RHOMBIC STAIRCASE TABLEAUX AND KOORNWINDER POLYNOMIALS
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ABSTRACT. In this article we give a combinatorial formula for a certain class of Koornwinder
polynomials, also known as Macdonald polynomials of type C. In particular, we give a com-
binatorial formula for the Koornwinder polynomials Kx = Kx(z1,...,2n;a,b,¢,d;q,t), where
A=(1,...,1,0,...,0). We also give combinatorial formulas for all “open boundary ASEP poly-
nomials” Fj,, where u is a composition in {—1,0, l}N; these polynomials are related to the non-
symmetric Koornwinder polynomials E,, up to a triangular change of basis. Our formulas are in
terms of rhombic staircase tableaux, certain tableaux that we introduced in previous work to give
a formula for the stationary distribution of the two-species asymmetric simple exclusion process
(ASEP) on a line with open boundaries.
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1. INTRODUCTION

In recent years there has been a great deal of activity connecting the asymmetric simple exclusion
process (ASEP), special functions, and combinatorics, resulting in new combinatorial formulas for
various special functions. For example, Cantini, de Gier, and Wheeler [CAGW15|] showed that
the specialization of the Macdonald polynomial Py(zi...,2n;q,t) at 1 = -+ = zxy = 1 and
g = 1 is the partition function for the multispecies ASEP on a ring. Subsequently Martin [Mar20]
gave a formula for the stationary distribution of the multispecies ASEP on a ring using some
combinatorial objects he called multiline queues. This led to our discovery of a new formula for
Macdonald polynomials and ASEP polynomials, which are related to the nonsymmetric Macdonald
polynomials by a triangular change of basis, in terms of multiline queues [CMW22].

A few years later, Ayyer, Martin, and Mandelshtam [AMM?20, [AMM22] proved analogous results,
connecting the modified Macdonald polynomials, queue-inversion tableaur, and the TAZRP (totally
asymmetric zero range process). In particular, they gave a new formula for modified Macdonald
polynomials in terms of queue-inversion tableaux.
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FIGURE 1. On the left: the two-species open ASEP state u = (e, %,0, %, 0 0). On
the right: a rhombic staircase tableau of type pu.

In this article we describe a parallel story, this time relating certain Koornwinder polyno-
mials K = Ky(z;a,b,c,d;q,t), thombic staircase tableaux, and the open boundary ASEP. In
[CGAGW16], Cantini, Garbali, de Gier and Wheeler showed that the specialization of the Koorn-
winder polynomial Ky at z; = --- = zy = 1 and ¢ = 1 is the partition function for the multispecies
open ASEP (the multispecies ASEP on a line with open boundaries), generalizing a previous re-
sult of Cantini [Canl7] for the two-species open ASEP. In [CMWI7], we gave a formula for the
stationary distribution of the two-species open ASEP in terms of some tableaux we called rhombic
staircase tableauz. Building on the above insights, in this article we give a combinatorial formula
for the Koornwinder polynomials K\ = K,(z;a,b,c,d;q,t), where A = (1,...,1,0,...,0), by in-
corporating “spectral parameters” zfd, . ,z]j\c,l into the rhombic staircase tableaux. We also give
combinatorial formulas for the “open boundary ASEP polynomials” f,(z;a,b,c,d;q,t) associated
to compositions in {—1,0,1}", which are analogously related to the nonsymmetric Koornwinder
polynomials E,(z;a,b,c,d;q,t) by a triangular change of basis. While our results only treat a
special case of Koornwinder polynomials, this special case is already quite nontrivial; as we explain
below, Koornwinder polynomials represent a substantial generalization of Macdonald polynomials.

In the remainder of the introduction we provide some background on Koornwinder polynomials,
the ASEP, and rhombic staircase tableaux, then state our main result.

1.1. Koornwinder polynomials. In [Mac88|, Macdonald introduced a family of orthogonal sym-
metric polynomials in the variables x = x1,x9,...,2n and parameters ¢,t indexed by partitions
A, associated to different Lie types. In type A, these are the classical Macdonald polynomials
Py = Py(x;q,t), which have been studied extensively in representation theory, algebraic combina-
torics, and mathematical physics. In type C, the Macdonald polynomials recover the Koornwinder
polynomials K\ = K\(z;a,b,c,d;q,t) (sometimes called Macdonald-Koornwinder polynomials), a
6-parameter family of symmetric Laurent polynomials introduced by Koornwinder in [K0092], and
further studied by van Diejen [vD95], Noumi [Nou95|, Sahi [Sah99], and others. We note that the
Koornwinder polynomials are a multivariate generalization of the the well-known Askey—Wilson
polynomials, which in turn specialize or limit to all other families of classical hypergeometric or-
thogonal polynomials in one variable [AW85]. Moreover the Koornwinder polynomials give rise to
the Macdonald polynomials associated to any classical root system via a limit or specialization; in
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particular, the usual (type A) Macdonald polynomial Py is the term of highest degree |A| in the
Koornwinder polynomial K, [vD95].

To keep our notation compact, we will often write K or K,(z; q,t) for Kx(z;a,b,c,d;q,t). When
the parts of A are bounded by one, we will write K)(z;t), since K(z;q,t) is independent of g.

There are also nonsymmetric versions of Macdonald and Koornwinder polynomials. The non-
symmetric Koornwinder polynomials E, = E,(z;a,b,c,d;q,t), which are indexed by compositions
p € ZV, were introduced by Sahi in [Sah99] as the joint eigenfunctions of mutually commuting
difference operators constructed from generators of the affine Hecke algebra. For a partition A,
the (symmetric) Koornwinder polynomial K can be obtained as a linear combination of the E,’s,
where p ranges over all signed permutations of .

Although there has been a wealth of combinatorics developed to study (symmetric and nonsym-
metric) Macdonald polynomials in type A, such as the tableaux formulas of Haglund, Haiman,
and Loehr [HHLO4|], multiline queue formulas [CMW22], and vertex model formulas [BW19], so
far there has been much less progress developing the combinatorics of Koornwinder polynomials.
Ram and Yip gave a type-independent formula for Macdonald polynomials in terms of (quantum)
alcove paths [RY11], which has been specialized to the Koornwinder case by Orr and Shimozono,
see [OS18] Theorem 3.13 and Proposition 3.20]. However, these formulas are much less explicit and
combinatorial than their type A counterparts.

In this paper we aim to leverage the connection between Koornwinder polynomials and the open
boundary ASEP [Canl7, [CWI18, [CGAGW16, [FV17] together with the tableaux formula for the
two-species open boundary ASEP [CMWI7] to give tableaux formulas for certain Koornwinder
polynomials.

1.2. The two-species open boundary ASEP. The asymmetric simple exclusion process (ASEP)
is a canonical example of an out-of-equilibrium system of interacting particles on a one-dimensional
lattice, originally introduced by Spitzer [Spi70]. In the ASEP with open boundaries, the particles
hop left and right on a one-dimensional finite lattice, subject to the constraint that there is at most
one particle at each site; particles can also enter and exit the lattice at the left and right endpoints
of the lattice, at rates «, 8, and 4.

