MATH 21A Midterm 2 Review

1. Some PDEs we know

Name Equation (up to a constant factor)
Wave Ut = Uge
Hesat U = Uy T
Laplace [z + fyy =
Transport/Advection fi=Ffa
Eiconal 2+ f: =]
Burgers fe+fle=fow

2. How to read a contour plot

e max/min
Max and min appear at the centers of concentric circles

e saddle
Saddle points appear at the intersection of level curves

e estimating Vf
The direction of Vf is perpendicular to the level curve in the direction of increase.
The magnitude of Vf is proportional to the density of contour lines (more contour lines
means larger |V f}).

o Dyf
Look at the change in the contour lines in the direction of u (e. g., {1, ~1)/+/2 is to the
down right).

— Dyf > 0 <= function is increasing in that direction, i. e., to the higher side of
the contour
— Duf =0 <= function is constant in that direction, i. e., along the level curve
— Dyf <0 <= function is decreasing in that direction, i. e., to the lower side of the
contour
For sign of partials, £, is to the right and f, is up.

e mMax on some curve
From Lagrange, we know local extrema of f on a curve g = ¢ come at the points where
a level curve of f is tangent tog=c¢

3. Common themes from T/F

(a) Clairaut’s Theorem
If asked if two partials are equal, count the number taken in each variable.
fayeyoyzyyeyey = TTTYYYYYYYZZZ

(b) Changing order of integration

If asked if two integrals are equal, sketch the regions. In rectangle, make sure both the
order of variables AND bounds are switched.

fo fl x yd:cdy;éfo fl z,y)dydz



(c) Lagrange multipliers
The value of A doesn’t matter
{(d) Chain rule |
If you see either £ f(r(t)) or Vf(r(t)) - '(¢), try replacing it with the other.

(e) Fundamental Theorem of Calculus
Use this if the function variables are in the bounds of the integral.

Given f(z,y) = [ f(s)ds, then Vf = (f(z), = f(y)).

(f) Don’t evaluate integrals
If you 're asked to evaluate a not-easy integral, think of the geometric meaning instead.
N fo rdrdf is the area of the top half of a circle of radius 1.

1. Find extrema of f(z,y,z) = 8z — 4z given 2% + 10y? + 22 = 5.



2. Find extreme values of
222 + 3y  — 4z —5

in the region defined by
% + y2 < 16



3. Bvaluate

13
f f e™ dxdy

4. Switch the order of integration

/_22 /ﬂ: f(z,y)dydx and /01 f: f(z,y)dzdy



5. Find the volume of the solid bounded by z =z, y=2z,2+y =2, and z= 0.

6. Find the volume of the solid bounded by 2% +4*> =1 and 3® + 2® = 1.



3 3 3

7. Set up the integral to find the area of surface parameterized by r{u, v) = {cos® u cos u cos®, sin’ v)

where 0 <u<wmand 0 <wv < 27.

v, Sin

8. Find the area of the surface z = 1 4 3z + 2y that lies above the triangle with vertices (0, 0),
(0,1), and (2,1).



(10 points) A function f(z,y) of two variables has level curves as shown in the picture.
We also see a constraint in the form of a curve g(z,%) = 0 which has the shape of the
graph of the cos function. The arrows show the gradient. In this problem, each of the 10
letters A, B,C, D, E, F, G, H, K, M appears exactly once.

Enter A-P | Description

a local maximum of f(z,y).

a local minimum of f(z,y).

a saddle point of f(z,y) where f,, <O0.

a saddle point of f(z,y) where fz; > 0.

a saddle point of f(x,y) where f,. is close to zero

a point, where f, =0 and f, #0

a point, where f, =0and f, # 0

the point, where |V f| is largest

a local maximum of f(z,y) under the constraint g(z,y) = 0.
a local minimum of f(z,y) under the constraint g(z,y) = 0.

