INFINITELY MANY LEFSCHETZ PENCILS ON RULED SURFACES

SERAPHINA EUN BI LEE AND CARLOS A. SERVAN

ABSTRACT. We show that any ruled surface X with x(X) < 0 admits infinitely many inequivalent
Lefschetz pencils of fixed genus and number of base points. Our proof proceeds by building infinitely

many inequivalent Lefschetz fibrations on a blow-up X#4CP2? of X with constant fiber class, via
a mechanism known as partial conjugation. Furthermore, there exists a symplectic form on X
compatible with all such pencils, and similarly for the fibrations in X#4CP2. This provides the
first example of this phenomenon and makes progress on Problem 4.98 of the K3 list of problems in
low-dimensional topology in the case of ruled surfaces.
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1. INTRODUCTION

Let X be a closed, symplectic 4-manifold. The work of Donaldson [Don99] and Gompf [Gom05]
builds a correspondence between topological properties of X and properties of the topological Lefschetz
pencils (X, f): Any symplectic 4-manifold admits a pencil, and any 4-manifold admiting a pencil is
symplectic.
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This correspondence has proved remarkably fruitful in the study of symplectic manifolds (e.g. | ,

, , , ). Nevertheless, there is not an a priori
canomcal Lefschetz pencﬂ on a given symplectlc manifold X. A fundamental open question is then
the following.

Question 1.1 (K3 | , Problem 4.98]; cf. Baykur—Hayano | , Question 6.4]). Does every
closed symplectic 4-manifold admit inequivalent Lefschetz pencils with the same fiber genus g, for
sufficiently large g? How about infinitely many?

In this work we make progress on this problem in the case of ruled surfaces, or S*-bundles over ¥,
for some g > 0. In particular, we provide the first examples of infinitely many inequivalent pencils of
fixed genus on the same symplectic 4-manifold.

Theorem 1.2. Let X be a ruled surface with x(X) =4—4g < 0. There exist infinitely many pairwise
inequivalent Lefschetz pencils m, : X — B, — S%, n € Z>o, of genus 2g with fived number of base
points |By| = 4 and fixed homology class of reqular fiber. There exists a symplectic form w on X such
that the smooth loci of all fibers of m, for all n € Z>( are symplectic submanifolds of (X,w).

Blowing down disjoint (—1)-sections of inequivalent Lefschetz fibrations produce inequivalent Lef-
schetz pencils (see e.g. [ , Corollary 3.10]). The following theorem forms an intermediate step
in the proof of Theorem 1.2.

Theorem 1.3. Let X be a ruled surface with x(X) =4—4g < 0. There exist infinitely many pairwise
inequivalent Lefschetz fibrations m, : X#4CP* — $2, n € Z>o of genus 2g and fized homology class

of reqular fiber. There exists a symplectic form w on X#ME such that the smooth loci of all fibers
of m, for allm € Z>( are symplectic submanifolds of (X#4(CIP’2,w).

Theorem 1.3 may be of independent interest, as it gives the first construction of infinitely many
pairwise inequivalent Lefschetz fibrations of the same genus on a fixed smooth 4-manifold. See Section
1.3 for a summary of previously known constructions of finitely many such Lefschetz fibrations.

Remark 1.4 (On the fiber genus). An essential point of Question 1.1 is the existence of inequivalent
Lefschetz pencils of the same fiber genus. Otherwise, infinitely many Lefschetz pencils can arise from
increasingly large powers of a given line bundle.

The smallest genus of the regular fibers appearing in the fibrations of Theorem 1.3 is 4. Currently,
the smallest known genus of inequivalent but diffeomorphic Lefschetz fibrations is 3, by work of

Baykur-Hayano | , Theorem 6.2]. On the other hand, there are restrictions on the monodromy
of potential genus-2 examples; see | , Remark 6.3]. Theorem 1.3 answers Question 6.4 of Baykur—
Hayano | | positively for the case of (four-fold blowups of) ruled surfaces.

Remark 1.5 (The case of surface bundles over surfaces and mapping tori). Our result highlights a
difference between Lefschetz fibrations and surface bundles. F.E.A. Johnson | ] showed that if
m: M — ¥y is a Xg-bundle over Xp, with g, h > 2 then there are only finitely many ways to realize M
as the total space of a Xy-bundle M — Xy, with ¢/, A’ > 2, and Salter | ] constructed 4-manifolds
admitting arbitrarily many fiberings. In dimension 3, the set of surface bundles Y — S for a fixed
3-manifold Y is governed by the Thurston norm | ]. Thurston showed, for example, that any
irreducible and atoroidal 3-manifold fibers over S with fixed genus in at most finitely many ways.
Moreover, the isomorphism class of the fibering is determined by the homology class of the fiber | ,
Lemma 1].
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FIGURE 1. Vanishing cycles of the MCK Lefschetz fibration of genus 2¢g and the
involution 7.

1.1. A road map to the proof of Theorems 1.2 and 1.3. In this subsection we give a quick
overview of each of the steps appearing in the proofs of Theorems 1.2 and 1.3. We emphasize that
the proofs of Theorems 1.2 and 1.3 in the smooth category are essentially finished in Section 5; see
Corollaries 5.3 and 5.8. o

Let g > 2 and X = ¥, x S244CP?. The starting point in our construction of infinitely many
inequivalent Lefschetz fibrations on X is a quite peculiar Lefschetz fibration on 7 : X — S2 called the
(even) Matsumoto-Cadavid-Korkmaz (MCK) Lefschetz fibration | ]

The Matsumoto—Cadavid—Korkmaz Lefschetz fibration. The MCK fibration is induced by a
factorization of an involution 77 on ¥y, with two fixed points. Its vanishing cycles and the involution
n are shown in Figure 1. This Lefschetz fibration was originally described by Matsumoto | ,
Proposition 4.2] for ¢ = 1 and later generalized to higher genus by both Cadavid | | and Ko-
rkmaz | ]. The MCK fibration has been the starting point of many interesting examples of
Lefschetz fibrations (e.g. [ , ). Tt is a hyperelliptic Lefschetz fibration, with the smallest
number of singular fibers of a fibration of genus at least 6 for manifolds with b5 =1 | , ]
For our purposes, the most important properties of the MCK fibration are the following;:

(1) The total space is diffeomorphic to X4 x S 244ACP?. Furthermore, the total space is invariant
under partial conjugations by elements of the Torelli group Zog I Mod(Xag). (This relies
heavily on results of Liu | ]; see Section 5 for details).

(2) Tt is a hyperelliptic Lefschetz fibration.

Our construction then proceeds as follows: Starting from the MCK fibration 7 : X — S2, we find a
suitable mapping class f € Z, and perform partial conjugations by the powers f™ to obtain a family
of fibrations {m, : X,, — S?}. We now briefly describe the partial conjugation construction.

Navigating the set of Lefschetz fibrations. Let (X, 7) be a Lefschetz fibration of genus h. A
big part of the success in the study of Lefschetz fibrations is that they admit simple combinatorial
descriptions via factorizations of the identity in Mod(X}) by right-handed Dehn twists | , ]
From this perspective the following operation, called partial conjugation | , |, is quite
natural. Let W7, W5 be products of positive Dehn twists such that

Wi - Wy=1¢ MOd(Eh).
Let f € Mod(X) be a mapping class that commutes with Wy. Then because fT.f~! = T () for any
right-handed Dehn twist T, € Mod(X},), we obtain a new factorization

Wy - Wi =1 e Mod(Zh)

of the identity in Mod(X) by right-handed Dehn twists, where sz denotes the conjugation of the
factors of Wy by f. This new factorization defines a Lefschetz fibration (X, 7,) on a manifold X
which has the same signature and Euler characteristic as the original manifold X.
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Remark 1.6. Partial conjugation can also be understood from a topological point of view as a cutting
and regluing operation; see Section 2 for details. In this way, partial conjugation is a generalization of
the fiber-sum operation. However, the Lefschetz fibrations we construct in the proof of Theorem 1.3
are not minimal. In particular, the partial conjugations that we employ are not fiber-sums | ].

Remark 1.7 (Effectiveness of partial conjugations). Let Gy, be the group generated by the Dehn
twists present in the word Wa. If f € Gw,, then (X, 7¢) is equivalent to (X, ) | , Lemma 6].
Thus, partial conjugation is more effective in changing the equivalence class of a fibration when G,
is “small.”

In order to distinguish the equivalence classes of the fibrations m, : X,, — S2, we distinguish the
monodromy groups of 7, up to conjugacy.

Monodromy group and the Johnson homomorphism. An invariant of a Lefschetz fibration
is given by (the conjugacy class of) its monodromy group; see Section 2 for details. Let G be the
monodromy group of (X, ) and G,, the monodromy group of (X,,,m,). Let Zo, < Mod(Xy,) be the
Torelli group. If G and G,, are conjugate in Mod(X4,) then GNZy, and Gy, NIy, are also conjugate in
Mod(X2,) because Zy, is normal in Mod(Xa,). Thus, it is enough to distinguish subgroups of Z, up to
conjugation by Mod(X,). This observation allows us to abelianize the problem: Let H := H;(X24;7Z)
and
T: Ty — (N°H)/H

be the Johnson homomorphism | , Section 6.6]. The Johnson homomorphism 7 is Mod(3ag)-
equivariant, with respect to the conjugation action on Zp, and the induced action (A*H)/H via the
symplectic representation of Mod(X,,) acting on H. Thus, it is enough to distinguish Mod(Xz,)-orbits
in (A3H)/H, and the hyperellipticity of (X, 7) vastly simplifies this computation.

Remark 1.8. We employed the same idea in our previous work [ , Lemma 7.4]. The role of Ty,
was played by the point-pushing subgroup m;(X4) < Mod(X, 1), and the role of 7 was played by the
abelianization map m1(X,) — H1(%; Z).

From fibrations to pencils. Hamada showed that the MCK fibration posseses four disjoint (—1)-
sections by finding appropiate lifts of the corresponding factorization to Mod(Egg) [ ]. In order
to relate Theorem 1.3 to Theorem 1.2, we find an appropriate lift of f € Zy, and perform partial
conjugations in Mod(X3,) in order to preserve this number of disjoint (—1)-sections. Furthermore, by
using two distinct lifts given by Hamada | , Figure 21] the total space of the pencil can be either
3y x 52 or ;% 52. The existence of four disjoint (—1)-sections also improves our understanding of the
homology class of the fibers. In particular, we can show that all fibers of our pencils are representatives
of a fixed homology class (Lemma 6.3).

Remark 1.9. In our previous work | ] we constructed examples, via partial conjugations, of in-
finitely many inequivalent factorizations in Mod (X, 1) covering the same factorization of the identity
in Mod(X,). Yet, these factorizations were not associated to pencils: the starting point for the con-
struction was a Lefschetz fibration with a section of self-intersection at most —2. In fact, our method
in [ | fails for sections of self-intersection —1 (see Remark 5.9).

Symplectic structures on ruled surfaces. To finish the proof of Theorem 1.2 and Theorem 1.3,
we leverage the classification of symplectic structures on ruled surfaces of Lalonde-McDuff | ].
In particular, it is enough to construct cohomologous symplectic forms compatible with the pencils.
We achieve this via the Gompf-Thurston construction and by carefully choosing the gluing maps
associated to the respective partial conjugation; see Section 6 for details.

Remark 1.10. Lin-Wu—Xie-Zhang | , Theorem 1.5] recently showed the existence of infinitely
many isotopy classes of diffeomorphic symplectic forms on ruled surfaces with negative Euler char-
acteristic. While we show that all the symplectic forms we construct on a minimal ruled surface are
diffeomorphic, we are unable to tell if they are isotopic.
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1.2. Lefschetz fibrations with homeomorphic total spaces. In Section 7 we show the broader
applicability of our methods. Starting with a simply-connected hyperelliptic Lefschetz fibration, we
easily construct infinitely many inequivalent but homeomorphic Lefschetz fibrations. We are unable
to tell if these families of homeomorphic 4-manifolds are diffeomorphic. In particular, our construction
gives a broader source of potential examples of the same phenomenon described by Theorem 1.3.