There is a multispecies version of the open boundary ASEP, in which particles have weights
{0,£1,...,+m}. For the purpose of this article, it is enough to define the two-species open bound-

ary ASEP, shown at the left of

Definition 1.1. The two-species asymmetric simple exclusion process (ASEP) with open boundaries
(or two-species open ASEP) is a model of interacting particles on a one-dimensional lattice of N
sites, such that each site is either vacant (represented by o or “-1”) or occupied by a first class
particle (represented by e or “1”) or a second class particle (represented by * or “0”). States of the
ASEP are given by words u = (y1,...,un) € {®,0,%}N = {-1,0,1}V. We say that such a word
w has length |pu| = N. First class particles may enter and exit at the left and right boundaries,
and both types of particles can hop left or right to adjacent (vacant) sites. The transitions in this
Markov chain are as follows:

(1) XeoY — XoeY, XexY — XxeY, and Xx0Y — XoxY with probability ',
(2) XoeY — XeoY, X+eY — XexY, and XoxY — XxoY with probability ',
(3) oZ — oZ with probability %7,
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(4) ®Z — ¢Z with probability x5+,
(5) Ze — Zo with probability 2,
(6) Zo — Ze with probability 2,
where X,Y,Z € {o,*,e}* such that | X|+ |Y|=N —2and |Z| =N — 1.

Note that when there is a % at a boundary, no particles may enter or exit at that boundary. In
particular, the number of second class particles is conserved.

Building upon earlier work of [Uch08], the first and third author discovered that the partition
function Zy, of the two-species open ASEP on a lattice of IV sites with r second class particles can
be described as a Koornwinder moment of type A = (N —r),0") [CW18]. Concurrently, Cantini
[Canl7] found that the partition function Zy, coincides with the specialization of a Koornwinder
polynomial K)(z;a,b,c,d;q,t) of type A = (1¥~7,0") when z; = --- = zy = 1 after a change
of variables according to [Canl7, (9)]. EI In subsequent work, we introduced rhombic staircase
tableaux in order to describe the stationary distribution (and in particular the partition function)
of the two-species open ASEP [CMW17].

1.3. Rhombic staircase tableaux. In [CW11], Corteel and Williams introduced staircase tableaux
and used them to give a combinatorial formula for the stationary distribution of the open boundary
ASEP. Subsequently, Mandelshtam and Viennot [MVIS§] introduced rhombic alternative tableaux,
and used them to give a combinatorial formula for the stationary distribution of the two-species
open ASEP, when v = 6 = 0. Finally in [CMW17], we introduced rhombic staircase tableauz, and
used them to give a combinatorial formula for the stationary distribution of the two-species open
ASEP (with all parameters general). We now define these tableaux.

Definition 1.2. Let = (u1,...,un) € {0, *, e}, We define the rhombic diagram T'(u) of shape
1 to be the piecewise linear curve whose southeast border is obtained by reading p from left to
right and adding a south step followed by a west step for each o or e, and a southwest step for
each *. We label the squares and rhombi adjacent to the southeast border from top to bottom
with {1,...,N}. Then a square labelled j corresponds to p; € {o,e}, and a rhombus labeled j
corresponds to j; = *. The northwest border is obtained by adding N —r west steps followed by r
southwest steps followed by N — r south steps to the northeast end of the southeast border, where
r are the total numbers of * particles in p. We say such I'(u) has size (N, r).

See for an example.

Definition 1.3. We can tile I'(u) using three types of tiles:

e a square tile consisting of horizontal and vertical edges,

e a horizontal rhombic tile (or “horizontal rhombus” or “short rhombus”) consisting of hori-
zontal and diagonal edges,

e and a vertical rhombic tile (or
and diagonal edges.

We will always choose a distinguished tiling of I'(x), shown in

[4

‘vertical rhombus” or “tall rhombus”) consisting of vertical

,,,,,,

dence on gq.
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FIGURE 2. T'(u) and its distinguished tiling when 1 = (e, %, 0, %,,8,0) € {0, %, e},
with labels assigned to the tiles on the southeast border.
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FIGURE 3. On the left, we show a tableau of type pu = (®,%,0,%,0 0 0), and on
the right we show the weights in ¢ associated to each tile. The total weight of the
tableau is o2526%3t14.

Definition 1.4. A west-strip is the maximal contiguous strip consisting of squares and vertical
rhombic tiles, where all tiles are adjacent along a vertical edge. Likewise, a north-strip is the
maximal contiguous strip consisting of squares and horizontal rhombi, where all tiles are adjacent
along a horizontal edge. The total number of west- and north-strips in a rhombic diagram of size
(N,r) is equal to N — r. The distinguished tiling of a rhombic diagram is the tiling in which all
north strips consist of squares then horizontal rhombi from bottom to top.

See for an example.

Definition 1.5. For u € {o,*, e}V, a rhombic staircase tableau (RST) of type u is a filling of the
tiles of I'(u) with the letters a, §,,d which satisfies the following conditions:

e A square on the southeast border corresponding to p1; = o must contain a 3 or a 7.
A square on the southeast border corresponding to x; = e must contain an o or a .
Each tile is either empty or contains one letter.

A horizontal rhombus may contain the letters « or ~.

A vertical rhombus may contain the letters 5 or §.

Every tile in the same north-strip and above a or v must be empty.

Every tile in the same west-strip and to the left of 5 or 6 must be empty.
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Definition 1.6. The weight wt(T') of a rhombic staircase tableau T" is a monomial in «, 3,7, 9,1,
obtained by scanning each tile and giving it a weight based on the nearest nonempty tile to its
right (resp. below) in its west-strip (resp. north-strip), if those exist:

Each horizontal rhombus containing « gets the weight ¢,

Each vertical rhombus containing 3 gets the weight ¢,

Each empty square that sees o or v to its right and « or § below gets the weight ¢
Each empty square that sees 8 to its right gets the weight ¢

Each empty vertical rhombus that sees § to its right gets the weight ¢2

Each empty vertical rhombus that sees a or  to its right gets the weight ¢

Each empty horizontal thombus that sees a below gets the weight ¢2

Each empty horizontal rhombus that sees 8 or § below gets the weight ¢

Finally, wt(T') is the product of all Greek letters in the filling of 7" times the product of all weights
in t assigned to the tiles according to the rules above. See for an example of a tableau of
weight o2 5262~3t14.

Definition 1.7. Given a word p = (p1,...,un5) € {—1,0, 1} = {0, x, e} let R(u) = >, wt(T),
where the sum is over all rhombic staircase tableaux of type p. In particular, R(u) is a polynomial
in «,B,7,0 and t.

Example 1.8. The following figure shows all rhombic staircase tableaux of type ee:

Thus R(ee) = ad(l+t+a+B+v+9) +a2t+52
To give a second example, the following figure shows all rhombic staircase tableaux of type ox:

s

Thus R(ox) = Bt + vt + Byt + 6.
The main result of [CMW17] was the following.

