
 

Lectures

Lastly

H normal if geG guy t

G н дн дан

111711
Question when G H has a group

structure

It's tempting to say that Gift is

a group with a product given by

ан БН авн



The problem is that this procedure

is IT well defined in general

Example G 53 H 41,11213

123 Н 132 1 1 Н

problem

3 Н 132 Н 23 Н

Claim if HCG is normal then

G н has a group structure given by

the formula



Roof Need to check that the

product
is well defined

In other words need to check that

if a abt arab alar biba

Indeed b 9th ba 92hr

J
for some hi hit H

Then biba aihi aahr inH

a.ar.TT.hr
ITuse that

Н normal



Exercise if formula defines the

group structure on GH then HCG

normal

Upshot
subgroup

Can form G ft set
i

becomes a grog if HCG

mutual

Example G 53 H Аз 1 1231,1132

Then Gt consists of the elements
H Н

11 Нtiti



IF HCG
normal

then G G µ

Ingi
five homomorphism

with kernel H

This if 4 G н G surjective
honor

and H Ker 4

1 GHEG
2 976

If it commutative

stray

this diagram

In other words 4 identifies with

G mn G Н



Pt
Let's construct с nap G Н G

Elements of Gtl are costs gH

we dfinflg.tt 41g

note that 4 H 413

So f is well defined

does not depend on the choice

of д

By definitions
G

10
commutative

GH G

Remains to check that f isomorphism



f homomorphism take all bH

Want flat btl flat f but

441.416

f abt

Деведная
4 ab

f surjective К
follows from the

fact that is commutative

is that clear

I bijective

enough to check that Ker If 41914



Note now that gtl 1 Iff

4191 1 Iff ДЕН i e.gl

HVBatots

arbitrary subgroup

Assure now that HCG

We assume G finite

Define G H G н

number of left

costs GH

this number
is called Ix



Lens All left costs of a group

have the same number of elements

proof enough to construct bijection

all H
it is given by left

multiplying by a

inverse is the left multiplication by 9

Corollas 161 141 GHI
I I

site of number

order one cases
of costs

of G
sometimes
denote by G



Theorem Lagrange's hm

Let Hft subgroup The order of

It divides the order of Ст

Clg The order of an element

of a finite group divides the order of

the group

proof Take at G a с G

Recall that ord a a

divides 1Gt

by Lagrange's thin applied
to H a



Clary Suppose С has prime
order

И
6 2 pl or G 113

pros
Assume that Ст 413 Take at G

ord a 1 ord a p
ord a p

It follows that a G

proved

15

иИра



Proposition Let G H К
subgroups

G K G H Н K

for К 414 recover G G H 141

proof 1Gt 16 41
НУ а rain

Н Н К К Тнк к

161 Girl
1k1g

G HJ.CH K G K

ЕЕ G Его Gn

И
С Сти G G Ста 1 Сти



So Lagrange's hm tells us that

if at Ст ord a 1Gt

Is the converse true

In general Ne

take 2 122 it ha

order 4 but no element

of order 4

The Converse is true for prime divisors

of 1Gt



Theorem Cauchy
nontrivial and

important theorem
will combine
all that we

G finite group p 1Gt know to pile
к
prime

Then at G st ord a p

Roof We prove for G
commutative

will deal with arbitrary G later

Induction on h 1Gt

Ван п р G 212 71 element
l of order p

proved

Induction step take any a G
1



Consider H a G
normal as G commutative

if p ord a a ha
order P

if pl ord a p G HI

induitonhspother.is

can find gH G н sit gti H

equality in Gt

Let m be the order of д

We must have gti H p m

So 9 element of order p


