
Math 141b Problem Set 3

Due Feb. 19, 2019

1. We say that the very weak Robinson arithmetic can prove some unquantified state-
ments. Show one of these, such as: for all n, k ∈ N,

Q � ‘Sn0 = Sk0’ ⇐⇒ n = k

2. Recall that second-order logic extends first-order by allowing for quantification over
subsets of the universe. This includes quantification over subsets of tuples of the
universe and testing for membership.

I made some bold claims about tautologies in second-order logic. Back that up by
doing the following: define a sentence φ in second-order logic whose truth is dependent
on set-theory.

The way we discussed this in class was to first build up the notion of a set being
infinite using bijections to a proper subset. Then we can begin countably infinite by
being infinite and having every subset finite or in bijection with the whole. Then
we said we could express the Continuum Hypothesis (which we might have heard is
independent of ZFC). One useful way to phrase the continuum hypothesis is the
following: if X is countably infinite and P(X) is the power set of X, then every subset
of P(X) is either countable or the same size as P(X).

3. Show that PA proves that ≤ is a total order, i. e., ∀x, y(x ≤ y ∨ y ≤ x). Since Q
doesn’t prove this, induction is probably helpful...

4. Show that the primitive recursive relations and functions are closed under the ‘bounded
leastness’ quantifier. We will actually use the following statement, which you’re wel-
come to prove: if R(y,x) is a primitive recursive relation and G(z) is a primitive
recursive function, then

µy ≤ G(z).R(y,x)

is a primitive recursive function.
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