
 
We have seen that whenusing theGSPauction in sponsoredsearch thebidders
sometimes have an incentive to underbid to receiveslightly fewer clicks at a deepdiscou

Thegoal of this lecture is to modify the GSP so that bidders are incentive
to bid truthfully

To do this I'm going to introduce thenotionof the externality that bidderk
imposes on theotherbidders

Externality

We are going to look at theexternality imposedbybidder I on the other bidd
in thecase of a single item auction as well as for a multi slotauction

Consider a single itemauction

Relabel the bidders so that u us un
r ipsntrehevatnadn.deforeachclick

Q1 Intheoutcome oftheVickreyauctionwhatis thetotalwelfareenjoyedbybidders2,3 h

A1 O all of them lose the item to thehighest bidder

Q2 What if we removed bidder 1 and reran theVickrey auction
A2 Va bidder 2 wins the item theother bidders losethe item

Difference in totalwelfare of bidders 2,3 n with us without bidder

V2 O V2

Theexternality imposedbybidder I onbidders 2,3 n is therefore v2

Note The winner's payment in the Vickrey auction is exactly the

externality she imposes ra



Now let's go through the same thought experiment with sponsoredsear

Consider a multi slot auction

n bidders labeledso that v us un
Multipleitems so suppose we make the usual greedy assignment
ithhighestbidder assigned to the ith bestslot i 1,2 k

Now we want to ask the same questions as in the caseof a singleitemand

Q1 Intheoutcome ofthemultislotauctionwhatis thetotalwelfareenjoyedbybidders2,3 n

Al each bidder j 2,3 k getsassignedslot j and obtains welfarevjaj
Where rj is bidderj's private valuationfor a total of

Évjaj foreachclickitslinkreceives and aj is theclickthrough rate TR of slot j
Q2 What if we removed bidder I and reran themultislot auction
A2 The total welfareearnedbybidders 2,3 n in this case is

vjaj i Éitrabisittoninupsince bidder't n b Yehudahave an

Difference in total welfare externality

184 144 zgg j i iiiifj ktiij.tn
This is theexternalityimposedbybidder1 onbidders 2,3 n

With the Vickrey auction we have a singleitemand we chargethewinner the
secondhighestbid which is equal to the externalityWeknowthatthisleads to
truthfulbidding However we haveseenthatthe externality is notequal to the
nexthighestbid for the multislotauctionÉÉÉwÉ'Éirthemmiliislotauctionwouldcharge
each occupantthe nexthighestbidwehavetheGSPauction Andwe knowthat GSPauction
doesn'tleadtotruthfulbidding Sohowcan we modifythepaymentrule



Let me introducetheVCG auction

The VCGauction

charges each bidder the externality it imposes

This is how it works
1 Accept a bid from eachbidder
Relabel the bidders sothat b abat Ibn

2 For i 1 2 k assign the ithbidder to the ith slot

3 For i 1,2 k charge bidder i

If ybjlajtglperclickswithanty
2

This expression looks quitesimilar to the expression we got for theexternality
Twodifferences between I and 2

1 Each valuationVjin l hasbeen replacedbythe corresponding bidbj in 2

The mechanism doesn'tknow the bidders valuations onlytheir bids

If bidders are truthful thenthesewillbe the same
2 l is per impression vjaj 14 is per click
In a sponsored search auction we can onlycharge a bidder for a click
Sinceonly an ai fraction ofimpressionsleadto a click forbidder i theperclick

payment is I times the perimpressionexternality
Thereforewithtruthfulbidstheexpected payment perimpression is exactly

thebidder's externality l



Proving that the UCG auction is truthful
Suppose that we have bidders 1,2 n who are bidding for k slots
Wewant to show that bidder i prefers to bid truthfully

Reorder the bidders so that b bas bn

Then the utility of bidder i is

É
KH

addingandsubtracting bjaj t via t I bjaj bjaj t bias
the expectedwelfare
ofthebidderswithbids jitthigherthanVi

bidder i is trying expectedwelfareofTomaximizett
the otherbidders if
bidder i were to not
existand it doesn't
dependon theactual
valueof bi so we
can ignore it

The onlyeffect that thebid bi has on thefirstterm is by reordering
which aj gets paired with which coefficient

By the rearrangement inequality this is maximizedwhen bi i vi bit
which they can achieve by bidding bi vi

This shows that the UCG auction is truthful so we have now
modified the GSPpayment rule to incentivizetruthful bidding in
a sponsored search auction


