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Affine Lie algebras

g - simple Lie algebra
9 =g[t,t 1] ® CK & Cd - affine Lie algebra
[at", bt™] = [a, b]t"™™ + n(a, b)dm —nK

E =h @ CK @ Cd - affine Cartan
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Modules over g and their characters

Pick A € E* produce:

Verma module - M(A) — L(A) - the unique simple quotient

For g-module M with finite dimensional 6—weight spaces, can consider:

chM = Z dim M et =try el h GE
peh*

ch M(A) - easy

Question: can we compute ch L(A)?
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Examples when the answer is known

Weyl-Kac formula:

A - integral, dominant: R ch L(N) = Z (—1)w) gw(A+P)
weW
Kac-Wakimoto formula [2017]
For g =sl,, A= —(1+s)A\g + s\1 (s € Zxp) get:

RchL(A) = (-1)™uy " entD

uew YEQY, (w1,7)>0

Question 1: what is so special about A's in these formulas?

Question 2: can we generalize these formulas?
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Assumptions on A

(A +p)(K) = A(K) + hY > 0 positive level condition

A - integral

Not crucial assumption:

A quasi-dominant meaning A(a}) > 0 for i =1,...,dimb

Pick w, € W' s.t. wy, (A + p) - dominant and set A ;== w,(A+p) — p

Kac-Kazhdan = Reh L(A) = Y (~1)@u 3 agews O+
ueW yEQRY

Question: how to compute the numbers a?
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Kazhdan-Lusztig theory and aspherical module

’Hq(W) - affine Hecke algebra (deformation of CW over Clg*'])

P=H (W) (W (C[qil] aspherical module

P has standard basis T, and canonical basis C, (7 € QY)

Can decompose:

T,= 3 miq)C

reQVv

Kashiwara-Tanisaki = a) = m)(1)
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Geometric realization of the aspherical module

g’, GY - Langlands dual Lie algebra and Lie group

Springer resolution:
N = T*(GY/BY) I+ N - nilpotent cone
Theorem [Kazhdan-Lusztig]:
There is an action W ~ K& (N); ty-— = [Og(M]® -
Set P :=P|g=1. We have an isomorphism of W-modules:

P~ KE (N Ty [Og(7)]
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Standard basis and categorification

Theorem [Bezrukavnikov]

There exists a t-structure in Db(CthV N),

such that:
irreducible objects = {E,, v € Q"}

K¢ (N)3[E)]=C,

So, both T, and C, are classes of some complexes of sheaves on N
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General approach to character formulas

So, want to find m;, defined by:

[Ox(M= > mlE)] (1)

veQVv
Pick o
U C N - GY-invariant; U C N - preimage of U
Can restrict (1) to U:

[Og(M] = > m)[Ev| gl
veQV; Supp Eyﬂayé@
Crucial observation:
{[E,|5] = C., Supp E, N U # @} form a basis of K¢ (U)
Upshot: ch L(w; o A) is controlled by K& (U) if SuppE, N U # @
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Two-sided cells and examples of U

Theorem [Lusztig]

{nilpotent orbits in N'} +» {two-sided cells ¢ C W}

W: I_I Co,

SuppE, N U # @ iff O, C U
Example 0: take U = Oreg, Greg = {1}, KGV(U) = C = Kac-Weyl formula

Example 1: take U = Oreg U Ogubreg, Csubreg - already interesting

Gsubreg = {W € W, w has the unique minimal decomposition}

it 0
Csubreg 1 W' = Csubreg — {W € Gsubreg; W = ... 50}
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Description of K¢ (U)

Have an exact sequence of W-modules:

0 — K (Ogubreg) = K€ (U) - C =0
Define the graph I':

Vertices of [ = elements of cgubreg

Vertices w and y are connected by an edge if they differ by simple reflection

W() ~ br; W < W(r) sj — H Sw

—. 0
W_SJ"'ecsubreg
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Theorem 1 [Bezrukavnikov-Kac-K.; Suzuki-K]

a) We have the isomorphism of W-modules:
KGV(@subreg) — br; KG ( ) =~ []F ) Cd

b) We can describe all complexes £,/ in Db(Coh®" U)
c) Canonical basis consists of {ay,, w € ¢ ubreg} u{d}

Theorem 2 [Bezrukavnikov-Kac-K.; Suzuki-K]

Theorem 1 leads us to explicit character formulas for A = w1 o \ such
that.
Case 1: A+ p - regular, w € ¢ Subreg

Case 2: A= —A\; + Zj m;A; for mj € Zzg and w = s;... € csubreg

Example (was conjectured by Kac-Wakimoto): g = D,

ch L(=No) = % STD) 0 ST ((8,7) + 1)et hotD)

ueWw veQVY
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Application

4D /2D correspondence:
{4D N =2 SCFT} — {vertex algebras}; 7+ V(1)

ch V(1) = Schur index of 7

Our computation =- Schur indices of certain (nontrivial!) SCFT

such as Argures-Douglas theories

The corresponding V/(7) is Li(g) = L(kAo) - simple quotient
of the universal vertex algebra V*(g)

Observation (via computations, should be a conceptual explanation):
for some k € Zq, characters of all ordinary irreducible modules

in the category O(Lk(g)) are covered by our formulas
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