1.3. Previous work. Despite the great deal of interest in Lefschetz pencils and fibrations, Question
1.1 remains wide open in its full generality. The first (published) examples of manifolds admitting
at least two inequivalent Lefschetz fibrations were given by Park—Yun [ |, constructed using knot
surgery operations of Fintushel-Stern [ ] and distinguished by their monodromy groups. (Park—
Yun also mentioned that Ivan Smith had an earlier example in his thesis of two inequivalent fibrations
on T? x Yo#9CP?.) See also further work of Park-Yun | ] generalizing this construction to find
arbitrarily large numbers of inequivalent but diffeomorphic fibrations. Later, Baykur-Hayano used
monodromy substitutions to construct pairs of inequivalent Lefschetz pencils on blow-ups of Calabi-
Yau K3 surfaces | , Theorem 6.2] whose fibers are ambiently homeomorphic. Using completely
different methods, Baykur showed that any symplectic manifold X admits at least two distinct pencils
(up to equivalence and fibered Luttinger surgery) on a blowup of X, and arbitrarily many such pencils
if X is not rational or ruled [ , ]. Despite this progress, the methods used to distinguish
the fibrations were inherently finite: Park—Yun [ | relied on a finite graph to distinguish the
monodromy groups, and Baykur bounds the number of inequivalent pencils by a number of a priori
chosen points to blow-up | ]. Further examples of pairs of inequivalent pencils were also given
by Hamada | , Theorem 7] and Baykur—Hayano—Monden | , Theorem 6.4].

1.4. Questions. We end this introduction with a set of questions prompted by our results.

In | , Remark 3.5] Baykur wonders if the MCK fibration of genus 2g on X, x S244CP? is
unique up to equivalence and fibered Luttinger surgery. Although we are unable to tell if the partial
conjugations we employ can be obtained by a sequence of fibered Luttinger surgeries, our results show
that Luttinger surgery is necessary in a potential uniqueness statement. More generally, we ask the
following refinement to Question 1.1:

Question 1.11. Does there exist a 4-manifold X admitting infinitely many Lefschetz fibrations that
are not related via sequences of partial conjugations?

A plausible starting point to finding more families of infinitely many inequivalent but diffeomorphic
Lefschetz fibrations may be in determining the diffeomorphism types of the example described in
Section 7.

Question 1.12. Are the 4-manifolds Z,, and Z,, diffeomorphic for all n,m € Z>q, where 7y, : Z,, —
S? is the Lefschetz fibration constructed in Theorem 7.57

Finally, we point out that we construct infinite families of non-hyperelliptic Lefschetz fibrations of
even genus (starting with genus 4) in this paper, leaving open the following questions.

Question 1.13. Do there exist infinitely many inequivalent Lefschetz fibrations of odd genus with
diffeomorphic total spaces? Of genus 29

Question 1.14. Do there exist infinitely many inequivalent hyperelliptic Lefschetz fibrations of fized
genus and diffeomorphic total spaces?

1.5. Organization of the paper. In Section 2, we review the necessary background material about
Lefschetz fibrations and mapping class groups of surfaces. In Section 3, we describe in detail the
Matsumoto—Cadavid-Korkmaz (MCK) Lefschetz fibration 7 : X — S? and define its twisted versions
{mn X, — S?}. In Section 4 we show how to use the Johnson homomorphism as a tool to detect
inequivalent Lefschetz fibrations. In particular, we show that the family of fibrations {m, : X,, — S?}
is pairwise inequivalent. Section 5 contains the proof of Theorems 1.2 and 1.3 in the smooth category.
Section 6 describes the construction of the symplectic forms w, compatible with 7, : X,, — S? and



6 SERAPHINA EUN BI LEE AND CARLOS A. SERVAN

finishes the proof of Theorems 1.2 and 1.3. In Section 7, we describe a new family of examples of
pairwise inequivalent Lefschetz fibrations with homeomorphic total space. Appendix A contains some
routine computations in Mod(Eég) and associated mapping class groups. In particular, it contains
the proof of Theorem 3.3. Appendix B contains the proof of Proposition 6.8, which allows us to find
nice representatives for the gluing maps employed in our partial conjugation construction.
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symplectic surfaces. The second-named author would like to thank Mohammed Abouzaid and Danny
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2. LEFSCHETZ FIBRATIONS AND MAPPING CLASS GROUPS

In this section we recall the relationship between Lefschetz fibrations and mapping class groups
and some tools for studying them.

2.1. Lefschetz pencils, fibrations, and monodromy. Let M?* be a closed, oriented, smooth 4-
manifold. A Lefschetz pencil is a smooth map 7 : M — B — S? for some nonempty, finite set B C M
with finitely many critical points p1,...,p, € M — B such that

~

(a) for each base point p € B, there are a smooth, orientation-compatible chart U = C? around
p € M and a diffeomorphism S? = CP* with respect to which 7 takes the form

m(z,w) = [z : w] € CP*,

and
(b) for each critical point p;, there are smooth, orientation-compatible charts U; = C? around
pi € M and V; = C around 7(p;) € S? with respect to which 7 takes the form

7(z,w) = 2% 4+ w?.

A Lefschetz fibration is a smooth, surjective map = : M — S? with finitely many critical points
P1,.--,Pr € M, each satisfying (b) above. We assume that 7 is injective on the set {pi,...,p.} of
its critical points and that Lefschetz fibrations are relatively minimal, i.e. no fiber of m contains an
embedded (—1)-sphere. The genus of a Lefschetz fibration 7 : M — S? is the genus of any regular
fiber 7=1(b), b € S2. Two Lefschetz fibrations 7y : My — S? and 73 : My — S? are equivalent if there
exist diffeomorphisms ® : M; — M and ¢ : S? — S? so that the following diagram commutes:

M1L>M2

Bl
5?2 £ 82
A choice of a regular value b € S? and a choice of a diffeomorphism ®;, : 77(b) = X, determine
the monodromy representation of a Lefschetz fibration m : M — S2, which is an antihomomorphism
of groups

p: 7T1(S2 - {Q17 ce 7q7'}7 b) — MOd(Eg)a
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where q1,...,q. € S? denote the singular values of 7 (cf. | , p- 291]). The monodromy repre-
sentation p is characterized by the property that for any loop v € m1(S% — {q1,...,4},b) and any
p € Diff +(Zg) that represents the mapping class p(y), there is an isomorphism of ¥,-bundles over S !

DM - M, = Ty x [0,1]/((9(x),0) ~ (2,1))

between the pullback of 7 along v and the mapping torus M,. Viewing v as a map [0,1] — 52 —
{q1,...,q-} with v(0) = (1) = b, the restriction of ® to (v*m)~(0) = 7~ 1(b) — £, x {0} agrees with
the identification @, : 771(b) — X, chosen in the definition of the monodromy representation.

If v, € m(S? - {q1,.--,4+},b) is a loop obtained from a small, counterclockwise loop around
¢; connected to b by a path in S? — {q1,...,q.}, the monodromy p(v;) is a right-handed Dehn twist
Ty, € Mod(X,) about a vanishing cycle ¢;, an isotopy class of some essential simple closed curve in 3.
Given an additional choice of generators 1, ...,v, € m1(S® —{q1,...,q-},b) such that y1y2...7, = 1,
the monodromy representation determines a monodromy factorization, a relation in Mod(X,) of the
form

Ty, .

r

Ty, =1 € Mod(Xy).

More generally, one can consider a positive factorization of any mapping class h € Mod(E;’fn),
i.e. a factorization of h consisting only of right-handed Dehn twists 7, € Mod (X}, ). Two positive
factorizations of h in Mod(Eg?n) are said to be Hurwitz equivalent if they are related by a sequence
of the following two types of moves:

(a) (Elementary transformation) For any 1 <i <r —1,
Ty To Ty o Toy < Top oo (T T T )Ty - T
(b) (Global conjugation) For any f € Mod(X}",) that commutes with h € Mod(X%}",)
Ty, ... Toy < (fTe, f7Y) o (fTo, f7h).

The following theorem characterizes equivalence classes of Lefschetz fibrations by the Hurwitz
equivalence classes of their monodromy factorizations.

1.

Theorem 2.1 (Kas | |, Matsumoto | ). Let g > 2. There is a bijection

genus-g Lefschetz fibrations, up | ~ positive factorizations of the identity in
to equivalence Mod(Xy), up to Hurwitz equivalence

given by monodromy factorizations.

This bijection immediately implies the following criterion for two Lefschetz fibrations to be inequiv-
alent.

Corollary 2.2. Let g > 2 and let m, : My — S? and mo : My — S? be genus-g Lefschetz fibrations
with monodromy representations p1 and py respectively. If the images im(p1) and im(ps) are not
conjugate as subgroups of Mod(X,) then the Lefschetz fibrations m1 and ma are inequivalent.

Adding the data of disjoint sections of Lefschetz fibrations yields more refined information on
the monodromy side. Fix n-many disjoint sections oq,...,0, : S> — M of a Lefschetz fibration
7 : M — S2. By considering the monodromy factorization of 7 with respect to the sections o1,. .., 0,
in Mod(EZ) instead (where the ith boundary component §; corresponds to the boundary of a neigh-
borhood of the ith section o;(b) in 7= 1(b)), we obtain a lift

TZT .. Tgl = Tglll c.. T(;I: € MOd(E;)
of the monodromy factorization Ty, ...T;, = 1 € Mod(X,) of = under the cappping and forgetful
homomorphism Mod(¥7) — Mod(X,). For all 1 <i <, the essential simple closed curve l; C ¥y is
isotopic to ¢; in X, (after capping off the boundary components) and a; € N satisfies —a; = [0;(5?)]?
where [0;(5?)]? denotes the self-intersection of o;(S?) in M | , Lemma 2.3]. By considering only
the sections o1, ..., 0, themselves and not their normal neighborhoods in M, we obtain a similar lift

T@T - Tlfl =1€ Mod(Egm)
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of the monodromy factorization Tj, ... Ty, = 1 € Mod(X,) under the forgetful map Mod(X,,) —
Mod(%,). Conversely, any lifts of the monodromy factorization of 7 in Mod(¥,) to Mod(%}) or
Mod(%,,,) as above give rise to n-many disjoint sections o1,...,0, : 2 = M of 7 : M — S? of
self-intersections —ay, ..., —a, respectively.

By blowing up the set B (with n = | B|) of base points of any Lefschetz pencil 7 : M — B — S2, we
obtain an associated Lefschetz fibration m : M#nCP? — S§? with n-many disjoint sections o71,..., 0,
of self-intersection —1. Conversely, taking a Lefschetz fibration 7 : M — 52 and blowing down any
set of n-many (—1)-sections oy,...,0, yields a Lefschetz pencil structure on N (where M — N
is this blow down map so that M = N#n(CIP’2). Two Lefschetz pencils m; : M; — By — S? and
my : My — By — S? are equivalent if there exist diffeomorphisms ® : M; — My and ¢ : 2 — 52 so
that ®(B;) = By and the following diagram commutes:

M, — B, —2= My — B,
[ [
5 —F s 52
One can detect when two Lefschetz pencils are inequivalent by considering their associated Lefschetz
fibrations:

Proposition 2.3 (cf. Baykur—Hayano | , Corollary 3.10]). Let m : My — By — S? and my :
My — By — 5% be Lefschetz pencils with n = |By| = |Ba|. If the Lefschetz fibrations Ml#n@ — 52
and Mg#nw — 82 associated to the Lefschetz pencils m and o respectively are inequivalent then
the Lefschetz pencils m1 and mo are inequivalent.