Theorem 1.9. [CMWIT7] Consider the two-species open boundary ASEP on a lattice of N sites,
with r second class particles. Let Zy, =Y R(c), where the sum is over all words o € {—1,0,1}¥
containing exactly v 0’s. Then Zn, is the partition function for the two-species open boundary
ASEP, and for each p € {—1,0,1} = {o, *, e}V containing exactly r 0’s (or *’s), the steady state
probability of being in state p equals

R(p)

ZN,T
Using [Theorem 1.9} it now follows from the result of Cantini [Canl7] that Zy, is the special-
ization of a Koornwinder polynomial at z; = --- = zy and ¢ = 1. This gives rise to the natural
question: how can we incorporate the “spectral parameters” zi,...,zy into the rhombic staircase

tableaux, so as to give a formula for the Koornwinder polynomials themselves?
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1.4. Main result. The above question leads us to our main result, described in
which is a formula for each “open boundary ASEP polynomial” F),(z;t), where u is a composition
in {~1,0,1}". We note that when p = ((=1)V=",0"), F,(z;t) coincides with the nonsymmetric
Koornwinder polynomial E,(z;t). Additionally the sum over all g € {—1,0,1}" with r 0’s is
the symmetric Koornwinder polynomial Ky~-r r(2;t), so we get combinatorial formulas for these
polynomials as well.

Recall from that for u = (p1,...,un) € {—=1,0,1}Y = {o,x,e} R(u) denotes
the generating polynomial in the variables «, 3,7, § and t for the rhombic staircase tableaux of type
. We also let

_ (t _ 1)N -r
-y B T
where r is the number of zeroes (or *) in p.

Let pu be a word of length N := |u|, and let [N] = {1,..., N}. For subsets of indices I,T" C [N]
and v = pl; a subword of yu restricted to the indices I, define u|p := p|rn; to be the maximal
subword of u supported on T'. For example, if u = pypopspaps, I = {2,4,5}, u = popaps, and
T ={1,2,4}, then u|p = popuy.

We introduce the following change of variables using the parameters a, b, c, 0E|

R(u),

oo —ac(l —1) B 1—t

T {a-De-1) T a1

_ —bd(1—t) 1t
(12 = -na-1y "= - nE-

Let Wy = (s1,...,sn) be the finite Weyl group of type Cy, as in [Definition 2.1} For S C [N],
we let S =[N]\ S.

Theorem 1.10. Let A € {1, O}N be a partition, and let § be the signed permutation of A such that
01 <6< - <8y <0. Choose p = (p1,...,un) € Wo- A C {—=1,0,1}" = {o,*, &}V and let
V= {i| e {£}}

We define
(1.3) Fu(zt):= > Rlulg)- [ =1 = > Ruls) - [["—1D.

SCV icS SC[N] ies
Then as p ranges over Wy - A, the Laurent polynomials
{Fu(z;t) | pe Wy - A}

form a qKZ family (in the sense of |Definition 2.4}).

Moreover, if we use the change of variables from (1.2)),

[] F5 (Z; t)
equals the nonsymmetric Koornwinder polynomial Es(z;a,b, c,d;t), and

2This change of variables is nearly the same as [Canl7, (9)] but is different from [CGAGWI6, (24), (25)]).
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e the symmetric Koornwinder polynomial Ky s equal to

K)\(Z;aabacvd;Q7t) = Z FH(Z;t)v
HEWH-A

where the sum runs over all distinct signed permutations of .

Remark 1.11. We refer to the Laurent polynomials {F,(z;t)} as open boundary ASEP polynomi-
als; each F), specializes at 21 = --- = 2y = 1 to the steady state probability that the two-species
ASEP is in state pu.

Remark 1.12. It follows from the definition of F}, that the coefficient of 2# in F}, is 1: we get this
term when S =V because R(u) = 1 when p = +".

Remark 1.13. We refer to the Laurent polynomials F},(21,. .., zn;t) as open boundary ASEP poly-
nomials because they are the open boundary analogue of the ASEP polynomials (on a ring) which
were first studied in [CAGW15, [CMW?22] (and which were subsequently dubbed “ASEP polyno-
mials” in [CAGW1S]). We note that the Laurent polynomials F}, are related to the nonsymmetric
Koornwinder polynomials E,, via a triangular change of basis, see [Proposition 2.9

Example 1.14. For N = 2, the ASEP polynomials are:

* Fuy = é(“) + 17?( ®)(z1 + 2o —2) + (21 — 1)(22 — 1).

o Fu 1y = R(e0) + R(e)(z;" = 1)+ R(0)(z1 = 1) + (21 = 1)(z " — 1.
® Flovy = Boo) + RE)(z = D+ R =~ D (o ~1)( 1),
o Fl1,1)=R(e0) + Ro)(s; " 425" =2) + (2" = 1)z — 1.

o Flug = R(ex) + R(x)(s1 — 1).

e I = R(j') + R(:k)(zQ —1).

o F_ig)=R(o#) + R(x)(z ' —1).

o Fo_1)= R(x0) + R(*)(%y L 1)

o Flog) = B(x).

For example since fi(oo) = m (a6(1 +t+a+B+y+6)+a’t+ 62) and E(o) =

(a4 ), we have that

a,B 75
NG o
F(l’l)_(aﬁt,w)(aﬁfw)(a5(1+t+a+5+7+5)+at+5)
+a;__175(04+5)(21+z22)+(z11)(z21)_

We then have that K(l,l) = F(Ll) + F(L_l) + F(—l,l) + F(—l,—l)? and K(Lo) = F(LO) + F(—LO) +
Fouy + Fo,-1)-

Using [Theorem 1.10] we can also give a simpler combinatorial formula for K)(z;q,t), where
A= (1N=T0m).
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Theorem 1.15. Let A = (1V=",0") and let
7 (t—1)N-r
N,r = r— -
[T (Bt —~9)

where Zn, = Zny(, 8,7, 0;t) is defined in Theorem as the generating polynomial for staircase
tableauz of size N with r diagonal steps. Then

ZNJ(()[,,B,’}/,(S; t)a

N—r
(14) ZQ7 Z N—k,;r* €L y17"'7yN)7
k=0
where y; = z;+1/2;— 2 for 1 <i < N and ex(y1,...,yn) is the elementary symmetric polynomial.

We now recall that Koornwinder polynomials K)(z;q,t) factor when ¢ = 1. This is a Koorn-
winder analogue of the corresponding factorization for Macdonald polynomials when ¢ = 1, see
(4.1)). (In|Section 2.4| we will sketch a proof of [Proposition 1.16{ which we learned from Eric Rains.)

Proposition 1.16 ([Rai24]). Let A = (A1, Ao,...,An) be any partition. Then at ¢ = 1, we have
the following formula for the Koornwinder polynomial K :

Z,l,t HK >\/ N)\’ Zt HKA’Zt

where X' is the partition conjugate to )\.

[Proposition 1.16|allows us to give a combinatorial formula for K)(z;1,t) for any partition A.

Corollary 1.17. The Koornwinder polynomials Kx(z;q,t) at ¢ =1 can be written as

A1
Z;Lt Ze,u ylv"'ayN)HZNf,ui,Nf)\;:
i=1
where y; = z; + 1/z; — 2, and the sum is over compositions 1 = ({11, ..., pe) such that 0 < p; < X,

for 1 <i < Aq.