III \\r




Problem 3) (10 points)

(10 points) Let’s label some points in the following contour map of a function f(z,y)
indicating the height of a region. The arrows indicate the gradient V f(zx,y) at the point.
Each of the 11 selected points appears each exactly once.

Enter A-K | description

a local minimum of f(z,y) inside the circle

a saddle point of f(z,y) inside the circle

a point, where f; # 0 and f, =0

a point, where f, =0 and f, >0

a point, where f, =0 and f, <0

a point on the circle, where Dyf = 0 with 7 = (2, —1)/v/5.
the lowest point on the circle

the highest point on the circle

the local but not global maximum inside or on the circle
the global maximum inside or on the circle

the steepest point inside the circle




a) (6 points) Enter one label into each of the boxes.

At which point is the global maximum?

At which point is f, > 0, f, = 07

At which point is the length of the gradient maximal?

At which point is Dy; 3,/ 5f =0, Dy _qy/5f <07

At which point does f have a local minimum?

At which point is f maximal under the constraint g(z,y) = y = 07

b) (4 points) Note that the zero vector is considered both parallel and perpendicular to

any other vector.

parallel

Perp

The gradient V f is always

to the surface f = c.

For a Lagrange minimum, Vg is

to Vf.

If {0,0) is a min. of f then Vf(0,0) is

to (1,0).

If (0,0) is max. of f and g = 2z — f(xz,¥) then Vg is

to (0,0, 1).




Problem 1)} True/False questions (20 points), no justifications needed

10)
11)
12)
13)
14)
15)
16)
17)
18)
19)

20)

e REIRE

~J

=

If 7(t) is a space curve satisfying 7 ’(0) = 0 and f(z,y, z) is a function of
three variables then 2 f(7(¢)) =0 at ¢ = 0.

The integral [ [p1 dzdy is the area of the region R in the zy-plane.
If f(z,v) is a linear function in z,y, then Dgf(z,y) is independent of .

If f{z,y) is a linear function in z, ¥, then Dy f(z, v} is independent of {z, y).

If (0,0) is a saddle point of f(z,y) it is possible that (0,0) is a minimum of
f(z,y) under the constraint z = y.

The equation fy,(z,y) =0 is an example of a partial differential equation.

The linearization of f(z,y) = 4+ z° + y* at (z0,%) = (0,0) is L(z,y) =
4 + 3z% + 392

Assume (1, 1) is a saddle point of f(xz,y). Then Dzf(1, 1) takes both positive
and negative values as ¥ varies over all directions.

The integral [y JZr drdf is equal to .

If |V£(0,0)] = 1, then there is a direction in which the slope of the graph
of f at (0,0} is 1.

The vector V f(a,b) is 2 vector in space orthogonal to surface defined by
z = f(z,y) at the point (a, ).

If f(z,y,2) = 1 defines y as a function of x and z, then dy{z,z)/0z =
—fa(@,, 2)/ fy (2,9, 2).

In a constrained optimization problem it is possible that the Lagrange mul-
tiplier A is 0.

The area [ [ |7y X 7| dudv of a surface is independent of the parametriza-
tion.

The function f(z,y) = z° + ¢® — 2% has a global minimum in the plane.

The area of a graph z = f(z,y) where (z,y) is in a region R is the integral
S Jrlfe % fyl dzdy.

The gradient of a function f(z,y) of two variables can be written as
(D;f(x,y), D;f(x,y)), where i=1{1,0) and 7 = (0, 1).

The length of the gradient of f at a critical point is positive if the discrim-
inant D(z,y) = foafyy — f2, is strictly positive.

If £{0,0) = 0 and f(1,0) = 2 then there is a point on the line segment
between (0,0) and (1, 0), where the gradient has length at least 2.

The tangent plane of the surface —z? —y*+2% = 1 at (0,0, 1) intersects the
surface at exactly one point.