2.2. Partial conjugations. One way to obtain new positive factorizations of the identity in Mod (2, ,,)
from old onmes is via partial conjugation. Given some positive factorization

(1) TZ T; ng‘ C.. Tgl =1€ MOd(Egm)

FEEE ZiJrl

and any f € Mod(%,,,) that commutes with the mapping class T; ...7; in Mod(¥,,), we form a
new positive factorization

(2) T; .. .Tgm(ngif*l) (T fY) =1 € Mod(Sy,).

We now describe this operation in terms of Lefschetz fibrations and sections. Let 7 : M — S? denote
the Lefschetz fibration with sections o1, ...,0, : S — M corresponding to monodromy factorization
(1). Let b € S? denote the chosen regular value of  and let qi,...,q, € S? denote the singular values
of 7 so that g; corresponds to the vanishing cycle l;foralll <i<r. We may then write the base S2
as a union of two disks S% = D; Uy D with D; = D?, where

(a) the base point b € S? is contained in 9Dy = dDs,

(b) the chosen generators ~1,...,7; and singular values q1,...,q; are contained in D; and the
chosen generators v;41,...,7, and singular values g;11, ..., ¢, are contained in D, and

(c) the based loop (0D1,b) can be oriented so that as an element of 71 (S? — {q1,...,q},b),

[OD1] =71 ... %.
Let
p:m(S*—{a,....q-},b) = Mod(Z,,,)
denote the monodromy representation corresponding to 7 and o1, ...,0,. Then (¢) implies that

p([0D1) = T;. ... T;, € Mod(S,,,,).

In other words, if 77 € Diff " (3, ,,) is any representative of T;, ... T; € Mod(X,,) then there is an
isomorphism of ¥ -bundles over S*

71 (0D1) — My = (3¢ x [0,1])/((7(2),0) ~ (2,1))
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that sends the section o; to the section s; : S* — Mj; defined by the marked point p; of 3, fixed by

1. 5 5
Let ¢ € Diff*(2,,,) be any representative of f € Mod(¥,,). Because f and 15, ... T; commute

in Mod(X, ), there is an isotopy ¢: : X4, X [0,1] = X, with ¢ = ¢ and @1 = 77!
isotopy induces an isomorphism F : Mz — Mj of 3 ,-bundles
F i (z,t) = (o), 1)

that fixes each section s; : S' — Mj for all 1 < i < n. Let F also denote the corresponding map
7 1(0D1) — 771 (0D2) under the identifications 7~1(0D;) — M;. Then 7 induces a new Lefschetz
fibration

(3) 7N (D1) Urin—1(0Dy)—r1(902) T (D2) = 52

with n-many sections induced by the sections o1, ...,0, of w. This resulting Lefschetz fibration and
sections have monodromy factorization (2) with respect to the original identification

Dy : (’n'_l(b), Ul(b), ey Un(b)) — Zg,nu

opof. This

viewing b as a point in 0Ds.

2.3. The Torelli group and the Johnson homomorphism. Let g > 2. The Torelli group Z, <
Mod(X,) is the kernel of the symplectic representation

Mod(2,) — Aut(H1(X4;Z)) = Sp(2¢, Z).
We will study the Torelli group via a surjective group homomorphism
T T, — (NPH1(Z)) JH1(Z)

called the Johnson homomorphism | | (also see [ , Section 6.6]). Here, the inclusion H;(X,) —

A3H1(Z,) is given by
g
C (Zal/\bl> Ac

i=1
where a1,b1,...,a4,by € Hi(E,) is any standard symplectic basis.
One useful property of 7 is its naturality property: for any h € Mod(X,) and any f € 7,

(4) T(hfh™) = hi((f))

where on the right hand side, Mod(2,) acts on (A*H1 (%)) /Hi(2,) via the symplectic representation
[ , Equation (6.1)]. We record one easy but important consequence of naturality below:

Corollary 2.4. Fiz a hyperelliptic involution ¢ € Mod(X,) and let SMod(X,) denote the hyperelliptic
mapping class group of ¥4, i.e. the centralizer of v in Mod(3,). There is an inclusion

SMod(X4) NZ, < ker (7).

This corollary follows from naturality and the fact that ¢ induces the negation map on a torsion-free
abelian group A3Hq(2,)/H1(2,).

3. PARTIAL CONJUGATIONS OF THE MATSUMOTO—CADAVID-KORKMAZ LEFSCHETZ FIBRATION

In this section we construct a genus-2g Lefschetz fibration , : X,, — S? for each n € Z>( and for
all g > 2 by considering partial conjugations of the Matsumoto—Cadavid—-Korkmaz (MCK) Lefschetz
fibration. We will prove later that the fibrations 7, are pairwise inequivalent (Section 4), that the
4-manifolds X,, are pairwise diffeomorphic (Section 5), and pairwise symplectomorphic (Section 6).

To define the MCK Lefschetz fibration of genus 2g, first consider the isotopy classes of curves
shown in Figure 2. Dehn twists about these curves form a factorization of an important involution
[n] € Mod(Xs,), where 1 € Diff " (3,) denotes the order-2 diffeomorphism depicted in Figure 2.
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FIGURE 2. Vanishing cycles of the MCK Lefschetz fibration of genus 2¢, the involu-
tion 7, and a hyperelliptic involution .

FIGURE 3. Left: Curves used to define f € Zyy; Right: Lifts 2,7 of 2,y to X3, and
their images under h; € Mod(X3,) defined in Lemma 3.4 for both i = 1,2 (cf. Lemma
A.6). A hyperelliptic involution ¢ acting on E%g permuting the boundary components.

Theorem 3.1 (Cadavid | , Theorem 5.1.1], Korkmaz [ , Theorem 3.4]). Let
hi=Tp,Tp, ... T, Te € Mod(Sa).
Then h = [n]. In particular, h* =1 € Mod(Xa,).
With Lemma 3.1 in hand, we are ready to define the MCK Lefschetz fibration of genus 2g.

Definition 3.2. The Matsumoto—Cadavid—Korkmaz Lefschetz fibration (or MCK Lefschetz fibration)
of genus 2g is the Lefschetz fibration 7 : Xy — S? with monodromy factorization

TBOTBl . TBQQTCTBOTBl c.. TngTC’ =1¢€ MOd(ZQg).

Hamada | ] constructed multiple sets of four disjoint (—1)-sections of the MCK Lefschetz
fibration. In this paper, we will consider two sets of sections given in | ].
Theorem 3.3 (Hamada | , Sections 3.4.1 — 3.4.2]). Fori = 1,2, let By, B} ,,...,B5,,,C}
and B(")’Q,B{’Q, ceey Bégg, C% be the isotopy classes of curves in Egg as shown in Figure /. Then

TBé,lTB{,l e TB;g,lTC{TBé,ZTB{J e TBéy,QTCé - T51T62T§3T64 S MOd(qu).

For both completeness and convenience of the reader, we prove Theorem 3.3 in Appendix A and
deduce Theorem 3.1 from it. The following lemma constructs a positive factorization of T, 15,715,715, €
Mod(E%g) for each n € Z via partial conjugation and Theorem 3.3.

Lemma 3.4. Let B}y, B} ,,...,B5,1,C} and B4, B} ,,...,Bs, 5,C5 for i = 1,2 be the isotopy
classes of curves in Eég as shown in Figure / and let &, § be the isotopy classes of curves in ¥4

29 a8
shown in the right side of Figure 3. Let

hi=Tg; Tp;,...Tpy Toy € Mod(23,).
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FI1GURE 4. Lifts of the vanishing cycles of the MCK Lefschetz fibration of genus 2¢ to
249 found by Hamada [Ham17]. The four boundary components of Zég are denoted
by 61,02, d3,4. Top left: Bé’l, e ,B%g’l, C1; Top right: Bég, e B%g,?? C3; Bottom
left: Bg’l, ey ng’l, C%; Bottom right: 3872, ey 33972, C3

Then

Fo_momp—1m. 1
f.szTg Thl(i)Tﬁ TT Ts

4
\() o) Tiat) € Mod(%2y)

and for any n € Z and fori=1,2,

) ) ) T - _ - — 4
TBé,lTBi,l .. 'TB;g,lTCinn(B(i)yg)Tfn(Big) . Tf"(Bégyz)Tfn(Cé) — T§1T52T53T54 S MOd(Ezg).
Proof. First, note that Tj ;) =T}, ;) and Ty ;) = Tj,_ 5y in Mod(X3,) by Lemma A.6(a), showing

the first desired equality. Furthermore
P 1 1 1
[=1:T; Th (x)Th( 5 =1, (x)Th( )T T,
where the second equality follows by Lemma A.6(a). Now compute that
7 1 17 17 -1 17 1
fhi= Th(x)Th()TT h; = hTT~h TT~h—hTT~T (w)hl( = hif,

where the last equality follows from Lemma A.6(b). Finally, the lemma follows from Theorem 3.3 and
the fact that h; and f commute. |

By applying the capping and forgetful homomorphisms Mod(Egg) — Mod(X4,), we now rephrase
Lemma 3.4 in terms of Mod(Xq,). Consider the curves z,y C ¥, shown in Figure 3 and define

f T, T Th(m) ( ) S Igg,

where we note that f is contained in the Torelli group Zo,4 because f is a composition of two bounding
pair maps 1,1, L and Th(w)Th_(;). The following corollary is then an immediate consequence of Lemma
3.4.

Corollary 3.5. Let g > 2. For any n € Z,
TBOTBl . TngTCTf"(BU)Tf”(BI) R Tf’n(B2g)Tfn(c) =1e€ MOd(Egg).

Finally, we define the Lefschetz fibrations of interest using Corollary 3.5.



12 SERAPHINA EUN BI LEE AND CARLOS A. SERVAN

Definition 3.6. Let ¢ > 2. For any n € Z>g, let m, : X,, — 52 denote the Lefschetz fibration of
genus 2¢g with monodromy factorization

TBOTBl . TBngCTf"(BO)Tf"(Bl) . Tfn(Bzg)Tfn(C) =1€ MOd(Egg).

4. DISTINGUISHING LEFSCHETZ FIBRATIONS VIA THE JOHNSON HOMOMORPHISM
The goal of this section is to prove the following theorem.

Theorem 4.1. For any n # m € Z>q, the Lefschetz fibrations m, : X,, — S? and mp, : Xy — S? are
inequivalent.

The main idea of the proof is to apply Corollary 2.2 by studying the images of the monodromy
representations of 7, intersected with the Torelli group Zs4. As such, consider the following groups
for any n € Z>o.

Gn = <TBO, TBU N ,TBQQ,Tc, Tfn(Bo), Tfn(Bl), - ,Tfn(Bzg), Tfn(c)>,

G =G, NIy,

An = ([T5" fLITE 0 < i < 2g).
By construction, G, is the image of the monodromy representation of , : X,, — S2. We also point
out that A, is a subgroup of GZ. To see this, write for any curve ¢ = C or B; for some 0 < i < 2g
that

TngfTL(C) = [Tcila fn} = (TcilfnTc)fin-

The first equality shows that each generator [T, "] of A,, is an element of G,,. The second equality
shows that each [T}, f] is an element of Zy, because both f~" and T, ! f"T, are elements of Zy,.

In what follows, we study the image 7(GZ) of GZ under the Johnson homomorphism (cf. Section
2.3)

7Ty — (N*H) /H, H := H1(Za).
To do so, we first describe GZ in terms of GZ and A,,.

Lemma 4.2. For any n € Z>q, there is an equality of subgroups of Ly,
GI = (GT, kA k™1 k € Gy).
Proof. Recall that A,, < G% and that Gy < G,,. Therefore, it suffices to show the inclusion
GI <(GE, kA k™' k€ Gy).
By construction, there is an equality of subgroups of Mod(Xsz,)
G, = (Go, A,).