We can consider as giving a combinatorial formula for Koornwinder polynomials
in terms of sequences of ¢ rhombic staircase tableaux.

The structure of this paper is as follows. In we define the affine Hecke algebra of type
C, Koornwinder polynomials, and the notion of a qKZ family. In we prove our main
result by showing that our polynomials {F},} form a qKZ family. And in we compare this
story to its counterpart in type A, and discuss further directions and generalizations.
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Poincaré and the visiting scholars program at Université Paris Cité which made this collaboration
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2. THE HECKE ALGEBRA AND KOORNWINDER POLYNOMIALS

In this section we review the affine Hecke algebra of type C, nonsymmetric and symmetric
Koornwinder polynomials, the notion of qKZ family, and we explain the relationship between
Koornwinder polynomials and qKZ family. For more background on these topics, see [Lus89],
[Ko092], [Sah99], and [NNSYO0I].

2.1. The affine Hecke algebra of type C.

Definition 2.1. The affine Weyl group Wxy of type Cy is the group generated by the elements
80,81, - - -, SN subject to the relations
s?zlforallOSiﬁN
sisj = sjs; if i — j| > 1
5i8i415; = 8i+18;8i41 for 1 <i < N —2
80818081 = 51505150
SNSN—1SNSN—-1 = SN—1SNSN—15N-

The finite Weyl group of type Cn is Wy = (s1,...,5N).

Given a parameter ¢, the affine Weyl group Wy acts on the space (C[zlﬂ, e ,z]i\r,l} of Laurent
polynomials in N variables as follows:
sif(z1y.oy2n) = f(21, o) Zit1y Ziy - -y ZN )5 1<i<N-1
sof (21, 2n) = flgzy 22,5 2N)
snf(z1,..,2n) = f(21,. .. ,zN_l,z;[l)

The affine Hecke algebra Hy of type Cy is a deformation of the group algebra of Wy, which
depends on three parameters tg, ¢ty and t. It is generated by elements Ty, 171, ..., Tx subject to the
relations
(2.1) T - T =t 7 2 for 0<i <N
(2.2) LT, =TT if |0 — j| > 1
(2.3) LTy =TTyl for 1 <i <N -2
(2.4) ToThToT, = ThIoT Ty
(2.5) INTN ATNTN-1 =TNATNTN-1TN
where t1 =ty =--- =tny_1 = L.

For 1 <i < N, define the operators

(2.6) Vi=(T;...Tn-1) (T ... To)(T7 Y. TL),
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which form an abelian subalgebra, and hence share a common set of eigenfunctions, which are
precisely the nonsymmetric Koornwinder polynomials in the polynomial representation of the Hecke
algebra Hy.

The following operators, introduced by Noumi [Nou95|, give a polynomial representation of H .
These operators also appear as the T;’s in [CGAGW16l (73)] and are closely related to the T)s in
[Canl7] (up to swapping b and c).

Definition 2.2. We fix parameters a,b,c,d,t,q, as well as positive integer N. The following

operators act on the space C[zi-), .. ., z]ﬂ\tfl] of Laurent polynomials in N variables.
(2.7 F_ e GimdE-g  1-s
T 1-— S;
( ) i ( Zi zl—i—l) P
t—1)(z:8 — 2z
(2.9) =s; + ( )(zisi — zi+1) for1<i<N
Zi = Zit1
~ (bzy —1)(dzy — 1)  1—sy
N ZN — ZN

It is straightforward to check that these operators satisfy the relations ([2.1f) to (2.5).

2.2. Koornwinder polynomials. We follow the exposition of [Kas11l, Definition 4.1] and [CGdGW16|
Definition 1] for the following characterization of nonsymmetric Koornwinder polynomials.

Definition 2.3. [CGAGWI16], Definition 1] Let A € Z" be a composition, and let AT denote the
unique dominant element in Wy - A, that is, )\f > )\2+ > > )\} > 0. Take the shortest element
w € Wy such that w- A" = X, and denote it by wi. Let p = (N — 1,N —2,...,1,0), and
p(X) =wy - p.

Then the nonsymmetric Koornwinder polynomial E is the unique polynomial which solves the
eigenvalue equations

(2.11) Y,Ex = y;(A)E) fori =1...N, where
(2.12) to = —acq™ !, tny = —bd, and

4 1ifN>0
2.13 i) = NPVt and ()) = '
(2.13) yi(A) =¢ (totn)“ and €(A) 0if A < 0
and whose coefficient of the term z* = zfl .. .z]AVN is equal to 1.

Definition 2.4. [Kaslll Definition 3.1] Let A € ZN be a composition. Suppose that for each signed
permutation p of A\, we have a Laurent polynomial f, € (C[zfl, e ,z]j\E,I] such that the following
relations hold:
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(2.14) Tofynse = 0" e i 1 <0
(2.15) Tofua = t0fur,.. it 1 =0

(2.16) ﬁf...,ui,mﬂ,.” =tf. piguisr,.. i i = pig1
(2.17) Tofcopsipisrne = oo 1 3> pia
(2.18) TNfoyiy = tNFopy if iy =0
(2.19) TNS i = [y i iy >0

Then we call the polynomials {f,} a ¢KZ family.

The following result appears in [CGAGW16], see [CGAGW16, Lemma 3] and the discussion that
follows. We take [Proposition 2.5| as the definition of the symmetric Koornwinder polynomial.

Proposition 2.5. Let A = (A1,...,AN) be a partition. Suppose that we have a ¢KZ family {f,} as
in [Definition 2.4, and suppose further that for § := —X, we have that fs equals the nonsymmetric
Koornwinder polynomial Es. Then the symmetric Koornwinder polynomial K is equal to

K)\(Zl7"'aZN;Q7t): Z fu(zl,»--,ZN;q,t),
pneEWn-A

where the sum runs over all distinct signed permutations of A.
The following result will be a key ingredient in the proof of our main result.

Proposition 2.6. Let A € ZN be a composition, and let & be the signed permutation of X such that

01 <02 <--- <oy <0. Suppose that we have a ¢KZ family {f,} as in|Definition 2.4, Then
Yifs = vi(6)fs

fori=1,...,N, i.e. (2.11) holds with fs in place of E\. Therefore if the coefficient of the term

2% in f5 is equal to 1, then fs equals the nonsymmetric Koornwinder polynomial Eg.

