L ./Si

R
.

This completes the proof. �

Appendix A. Background on plabic graphs

In [Pos06], Postnikov classified the cells of the positive Grassmannian, using equivalence classes

of reduced plabic graphs, and decorated (or affine) permutations. Here we review some of this

technology, following [FWZb], [Pos06], and [PSW07].

Definition A.1 (Plabic graphs). A planar bicolored graph (or “plabic graph”) is a planar graph

G properly embedded into a closed disk, such that each internal vertex is colored black or white;

each internal vertex is connected by a path to some boundary vertex; there are (uncolored) vertices

lying on the boundary of the disk labeled 1, . . . , n for some positive n; and each of the boundary

vertices is incident to a single edge. See Figure 26 for an example.

1

2

34

5

Figure 26. A plabic graph

If G has an internal leaf which is incident to a boundary vertex, we call this a lollipop. We will

require that our plabic graphs have no internal leaves except for lollipops.

There is a natural set of local transformations (moves) of plabic graphs:
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(M1) Square move (or urban renewal). If a plabic graph has a square formed by four trivalent

vertices whose colors alternate, then we can switch the colors of these four vertices.

(M2) Contracting/expanding a vertex. Two adjacent internal vertices of the same color can be

merged or unmerged.

(M3) Middle vertex insertion/removal. We can remove/add degree 2 vertices.

See Figure 27 for depictions of these three moves.

Figure 27. Local moves (M1), (M2), (M3) on plabic graphs.

Definition A.2. Two plabic graphs are move-equivalent if they can be obtained from each other

by moves (M1)-(M3). The move-equivalence class of a given plabic graph G is the set of all plabic

graphs which are move-equivalent to G. A plabic graph is called reduced if there is no graph in

its move-equivalence in which there is a bubble, that is, two adjacent vertices u and v which are

connected by more than one edge.

Definition A.3 (Decorated permutations). A decorated permutation on [n] is a bijection π : [n]→
[n] whose fixed points are each coloured either black (loop) or white (coloop). We denote a black

fixed point i by π(i) = i, and a white fixed point i by π(i) = i. An anti-excedance of the decorated

permutation π is an element i ∈ [n] such that either π−1(i) > i or π(i) = i. We say that a decorated

permutation on [n] is of type (k, n) if it has k anti-excedances.

Definition A.4. Let G be a reduced plabic graph as above with boundary vertices 1, . . . , n.

For each boundary vertex i ∈ [n], we follow a path along the edges of G starting at i, turning

(maximally) right at every internal black vertex, and (maximally) left at every internal white

vertex. This path ends at some boundary vertex π(i). By [FWZb, Proposition 7.4.22], the fact

that G is reduced implies that each fixed point of π is attached to a lollipop; we color each fixed

point by the color of its lollipop. In this way we obtain the decorated permutation πG = π of G.

We say that G is of type (k, n), where k is the number of anti-excedances of πG.

The decorated trip permutation of the plabic graph G of Figure 26 is πG = (3, 4, 5, 1, 2), which

has k = 2 anti-excedances.

Theorem A.5 (Fundamental theorem of reduced plabic graphs). [FWZb, Theorem 7.4.25] [Pos06]

Let G and G′ be reduced plabic graphs. The following statements are equivalent:

• G and G′ are move-equivalent;

• G and G′ have the same decorated trip permutation.

Definition A.6 (Perfect orientation). A perfect orientation O of a plabic graph G is a choice

of orientation of each edge such that each black internal vertex u is incident to exactly one edge

directed away from u; and each white internal vertex v is incident to exactly one edge directed

towards v. A plabic graph is called perfectly orientable if it has a perfect orientation. Let GO
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denote the directed graph associated with a perfect orientation O of G. The source set IO ⊂ [n]

of a perfect orientation O is the set of boundary vertices i for which i is a source of the directed

graph GO. The complementary set of sinks will be denoted by ĪO.

Proposition A.7. [Pos06, Proposition 11.7, Lemma 11.10] Let G be a plabic graph. Then there is

a matroid M(G) called a positroid whose bases are precisely the subsets

{I | I = IO for some perfect orientation O of G}.

Lemma A.8. [PSW07, Lemma 3.2] Each reduced plabic graph G on [n] has an acyclic perfect

orientation. Moreover, for each total order <i on [n] defined by i <i i+1 <i · · · <i n <i 1 <i · · · <i
i − 1, G has an acyclic perfect orientation O whose source set IO is the lexicographically minimal

basis with respect to <i.

Given a perfect orientation O of a reduced plabic graph G, one can give a parameterization of

an associated cell SG of Gr≥0

k,n; the cell depends only on the move-equivalence class of G, not on G

or the choice of perfect orientation. The parameterization is particularly simple when O is acyclic.

Definition A.9 (Path matrix). Let G be a reduced plabic graph on [n] and let O be an acyclic

perfect orientation of G. Set k = |IO|. Let us associate a variable xe with each edge of G. For

i ∈ IO and j ∈ ĪO, define the boundary measurement Mij as the following expression:

Mij :=
∑
P

∏
e∈P

xe,

where the sum is over all directed paths in GO that start and end at the boundary vertices i and

J , and the product is over all edges e in P . The path matrix A = A(G,O) = (aij) is the unique

k × n matrix such that

• The k × k submatrix of A in the column set IO is the identity matrix.

• For any i ∈ IO and j ∈ ĪO, the entry aij equals ±Mij .

