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Some problems are simple exercises, and some of them are more complicated. Please

choose at least three of them and submit your solutions over email to:

vkrylov@math.harvard.edu

1. LetX be an affine algebraic variety over complex numbers equipped with an action of

C×. Set A := C[X]. Consider the action C× ↷ A given by the formula t.f(x) := f(tx).

It induces the Z-grading A =
⊕

i∈ZAi:

Ai := {f ∈ A | t.f = tif}.

Recall that X is called conical if for every x ∈ X, the limit lim
t→0

t.x exists and is equal

to the unique C×-fixed point on X.

Prove that X is conical iff Ai = 0 for i < 0 and A0 = C.

2. Let ω be a symplectic form on some smooth affine variety X = SpecA. Assume

also that X is equipped with a C×-action such that ω is homogeneous of negative

degree −d (i.e., t∗ω = t−dω for any t ∈ C×). Let { , } : A × A → A be the Poisson

bracket induced by ω (see Lecture 1). Let A =
⊕

i∈ZAi be the Z-grading induced by

the C×-action. Check that {Ai, Aj} ⊂ Ai+j−d.

3. Let π : Y → X be a symplectic resolution. Check that the induced homomorphism

π∗ : C[X] → C[Y ] is an isomorphism.

4. Recall the variety:

Xn
k :=

{
M =

(
A B

C D

)
|A,B,C,D ∈ C[z], D = zk+. . . , degB, degC < k, detM = zn

}
.

Consider the C×-action on Xn
k given by the formula(

A(z) B(z)

C(z) D(z)

)
7→

(
tn−kA(t−1z) tkB(t−1z)

tn−kC(t−1z) tkD(t−1z).

)
Check that this C×-action is conical iff n ⩾ 2k.
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5. The goal of this exercise is to prove the Jacobson-Morozov theorem. Recall that g

is a simple Lie algebra over C and G is a connected Lie group with LieG = g.

Theorem 1. Every nilpotent element e ∈ g can be included into an sl2-triple: there

exist elements h, f ∈ g such that [h, e] = 2e, [h, f ] = −2f, [e, f ] = h.

The following two results also hold (see, for example, [CG, Sectioon 3.7]).

Theorem 2. Let (e, h, f) and (e, h′, f ′) be two sl2-triples. Then there is an element

g ∈ G centralizing e such that gh = h′, gf = f ′.

Theorem 3. Let (e, h, f) and (e′, h, f ′) be two sl2-triples. Then there is an element

g ∈ G centralizing h such that ge = e′, gf = f ′.

(1) Prove Theorem 1 in the case of g = sln.

(2) Prove Theorem 1 for general g. You may use the following strategy:

(a) Check that x ∈ g lies in the image of ad e if and only if x is orthogonal

(with respect to the Killing form) to the centralizer of e.

(b) Prove Theorem 1 in the case when the centralizer of e consists of nilpotent

elements.

(c) Prove Theorem 1 in the general case.

In the following problems feel free to use Theorems 1 and 2 above.

(3) Show that the nilpotent orbits in g are in one-to-one correspondence with the

G-conjugacy classes of Lie algebra homomorphisms sl2 → g.

(4) Show that the number of nilpotent orbits in g is finite.

6. Let g be a simple Lie algebra (over C). Let b ⊂ g be a Borel subalgbra. Consider

the Killing form ( , ) on g given by the formula (x, y) := tr(adx ◦ ady). It is known to

be nondegenerate so it defines the identification g∗ ≃ g. Let n ⊂ b be the nilpotent

radical. Check that the identification g∗ ≃ g gives the identification b⊥ ≃ n.

7. Let O ⊂ g be a nilpotent orbit. Consider the C×-action on g given by x 7→ tx.

Check that O is C×-stable.

8. Let g = slr+1, G = SLr+1 and consider the SLr+1-invariant function on g:

Φi := (A 7→ tr(Ai+1)), i = 1, . . . , r.

Check that the differentials of Φi are linearly independent at A ∈ g iff A is regular

(i.e., the centralizer of A in g has dimension r).

9. (a) Let X be an affine irreducible Cohen-Macaulay variety (that is, A = C[X] is a

Cohen-Macaulay ring). Prove that there exists a finite morphism f : X → V to the

affine space V = AdimX such that f∗OX is locally free (hint: use Noether normalization

and miracle flatness, any finite morphism as above would work).
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(b) Use (a) to prove that an affine Cohen-Macaulay variety that has an nonempty

open reduced subvariety must be reduced.

(c) Using Problem 9 deduce that the nilpotent cone (defined as SpecC[g]/(Φi)) is

reduced in type A, this is the part that we did not discuss in the second lecture.

10. Write the detailed argument deducing that the morphism G × Sg
e → g is smooth

from the transverality of Oe and Sg
e at the point {e} = Oe ∩ Sg

e (see Lecture 2).

Problem for the short paper. Here we propose one problem for a short paper

that registered undergraduate students should write to complete the course.

Consider the variety X0
k . Recall that it can be identified with the moduli space of

maps {
f : P1 → P1 | f(∞) = ∞, deg f = k

}
.

The goal of this project is to define the symplectic form in this space and then to

prove that in the local étale coordinates xi, yi (see Lecture 1) this form is given by the

formula ω =
∑

i
dxi∧dyi

yi
. Useful references are [AH] and [FKMM].
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