Example 2.7. As an example, we compute R(ox). From (T.3)), we have that Fo, = (271 —1)R(*)+
R(ox) = (21_1 — 1)+ R(o%). From |Pr0position 2.6L Y1(Foi) = yiFox = ¢ ' Foy, where Y1 = Y TyT1 Tp
for N = 2. We compute

LT To(z —1) =¢ ! <(z11 —1) -

2
TlTQTlTO(R(O*)) = Oéﬂt R(O*)

(t —1)(Bt2 +~v5 + Byt + 7t)>
27

and thus

DL Ty(For) = 7 (<z;1 SO Gl b Ul e O WY aﬂt2g<o*>>

Yo Yo
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Solving for R(o*), we get

. (= 1)(BE + At + Bt + 5y)
R(ox) = aft? —~5 ’

which matches the combinatorial computation for R(ox) from [Example 1.8

Proof. We start by writing § = ()\Ifl, coy A ON=RY where Ay < --- < A < 0 and (kg,..., k) is
a (strong) composition of k, i.e. Y k; = k, and k; > 0 for all i. So 6" = (—)\]1“, oy = AR ONER,
The permutation wj{ is the signed permutation which divides {1,2,..., N} into consecutive blocks
of sizes k1, ko, ..., k., N — k, and on the first r blocks, it reverses then negates the elements, and
on the last block, it acts as the identify. (E.g. if 6 = (—3,-3,—1,—1,—1,0,0), then wj{ is the
signed permutation mapping (1,2,3,4,5,6,7) to (—2,—1,—5,—4,-3,6,7).) So p(d) is the signed
permutation obtained from p = (N —1, N —2,...,1,0) by dividing up the domain (1,2,..., N) into
consecutive blocks of sizes ki, ko, ..., k., N — k, and on the first r blocks, it reverses then negates
the values of p. In our example, p = (6,5,4,3,2,1,0) and p(d) = (=5, —6,—-2,—3,—4,1,0).
Thus we have

p(8)i=—(N—-1—ki—-—kj+(@i—ki——kj1))=—-N—i+1+2(k +-+kj_1)+kj
for k1 +---+kj1 <i<ki+---+Fkj,and for k <i <N,
p(8)i =N —i.
For 1 <i <k, let j be such that \; = é;.

Yif i i gnvewy = (Lo Tvea) (T To)(Ty - 'Tf—lﬂf(kkl k

; ,...,)\jj,...,AIﬁT,ON—k)
(2.20) = (T;- Tn_1) (T -+ Tp)t~ Rk
()‘j)‘llamv)‘j] :~-~7)‘TT’ON_I€)
—(i—ky——kj_1—1 5
(221) =t (’l 1 7—1 )(E PN TN*I)(TN o Tl)q f((—)\j))\llcl7,,‘7)\5].71,‘..7)\?7‘70]\]_]“)
— oOip—(i=ki——kj_1=1) _
(2.22) = q%t j (T; TN—1)TNf(/\;1€17“.’)\?717...’/\,ﬁr70N_k7(7)\j))
iy (i—ky——kj_1—1)
(2.23) = q¢%t (i—Fk1 -1 )(Tz"'TN_I)f(/\’fl,,,,,)\?J'*7.,.7,\1’fr’0N—k,)\j)
_ Sip—(i—ky——kj_1—1) kg etk —i
(224) =(q t J t J f(Alfl,...,)\I;j,...,)\ﬁr,ON_k)
— q5it2(k1+-~~+kj_1)+kj—2i+1f5

where , (2.22)), and ([2.24)) are due to , , and the fact that —§; > 0 > &, for all
L, is due to , and is due to .

Since p(6); = =N +1—1i+2(ky + --- + kj—1) + kj, the exponent of ¢ is equal to N — i + p(d);,
so Yfs = yi(d)fs for 1 <i < k.
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For k+1 <i < N, we have

(2.25) Ef(x‘fl,.‘.,x’;r,oN—k) =(T;---Tn_1)(Tn - TO)t_(i_l_k)f(o,A’;l,...,Aifr,oN—k—l)
(2.26) = t"IU(T Ty ) (T -+ T1)tof(07>\11c17__,)\%0]\,,,6,1)
(2.21) = ol T Ty )T e o
(2.28) = tot" (T T )N S i e vy

(2.29) = totnt" N fs

(2.30)

where (2.25)), (2.26), and (2.29)) are due to (2.16) and (2.17), (2.26) is due to (2.15)), and (2.28) is
due to (2.18).
For k+ 1 < i < N, we have y;(8) = tVN =0 (ot ) = 2N =2t .

O
2.3. The monomials in the qgKZ family. We define two partial orders on Z".

Definition 2.8. The dominance order on compositions in ZN is defined as follows: u > v if for
1 <75 < N we have Zgzl(ui —v;) > 0. We define a second order < on compositions as follows. Let
uT be the unique element in Wy - u such that p* is a partition, i.e. such that pu; > pg > -+ > 0.
Then we say that u < v if u™ < v, orif p™ = v and p < v.

For example, if 4 = (—2,0), then the compositions v € Z? such that v < p are:

(_27 0)’ (17 1)7 (]-a _1)5 (_L 1)7 (_17 _1)7 (1’ 0)7 (_17 0)’ (07 1)7 (O’ _1)’ (07 0)
It is well-known [Sah99] (see also [Canl7]) that the non-symmetric Koornwinder polynomials
E,(z) have the form
E,(z) =2z"+ Z cz”.
v<p
Moreover, it follows from the definitions that the nonsymmetric Koornwinder polynomials E,
and any qKZ family f, are related via a triangular change of basis.

Proposition 2.9. [CGdGWI16, Proposition 1] Let {f,} be a ¢KZ family. Then the nonsymmetric
Koornwinder polynomials E,, and the ¢KZ family f,, are related via an invertible triangular change
of basis:

Eu = chy(%t)fm and fu = Zdul/(%t)Ey

vxp V=
for suitable rational coefficients c,,(q,t) and d,.(q,t).

It follows that the Laurent monomials appearing in the support of each f,, can be characterized
as follows.

Corollary 2.10. Let {f,} be a ¢KZ family. Then f,(z;q,t) has the form
fulzq,t) = e (g, t)z".

v=p
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2.4. Factorization of Koornwinder polynomials at ¢ = 1. In this section we sketch the proof
of the factorization of Koornwinder polynomials stated in [Proposition 1.16, We thank Eric Rains
for explaining this argument to us.

Define TV := {(21,...,20) € CM : |z1] = --- = |2p| = 1} to be the M-dimensional complex
torus, denote z = zj,...,2y, and d1'(z) = W%% The Koornwinder polyno-

mial K)(z;q,b,c,d;q,t) is characterized as the unique symmetric Laurent polynomial with leading
monomial z* that satisfies the orthogonality condition

Kx(z;a,b,¢,d; q,t)K,,(z; a,b, ¢, d; q,t) AM(z;a,b, ¢, d; q,1)dT(z) = 0

™

for i # A, where AM(z;a,b,¢,d;q,t) = AM(21,..., zar;0,b, ¢,d; q, t) is the Koornwinder density.
At t = 1, the Koornwinder orthogonality density has the form [[, A(2;a,b, ¢, d;q), where A is
the Askey-Wilson density. This leads to the following.

Claim 2.11. Let A = (A1,...,An). The following quantities are proportional:

K)\(Zb .-y ZN;a,b,¢,d;5 g, = 1) X Z H p)\i(zw(i);a7 b, ¢, d; Q),
meSy 1<i<N

where pr(z;a,b,c,d;q) is the Askey-Wilson polynomial.

The constant of proportionality is the size of the stabilizer of the composition A. The following
theorem comes from [Mim01], see also [Rai05, Theorem 5.18]

Theorem 2.12. The Koornwinder polynomials satisfy a Cauchy identity

ST (O)NMAME (@, avanb, e dig ) Ky, - yars a,b, e, dit q)

pCMN
= I TI Gty

1<i<N 1<j<M Yi
(Note that q and t are swapped in the second Koornwinder polynomial above.)