Problem 1) True/False questions (20 points), no justifications needed

20)

T F
T|| F
T F
T( F
T F
T F
T F
T|| F
T|| F
T|| F
T|| F
T|| F
T|| F
T F
T F
T F
T F
T|| F
T|| F

For any continuous function f(z,%), we have [y [ f(z,y)dzdy =

R 13 f(z,y) dz dy.
If & is a unit vector tangent to f(z,y) = 1 at (0,0) and f(0,0) = 1, then
D3zf(0,0} is zero.

Assume f is zero on © = y and z = —y, then (0,0) is a critical point of f.

If (0, 0) is the only local minimum of a function f and f has no local maxima,
then (0,0) is a global minimum.

If (0,0) is a critical point for f, and f£,,,(0,0) < O then (0,0) is not a local
minimum.

If f(z,y) and g(z,y) have the same non-constant linearization L(z,y) at
(0,0) and f(0,0) = g(0,0) = 0, then the level sets f = 0 and g = 0 have
the same tangent line at (0, 0).

There are saddle points with positive discriminant D > 0.

If R is the unit disc, then [ {5 z* — y? dzdy is zero.

There is a nonzero function f(z,y) for which the linearization L(z,y) is
equal to 2f(z,y).

The directional derivative at a local minimum (0,0) is positive in every
direction.

If 7(t) is a curve on the surface g(z,y, z) = 1, then Vg(F({t)) - ¥ (t) = 0.

If |V f(0,0)| = 2, there is a direction in which the directional derivative at
(0,0) is 2.

If D> 0at (0,0) and V£(0,0) = 0 and f,,(0,0) < 0 then £, (0,0) < 0.
fo J§ f(z.y) dydz = g fy (z.y) dady.
The surface area of the sphere of radius L is [ L% sin(¢) d¢.

If f(z,y) = g(z) is a function of = only, then D = 0 at every critical point.

The gradient vector V f(xp, %) is a vector which is perpendicular to the
surface z = f(z,v).

If [V£(0,0)| = 2, then there is a unit vector ¥ such that Dyzf{0,0) = 1.
The gradient of the function f(z,y) = f¥sin(t) df is (—sin(z), sin(y)).

Assume f(z,y) = 2? + y* and a curve 7(t) satisfies 7/(¢) = V f(7(¢)), then
sFFw) > 0.



Problem 1) True/False questions (20 points), no justifications needed

9)
10)
11)
12)
13)
14)
15)
16)
17)

18)

19)

20)

The length of the gradient V f(0,0) is the maximal directional derivative
| Dy£(0,0}} among all unit vectors .

The relation feryyse = foryaye holds everywhere for f(z,y) = cos{exp(z°)+
sin(z — y)).

BB fwy) dydz = £° [, £(z,v) dady.

glz,y) = f; Jo f(s,t) dsdt satisfies g, = —f(z,y).

If #(u,v) is a parametrization of the level surface f(z,y,2) = ¢, then
VF((u,v)) - ulu,v) = 0.

If D<1/\/§’1/\/§)f(a, b) = 3 and D(l/ﬁ’_l/‘/i}f(a, b) = 5, then Dﬁ‘f(a, b) Z 0
for all unit directions 7.

Given a parametrization 7(¢) of a curve and a function f(z,y) we have
%f(F(Zt)) = 2V f(7(t)) - 7' {t) at t = 0.

If u(t, z) solves both the heat and wave equation, then 1, = ¢ uy for some
constant ¢.

If the Lagrange multiplier A at a solution to a Lagrange problem is negative
then this point is neither a maximum nor a minimum.

The equation f2 + fy2 + f2 =1 is an example of a partial differential equa-
tion.

If the discriminant D of f(zx,y) is zero at (0,0) then V £(0,0) = (0, 0).

If f(z,y,2z) = 0 describes the unit sphere, then the gradient Vf points
outwards.

If f(z,y) is a continuous function then [Z [y f(z,y) dzdy =
i8I fly, z) dzdy.
The point (5,5, 5) is a critical point of f(z,y,2) =z +y+ 2.