Take any k € G% < (G,, and write
k= €1m1€2m2 . Ksms

for some ¢; € Go,m; € A, for 1 <i < s. Applying the identity ab = (aba~!)a repeatedly to the given

factorization of k, write
S
k= <H Timﬂ'i_1> T

i=1
for some r € Gy and ry,...,rs € Gg. Because each m; € A,, is contained in Z,, and because k is
contained in Z,, the mapping class r is contained in Zy4, and hence in GE. O

The following lemma gives a first description of the image 7(GZ) using Lemma 4.2. Another key tool
is the naturality (4) of the Johnson homomorphism in conjunction with fact that G is hyperelliptic.

Lemma 4.3. For any n € Z>q, there is an inclusion of subgroups

7(GT) <n (A*H) /H.
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by

FIGURE 5. Some homology classes in H

Proof. For any ¢ € GZ, write using Lemma 4.2
0= by (kihaky M) lo(kohoky ') .. ls(kshskyt)

for some ¢; € G, k; € Go, and h; € A, for 1 < i < s. Applying 7 to both sides (and applying
naturality (4)) yields
T(l) = <ZT(&‘)> + (Z ki - T(hi)> .
i=1 i=1

On the other hand, recall that each generator of Gy is hyperelliptic (see Figure 2), and hence GZ is
contained in the hyperelliptic mapping class group SMod(Xy,). By Corollary 2.4, 7(¢;) = 0 for all
1<7<s.

Because h; is an element of A, for all 1 < ¢ < s and because each k; preserves the subgroup

n (A3H) /H, it now suffices to show that 7(A,) is contained in n (A*H) /H. To see this, note that
for any k € Mod(Xz)

(KL ) = (6™ k) = 7(f") = n (r(k7 k) — 7(f)) € n (N H) /H. 0
In order to further analyze the image 7(GZ), we need to verify that certain elements of (A>H)/H

are nonzero and primitive. We record the following algebraic lemma for this purpose.

Lemma 4.4. Let k > 2 and let oy, 1, ..., ak, Br be a symplectic Z-basis of H1(Xg). Let 21 := a
and yo; := B; for all 1 <i < k. The set

(i Ay Ao 1 <i<j < €< 2k, (i,5,0) # (i, 2k — 1,2k), (1,2,2k — 1), (1,2,2k)}
forms a Z-basis of the free abelian group (/\3H1(Zk)) JH1(Z).

Proof. Let
k

k
W= Zai A Bi = 2721‘—1 Ay2i € N2Hi(Zp).
i=1

i=1
The wedge w is independent of the choice of symplectic basis and so the inclusion Hi (X) < A3H; ()
is given by

c—~wAc.
The group A3H;(X}) is torsion-free and has a Z-basis

{viANy Ay 1 <i<j<l<2k}

The set
Prinvinye 1 <i<j <l <2k, (4,5,0) # (i,2k—1,2k), (1,2,2k—1), (1,2,2k)}U{wAy; 1 1 <10 < 2k}
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is another Z-basis of A>H;(X;). To see this, note that the size of the new basis agrees with that of
the old and that each element of the old basis can be expressed in terms of this new basis because
k-1
Vi N Yor—1 N Yok = W A Y — Z’Yzj—l Ava; N Y for 1 <i <2k -2,
j=1
k-1

T AY2 AY2k—1 = WA Y21 — 272%1 A 2j N V2k-1,
j=2
k-1

Y1 N Y2 AN Yo = W A Yo — 2723‘—1 N Y25 N Yok
j=2

Because {w Av; : 1 <i < 2k} is a Z-basis of Hy (X)) < A°H1(34), the quotient (/\SHl(Ek)) JHy(Zg)
is torsion-free. Furthermore, the Z-span of

{’Yl/\FY] Aye:l1<i<j< < 2ka (Z,],f) 7& (172k_ 172k)a (15272k_ 1)) (17272k)}

maps isomorphically onto the quotient A*Hy(3y) — (A*Hi(Zx)) /Hi (k) and hence forms a Z-basis
of the quotient. O

The following lemma refines our description of 7(GZ%) through a more detailed calculation of the
Johnson homomorphism. In the proof, we use the notation of Figure 5 to compute in (/\3H ) /H.

Lemma 4.5. There exists a primitivev € (A\*H) /H so that nv is contained in 7(GL) for alln € Zxy.

Proof. Let
vi=1(Tg,, f]
To see that nv is contained in 7(GZ) for all n € Z>, recall that A,, < GZ and compute that
T([Tg,, f) = 7(Tg, f"Tr,) = 7(f*) = n(r(T;, fT5,) = 7(f)) = nv.
It remains to show that v is primitive. First, note that
(T, T, ") = a1 Aby Aby=ay Aby Acy,

where the first equality follows from | , p- 195-196] and the second equality follows because
by = b1 + ¢; as elements of H. Therefore,

7(f) = T(TTy ) + 7(Tuay Ty
=7(T,T, ")+ h-7(T,T,") by naturality (4) of 7
=a1 ANbi ANy + (—agg) A\ (—bgg) Acog—1.
Now compute in (A*H) /H
v="1(Tg, [Tp,) —7(f)
= Tgol (@1 Aby At 4 agg Nbag Acag—1) — (a1 Abi Aci + agg Abag Acag—1) by naturality (4) of 7
= (a1 A\ (bl — Bo) A c1 + a2g N (b29 — Bo) N 629_1) — (a1 A b1 AN c1 + azg A bgg A ng_l)
= (a1 Ac1 + agg A 029_1) A By.
Here and in the rest of this proof, we also denote by By the homology class of By, oriented as in
Figure 5.
There exists a symplectic basis a1, 81, ..., agg, B2g of H1(E24) with
ap = —ay, B1 = c1, g = —agg, P2 = cag_1, a3 = By.
By Lemma 4.4, the set {a1Ac1ABy, azg/\cag—1ABo} can be completed to a Z-basis of (A*H1(2g)) /H1(S2g)-
Therefore, the sum a; A ¢1 A By + agg A cag—1 A By is primitive. O

The following proposition forms the main computational tool in the proof of Theorem 4.1.
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Proposition 4.6. If n # m € Z>q then G,, and G, are not conjugate as subgroups of Mod(Xay).
Proof. Suppose that there exists k € Mod(Xa4) so that
kGpk™' = G, < Mod(3a,).
Because Iy, is normal in Mod(X4,), this implies that
kGLE™' = GE < T,.
By naturality (4) of 7 and Lemma 4.3,
7(GZ

m

)=k 7(Gy) <n(NH) /H.

By Lemma 4.5, there exists a primitive class v € (A*H) /H so that mv is contained in n (A\*H) /H;
in other words, n divides m. By symmetry, m also divides n, i.e. n = m. O

The main theorem of this section now follows as an immediate consequence.

Proof of Theorem 4.1. If n # m € Zx¢ then the G, and G,, are not conjugate as subgroups of
Mod(X24). By construction, G, and G,, are the images im(p,) and im(p,,) of the monodromy
representations p, and p,, of m, and m,, respectively. By Corollary 2.2, 7,, and 7, are inequivalent
Lefschetz fibrations. |

5. RULED SURFACES AND THEIR BLOWUPS

The goal of this section is to determine the diffeomorphism type of the Lefschetz fibrations m, :
X,, — 8?2 of Section 3 (Proposition 5.2). Along the way, we will also determine the diffeomorphism
type of the blowdown of X, of the four (—1)-sections found in Section 3 (Proposition 5.6).

5.1. Diffeomorphism type of X,. We first compute the algebraic topology invariants of X,.
Lemma 5.1. For any n € Zx>o,
o(Xn) =—4, x(Xp)=8-4g, bi(X,)=2g, b5 (Xn)=1, by(X,)=6

Proof. By Korkmaz’s computations | , Section 5], the lemma holds in the case of n =0, i.e. the
MCK Lefschetz fibration 7y : Xo — S2. (In fact, Korkmaz determines the diffeomorphism type of Xg
for g > 3; also see Proposition 5.2.)

To compute o(X,,) for n > 1, consider the Lefschetz fibration Z — D? with monodromy factoriza-
tion

TBO C TngTC € MOd(EQg).

Then X, is formed by gluing two copies of Z together along their boundaries by some diffeomorphism
0Z — 0Z (which varies with n) for any n > 0 (cf. Section 2.2). By Novikov additivity,

o(X,) =20(2)=0(Xp) =—4

for all n > 0.

To compute x(X,,) for all n € Z>q, note that 7, : X,, — S? has (4g + 4)-many vanishing cycles

and that
X(X,) =4—8g+ (49 +4) = 8 — 4g.

To compute by(X,) for n > 1, recall first that the positive factorizations of Ts, Ts,T5, 15, €
Mod(X3,) given in Lemma 3.4 are lifts of the positive factorization of the identity in Mod(3g,) given
in Corollary 3.5 that defines the Lefschetz fibration 7, and hence m, : X,, — S? admits sections.
Therefore,

Hi(Xp) = Hi(32g) /Z{[Bo], - - [Bagl, [C, [f"(Bo)ls s [f"(Bag)], [f*(O)]}-
Because f™ acts trivially on Hq(Xq,), this implies that b1 (X,,) = b1(Xo) = 2g for all n > 1.
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Finally, compute b3 (X,,) and b2(X,,) by solving the system of equations
8 —4g = x(Xn) =1 - 29+ (b5 (Xn) + b5 (Xn)) — 29+ 1,
—4=0(X,) =b3(X,) — b5 (X,). |

The algebraic topology invariants of X,, determine its diffeomorphism type by a theorem of Liu
[Liu96).
Proposition 5.2. For any n € Z>q, the 4-manifold X,, is diffeomorphic to (Eg X ,92) #4@ and to
(X% S?)#4CP.
Proof. By the Gompf—Thurston construction, the 4-manifold X,, admits a symplectic form. Let M,

be a minimal, symplectic 4-manifold so that M, #kCP? is diffecomorphic to X,,. Because by(X,) = 6
and b;r(Xn) =1 by Lemma 5.1, there is a bound 0 < k < 5. By Lemma 5.1,

o(M,)=—4+k, x(M,)=8—4g—k, b(M,)=2g9, ©bl(M,)=1.
Then because g > 2,

cA(M,) = 2x(M,) +30(M,) =4—-8g+k <9—8g<0.
Liu’s theorem | , Theorem A] shows that M, is an irrational ruled surface. Hence M, is an
S2-bundle over Y4 because by (M,,) = 2g, i.e. M, is diffeomorphic to X, x S2 or to Eg§527 and k =4
by Euler characteristic considerations. Since (Eg X 52) #CP? and (29252) #CP? are diffeomorphic,
the proposition follows. O

An immediate corollary is the smooth portion of Theorem 1.3.

Corollary 5.3. Let X be a ruled surface with x(X) = 4 — 4g < 0. There exist infinitely many
inequivalent Lefschetz fibrations X #4CP? — S2 of genus 2g.
Proof. By assumption, X =¥, x S? or Eg>~<S2 with g > 2. By Proposition 5.2, there are diffeomor-

phisms X,, = X#4CP? for all n € Z>o. By Theorem 4.1, the Lefschetz fibrations 7,, : X #4CP? — 52
of genus 2g are pairwise inequivalent for all n € Z>q. a

5.2. Lefschetz pencils on ruled surfaces. In this section we prove Theorem 1.2 by studying the
topology of X,, after blowing down certain sets of disjoint (—1)-sections.

Definition 5.4. Fix any n € Z»¢. For i = 1 or 2, let o7 ;, 03;, 03, 0}, denote the four disjoint
(—1)-sections of m, : X,, — S? defined by the positive factorization (Lemma 3.4)

. . . . ~ ~ ~ ~ — 4
(5) TB(I),lTBi,l “ee TBég,lTCinn(B(iJYz)Tfn(B’lin) cee Tf”(ngyg)Tf"(Cé) — T§1T52T§3T§4 6 MOd(EQQ)
where the curves Bf y,...,Bs,1,C{, B 5,..., B}, 5,C5 in X3, are as shown in Figure 4.

