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VectorPlot[{1l, 3x-2y}, {x, -5, 5}, {y, -5, 5}1]
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We can also plot vector fields in three dimensions, although these are harder to see. The following
vector field is <y, z, x>.
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VectorPlot3D[{y, z, x}, {x, -5, 5}, {y, -5, 5}, {z, -5, 5}, ImageSize - Large]
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The following vector field is < - >, which represents the force of gravity that
2.,.,2, 52 2,.,2, 52

(x*+y?+z )2, (x2+y2+22)§’ (x*+y?+2%)2
a mass at the origin exerts on (x, y, z) (up to a constant factor.
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-X -y -2
VectorPlot3D[{ ’ ’ },

: (x2+ y2+zz); (x2+ y2+zz)

Nw

(x2+ y2+zz)
{x, -1, 1}, {y,-1,1}, {z, -1, 1}, ImageSize—»Large]
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Vector fields that represent the force exerted on a point are sometimes called force fields. These can
also come from magnetism, wind, or water.

The key difference between vector fields and previous functions that we’ve graphed is that, rather than
outputting a number (scalar), vector functions output a vector. For this reason, they are sometimes
called vector functions. Note that parameterized surfaces, etc. also output a vector, but these were not
typically graphed with their domain.

We write a vector field as a function F. We can split this into components as
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F(x,y) = < P(x,y), Qx, y) >orF(x,y, z) =
are normal (scalar functions).

<P(x,y, z), Q(x,y, z), R(x, y, z)>, where P, Q,and R

An important class of vector fields comes from gradients of functions. For instance, take a function
f(x, y) = ycos(x). Then we can find the gradient vf(x, y) = <-ysinx, cos x> and this is a vector
function, so we can look at the vector field it forms.

VectorPlot[{-y Sin[x], Cos[x]}, {x, -5, 5}, {y, -5, 5}, ImageSize - Large]
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A vector field is called a gradient field if it comes from the gradient of a function; this function is called
the potential. Note that if the partials are continuous, then vf(x, y) = <fy, f, > has the property that the

partial with respect to y of the first component is equal to the partial with respect to x of the second
component, fy, =f,,. The converse of this statement is often true and we will discuss what “often”

means on Thursday

Similar to finding solutions in slope fields, we can draw flow lines in gradient fields that represent paths
that have tangent vectors.
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Show[
VectorPlot[{-y Sin[x], Cos[x]}, {x, -5, 5}, {y, -5, 5}, ImageSize - Large],
1 2 -3
PIOt[{ . ’ ., 4 . }l {xl ‘51 5}]
Sin[x] Sin[x] Sin[x]
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We can do both by making a Stream Plot that graphs the flow lines instead of vectors.
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StreamPlot[{-y Sin[x], Cos[x]}, {x, -5, 5}, {y, -5, 5}, ImageSize - Large]
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Sketching and Matching

On your homework, you might have to sketch some vector fields (of two dimensions) and match vector
fields.

For sketching, you should actually draw these by hand. They don’t have to be perfect, just sketch them
as good as possible. For matching, again this is a hard exercise, but we have the same basic rules:
think about features you would expect to see in each case and especially the difference between vector
fields.

Below we have the vector fields <1,2,3>, <1,2,z>, <x,y,3>and <-z,y, 2x>.
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