MATH 145A HOMEWORK 5

DUE OCT. 25

(1) Prove the unproved properties of the map from (0,1) — Q to “w defined in
class. Namely
(a) Show that f is a surjection.
(b) Show that f is continuous. (Hint: show that if r,, converges to r in R,

then f(r,) converges to f(r) in “w)

(2) Exercise 5.3.

(3) Show that, for all o, 32 C X2, NIIY_,.

(4) Show that my definition of the Borel hierarchy agrees with the books.
Namely,
(a) Show that the definitions of II2 agree, i. e.,

{AC®w:A=Ny<wB, where B, € UB<QZ%} ={AC“w:“w—-AeX’}

(b) Show that the hierarchy stabilizes at w;, that is, X,y = X0, = ¥j for
any 8 > wi. (Hint: use cofinality)
(5) A filter F on a set I is a collection of subsets of I (so F' C P(I)) that
satisfies the following properties:
e/cFand(¢&F;
eif XCYCland X € F,thenY € F
e if XY EF, then XNY € F
Let I be an infinite set and define F* C P(I) by, for all X C I,

X eF < [ — X is finite

This is called the cofinite or Frechet filter
(a) Show that F'is a filter.
(b) Show that, for alli e I, {i} & F.
(c¢) Find a set Xy C I such that Xy, I — Xy € F. (It might help to first
think about I = N)