Similarly as in the proof of Proposition 5.2, let M! denote the 4-manifold obtained by blowing
down the (—1)-sections o7 ;, 03 ;, 03 ;, and o ; in X,,.

Lemma 5.5. Let _ _
Quri  Ha(My; Z) x Ho(My;Z) — Z
denote the intersection form of M!. The lattice (Ho(M}), Qnri) is even if i = 1 and is odd if i = 2.

Proof. First, we determine the intersection form of M. The blowdown X,, — M. decomposes the
lattice (H2(X,,),Qx, ) as an orthogonal direct sum

(H2(XTL)’ QXn) = (H2(M'rZL)7 QM}L) D (Z{G?,iv Ug,ia g??,i? Uz,i})'

Consider the reducible singular fiber F C X,, of m, corresponding to the vanishing cycle C% in
the monodromy factorization of 7, as in (5). Then F is a union of two genus-g surfaces F; and Fy
intersecting transversely once, and

Qx, ([F1], [F1]) = Qx,, ([Fa], [F2]) = —1, Qx, ([F1], [F2]) = 1.
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Below, we determine the parity of the lattice (Ho(M}), Qi) depending on the index i. Note that
Hy (M) is torsion-free for both i = 1,2 because Hz(X,,) is, by Proposition 5.2.
(1) If i = 1 then for some a1, ay € Hao(M})

(1] = o1 —ogy], [Fo] = a2 —[o7,] = [03,4] = [o3,]

as homology classes in Hy(X,,) with respect to the orthogonal sum decomposition given above,
up to possibly permuting the indices of F, F5. Then because the sections o7y have self-
intersection —1,

Qur (a1, a1) =0, Qur (a2, a2) =2, Qur (a1, a2) = 1.

The restriction of Qa1 to the Z-span Z{ay, s} is unimodular. Moreover, Ho(M)}) = 72
as a group by Lemma 5.1, and so Z{a1,az} has finite index in Ho(M}). These two facts
together imply that Z{ai,as} = Ha(M,). Therefore, the lattice (Ha(M,)), Q1) is even
because Q1 (aj, ;) is even for both j = 1,2.

(2) If i = 2 then [F|] € Hy(X,) is orthogonal to the sections 075,05 4,0% 4,075 and so [F1] is
contained in Hy(M?2) under the orthogonal sum decomposition given above, and

Qnez ([F1], [F1]) = —1.

Because there exists an element of Hy(M7?) with odd self-intersection, the lattice (Ha(M?2), Qpr2)
is odd. |

The following proposition uses Liu’s theorem [ , Theorem A] and the parity of the intersection
form of M to determine its diffeomorphism type.

Proposition 5.6. There are diffeomorphisms

M ¥, x 8% ifi=1,

" ¥, xS? ifi=2.
Proof. For both i = 1,2, the (—1)-sections o7, 0% ;,0%;, 0} ; are disjoint. By the Gompf-Thurston
construction [ , Theorem 10.2.18], there exists a symplectic form on X, turning the sections
01,04 ;,0%,;,04; into symplectic submanifolds. Blowing down these sections then yields a symplectic
form on M. Using Lemma 5.1, compute that

o(My) =0, x(M)=4—4g, by(Mp)=1, bi(M,)=2g, bx(M;)=2, ci(My;)=8-8g.
Therefore, ¢?(M}) < 0 because g > 2.

Let N! be a minimal symplectic manifold so that M} is a symplectic blowup of N:. If M! is not
minimal then because by (M) = 1, we can compute that

by (N) =by =1,  (N))=9—8g<0.

By Liu’s theorem |[ , Theorem A], N! is an irrational ruled surface, which is a contradiction
because o(N:) # 0. Therefore, M} is a minimal symplectic 4-manifold to which Liu’s theorem [ ,
Theorem A] applies, i.e. M! is an irrational ruled surface with by (M) = 2g. This means that M} is
diffeomorphic to either £, x S? or ¥,x5?%. Because ¥, x S? has even intersection form and X, x5?
has odd intersection form, Lemma 5.5 gives the desired conclusion. (|

With Proposition 5.6, we are able to define the Lefschetz pencils of interest on ruled surfaces.

Definition 5.7. For any n € Z>o and i = 1,2, let B{, C M} denote the image of the four sections

n —
o1 054y 034, and of ; under the blowdown X,, — M. Let

Tyt M;L — Bib — §2
denote the the Lefschetz pencil induced by the Lefschetz fibration m,, : X, — S2.

The following corollary proves the smooth portion of Theorem 1.2.
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Corollary 5.8. Let X be a ruled surface with x(X) =4 —4g < 0. There are infinitely many pairwise
inequivalent Lefschetz pencils X — B — S? of genus 2g and #B = 4.

Proof. By assumption, X = X, x $? or $,x5% with g > 2. By Proposition 5.6, there exists i € {1,2}
such that X is diffeomorphic M. for all n € Zs>o. We may assume that B, = B under these
diffeomorphisms for all n € Zx.

Because the Lefschetz fibrations m,, : X,, — S? are pairwise inequivalent by Theorem 4.1, Proposi-
tion 2.3 implies that the pencils 7, ; : X — B — 5% and m,,; : X — B — S? are inequivalent Lefschetz
pencils if n # m. ]

Remark 5.9 (Comparison with | D In| , Corollary 1.5, Remark 3.4] we constructed a fiber-
sum indecomposable Lefschetz fibration M, — S? for every genus g > 2 that admits infinitely many
homologously distinct sections of equal self-intersection. One may hope to blow down these sections to
obtain infinitely many pairwise inequivalent Lefschetz pencils. However, this requires the sections to
have self-intersection —1. Li [ , Corollary 3] showed that any closed, symplectic 4-manifold admit-
ting infinitely many homology classes represented by smoothly embedded spheres of self-intersection
—1 is rational or ruled; on the other hand, the symplectic manifold M, constructed is neither rational
nor ruled because by (My) > 2 | , Proposition 6.6].

Even aside from the specific examples 7 : M, — S? above, the constructions of [ | always yield
sections o of self-intersection [0]? < —2. Below, we prove this upper bound using an idea of Smith
[ ] to study the action of Mod (X, 1) on OH? = S*.

Let p € X, denote the marked point and fix some lift p € H? of p € ¥, under the covering
H? — %,. There is a well-defined homomorphism | , Section 5.5.4]

9 : Mod(2,,1) < Homeo™ (9H?)

where Oh € Homeo™ (9H?) is the homeomorphism induced by the lift ¢ € Diff ™ (H?,p) of any repre-

sentative ¢ € Difft (3, 1) of h. For any Dehn twist 7y € Mod(¥, 1), the homeomorphism 97} fixes

countably many points of 9H? and moves all other points of JH? clockwise [ , Proposition 2.1].
Consider any sequence Ty, , ..., Ty, € Mod(X,,1) of Dehn twists such that

Tgr R Tgl =1e€ MOd(EgJ)

and let 7: M — S? and o : S — M denote the Lefschetz fibration and section corresponding to this
positive factorization. Because each 0Ty, € Homeo™ (9H?) fixes points, the sequence 9Ty, , ..., 0Ty,
of homeomorphisms admits a well-defined rotation number ¢ € N. According to | , Lemma 2.3],
the rotation number c is equal to —[o]?, where [¢]? denotes the self-intersection of o.

Consider a Lefschetz fibration 7 : M — S? and sections oy, : S — M for any k € Z constructed in
[ ]. The monodromy factorization of oy, is of the form | , Theorem 2.1(b)]

T, o T€r1+1TP1,“(57-1) . TP}:(ZI) =1€ MOd(Zg,l)

r1+Tr2
for some point-push mapping class P, € m1(Xy,p) < Mod(%,,1) commuting with the product 7y, ...T;, €
Mod(X,,1) such that for some 1 <4 < r; and for some 71 +1 < j <71 + 79,

(Y16 #0  and  i([y],[6]) #0

where 7 denotes the (algebraic) intersection form of X,. In particular, no power of Ty, (7) or Ty, () is
contained in (y) < m (g4, p).

The homeomorphism 9P, of H? coincides with the action of a deck transformation of H? —
P , p. 150-151] and hence has exactly two fixed points, one attracting point p; and one
repelling point p>. Because P, and Ty, ...Ty, commute, the homeomorphisms 9(7,, ...Ty,) and

Ty, ., - Tt
in (P,), the homeomorphism 0(7, PWTEZI) moves at least one point p; or ps. In other words, 07,

. ) must also fix each point p1,py € OHZ2. Because no power of Tp, P.YTé:1 is contained

moves at least one point p; or ps clockwise, and similarly for 97;;. Hence each sequence 91, ..., 0T,
and 075, ,...,0Ts, ., moves the point p; around OH? clockwise at least once. Therefore, the rotation
number ¢ € N of the sequence 9Ty, , . ..,dTy, . is at least 2, and [04]> = —¢ < 2.
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6. SYMPLECTIC FORMS

Throughout this section, fix g > 2 and let M* and M? denote the 4-manifolds
M'=%,x 8%  M?:=¥%,x5%

The goal of this section is to prove that the Lefschetz pencils m,; : M} — B: — S? defined in
Definition 5.7 are symplectic for a common symplectic form on M* for all n € Z>( with respect to
some diffeomorphism M = M°.

Theorem 6.1. Let i = 1 or i = 2. There exist a symplectic form w on M* and diffeomorphisms
Wi o MY — M for all n € Zso such that the smooth locus of the irreducible components of all fibers
of T+ M — BE — S? are all symplectic submanifolds of (M}, (¥?)*w). Moreover, the regular fibers
F,, of mn; are all homologous in Ha(M®Z) under ¥l i.e.

(U3)([Fa]) = (U3,)([Fin]) € Ha(M";Z)
for alln,m € Z>y.

The following theorem about the Lefschetz fibrations 7, : X — S? will also follow from our proof
of Theorem 6.1.

Theorem 6.2. There exist a symplectic form w on (Xq X 52)#4@["2 and diffeomorphisms ®,, : X,, —

(34 x SQ)#4CP2 for each n € Z>q such that the smooth locus of the irreducible components of all
fibers of m, : X, — S? are all symplectic submanifolds of (X, ®%w). Moreover, the reqular fibers F,

of , are all homologous in Ha((X, x S?)#4CP?; Z) under ®,,, i.e.

(@0)4 ([Fa]) = (@)« ([Fr]) € Ha((Sy x S2)#4CP?; Z)
for all n,m € Zx>y.

We begin with an overview of the proofs of Theorems 6.1 and 6.2.

(1) The existence of the diffeomorphism ®,, : X,, — M*#4CP? sending regular fibers (and in fact
the irreducible components of reducible singular fibers) to the same homology class follows
from a more careful analysis of the diffeomorphism found in Proposition 5.6. This is done in
Lemma 6.3, relying on work of Liu [ ] and minimal genus computations in ruled surfaces
due to Li-Li | ]. Blowing down produces the diffeomorphisms W .

(2) Since X,, is the blow-up of a ruled surface, it suffices to construct appropriate symplectic

forms w, of X, such that [(®,')*(w,)] € H?(M #4CP* Z) is independent of n € Z>o by
work of Lalonde-McDuft | ] and McDuft | ]

(3) The first step is to build a suitable symplectic form wg in Xy by the Gompf—Thurston con-
struction. Realize X (with four sections 0(1)’1., Ug,i, ag’i, Ug,i) as the fiber sum of two fibrations
over the two hemispheres on S? glued over the equator E, and let A be an annulus neighbor-
hood of E. An understanding of the (co)homology of m;*(A) allows us to control wy on A.
Furthermore, we construct wp to be a standard symplectic form near the four (—1)-sections
U?,i, Jg’i, Ugm Ug)i to ensure that the fibers remain symplectic in the blow-down M. This is
all achieved in Lemma 6.9 and Proposition 6.10.