If we fix a partition A € MY, with conjugate partition denoted X, then multiply both sides of
Theorem 2.12|by Ky (y1, ..., yar; a,b, ¢, d; t, q), and integrate over TM against the Koornwinder
density AM)(yy, ...,y a,b,¢,d;t,q), we obtain [Corollary 2.13| (For ease of reading, in what

follows, we omit the bounds of integration and write [ f(z) to mean [ f(z)dT(z).)

Corollary 2.13. K)(z1,...,zN;a,b,c,d;q,t) is proportional to

1 1
/ H (.’L’z + ; . Z)KNM—)\’(ZM <y ZM; .0, ds T, q>A(M)(Z;a7bac7d;t7Q)

1<i<N ’ J
1<5<M

Taking ¢ — 1 in using to expand the Koornwinder polynomial in the
integrand, and factoring AM, we obtain that Ky(z1,...,2n;a,b,c,d;1,t) is proportional to
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/ H (i +1/xs — 25 — 1/2j) Z H PNV, (Zr(ky; @y b, ¢, ds t) H A(zg;a,b,c,d;t).
1<i<N weSy 1<k<M 1<k<M
1<j<M
Now observing that all M! terms in the sum over m € Sjs give the same integral tells us that
(assuming A\ < M)

Ky(z1,...,xn;a,b,¢,d;1,t)

/ H (i +1/x; — 25 — 1/25) H pvm_xy, (215 0,0, ¢, dt) A2k a, b, ¢, d; t)
1<i<N 1<k<M
1<j<M

= H / H (ml + 1/1171 -z 1/Z)pN7)‘IM+1—j (Z; a, ba ¢, da t)A(Z, a, b7 C, da t)7

1<jSM™ 1<i<N

where the last equality comes from the Fubini theorem.
The requirement that Ay < M can be eliminated by rewriting the univariate integral as a coeffi-

cient in an expansion in Askey-Wilson polynomials, and noting that the coefficient of py(z; a, b, ¢, d; t)

in [licjen(z+1 -2 — ) is L.

Let [p;]F(z) denote the coefficient of p; in the polynomial F'(z). We can thus rewrite this as an
infinite product:

1 1

K e N N / N . - .
)\(xla ,.Q?N,a,b, c, da 17t) X H[pr)\i(za(%b? C, d7 t)] H (Z + Zj x])
1<i 1<j<N
In particular, we have
1 1
Ki(z1,...,zN5a,b,¢,d;1,t) o< [py—e(2;a,b, ¢, d; t)] H (z + o xj— x—j)

1<j<N
Thus one can write

Ky(z1,...,xzn;a,b,¢,d;1,t) HKlA;(azl, ..o, xNsa b d;1,t),
1<i

where the constant can be seen to be 1 by comparing the leading terms.

3. THE PROOF OF [THEOREM 1.10I

The main ingredient in our proof of is the following theorem, which says that the
Laurent polynomials {F}(z;t)} are a qKZ family. In what follows, if u is a word in {1, 1,0}
then we define ||u|| = N + r, where 7 is the number of 0’s in p.

Theorem 3.1. Let A € {1,—1,O}N be a composition. Then if we let u range over all signed
permutations of A, the collection {F,(z;t)}, C (C[zfﬂ, .. ,z]j\t,l] of Laurent polynomials is a ¢KZ

family, in the sense of |Definition 2.4}
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We will prove over the course of this section. Recall that we identify e =1, 0o = —1,
and * = 0. We start by recalling some “Matrix Ansatz’-style relations among the generating
polynomials R(u) that previously appeared in [CMWIT7]. It will turn out that the Matrix Ansatz
relations are closely related to the action of the Hecke operators.

Theorem 3.2 ([CMW17, Theorem 5.4]). For any words x andy in the letters {o,*,e} = {—1,0, 1},

(3.1) 1R(ze0y) = R(zoey) + Njajs i1 2(R(zey) + R(zoy)
(3.2) {R(awoy) = R(oxy) + Ayl R ()

(33) {R(zexy) = R{wey) + Aoyl R ()

(3.4) BR(xe) = 0R(xo) + )‘IIrIH-lR(x)

(3.5) aR(ox) = YR(ex) + A 11 R(x)

where Ay = (aBt¥ =1 —44).

We can rewrite [Theorem 3.2|in terms of the R(u), obtaining the following statements.
Corollary 3.3. For any words x and y in the letters {o,*,e} = {—1,0,1},

(3. ) tR(zeoy) = R(zoey) + (t — 1)(R(zey) + R(zoy))
(3.7 tR(zxoy) = R(zoxy) + (t — 1)R(xxy)

(3. ) tR(zexy) = R(zxey) + (t — 1) R(wxy)

(3.9) aR(ox) = yR(ex) + (t — 1)R(z).

(3.10) BR(ze) = 6R(z0) + (t — 1)R(z)

The following lemmas, which are straightforward to prove, will be helpful for working with the
operators.

Lemma 3.4. Let 1 <i < N —1, and suppose that G is a polynomial that is independent of z; and
zi+1- Then we have the following.

(3.11) T; <(zi —1) <Zi1+1 - 1) G) = (ziy1 — 1) (Zl - 1> G.

(3.12) T ((z = 1)G) = ((zep1 — 1) = (£ = 1)) G.
(3.13) i((gil —1) G) = ((;—1> —(t—1)> G.
(3.14) Ti(G) = tG.

Lemma 3.5. Suppose that G is a polynomial that is independent of z1. Then
~ 1—t
(3.15) aTo (27" = 1)G) = (21 — 1)G + TG.

(3.16) To (G) = toG.
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Suppose that G is a polynomial that is independent of zn. Then
1—t

(3.17) Tn ((zx = 1)G) = (23 = 1)G + —G.
(3.18) Ty (G) = t§G
Proof. If G is independent of z1, then
1-— 1— -1_ 1
—— 0 _g=0, —/ 2 l-ne=2L—"L 2g-_¢G
21— q7 21— q7 21— q7%
We also have
1— - 1— -
g0 agpe—_tTtra=y o, By g 1ot B=0
Y Y 4 0
Then
To(G) = —acqg™'G = t,G
and

qfo ((zfl — 1)G) = —ac(zfl -1)G—-(z1—a—c+ aczfl)(—G)

1—-1
=21G+ (ac—a—c)G = (= —1)—|—TG.
If G is independent of zpy, then
1-— 1-— — 2!
481\11G =0, — 8]\11 (v —1)G = = Z]le =G.
IN — 2y IN — 2y IN — 2y
Then
Tn(G) = —bdG = tnG
and

Tn (25 — 1)G) = —bd(zy — 1)G + (bdzy —b—d + 231G
1—-1

=2y'G+ (bd—b—d)G = (23 —1)G + — G

Our first goal is to prove the following.