Assume V£(0,0) = (0,0) with discriminant D > 0, then —f(z,y) has the
same critical point (0,0) with discriminant D < 0.

[ [r |V f|? dzdy is the surface area of the cubic paraboloid z = f(z,y) =
z° -+ 7° defined over the region R.

If D(z,y) is the discriminant of f at (z,y) then the following poetic formula
of the directional derivative of the discriminant holds: D000 = 8,D.

Assume f(z,y) = —z® + y* and a curve 7{t) satisfying 7 '(t) = VF(7(2)),
then £ f(7(t)) > 0 for all ¢.

The Lagrange equations for extremizing f(z,y) under the constraint
g{z,y) = ¢ have the same solutions as the Lagrange equations for extrem-
izing F' = f + g under the constraint g = c.

If f is a maximum under the constraint g = 1 at (0,0), and (0,0) is not a
critical point for both f and g, then the level curves of f and g have the
same tangent line at (0, 0).



Problem 2) (10 points) No justifications needed

a) (6 points) Match the regions with the integrals. Each integral matches one region A~ F'.

L
[

[ 4
»

Enter A-F | Integral
[ 59 f(z,y) dady
f ﬁ 9 #(z,y) dedy
H (z,y) dydz
2 = f(z,y) dyds
f_ fz"?’r f(z,y) dzdy
) S fla,y) dyda

b) (4 points) Name the partial differential equations correctly. Each equation matches one
name.

Fill in 1-4 | Name Equation Number | PDE
Laplace 1 Gz — Gy =0
Wave 2 Orz = Gyy =0
Transport 3 9z — Gy =0
Heat 4 Grz + Gyy =0

Problem 3) (10 points)




Problem 2) (10 points)

a) (6 points) Match the regions with the integrals.
region A — F.

E

Each integral matches exactly one

Enter A-F

Integral

[m g fz,y) dady

f Iy ('r 6)r drdf

T S Fz,y) dyds

fo fl_qx; flz,y) dydz

"o fo f(z,y) dedy

T I fe,y) dyde

b) (4 points) Name the partial differential equations correctly. Each equation appears once

to the left.
Fill in 1-4 | Order
Burgers
Transport
Heat
Wave

Equation Number | PDE

1 Uy — Uy = 0

2 Ugg — Uyy = 0

3 Uy — Uyy = 0

4 Up + Uy — Uy = 0




Problem 2) (10 points)

a) (6 points) Match the regions with the corresponding polar double integrals
B C
D E F

Enter A-F | Integral of f(r,8) Enter A-F | Integral of f(r,8)
57 157 £(r,0)r drdo o J57 f(r, 6)r drds
w12 10 £(r, )r drdf /2 T o £(r,6)r drdf
/2 (7120 £(r @)r drdf 2 [0 F(r, O)r drdd

b) (4 points) Match the partial differential equations (PDE’s) for the functions u(z, s) with
their names. No justifications are needed.

Enter A,B,C,D here | PDE Enter A,B,C,D here | PDE
U + Uty — Ugs = 0 Upg — Ugg = 0
Use + Uss = 0 Up — Usgg = 0

| A) Wave equation | B) Heat equation | C) Burgers equation | D) Laplace equation |




Problem 2) (10 points)

a) (6 points) Match the integration regions with the integrals. Each integral matches ex-
actly one region A — F.

Enter A-F | Integral

b) (4 points) Fill in one word names (like
1 a2 “Heat”,“Wave” etc) for the partial differen-
Jo1 22 flz,y) dydz. tial equations:

f—ll f—y:p?- f(=z,y) dody. Enter one word | PDE
~v* 9z =g
f_ll j;}z_?l (CC, y) d:vdy. y
ga:z: = gyy
/142 _
ST fz,y) dady.
2 Jzz = ~Gyy
f—l.l L,lz__ml f(a:,y) dyd:z:.
g:l? = gyy

112 i fo, ) dyd,

Problem 3) (10 points)