(4) Finally, to construct the forms w, we use the description of X,, via partial conjugation: It
is enough to find a representative ¢ of the twisting mapping class f € Zy, that induces a
bundle symplectomorphism of (7 '(A),wo|a) acting by the identity near the sections a%i,
09, 03, 09, In fact, we construct both the “fiber part” of wg|a and ¢ simultaneously in
Proposition 6.8 (and discussion thereafter). The key observation is that the mapping class

hi € Mod(X3,) described in Theorem 3.3 and Lemma 3.4 is reducible.
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6.1. (Co)homology computations. The following lemma determines the homology classes of vari-
ous fiber classes and section classes of 7, : X,, — 52 in Hy(X,;Z). We will also specify a cohomology
class [v;] € H?(Xo;R) that will be a key input to the Gompf-Thurston construction of a symplectic
form wo on Xo. Below, recall that o7, S? — X, for 1 <j <4 and for i = 1,2 is the (—1)-section of
7y, specified in Definition 5.4.

Lemma 6.3. For any n € Z>o, let F{' U F} and F3 U Fy' denote the two reducible singular fibers
of T, + X, — S? corresponding to the vanishing cycles Ci and f”(C'%) respectively. Let FI', F3
and F3' F}' denote the irreducible components depicted on the left and right side respectively of the
corresponding vanishing cycle in Figure 4. Let F™ denote any regular fiber of m,.

(a) For each i = 1,2, there exists a diffeomorphism
P : X, — M #4CP?
such that
(@)« ([F"]) = (@)« ([F°]), (@)« ([F]]) = (@) ([F7]),  (@))([0F]) = B
foralll < j <4, where Ey,...,E4 € Hy (Mi#4CIP2; Z) denote the exceptional divisors coming
from each summand CP?.
(b) Foreachi = 1,2, the homology classes [FT'], [F3'], [0 ], [05,], [0% ], and [0} ;] span Ha(X,; R),
i.e.
Hy(X,;R) = R{[FT], [F3], [07 ). [05,), [05,], [0 ]} = R,
(¢c) For each i = 1,2, there exists a cohomology class [v;] € H*(Xo;R) such that
([l [F°) =1, (il [FFD) >0, ([wl],[07.)) =0
foralll <j<A4.
Proof. Fix n € Z>¢ and ¢ = 1,2. Recall from Proposition 5.6 that blowing down the sections of';,
0y, 0%, and o ; in X, yields a diffeomorphism
! : X, — M #ACP?
with (®},)([0};]) = Ej for all 1 < j < 4. The connected sum structure determines an orthogonal
decomposition
Hy(M'#4CP* Z) = Hy(M*;Z) ® Z{Er, Es, E3, Es}
There exists a diffeomorphism M? — M* acting by negation on Hy(M%Z) by | , Theorem 3.
Therefore, there exists a diffeomorphism ¥? € Difft (M?#4CP?) such that
U = —1d@1d: Hy(M*Z) ® Z{E\, Ez, E3, B4} — Ho(M%Z) @ Z{E1, Bs, E3, Eq}

by [ , Lemma 2].
Irreducible components of reducible fibers of Lefschetz fibrations have self-intersection —1. Because
F]" and F} intersect once transversely (similarly, F} and F}),

(6) Qx, ([F71L [F7]) = =1, Qx, ([F1']: [F3]) = Qx, ([F5'], [Fy']) = 1
for all 1 <j <4, and Qx,, ([F}]'], [F}']) = 0 for all other pairs 1 < j,k < 4. The intersection numbers

Qx, ([F}]; oy ;1) for 1 < j,k < 4 are specified by Figure 4. By computing with these intersection
numbers, we prove (a), (b), (c) separately in each case i = 1 and i = 2.

Case 1: i = 1. Suppose i = 1 and consider M! = ¥, x S2. There exist a1, as, a3, 4 € Ha(MY;Z)
such that

(q)'}L)*[Fln] =01 _E47 (q)’,lz)*[an} = Q2 _E1 —E2 —.E‘?,7
(®,,)+[F3'] = a3 — Es, (®1),[F') = oy — By — By — Ey.
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Then (6) implies that

Qur(a1,a1) =0, Qur (a2, a2) =2, Qur (o1, a2) =1
Let [%,],[S?] € Ho(M?';Z) denote the classes of each factor. The only pairs of classes oy, g €
Ho(M?'; Z) satisfying the prescribed intersection pattern are
(a17a2) = i([zg]ﬂ [EQ] + [52])7 :IZ([S2], [EQ] + [32])

By blowing down the sections o7y for 1 < j < 4, the diffeomorphism ®! induces a diffeomorphism
M} — M' =%, x S? sending [F"] € Hy(M,;7Z) to a1 + ag € Ho(M?';Z), where we also denote by
F" C M}l the image of a regular fiber F™ C X,, under the blowdown X, — M}L Because I C M}L
is a fiber of a genus-2g Lefschetz pencil structure on M, there is a symplectic form on M} turning
F" into a symplectic submanifold.! By the resolution of the symplectic Thom conjecture | ,
Theorem 1.1], the smooth minimal genus of [F"'] € Hy(M,};7Z) (and hence of a; +az € Ha(MY;Z)) is
2g. However, the smooth minimal genus of +(2[S?] + [X,]) € Ho(M*;Z) is g by work of Li-Li | ,
Theorem 1]. Therefore, (aq, a2) is not equal to £([S?], [X,] + [S?]). By the same argument applied
to (a3, a4) and by noting that [F"] = [F]'] + [F3'] = [F§] + [F}'], we conclude that

(1, a2) = (a3, ) = £([Z], [Z] + [S?]).
After possibly replacing ®% with W' o &L
(@5,)([F}']) = (®p)«([F}))

for all 1 < j < 4. This proves (a) for ¢ = 1.
The classes a; and as form an R-basis of Ha(M?';R) =2 R?, and so

{(@,)([F7']), () ([F3]), Bv, Ba, B3, Es}

forms an R-basis of Hy(M'#4CP?;R). Noting that (®},)«([0F4]) = Ej for all 1 < j < 4 concludes the
proof of (b) for i = 1.
Finally, let 3 € H?(M'#4CP?;R) be any class such that

1

<ﬂ,0{1>:</6,063>:%, <B7a2>:<ﬂ7a4>:§v <67E]>:0f0ralllg.]§4

which exists because a1, as, F1, ..., F, are linearly independent in Hy (M1#4(CIP’2; R). Letting [11] =
(®4)*(8), compute for all 1 < j < 4 that

(1] [F7]) = ([, [F]]) = % (] [F) = (], [F]+ [F) =1, ([l [054]) =0,
which proves (c) for i = 1.

Case 2: i = 2. Suppose i = 2 and consider M? = ;%52 There exist ay,aq, a3, as € Hy(M?%Z)
such that

(@7)«[F]'] = an, (®7):[F3) = az — By — B, — B3 — Ex,
(®2).[F3'] = as — B3 — B, (®2),[F"] = a4 — By — B,
Then (6) implies that

Qur2(ar, 1) = —1, Q2 (a2, az) = 3, Q2 (o, 02) =1,

Quez(as,a3) =1, Q2 (o, aq) =1, Q2 (s, aq) = 1.

1One can make a compatible symplectic form wy on X, standard near the sections, in a way that is compatible with
the fibration (see Proposition 6.10(1)). The form on M} is the blow-down of wp, [ , Section 5].
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Let [Z,] € H2(M?;Z) denote the class of a section of the S%-bundle M? — ¥, of self-intersection 1
and let [S?] € Ho(M?;Z) denote the class of the fiber. The only pairs of classes a1, s € Ho(M?;7Z)
and az, a4 € Hy(M?;7) satisfying the prescribed intersection pattern are

(a1, a) = £([S,] — [5%], =3[Z4] + [S?]), £([E4] — [5%], [Eg] + [S?)
(az, ) = £([X], [Eg])

By blowing down the sections o7, for 1 < j < 4, the diffeomorphism ®2 induces a diffeomorphism
M2 — M? = ¥,x5? sending [F3'] to aa, where we also denote by F3' C M2 the image of the genus-g
surface F3' C X,, under the blowdown X,, — M2. By work of Li-Li | , Theorem 2], the smooth
minimal genus of +(—3[X,] + [S?]) € Hao(M?;Z) is 3g — 1. Therefore, ay # +(—3[%,] + [S?]) because
g 1s represented by a smooth genus-g surface and g < 3g — 1 for all g > 2. Combining with the fact
that [F"] = [F]'] + [F3] = [F}] + [F}], we conclude that

(O‘h a2, a3, 044) = i([zg] - [52}7 [Eg] + [SZL [29]7 [29])
Therefore, after possibly replacing ®2 with ¥2 o ®2,
(@)« [F]] = (93)+[F}]

for all 1 < j < 4. This proves (a) for i = 2.
The classes a; and as form an R-basis of Hy(M?;R) =2 R?, and so

{(@7)«[F7'], (®2)«[F3), Ev, Es, B3, Eu}

forms an R-basis of Ha(M?#4CP?; R). Noting that (®2).[0)5] = Ej for all 1 < j < 4 concludes the
proof of (b) for i = 2.
Let 8 € H?(M?#4CP? R) be any class such that
1 1 )
<57a1>217 (ﬂ,a3>=<5,a4>=§, <ﬁ7E]>:OfOI‘ a111§]§4
which exists because a1, as, F1, ..., Fy are linearly independent in Hy (M2#4(CIP’2; R). Letting [v2] =
(®2)*(83), compute for all 1 < j < 4 that

L) =5 (el =3, (Bl 195D = (Gl 1) = 2,
(o], [F?]) = (], [FY] + [F5]) = 1, ([n],[072]) =0,
which proves (c) for i = 2. O

Remark 6.4 (Capping and forgetting points). Recall the mapping classes in Mod(Eég)
b — ) ) ) ) F_ o=l —1
hi — TB&QTBLQ . e TBég,2TC;7 f — TCET{J’ Thb(i)TiM(g)

defined in Lemma 3.4. We also denote by h;, f € Mod(X24.4) the images under the homomorphism
Mod(¥3,) — Mod(X34,4) that caps the four boundary components of ¥3, with disks with a marked
point. Throughout the rest of this section we fix ¢ = 1 or ¢ = 2 and drop the index from our notation,
ie. let

M :=M" [V]:= ] € H*(Xy;R), of =oj; for 1 <j <4, h:=h; € Mod(324.4).

It is sometimes more convenient to consider the image
(7) h € Mod(2a.2)

of h € Mod(X24,4) under the forgetful map Mod(X24,4) = Mod(X94,2) that forgets the marked points
ps,ps. We observe that h € Mod(Xg,2) is independent of ¢ and has order 2; see Corollary A.5 in
Appendix A.
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Recall that the Lefschetz fibration my was defined by the monodromy factorization
TBOTBl Ce TBQQTCTBOTBl Ce TngTC =1e€ MOd(Egg)

in Definition 3.2. Let qqg44,...,q1 € S? denote the singular values of my : X — S? corresponding to
the vanishing cycles By, By,. .., Bagy, C, By, By, ..., Bag, C respectively. Let v1,...,71g+4 € m1(S? —
{¢1,--.,qag+4},b) be the chosen generators, each ; a loop around ¢;, that yields the above monodromy

factorization for mg.

