Lecture 21

Last time

e Defined rings (R, +,-):

(R,+) is an abelian group,
(R,-) is a monoid,
alb+c)=ab+ac, (b+c)a=ba+ ca.
e Examples: Z,Q,R,C,Z/nZ,Matoxo, . . .
e Defined polynomial ring R|x] for an arbitrary ring R:

Rlx] ={ap + a1z + -+ anz™ | a; € R}.
e Discussed division with remainder in R|x]:
f(z),h(x) € R[z], h(xz) monic.
Then there exist unique ¢(z),r(z) € R[z] such that

f(z) = q(x)h(z) + r(z), degr(x) < degh(x).

Lemma
a is a root of f(x) if and only if
f(z) = (z — a)gq(z) for some ¢(z) € R[z].

Proof. If f(z) = (x — a)gq(z), then f(a) = (o — a)g(a) = 0.
Conversely, if f(a) = 0, then divide f(z) by (v — «):

f(@) = (& = a)q(z) +r(z),
where degr(z) < 1= r(z) =r € R. Then f(a) =0= (o — a)g(a) + r =1, so
r = 0. Hence f(z) = (v — a)q(x).

Definition
A ring R has no zero divisors if for all a,b € R\ {0},
ab # 0.

Examples: Z,Q,R,C.
In general, if R is a division ring (in particular, a field), then R has no zero
divisors.



Examples
Z/6Z: 2-3 =0 = has zero divisors.

In general, if n is not prime, Z/nZ has zero divisors.
Also, in Mataxa(R),

0 1\ (0 0\ _ (0 0y_ ..
00 1 0 = 0 0 zZero divisors.

Assume R has no zero divisors (e.g., R is a field). For f(x) € R]x],

Theorem

#roots of f < deg f.

Proof. By induction on n = deg f. Induction step: pick any root « of f.
By the lemma, f(z) = (z — «@)gq(x) with degg =n — 1.
Claim:
{roots of f} = {roots of ¢} U {a}.

If 8 # « and f(B) = 0, then
f(B) = (B—a)q(B) =0=q(B) =0,
since R has no zero divisors. Hence the number of roots of f is at most
#roots of f < F#rootsof g+1<(n—1)+1=n.
Next time: use this theorem to prove that
(Z/pZ)* is cyclic,

and more generally, R* is cyclic for any finite field R.

Monoid and Group Rings

Starting with an arbitrary monoid G and ring R, we can associate the ring

RG:{ZrigihiER,giEG}.

i=1

If G is a group, this is called a group ring.
Define ring operations:

(Z aiQi) + (Z bigi) = Z(ai +b:)gi,

K2

(;aigz) ;bjgj =3[ X ab | g

geG \9ig9;=9g



Examples
Rx] is a particular case of RG for G = Zx, since
Rzl ={ro+rax+ - +rpz"},

and the product in Z>( corresponds to the product of monomials ™ - 2" =

amtn,
Example: Group Algebra
Let G = Dg = (r,s | r* = s> = 1,rs = sr~'). Then
G={r*s"|k=1,2,3,4; m=0,1}.
Take R = Z. Typical elements of ZDsg are:
a=r+1r2—-2s, f=-3r2+rs.
Their sum and product:
a+pB=r—2r2—2s+rs,

af = =513 =3+ 7r?s +r’s.

Remark: We obtain many examples of noncommutative rings: if G is non-
commutative and R = Z, then ZG is noncommutative.

Embedding of Groups

If G is a group, then
G C (RG)*,
since for g € G, its inverse in RG is g~ 1.

Modules over a Ring

Analogous to group actions.
Definition. Let R be a ring. A module over R is a set M with:

1. an addition +: M x M — M,

2. a scalar multiplication - : R x M — M,

such that:

(M, +) is an abelian group,

) m=r-m-+s-m,
(m+n)=r-m+r-n,

) m=r-(s-m),
1-m=m, Vr,se R, m,née M.

Example: Z-modules are abelian groups.