Theorem 3.6. Choose 1 < i < N — 1. For any words x and y in the letters {o,*, e}, where
|x| =i — 1, we have that

E(Fwooy(ZS t)) = Fxooy(z? t)'

Proof. Let pn = (u1,...,un) = xeoy and |x| = ¢ — 1, so that the e and o are in positions ¢ and 7 + 1.
As before, let V = {i | p; € {£1}}.
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In the definition of F),(z;t), we will divide the sum over subsets of [N] into four cases based on
whether the subset contains both ¢ and ¢ + 1, just one of them, or neither. We then get:

Frag(z:t) = <zi—1>( ! —1) S [ - DR 6l)

z
1 SCV\{i,i+1} j€S

=1 Y JIGE - DRl ls)

SCV\{i,i+1}i€S

H(oho1) X TIE - DRGEls)

z
ol SCV\{i,i+1} jES

+ > TIET = DR(@lg)eeyls).

SCV\{i,i+1}j€S

Using (3.11)), we get

. ((zz-n( ) D S | (CAER )(ys») _

z
1 SCV\{i,i+1} j€S

(i1 — 1) (1—1> S I - D)),

SCV\{ii+1} j€S

Using (3.12)), we get

T; ((25 -1 Y JEE - 1)R(($s)(ys)> =

SCV\{i,i+1} j€S

(ziv1—1) Z H 9 —1)R((x]g)o(ylg))

SCV\{i,i+1}j€S

—t-1) > J[E - DR((lg)ewlg).

SCV\{4,i+1} j€S

Using (3.13]), we get

f(( 1 _1> 3 H<z;fl>z%<<xs><ys>>> -

SCV\{i,i+1} jes

<;_1> > TIE - DR 6l)

SCV\{ii+1} j€S

~t-1 > JIE DRl ls)-

SCV\{i,i+1} jeS




20 SYLVIE CORTEEL, OLYA MANDELSHTAM, AND LAUREN WILLIAMS

Using , we get
ﬁ-( S I - D S)) =t 3 JIEY - DRM).

SCV\{i,i+1} j€S SCV\{i,i+1} j€S

Therefore

TiFraoy(zit) = (41— 1) (j—l) S I - DR 6l)

¢ SCV\{i,i+1} j€S

=1 Y TG - DER(@lg)eyls)

SCV\{i,i+1} j€S

H(2-1) XTI - DiEsl)

z
! SCV\{i,i+1} j€S

+ > JIE - DR(lg)eo(yls)

SCV\{i,i+1} j€S
—(t = D)(R((zl5)e(yl3)) + R((zl5)o(y]5)))-
Now we use and get that
tR((z[g)eo(yl5)) — (t = 1)(R((zl5)e(yls)) + R((zlg)o(yl5))) = R((zl5)oe(ylz)).

So
TF(@t) = (2-1) -0 ¥ [IE - DRER0R)

! SCV\{ii+1} j€S

e -1 > JIE - DR(lg)eyls)

SCV\{4,i+1} j€S

1 PP

H(2-1) XTI - D))
! SCV\{i,i+1} jeS

+ Y TIEY - DR((lg)osyls)

SCV\{4,i+1} j€S

= onoy(z§t>7
as desired. (]

We also need to prove the following identities.

Theorem 3.7. Choose 1 < i < N — 1. For any words x and y in the letters {o,x, e}, where
|x| =i — 1, we have that

(319) Ti(FﬂC*Oy(z; t)) = on*y(z; t)

and

(3.20) Ti(Frory(2;1)) = Fovay(2;1).
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Proof. We prove (3.19). Let p = (p1,...,pun) = zxoy and |z| =i — 1, so that the x and o are in
positions ¢ and ¢ + 1. As before, let V = {i | p; € {£1}}.

We divide the sum in the definition of F,(z;t) over subsets of [N] into two cases based on whether
the subset contains ¢ + 1 or not. We then get:

Fooy(zt) = (z55-1) > [[GE7 - DR()*wl)

SCV\{i+1} jeS

+ > TG = DER(ER)*wl).

SCV\{i+1} j€S

Applying (3.13)) and (3.14]) to the two sums in ﬁ-(FM(z;t)), we get

Ti(Fueoy(z: 1)) = (57" =1) > [IGE7 = DR(@l)*(l)

SCV\{i+1} j€S

-1 > JIGE - DR(E*ls)

SCV\{i+1} j€S

t Y [IEY - DEalgls)

SCV\{i+1} j€S

=z -1) Y [[E - DR(()(lg)

SCV\{i+1} j€S

+ > TG = DER((Elg)*oyls) — (¢ = DR((«]z)x(yls)).

SCV\{i+1} jeS

Using (3.7)), we get

T(Fooy(zt) = (70 -1) > TG (zl)*(yls))

SCV\{i+1} jeS

+ > JIE DR w),

SCV\{i+1} j€S
which is equal to Fio.y(2;t) when written as a sum of the two cases depending on whether or not
iisin S.
(3.20)) is proved in the same manner. d
Theorem 3.8. For any word x in the letters {o,,e} of length |x| = N — 1, we have that
qTo(For(2;1)) = Fay(2;1).

Proof. Let u = (p1,...,un) = ox and |z| = N — 1, so that o is in position 1. As before, let
V={i|pue{£l}}.
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We divide the sum over subsets of [N] in the definition of F,(z;t) into two cases based on whether
the subset contains 1 or not. We get:

For(zit) = (5'=1) Y J[E —1DRlg)

SCV\{1} j€S
+ > JIE = 1DR(e(lg)).
SCV\{1}jeS
Thus
To(Foalzzt) = (-1 Y []E - DRGl)
SCV\{1} j€S
1—t , 8
+— > J[E - DR@[g)
v SCV\{1} jeS
+f > TIE? = DR(e(alg)).
SCV\{l}]GS

Now we use (3.9)) to get that

R(s(al$)) = ~ (afi(olals) + (1= DEal5))
Then
quo(Foz(z;t)) = (z1—-1) Z H z|g)
SCV\{1} j€S
~ 1-t «
" ) R(alg) (A + 2
sg%\:{l}glg? < K 7>
= Fo(z;t).

Theorem 3.9. For any word x in the letters {o,*, e} of length |x| = N — 1, we have that
Tn(Fre(z;1)) = Fro(2;1).

Proof. Let p = (u1,...,un) = ze and |z| = N — 1, so that e is in position N. As before, let
V= {i | s € {+1}}.

We divide the sum over subsets of [V] in the definition of F),(z;t) into two cases based on whether
the subset contains N or not. We get:

Fre(z;t) = (2n—1) Z H z|g)

SCV\{N} jes

+ > J[E - DR((lg)e).

SCV\{N}j€S
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Thus
Tn(Fue(z:t)) = (31 =1) Y [[G7 - DRG@l)
SCV\{N} jes
1*t S TI¢Y - DGl
SCV\{N} jes
> TIE - DERE.
SCV\{N} jes

Now we use (3.10) to get that

R(z[g) = % (BR((arlg)-) +(1— t)f%(:vlg)) :
Then
In(Fre(z:t)) = (25'=1) > ] -1DR(lg)
SCV\{N}jeS
v ¥ TIEr - i) (5 +5)
SCV\{N}jeSs

= Foo(z;t).

We also prove the following identity.

