9.22.2025: Math 122 Lecture 6 Notes

Vasily Krylov

Last Time
Last time we discussed homomorphism and isomorphism. A mapping
0:G— G

is a homomorphism if p(ab) = ¢(a)e(b). If ¢ is also bijective, then it will be an isomorphism. For
example;
G — G/, g — eqr

is trivial, and;
G—-G,g—yg

is the identity. Also consider;
7 —*7Z; m — am

where a is any integer. Another example is;
Z — Z/nZ, m — m mod n
as well as;

(R, +) — (R*,.), t — 2

1 Properties of Homomorphisms

Proposition: Let ¢ : G — G’ be a homomorphism.
1. Ifay, -+ ,ar € G, then ¢(ay,---ag) = p(ar) - - p(ag)
2. We have that p(eq) = eqr
3. We have that ¢(a™!) = ¢(a)™!

Proof of (1) - Exercise (Use induction, with a; ---a, = (a1 ---a,—1) - (a,)). Sketch;

plar---an) = (a1~ an) - (an)) = @lar - - an) - p(an)

Induction
= (pla1) - plan)) - (w(an)) = @(a1) - p(an)



Proof of (2) - Want to check that ¢(eg) = eqr. We know that eq - e¢ = eg. Applying the
homomorphism then yields;

pleg - eq) = p(ec)
= y(eq) - plea) = pleg) = ¢leq) = eqr

Proof of (c¢) - Want p(a™!) = p(a)~!. Need to check:

e(a™) - pla) =eq = p(a) - p(a™)

For the left side, we have p(a™!) - ¢(a) = p(a™!

p(a)-pla™) =pla-a™') = pleq) = eq.

-a) = p(eg) = eqr, and on the right side we have

2 Isomorphisms

Recall that ¢ : G — G’ is an isomorphism if ¢ is a homomorphism, as well as bijective.
Lemma - If ¢ : G — G’ is an isomorphism, then ¢! : G’ — G is an isomorphism.

Proof: Need to check that o~ !(zy) = ¢~ (z)p ' (y) Vz,y € G', and zy is multiplication in G’,
and ¢ ()¢ (y) is multiplication in G.

Set a := ¢ (2); b:= ¢ (y); ¢ := ¢ (xy). Then we want to check that ¢ = ab. Since ¢ is
bijective, it is enough to check;

p(c) = p(ab)
Indeed:
p(ab) = p(a)p(b) = zy = ¢(c)

Two groups GG, G’ are isomorphic if dp : G — G’ where ¢ is an isomorphism. We will write
G=dG.

WARNING: Isomorphisms are NOT unique in general.

3 Examples of Isomorphisms
The groups;

(Z%,) = {£1} 2 Z/2Z
Where 1 — 0 and —1 — 1.

For another example, consider the group ((123)) C S3 (where this is the subgroup of S;
generated by (123)). We have that;
((123)) = Z/3Z

Where 1 — 0, (123) — 1, and (132) — 2.



Now for an example of two groups that are not isomorphic, consider;
(Z)127)* 2 Z]AZ

Every element of (Z/12Z)* has order < 2, but Z/47Z has an element of order 4 (note that both
groups contain four elements).

For another example, consider that z € G, ord(z) = n implies;
Lz, 2" = (2)g X Z/nZ
where zF — k.

For x € GG, where ord(x) = 0o, we have that;
(r)e = Z
We see that two isomorphic groups are "the same” and we do not want to distinguish them. The

groups isomorphic to a given group GG forms what is called an isomorphism class of G.

Lemma: If G; = Gq; Gy = G3, then G; = G5 (That is, any two groups in the isomorphism
class are isomorphic).

Proof: Follows from the claim:
Ifo:G— H;vy: H— S where ¢, are homomorphisms of groups, then @ oy is a homomorphism.

Proof:

(¥ 0 p)(ab) = P (p(ab)) = P(w(a)p(b)) = Y(p(a))P(p(b)) = (Yo p)(a) - (¥ o p)(b)

Classifying all groups (describing their isomorphism classes) is very complicated and too hard.
We will see that every group of order p (where p is prime) is isomorphic to Z/pZ.

Question: Can you describe all groups of order 47

4 More Examples

Clearly G — G via g — ¢ is the identity isomorphism. Interestingly, in general, there are many
ways to identify G with itself. An isomorphism G' — G is called an automorphism.

An example of an automorphism. Consider S3 = (x = (123),y = (12)), with 2® = 1,¢y* =
1, yx = z*y, which can be written as {1, z, 22, y, vy, z%y.

Exercise: % 22 and y 2 y extends to the automorphism of Sj.



Explictly, we have;
(11

r — x?
2 =
Yy—y
xy — 22y

22y — 2y
To solve this exercise, we need to check that the relations are preserved;
P=1—=@2?)P=2=1v
Y¥=1=y*=1v
yr = 2%y — yr? =Txly
Want:
yr? =2ty = ya’ =2y = 2 =yry = iy =yav
Where we first used x® = 1, then left multiplied by y, and finally right multiplied by .

In general: If G = (xy, - - - xy) /relations then to define a homomorphism:
p:G—= S
Need to:
1. define ¢ on generators;
©
1 =W
L = Yk

2. Check that relations are preserved:
where the left side is equality in G, and the right side is equality in S

The automorphism ¢ : S3 — S that we constructed is a particular case of a very general
construction: Exercise: For G a group, and g € GG is any element;

G2 G h 2 ghg™!

1

then ¢, is an automorphism of GG, where ghg™" is the conjugate of h by g.

Example: ¢ : S3 — S3 corresponds to ¢ = y = (12). Indeed, y — yyy ' = y and;

z = (123) — (12)(123)(12) = (132) = 2?



