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Vasily Krylov

1 Last Time

We defined the group of permutations Sy (the T-set). We found that the structure of S,, is a symmetric
group and established cycle notation and how to multiply permutations. Finally, we defined generators
and relations, looking at the presentation of S3. One such presentation is as follows:

S3 = <x,y | x3 :y2 = layx :$2y>a
where x = (123) and y = (12).
Another presentation uses s; = (12) and sy = (23).

Exercise: Show
2 2
S3 = (s1,82 | 57 = 85 = 1, 815251 = $2812.

Solution: We have that

(12)(23)(12) = (12)(132) = (13) = (23)(231) = (23)(12)(23).

We can generalize this to get the following theorem:
Theorem:
2 . .
Sn= (81, 8n—1| 85 =1,8;8] = 8584, |1 — j| > 1, 881118 = Si415iSi41),

where s; = (i i+ 1). Try to check these relations!

2 More examples of generators/relations in presentations

Z = (x), x = 1. note that there are no relations. Now, we take Z/nZ: it is generated by 1, so again x = 1.
Since

l+1+---+1=0,
~——
n times

we have the relation 2™ = 1.

Exercise: Prove Z/nZ = (x | 2™ = 1).



3 Why are symmetric groups important?

Symmetric groups are important because other groups are contained in them as subgroups.

Definition: a subset H € S of a group S is a subgroup if it has the following properties:
- Closure: Va,be H = ab e H.
- Ildentity: e € H.

- Inverses:Vae H=a1'€ H.

Claim: if H c S (here meaning H is a subgroup) then the product on S defines the group structure on H.

Proof: we take the subgroup axioms and use them to verify satisfaction of the group axioms in H.
The identity and inverse axioms are satisfied. Associativity holds for H as it holds for S.

Proposition: Let G be a group. Then G is a subgroup of the group of permutations Sg.

Proof: We construct an embedding G & S¢ such that
g+ (h— gh).

We denote the left multiplication h — gh as A,.

1. Ay is bijective because it has an inverse given by A,-1.
2. @ is injective: to prove this, we check that if \; = Ay, g = ¢’. Note that
g=2X(1) =Ag(1) = ¢,
so this holds.
3. ¢ identifies multiplication in G with multiplication in Sg. In other words, we need to check that
o(g-c h) = ¢(9) s ¢(h),

where the left side multiplication is in G and the right side multiplication is in S¢. Indeed, we find

that
e M) (gh)e
and
»(9)-(h)

e — he — g(he),

which are equal by the associative law.

4 Examples of subgroups

These are chains of subgroups: Z c Q c R c Cand Z2* c Q* c R* c C*.
Another interesting example is S € C*, where S := {a +bi € C* | a® +b* = 1}.

Exercise: Prove that S forms a subgroup of (C*, ).



5 Cyclic subgroups

We take the group S with element x € S. The cyclic subgroup of S generated by x is
() :{...,z7 %z 1,z,2%, ... ).
Examples:
- S =7 and x = n; then (n) = nZ, which is infinite.

- S = (R*,.); then forz = —1, (—1) = {£1}, so the cyclic subgroup consists of two elements.

Our goal is to understand what (x) can look like. First, let's describe all subgroups in (Z,+).

Theorem: Let S be a subgroup of Z. Either S is the trivial subgroup {0}, or else it has the form Za,
where a is the smallest positive integerin S.

Proof:
- By the definition of a subgroup, 0 € S; if S = {0} then part of our theorem follows.

- Ifdne S, n#0=n,—n€S. So S contains some positive integer. Let a be the smallest positive
integerin S.

Our goal is now to show that S = Za.

1. Za C S. In particular, ifa € S, then a +a = 2a € S, and so on until we have
kae SVkeZ > 0.
Now, if ka € S, —ka € S. S0 we conclude that

Za C S.

2. 8 C Za. Pick n € S and divide with the remainder:
n=qa-+r,

where ¢ € Z and r € {0,1,...,a — 1}. Peritem 1, ga € S, sO —qga € S, and therefore n — qa € S.
——

T
Note now that since a is the smallest positive integer in S and r < a, we must have that r = 0. So
we conclude that n = ga € Za, and therefore that S C Za.

Combining items 1and 2 gives S = Za, as desired.