As in Section 2.2, write S? = D; Uy D5 such that the basepoint b € S? is contained in F := 9D;
and such that the loops 71, ..., v2¢42 are contained in Dy, the loops y2443, ..., Y49+4 are contained in
D5, and

[E] =71 ... 72942 € T (S® —{q1, ., qugsa}, D).
In other words, there is an isomorphism of ¥54-bundles over S 1
770_1(E) - M,
for any representative n € Diff ™ (Sg,) of h = T, Tp, ... Tp,,Tc € Mod(32,) (cf. Theorem 3.1).
We first record an elementary computation of the homology of 5 (E).
Lemma 6.5. Let n € Difﬁ(Egg) be any diffeomorphism of order 2 representing h € Mod(Xa,). For
any set of simple closed curves Uy, ..., lag C 3oy which together form an R-basis of Hy(Xag4; R)<’7>, the
homology classes
[EQQL [Th]? BRI [szg]
form an R-basis of Ho(M,;R), where [La4] denotes the fiber class of M, — S* and Ty, is the torus
Tgi =/{; X [O, 1] U 77(&) X [O, 1]
for eachi=1,...,2g. In particular,
Hy(M,; R) = R+,
Proof. We first show that H;(3a,;R)™ is 2g-dimensional. Consider the description of » € Mod(2a,)
in Theorem 3.1 as the mapping class of the involution shown in Figure 2. This description shows for
all 1 <4 < g that
h(a; — agg41-i) = a; — aggq1—i, h(a; + azg41-i) = —(ai + azg+1—4),
h(b; — bag+1—i) = by — bagi1_i, h(b; + bag1—i) = —(bi + bag1-i),

where the homology classes a;,b; € H1(X94;Z) are as shown in Figure 5. The set

—(
—(

{a; — asg41-i, a; + asgy1—i, bi —bagi1—4, bi +bogr1-5:1 <i< g}
is an R-basis of Hy(X24;R), and hence
Hl(Zgg;R)<h> =R{a; — aggt1-i, bi —bogp1-;i : 1 <i < g} = R29.
Next, we compute Hy(M,;R). Consider the double cover
p: Doy x R/Z — M,
which is the quotient of the order-2 action on Yo, x R/Z given by

o) o> (ot + 3 ) € M, = (g % DD/ (020 0) ~ (1)

By transfer, the restriction
Pe t Ho(S2g x R/Z;R)0) — Hy(M,;R)
is an isomorphism. The fixed subspace Ha(Xo, x R/Z;R){") has an R-basis
{[Zog], [l; xR/Z] : 1 < i < 2g}.
Compute that p.([Eag]) = [Eog] € Ha(M,;R) and
p«([li x R/Z]) = [Ty,] € Hy(Mp; R). O
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Using Lemma 6.5, the following lemma computes the map on cohomology induced by the inclusion
—1
0 (E) — Xp.

Lemma 6.6. Let.: 7, '(E) < Xq denote the inclusion. The image of * : H*(Xo;R) — H?(my '(E);R)
is R{PD([o(E)])}, where o : S* — X, is any section of mo : Xo — S2.

Proof. Write Xg =Y; Uﬂ_o—l(E) Y5 with
Vi =m5 (D), Yz =my ' (Da).

Because Y; is a genus-2¢g Lefschetz fibration over D? for each i = 1,2, it is a finite union of 2-handles
D? x D? attached to ¥3, x D?, each with attaching regions D? x S* | , Section 8.2]. There is a
Mayer—Vietoris sequence of the form

H*(UL, D? x §Y) — H*(Y;) = H?(S2g x D) & H* (U, (D* x D?))

for some m > 0, which implies that H3(Y;;R) = 0 for each i = 1,2. Moreover, H3(Xo;R) = R29
because X is diffecomorphic to (¥, x S?)#4CP? by Proposition 5.2, and H?(ry'(E);R) = R29+1
by Lemma 6.5. Combining these three computations with the Mayer—Vietoris sequence for X, =
Yl U‘n'o_l(E) Y2 yields

(k)" —(k2)"

H?(Xo;R) H?*(Y1;;R) © H?(Ya; R) H*(nyY(B);R) — H*(X(;R) — 0

~R29+1 ~R29

where j; : Y; — Xy and k; : WJI(E) — Y; are inclusion maps for i = 1,2 such that + = j; o k; for
i = 1,2. Therefore, the image of (k1)* (and hence the image of ¢*) is at most 1-dimensional.
Observe that

v (PD([o(8%)])) = PD([o(E)]),

where PD([¢(52)]) and PD([¢(E)]) denote the Poincaré duals of [¢(S?)] and [¢(E)] in X and 7, (E)
respectively. The class PD([o(E)]) is nonzero (e.g. because o(E) intersects a fiber F in 7, '(E) once
transversely), and hence PD([o(E)]) spans the image of ¢*, i.e.

)

(
im(.*) = R{PD([0(E)])} € H*(ry '(E); R). O
6.2. Gompf-Thurston construction for (X,,w,). The goal of this subsection is to prove the fol-
lowing proposition which builds a suitable symplectic form w,, on X,,. A key point of the construction
below is the good control over the cohomology classes [w,] € H?*(X,,;R) for all n € Z>.

Proposition 6.7. For any n € Z>q, let F{'UF3 and F3'UF] denote the two reducible singular fibers
of mn + Xp — S? with P, F3 FR F denoting the irreducible components as defined in Lemma 6.5.
For each n € Z>q, there exists a symplectic form w, on X, satisfying the following properties:

(a) The smooth loci of the irreducible components of the fibers of m, : X,, — S? are all symplectic
submanifolds of (X, wn).
(b) For alln € Z>o and for all 1 < j <4,

([wnl, [F}']) = ([wol, [F}]).

In particular, ([wy], [F}']) is independent of n.

(c) (Standard near the sections) For each 1 < j < 4, there exists an open tubular neighborhood
N7 of o} (5?) such that Tnlne + NP — S? is isomorphic to the tautological line bundle
71, : L — CP! via an orientation-preserving diffeomorphism @7+ N — L. Furthermore, for
a small enough neighborhood O';L(SQ) CVrCNE,

n

wnlve = (¢])"(a;Teowez + TLws?)
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where mez : L — C2 is the standard blow-down map, wee is the standard symplectic form on
C?, wg2 is the Fubini-Study form on S2, and a; is some positive constant independent of n.
In particular, all sections o7} are symplectic and

J
([wnl, [0 (S*)]) = 7
1s independent of n.

In order to explicitly build a suitable form around 7, '(F) C X, and around each section oy, we
will need to find nice representative diffeomorphisms of the monodromy h € Mod(X24,2) and h e
Mod(X24,4), as well as compatible representatives of the conjugating mapping class fe Mod(X2g,4).
This is achieved in the following proposition, whose proof is given in Appendix B.

Proposition 6.8. Let o, 3, v, and 0 be disjoint curves in o4 4 representing the isotopy classes

&7, h(Z), h(§)) respectively. There exist
o a unit-area symplectic form 6 on o4,
e symplectomorphisms o € Diff " (3, 4) and 7 € Diff T (Sa50) of (L, 0) with

[p] = f € Mod(Z2g4), [l = h € Mod(Za,,2), and i =1ds,,,,
o an isotopy Ky : Yogo X [0,1] = oy o with ko = Idy,, ,,
o a disjoint union W = W, UWg U W, U W;s of tubular neighborhoods of o, B, 7y, 0 in Xog.4,
and
e q disjoint union O = O1 U Og L1 O3 U Oy of neighborhoods of p1,p2,ps and py
satisfying the following properties:
(a) The symplectomorphism ¢ is supported on W, i.e.
90|229,4—W =1d |Z2g,4_W'
(b) The symplectomorphisms ¢ and ) commute, i.e.
poi=1op.
(c) The diffeomorphism 7] := 1) o k1 fizes O pointwise and satisfies
[ﬁ] = ?l S MOd(EggA).
(d) For allt € [0,1]
Kkt (O)NW =0.
In particular, W N O = 0.
Isomorphisms near the equator E. For the remainder of this section, fix the notation of Proposi-
tion 6.8. Let N =2 E x (—2,2) be a tubular neighborhood of E in S? disjoint from the set of singular
values of mg. Shrinking N yields another tubular neighborhood A = E x (—1,1) of E in S2.
The four marked points p1, p2, p3, p4 fixed by 7 € Diff+(22g74) define sections §; of My x (—2,2) —
St x (=2,2) for 1 <i <4 by
(8) gl : (ta 5) = ((piat)VS) € MT_] X (7272)7
where we recall that the mapping torus Mj is identified with
My = (32,4 x [0,1])/((7(2),0) ~ (z,1)).
There exists an isomorphism of ¥5,-bundles over S* x (—2,2)
(9) G:my (N) = My x (=2,2)
that sends each section 0;, 1 <14 < 4 of mp to the section §; of M x (—2,2) — St x (—2,2).
The isotopy &y : Xag2 X [0,1] = a4 2 defines a map of ¥g,-bundles
K : Mﬁ X (—2,2) — Mﬁ,
((z,1),8) = (Ke(), ).
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Finally, define a map of ¥g4-bundles G to be the composition
(10) G:=KoG:my'(N)— M,

Because k; fixes the points py, ps for all ¢ € [0,1], the map G sends each section o1 and oy of 1 to
the section §; and 8 of M; — S* respectively, where §; is the section defined by the point p; fixed
by 7 € Diff 7 (Xg, 2) for i = 1,2.

The pullback prif of 6 € Q2?(35,) under the projection pry : Ygy x R — Yo, is invariant under
deck transformations of ¥y, x R — My, and so induces a closed 2-form 0 on M that restricts to the
symplectic form 6 on each fiber of M; — S*.

In order to use the form 6 in the Gompf-Thurston construction, we must determine its cohomology
class in H?(M;R).

Lemma 6.9. The cohomology class of the formé is

[0] = PD([3:(S")]) € H*(My;R).
Proof. In order to determine the class [9], we evaluate [9] on Hy(My;R). Let 4q,...,424 C Yo, be
simple closed curves which together span Hi (2a; R){™ . We may assume that each curve ¢; is disjoint

from the marked point p; € X, which is fixed by 7 and defines the section §; : S' — M;. For each

1 < i < 2g¢, consider the torus 7y, found in Lemma 6.5. We claim that 6 vanishes on Ty, for all
1 <4< 2g. Indeed, Ty, C Mj is the image of

gi x R - 229 x R
under the cover Yoy X R — M;. Because pry(¢; x R) = ¢; C Xy, is 1-dimensional,
(pr10)]e, xr = 0.

Therefore 9A|Tki = 0 as well because pri6 descends to § and ; x R descends to Ty, under Yog xR — M.
In other words,

([0],[T]) =0

<[é],[22g1>/229 fls,, / o1

9

for all 1 <14 < 2g.
On the other hand,

for any fiber X5y of M; — S*.
Now we analyze PD([31(S")]) evaluated on Ha(Mj;R). Observe that Ty, C M and §;(S') C M,
are disjoint for all 1 <4 < 2g because p; € Yo, and ¢; C Xy, are disjoint. Therefore,

(PD([3:1(SN)), [T%,]) = 0

for all 1 <1i < 2g.
Similarly, o, and $;(S') intersect positively once for any fiber ¥o, of M; — S* because §; is a
section. Therefore,

(PD([31(S")]), [E2g]) = 1.
Finally, Lemma 6.5 shows that the classes [T7,],...,[Ts,,] and [Eg,] form a basis of Ha(Mg;R).
The forms [0] and PD([3,(S")]) agree on this basis of Hy(Mz;R), and

[] = PD([51(SY)]) € H?(My;R). O

Below, we first build a symplectic form on X, whose restriction to a neighborhood of 7y 1(E) inter-
acts well with the map ¢ € Symp(Xqg4,0) which will be used in the partial conjugation construction
to build X,,. In order for our construction to also interact nicely with the symplectic blowing down
procedure, we standardize our symplectic form near the sections.
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Proposition 6.10 (Gompf-Thurston construction for 7o : Xo — S?). There exists a symplectic form
wo on Xo such that the smooth loci of the irreducible components of the fibers of mo : Xo — S? and
the sections 09,093,093, 0% of my : Xo — S? are all symplectic submanifolds of (Xg,wo). Moreover, wy
satisfies the following properties.