• All Plücker coordinates of A are nonnegative.

Theorem A.10. [Pos06] Let G and O be as in Definition A.9. Then for any positive real values of

the edge variables xe, the realizable matroid associated to the path matrix A(G,O) is the positroid

MG from Proposition A.7. Let SG ⊂ Gr≥0

k,n denote the set of all k-planes in Rn spanned by the

path matrices A = A(G,O), as each edge variable xe ranges over R>0. Then SG is homeomorphic

to an open ball, of dimension r(G)− 1, where r(G) is the number of regions of G, and SG is called

a positroid cell. We have that Gr≥0

k,n is a disjoint union of positroid cells.

If G is a perfectly orientable graph which fails to be reduced, it still gives rise to a positroid cell

SG; however, its dimension will be less than r(G).

We can perform certain operations, called gauge transformations, which preserve the boundary

measurements Mij . The following lemma is easy to verify.

Lemma A.11 (Gauge transformations). Let G and O be as in Definition A.9, and let N denote

network consisting of GO together with the edge weights xe. Pick a collection of positive real

numbers tv > 0 associated to each internal vertex v, and for each boundary vertex i, set ti = 1. Let

N ′ be the network obtained from N by replacing each edge weight xe (where e = (u, v) is an edge
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directed from u to v) by x′e = xetut
−1
v . In other words, for each interval vertex v we multiply by tv

the weights of all edges directed away from v, and we divide by tv the weights of all edges directed

towards v. Then the network N ′ has the same boundary measurements as the network N .

Theorem A.12. [Pos06, Theorem 18.5] If SG is a cell associated to plabic graph G, then every

cell in the closure of SG comes from a plabic graph obtained from G by deleting some edges, and

conversely, if we delete some edges of G, obtaining a perfectly orientable graph H, it corresponds

to a cell SH in the closure of SG.

Any positroid cell S can be built up using certain atomic operations, xi(t), yi(t), inci,prei, which

we now review, see e.g. [Lam15]. Recall from Definition 2.4 the definition of prei.

Definition A.13. Let Ea,b be the n × n matrix whose (a, b) entry is 1 and all other entries are

zero. For i = 1, . . . , n− 1, we define the upper triangular matrix xi(t) := I + tEi,i+1 and the lower

triangular matrix yi(t) := I+ tEi+1,i. We define xn(t), yn(t) as in [ELT21, Definition 3.4]. For fixed

t, we have maps xi(t), yi(t) : Grk,n → Grk,n to itself, which are induced by right multiplication:

xi(t) : C 7→ Cxi(t) and yi(t) : C 7→ Cyi(t).

For i ∈ [n], we also define the map inci : Matk,[n]\{i} → Matk,n by

inci :

C1 · · · Ci−1 Ci+1 · · · Cn

 7→


0 · · · 0 1 0 · · · 0

0

−C1 · · · −Ci−1
... Ci+1 · · · Cn
0

 .
This descends to a map inci : Grk,[n]\{i} → Grk,n.

The maps xi(t), yi(t), inci, prei have plabic graph analogues, namely adding bridges and lollipops.

Definition A.14. Let G be a planar graph. The operation of adding a black-white bridge at i

modifies G as follows.

i i+ 1 ii+ 1

7→

There is an analagous operation of adding a white-black bridge at i, where the white vertex is at i

and the black vertex is at i + 1. For i not in the index set of G, the operation of adding a (black

or white) lollipop adds a new boundary vertex i to G and adds an interior (black or white) leaf

adjacent to i. The boundary vertex i is placed so that the boundary labels of G are cyclically

increasing when read clockwise.

Theorem A.15. [Kar16, Proposition 2.5 and Section 2.6]

(1) Let SG ⊂ Gr≥0

k,n be a positroid cell. Then

xi(R+).SG := {Cxi(t) : C ∈ SG, t ∈ R+} and yi(R+).SG := {Cyi(t) : C ∈ SG, t ∈ R+}
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are positroid cells of Gr≥0

k,n whose postroid contains that of SG. A plabic graph corresponding

to these cells is, respectively, G with a white-black bridge added at i and G with a black-white

bridge added at i.

(2) Let SG ⊂ Grk,[n]\{i} . Then prei SG ⊂ Gr≥0

k,n and inci SG ⊂ Gr≥0
k+1,n are positroid cells. A plabic

graph corresponding to these cells is, respectively, G with a black lollipop added at i and G with

a white lollipop added at i.
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l’Institut Henri Poincaré D, 7(3):303–363, 2020.

[Lam15] Thomas Lam. Totally nonnegative Grassmannian and Grassmann polytopes. arXiv preprint

arXiv:1506.00603, 2015.

[Lam22] Thomas Lam. An invitation to positive geometries. arXiv:2208.05407, 8 2022.

[ LPSV19] Tomasz  Lukowski, Matteo Parisi, Marcus Spradlin, and Anastasia Volovich. Cluster adjacency for m = 2

Yangian invariants. J. High Energy Phys., (10):158, 10, 2019.

[LPW23] Tomasz Lukowski, Matteo Parisi, and Lauren K Williams. The Positive Tropical Grassmannian,

the Hypersimplex, and the m = 2 Amplituhedron. International Mathematics Research Notices,

2023(19):16778–16836, 03 2023.

[Lus94] G. Lusztig. Total positivity in reductive groups. In Lie theory and geometry, volume 123 of Progr. Math.,
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