
 

Fix prime p Chapter 2 of
Algebraic NT

p adicinte.ge deftn
thyNeukirch

Ao ta p t Aap't u

ti ai e fo p D

Bp all p adic integers

I extends

Qp p adic
numbers

amp
m
te t ai p i aota.pt



Any fEQ f HI p
n g h no factors of

p

we can take a p adic expansion of

just 1h aota.pt Gp2 and

I p III

ear

Node Q Qp injectic

If a b same p adic expansion
then a b EO p

neN

p Ca b V NEIN a b 0



Z F Ip
7L cap
I p 1 t p 1 p t p 1 p't

Cp I
t p

p
It p t p't e

w

74
E Ip



Define and of p adic HS

S ay view p adic
numbers as

sequences of residue classes mod

21pm 2 NEH

Absolute value f Ip

consider a be be c I b Q

a p b p Ccp I

fitii



g.µq

m be denoted Vp a define vplokos

Up poadic valuation

Up 2 U is

1 Up a P a O

2 Uplab Up a Vp b

3 Up atb z Min Mpla uplb



Xt D O Ot D D D X f X

p adic exponential
valuation of Q

p adic absolute
value derived as

http Q IR at lalp p upas

Nor onQ_
zero norm iff zero value

lapIp late lablp

latblp E Maxfield
E lalp IblpI

24enseiiofabs.ua
I 1 a Ip



A 9

Notation M ordinary I 1 is denoted

by 1 Is

Neu def'n of field of p adic noms

Cauchy sequence event I Ip is a sequence

xn of rationals sit K c 0

I no C IN sit kn Xmlp a E

for all him No



Exi every formal series

E avpv OE arap

partial sums Cauchy sequence

Nullsequencei abs
values converge too

radically I p p p e

consider set of all Cauchy sequences

over Q w r t I Ip

It
forms ano ring R nullseqences



form an ideal M that is maximal

Define Dyp Rtm

AE Q a a ae C Qp

Proposition Qp is complete w rt

Ilp

Explanation every Cauchy sequence in

Qp converges Wrt to 1 Ip

Pupi Zp XE Qp help El

is a subring of Qp



Xp I wit Qp

Ip E 2k
X p

I 1 A Ip generalized to arbitrary

fields

Defhi A valuation given a field k

is a function l I i k R

1 1 120 for a X Ix ko X O

2 Kyle hilly



IB Ixtyl E hilt lyl

Explicitly
exclude trivial valuation

1 1 1 t x 0

Given any
valuation K becomes a

metric space

define d x y
e x yl

It
gives us a topological space by
defining open balls based on

d x center c radius



Defini two valuations defining the

same topology on K

equivalentualvations

Papi l la I 12 valuations are

equivalent on k iff

7 s O E IR such that

1 1 I Xl for all xek

given any valuation I 1 on K

Ix K I EX new converging



to zero
are equivalent

If I 1 and I 12 then

we must have 1 1 I for X

1 12 1

300 App n
m

Any number
n of pairwise inequalent

valuations on K and a an GK

For all E O I XEK sit

Ix ail E for all Tal n

proof page 118 of tha the book



Archimedeanvanonanhimedeannawations

Ind bounded V new nonankimedean

unbounded archimedean

Propi It is nonarchinedean iff satisfies

the strong hind 0 inequality

Ixtyl I mean 1 1 ly11

If If we know strong 6 ing holds

Inl It t 11EE l

Otherdirection Int E N Xy Ek s t

Halyly



Ix IV ly
I E 1 1 for all vzo

Ixtyl E
o
1111 1 1s bln

v

E niHN 1 4

i Max hilly

1xtsaENtnCltnjtn1xAJlxtylkmaxClxl.ly

n co

1 1 1 Igt lxtyl maxflxl.ly 3



Theoremi Evey valuation of Q is

equivalent to either 1 lb or

Ilp

any archimedean valuation on

Q equiv to fly

any non arhinedan

eqiu to some 1 Ip

All p adic valuations 1 Ip are

inequinalent for different µ

l



Nonachimedean Val on K lb

Consider a function V K Ku

x log 1 1 X O

G to ou x O

p v x x O

2 v xy v x ily

3 V Hy 2 min f uCx vlog 3

is called an exponentialvaluat
of K

2 exp valuations are contr if one is
a prodat of another thus a positioning



Proposition
X Ek Iv x 203 a

Ex Ek 1 1egg
s a ring

0 has a group of units

O X Ek v x 03

x Ek I 1 1 13

O has a unique maximal ideal

pi Exe k IvG so

Exek I txt a 13

O is an integral domain w field of
fractions k



V X Ek either XE O or X EO

Valuating

only maximal ideal Ex cOf x f O

D.gg exponential valuationthats smallest

positie value

Completions

consider K I t Cvaled field

complete iff every Cauchy seq

an new converges to an elementin
K



K I 1 gets completed I Il

Let Re ring of all Cavalry Seg of

K H M maximal ideal of all

nullsegences

I Rlm

Ostrowski's Theorem Rad
are only complete fields art

archimedean valuation

p is the completion of Q with

respect to 1 Ip



Propi O E K
a

E EB k

f v valuation

pi p maximal ideal

Otp Up

If V is dew discrete

8 pn E Vpn V na I



Henselblemmat If f G E O is

a primitive poly add and

f x I g x ti x modp where

g I c KED p relatively prime

k Otp then fwm we

can factorize

f x g x h x

g h E O s t deg g deg g
and

gtx g x h x E 541 modp



XP't E XpEx

Ip p2p Fp

H
p 1

th roots of unity are in Qp

Theoremi K complete art I 1

Then I 1 extended in a unique

way to a valuation of any given

LIK algebraic extension

KI JENI
4K has finite degree n



deg

Liscomplet