Theorem 3.10. Choose words x and y in the letters {o,*, e} where |z| = i — 1 and additionally
choose a € {o,*,e}. Then

(3.21) Ti(Fraay(2;1)) = t Fraay(2;1).

Proof. Let p= (u1,...,un) = xzaay. If a = %, the equality trivially holds by (3.14). Otherwise, we
will show Fiaay(2;t) is symmetric in variables z;, zj+1. Let w = p; = pj4q1. Then

Fraay(z:t) = (=D -1 Y J[E (zl3)(yl3)
SCV\{i,i+1} j€S
HE =D+ G- >, J[E R((zl5)a(ylg))

SCV\{Z +1} jES

+ Z H R((z|z)aa(ylz)).

SCV\{i,i+1} j€S

Thus Fyqy(z;t) is symmetric in z;, 2j11, so 17}7}“”1/(2 t) = 0, from which ( - follows. [

Zi—Zi+1

Finally we are ready to put together our previous results to prove
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Proof. First note that [Theorem 3.8 proves (2.14). It follows from (1.3)) that for any p with u; = x,
R(p) is independent of z;. Hence (3.16) implies (2.15) and (3.18]) implies (2.18). Finally we have

that {Theorem 3.10| proves ([2.16)), [Theorems 3.6 and proves (2.17), and [Theorem 3.9 proves
(2.19). ]

Now we can put all these ingredients together to complete the proof of the main theorem.
Proof of[Theorem 1.1(} By |Theorem 3.1} the {F},(z;t)}, are a gKZ family and that Y;Fs = y;(8)F5
for ¢ = 1,...,N. Together with |Definition 2.3| and the fact that the leading coefficient of Fy is
2% (see [Remark 1.12)), this implies that Fj5 equals the nonsymmetric Koornwinder polynomial Ej.
The theorem now follows from [Proposition 2.5l ]

Proof of [Theorem 1.15, The proof of Theorem follows from the

Kx(z:t) = Y Fu(zt)

HEWO(N)
= > > Ry e -1
HEWH(N) SC[N] €S
N-—r ~
=3 ¥ > R J[(z-1+(5"-1)
k=0 SG(UZ]) veWo (1N =k or) €S
N-—r ~
= N_k7r~ek(zl+zf1—2,...7ZN+ZR,1—2).
k=0

where W is the set of signed permutations of the appropriate cardinality, so e.g. the sum over v €
Wo(1V=F 07) indicates that we are summing over all signed permutations of the word (1= 07).
O

4. CONCLUSION

In this work we have given a combinatorial formula for the Koornwinder polynomials K asso-
ciated to partitions A = (1V=7,0") by using the combinatorics of the open boundary two-species
ASEP. This work naturally leads to several open problems which we hope to pursue in future work.

A first problem is to find a vertex model analogue of our rhombic staircase tableaux, correspond-
ing to particle models with open boundaries and their associated type C special functions. We note
that there has been a great deal of recent work connecting particle models on the ring and (type A)
special functions to vertex models, see [BW19, [ABW21], [ANP]. In particular, [CAGW15l Section
6] gave a lattice model interpretation of their matrix product formula for Macdonald polynomials.
Subsequently, [ANP] gave a queue vertex model formula for Macdonald polynomials, which encodes
the multiline queues of Martin [Mar20], and gives new proofs of some formulas for the stationary
distribution of the multispecies ASEP on a ring using the Yang—Baxter equation.

A second problem is to extend our results to give a combinatorial formula for all Koornwinder
polynomials. Towards that end, we now briefly sketch how the analogous problem was solved for
type A Macdonald polynomials, and what are the difficulties in the Koornwinder case.
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Let us refer to the multispecies ASEP on a ring involving particles {0,1,...,m} as the rank
m multispecies ASEP on a ring. If m = 1, the multispecies ASEP on a ring is rather trivial —
its stationary distribution is uniform — but for m > 1, the stationary distribution becomes more
interesting. To get some insight on what happens for m > 1, recall that the multispecies ASEP
on a ring is connected to the type A Macdonald polynomials. More specifically, the partition
function of the rank m multispecies ASEP on a ring is the specialization of a related Macdonald
polynomial (with largest part m) at x; = -+ = zy = 1 and ¢ = 1 [CAGW15]. Moreover, when
g = 1, Macdonald polynomials admit the following factorization [Mac95, Chapter VI, Equation

(4.14)(vi)]:
(4.1) Py(x;1,1) HP X NN (x;1,t) HP ) (x;1,t) He/\gi(x),

i>1 i>1 1>1

where e, is the elementary symmetric polynomial. This means that the partition function of
the rank m mASEP on a ring is just the product of some elementary symmetric polynomials.
Martin’s multiline queue formula for the stationary distribution of the mASEP [Mar20] reflects
this structure: each multiline queue is built by stacking rows of balls on top of each other, where
each row of balls can be thought of as describing a rank 1 ASEP. Once one has the multiline queues
with the t statistic, adding the parameters ¢ and z; to obtain a formula for Macdonald polynomials
turns out to be miraculously simple [CMW22].

Returning to the ASEP with open boundaries, let us refer to the multispecies ASEP with particles
{0,£1,42,...,£m} as the rank m open boundary ASEP. Unlike the ASEP on a ring, the rank
1 open boundary ASEP has a very non-trivial stationary distribution. Even in the case of the
rank 1 open ASEP with no second class particles, there was a tremendous amount of work on the
ASEP [DEHP93, [USW04, BE04, [DS05, BCET06, [CW07] before a combinatorial formula for the
stationary distribution (with all parameters «, 3,7, d, ¢ general) was given in [CWII]; this formula
was subsequently extended to the rank 1 case with second class particles in [CMW17], using rhombic
staircase tableaux. Similar to the case of the ASEP on a ring, the partition function of the rank
m open boundary mASEP is the specialization of a related Koornwinder polynomial (with largest
part m) at x;1 = --- =2y = 1 and ¢ = 1 [CGdGW16]. Moreover, just as Macdonald polynomials
factor at ¢ = 1, the Koornwinder polynomials admit the factorization from [Proposition 1.16}

(42) K)\(Z; a, bv ¢, d7 q, t) = H K(IA:L,ON*)‘{L)(Z; a, b7 ¢, d7 q, t) = H KIA;. (Za a, b7 c, da q, t)

i>1 i>1

In this paper we have given formulas (Theorem 1.10| and [Theorem 1.15)) in terms of rhombic
staircase tableaux for the “rank 1”7 Koornwinder polynomials K appearing on the right-hand
side of . Using the factorization -, we also gave a combinatorial formula for arbitrary
Koornwinder polynomials at ¢ = 1 (Corollary 1.17). Thus, one might hope to figure out how
to insert the parameter ¢ into [Corollary 1.17] so as to give a formula for general Koornwinder
polynomials. In particular, by analogy with the Macdonald case, one might hope that there might
be a combinatorial formula for arbitrary Koornwinder polynomials where the new combinatorial
object is somehow built by stacking rhombic staircase tableaux on top of each other. However, as
rhombic staircase tableaux are already quite complicated, and our formulas in and
are not that simple, it is so far unclear to us how to define the correct object.
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