
DEFINING DEFINABILITY

Here is a collection of formulas that we will use to define the formula

x = DefM(M)

(1) TERM(x,M,W )

∃y ∈ W (omega(y) ∧ (∃i ∈ y(x = pxiq) ∨ ∃a ∈M(x = paq)))

We will use ω as a parameter in what follows, but it will always be short-
hand for ∃y ∈ W (omega(y) ∧ . . . )

(2) ATOM(x,M,W )

∃y, z ∈ W (TERM(y,M,W ) ∧ TERM(z,M,W ) ∧ (x = py = zq ∨ x = py ∈ zq))

(3) FSEQ(F, pφq,M,W )

∃n ∈ ω(“F is a function with domain n+ 1”∧
∀m ∈ n+ 1(ATOM(F (m),M,W )

∨ ∃k ∈ m,F (m) = p¬F (k)q

∨ ∃k, ` ∈ m,F (m) = pF (k) ∨ F (`)q

∨ ∃i ∈ ω, k ∈ m,F (m) = p∃xiF (k)q)

∧ F (n) = pφq)

(4) VLEN(n, F,M,W )

∃i ∈ dom (F )(ATOM(F (i),M,W ) ∧ (F (i)(1) = pxn−1q ∨ F (i)(2) = pxn−2q))

∧∀m ∈ ω(∃i ∈ dom (F )(ATOM(F (i),M,W )∧(F (i)(1) = pxn−1q∨F (i)(2) = pxn−2q))→ m ∈ n)
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(5) SSEQ(S, F, pφq,M,W )

∃n, r ∈ ω(“F, S are functions with domain n+1”∧FSEQ(F, pφq,M,W )∧VLEN(r, F,M,W )

∧ ∀m ∈ n+ 1(ATOM(F (m),M,W )→ ∀i, j ∈ r∀a, b ∈M{∗}(i,j,a,b)∧
∀k ∈ m(F (m) = p¬F (k)q→ S(m) = M r − S(k))∧

∀k, ` ∈ m(F (m) = pF (k) ∨ F (`)q→ S(m) = S(k) ∪ S(`))∧
∀k ∈ m∀i ∈ r(F (m) = p∃xiφq→

S(m) = {s ∈M r : ∃s̄ ∈ S(k)∀i′ < r + 1(i′ 6= i→ s̄(i′) = s(i))})))

Here, {∗}(i,j,a,b) stands for the following

(F (m) = pxi ∈ xjq→ S(m) = {s ∈M r : s(i) ∈ s(j)})
∧ (F (m) = pxi ∈ aq→ S(m) = {s ∈M r : s(i) ∈ a})
∧ (F (m) = pa ∈ xiq→ S(m) = {s ∈M r : a ∈ s(i)})
∧ (F (m) = pa ∈ bq→ S(m) = {s ∈M r : a ∈ b})

∧ (F (m) = pxi = xjq→ S(m) = {s ∈M r : s(i) = s(j)})
∧ (F (m) = pxi = aq→ S(m) = {s ∈M r : s(i) = a})
∧ (F (m) = pa = xjq→ S(m) = {s ∈M r : a = s(j)})

∧ (F (m) = pa = bq→ S(m) = {s ∈M r : a = b})

(6) SAT(M, pφq, s,W )

∃S, F ∈ W,∃n ∈ ω(SSEQ(S, F, pφq,M,W ) ∧ F (n) = pφq ∧ s ∈ S(n))

(7) FVAR(pφq, x,M,W )
Homework ;)

(8) MASTER(W,M)
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∃f∃x ∈ W (omega(x) ∧ “f is a function with domain ω” ∧ ∀n ∈ x(f(n) ⊂ W )∧
(M ⊂ f(0)∧∀i, j ∈ x∀a, b ∈M(“Gödel codes for terms and atomics” ∈ f(0))∧ω ⊂ f(0))

∧ ∀n+ 1 ∈ x
(∀x, y ∈ f(n), {x, y} ∈ f(n+ 1)))

(9) DEF(x,M)

∃W (MASTER(W,M)∧
[∀z ∈ x∃pφq ∈ W∃i ∈ ω(FVAR(pφq, {i},M,W ) ∧ ∀y ∈M

(y ∈ z ⇐⇒ ∃r ∈ ω∃s ∈M r(SAT(M, pφq, s,W ) ∧ s(i) = z)))]∧
[∀pφq ∈ W∀i ∈ ω(FVAR(pφq, {i},M,W )→ ∃z ∈ x∀y ∈M

(y ∈ z ⇐⇒ ∃r ∈ ω∃s ∈M r(SAT(M, pφq, s,W ) ∧ s(i) = z)))])