(1) (Standard near the sections) For each 1 < j < 4, let U; be disjoint neighborhoods of 0‘?.
Then, there exists an open tubular neighborhood N; C U; of (f? such that mo|n, : Nj — S?
is isomorphic to the tautological line bundle 7w : L — CP' wvia an orientation-preserving
diffeomorphism ¢; : N; — L. Furthermore, for a small enough neighborhood 0? C N]{ C Ny,

w0|NJ/_ = ¢} (a;mcewee + Trws2)
where me2 : L — C2 is the standard blow-down map, wee is the standard symplectic form on

C?, wgz is the Fubini-Study form on S?, and a; is some positive constant.
(2) (Standard over the twisting region) The restriction of wo to 7y ' (A) — U?Zl N; takes the form

wolrt(ay-ui_, vy = €970l ay—ys, v, + mowA
for some € > 0 and some symplectic form wa on A C S2.

Proof. Recall that a class [v] € H?(Xo;R) was chosen in Lemma 6.3(c) so that [v] € H?(Xo;R) pairs
positively with the irreducible components of all fibers of my : Xo — S? and so that ([v], [F]) = 1 for
any smooth fiber F' of my. Given such a class [v], the Gompf-Thurston construction ([ , Proof of
Theorem 10.2.18] or | , Theorem 2.7]) yields a closed 2-form ¢ on X, with [¢] = [v] such that
(a) (|s is symplectic for S the smooth locus of an irreducible component of any fiber of 7, and
(b) for any critical point p € Xy of m and for some charts U, C C? and Vo) € C on which
7o takes the form (z,w) +— 22 + w?, the restriction Cly, is the standard symplectic form
dxy A dyi + dxo A dys.
Furthermore, recall that [v] € H?(Xo;R) was chosen in Lemma 6.3(c) so that ([v], [09]) = 0 for all
1<j<4

Step 1: Standardizing over the annulus. We will modify the form ( over the tubular neighborhood
N C S? of E by the form G*0. Let Vo := N. For each i = 1,2, consider the open disks V; :=
D; — (AN D;) in S%. Then

S2=VoUVi UV,
is an open cover of S2. Let {po, p1, p2} be a partition of unity subordinate to this open cover. Consider
closed 2-forms &; on V; for each i = 0,1, 2, defined by

fO = G*é, fl = C|7r0*1(v1)7 §2 = C|7T0*1(V2)~
Then
1] = W1y € B (g "(VisR) and [&o] = [v],o1,) € H(m5 ' (V2)s R)

by the Gompf-Thurston construction. On the other hand, MﬂJI (E)] = aPD([0{(E)]) € H?*(r; *(E); R)

for some a € R by Lemma 6.6, and a = 1 because <[V‘ﬂ0—1(E)], [F]) = 1 for any fiber F of ; '(F). By
Lemma 6.9,
(G0 -1 () = PD([07 (B))) € H?(mq ' (E): R)

because G sends the section 09(E) to the section 3;(S') of M;. Finally because H?(m, ' (E);R)
H? (5 ' (N); R),

Il

60] = W]y vey) € H2 (5 (Vo)iR).
For each ¢ = 0,1, 2, there exists a 1-form [3; on wal(Vi) such that

&= Vlﬂo—l(vi) +dpB;.
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Define the closed 2-form & on Xy by
2 2

Ei=v+Y d(piom)Bi) =Y dlpiomo) ABi+ (pi o).

i=0 i=0
We claim that £ restricts to a symplectic form on smooth loci S of irreducible components of any fiber
of mp. To see this, note that d(p; o mp) vanishes on S for each i = 0, 1,2, so

2
Els =D (pi o mo)éils-
i=0
If S C 7yt (Vi) then &g is symplectic for i = 1,2 by the Gompf-Thurston construction. For i = 0,
recall that the form 6 restricts to a symplectic form on each fiber of M; — S by construction.
Because G maps a fiber of wal(N) — N diffeomorphically onto a fiber of Mz — S, the pullback G*0
restricted to a fiber of 75 '(N) — N is still symplectic. Therefore, | is symplectic on S because it
is a positive linear combination of volume forms on S.

Step 2: Standardizing near the sections. Observe that my : X — S? is a submersion on each section a?.

Therefore, for a small enough tubular neighborhood N; C U; of of, the restriction mo|n, : Nj — S

is isomorphic” to a rank 2 vector-bundle over S2. Since [0?]?

712 = —1, there exists a C-line bundle
isomorphism ¢; : N; — L. Define

Aj = (05 1) €N, € Q3(L).
Since ¢; is orientation-preserving on fibers, the form A; tames the standard complex structure ¢ of L
in the fiber direction of 77, : L — CP'. Let
L(1):={veL:|rc()* <1}

where |-| denotes the standard, Kahler metric compatible with we2. The following is a modification
of a lemma of McDuff-Polterovich | , Lemma 5.5.B].
Lemma 6.11 (cf. McDuff-Polterovich | , Lemma 5.5.B]). There exists a 2-form X; € O2(L(1))
satisfying the following properties:

(1) N agrees with A; near the boundary of L(1).

(2) N = cjmiawe: near the zero section of mp : L — CP' for some constant c; > 0.

(3) N tames i in the fiber direction of 7r, : L — CP*.

Proof. This is the same computation as | , Lemma 5.5.B]; for completeness, we recall the proof.
Let B(r) C C? denote the open ball of radius 7 in C? with respect to the Kihler metric compatible
with wez. By McDuff-Polterovich | , Proof of Lemma 5.5.B], there exists a Kéhler form 7, on

B(1) such that 7, = 2wz near the boundary of B(1) anda 74 = k?wce on B(g/(2k)), for any k > 1
and 0 < e < 1.

Because [¢] = [v] € H?*(Xo;R) and because ([¢|n;],[09]) = 0 by construction of v in Lemma
6.3(c), the form \; € Q*(L) is exact and \; = df; for some B; € Q'(L). Let 0 < ¢ < 1 be such
that \; — 527%2(,%2 tames i in the fiber direction of 7y, : L(1) — CP'. Consider a bump function
p: C* = R>g supported in B(1) C C? such that p = 1 near 0 € B(1) and p = 0 near 9B(1). Define
pr L = Rxq to be pi(2) = p((2k/e)mc2(2)). Furthermore, define

)\; = )\j + F(Ez (Tk - Eszz) — d(pkﬁj)-
For k > 1 large enough, the lemma follows. |

’In fact, N; — S2 can be chosen to be isomorphic to the bundle TF — a?, where TF C TUj is the subbundle
parallel to the fibers of mg.
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Since the U; are disjoint, it follows that we can modify £ only over |_|?:1 N; such that ¢ remains
symplectic on the fibers and
fINJ/ = (ﬁ;(CjWészzr)
on a small enough neighborhood o € N} C N;.
Step 8: Finishing the proof. Let wge be the Fubini-Study form on S2. For any £ > 0 small enough,

wo = €€ + THwg2

is symplectic and the sections 0’? are symplectic by compactness | , Proposition 10.2.20]. More-

over, wy restricts to a symplectic form on the smooth locus S of any fiber of g because €€ does and

mows2|s = 0. Near each section O’?,

w0|NJ4 = €€|NJ/ —+ ’/TS(USZ |NJ/ = €¢;(Cj7TEQOJCQ) —+ gf);(ﬂwaz)
where the last equality follows because 7, o ¢; = mg restricted to N;. This proves (1), with a; = ec;.
Finally, observe that p1]a = p2]a = 0 and pgla = 1 because A is disjoint from both V; and V5.
Therefore,
Elagt ey = Solrg () = 97011y

and so (,uo|7r51(A)_U?:1 N, = e’;‘gA*é|ﬂ_0—1(A)_U;;:1 N, T Towa where wy = ws2|4. This proves (2). O

Proof of Proposition 6.7. We will build an appropriate symplectic form w,, on X, by a partial conju-
gation construction (Section 2.2).

Step 1: Explicitly constructing m, : X,, — S? and oj S? — X,,. To find the gluing diffeomorphism
used in the partial conjugation construction, consider the symplectomorphism ¢ € Symp(3a4,6)
fixing the four marked points pi, pa, ps,ps with [¢] = f € Mod(X24,4) found in Proposition 6.8.
Recall that there exist disk neighborhoods O; of each p; on which both ¢ and 7 act trivially. In
particular, for each 1 < j < 4 the set O; x [0,1] x (—2,2) induces a neighborhood 5j of the section
5 E x(—=2,2) = My x (—2,2) defined in (8).
With the isotopy x; found in Proposition 6.8, build a new isotopy
kytopoky: Yog,4 % [0,1] = Xog.4,

where we note that /ﬁt_l o @ oy acts trivially on O1, Oz, 03,04 for all t € [0, 1] because k;(O;) is not
contained in the support of ¢ for all ¢ € [0,1] and for all 1 < j < 4. Moreover, compute at t = 0,1
that

malowonozldgigogpoldgzgzw

1 1

Kylopory=(on) " opo(on) =n""opoi,
where the last equality uses the fact that 7 and ¢ commute. This isotopy induces a X,,-bundle
automorphism

F o Mj x (=2,2) = M; x (—2,2)
((a?,t),s) = ((’i;l cpo ’it(x%t)v‘s)

that fixes pointwise each neighborhood 6j of each section §; of My x (—2,2).
Recall the isomorphism G : m; '(N) — Mj x (—2,2) fixed in (9). Define the bundle isomorphism

F:mgY(N) = w5 (N) by F, using the identification G
F=G 'oFog: 75 H(N) — 7 H(N).

By construction, F fixes each section 0;-) : wal(N) — ﬂgl(N) for 1 <j <4.
Let U := Dy UA C S? and Uy := Dy U A C S? be two open disks covering S? such that

U NnU,; = A
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By identifying any = € 75 *(A) C mp *(U1) with F*(z) € w5t (A) C 7y (Us), form the Lefschetz
fibration
Tt X 1= 70 (U0) U () 2y Mo (U2) = 57

where 7, is defined to agree with 7y on each 7r61(U1)7 wal(Ug). Let o7 be the section of 7, defined to
agree with o’? on each Uy, Uy, for 1 < j < 4. By the partial conjugation construction (Section 2.2), the
Lefschetz fibration m,, and sections of, ..., o} have monodromy factorization given in (5) as desired.

Step 2: A common neighborhood for o7: Via G the neighborhoods 5j induce neighborhoods ©; of

each section 0? over 7r0_1(A) for each 1 < j <4 on which F acts trivially. By Proposition 6.10(1), for

each 1 < j < 4 there exists a tubular neighborhood Nj‘ﬂJl( A C 0; of 0'9 over which the symplectic

form wy is standard near 0’?. In particular, N; embeds in X, for all n and 1 < j < 4; denote this

natural embedding by g7 : N; — X,,. Furthermore, note that 7, o g7 = mo, so g;' is a map of bundles.
Denote by N;* the embedded copy of N; in X,,.

Step 3: Constructing w,, on X,,. Consider the symplectic forms
Wolr-1(yy € V(1o (U1), Wolyot () € 2 (mg H (U2))
found in Proposition 6.10. We claim that
—1
Wp 1= {w0|”ol(U1) on " (U1) € Xn

w0|ﬂ61(U2) on 7y H(Us) C X,

is a well-defined symplectic form on X,,. It suffices to check that w, is well-defined on 1(A), i.e.
that

]:*w0|7r0’1(A) = wolﬂal(A)'
This follows from Proposition 6.8, Proposition 6.10(2), and the definition of F.

Step 4: Restricting wy, to the fibers of m,. Any fiber of 7, is contained in 770_1(U1) C X, or 770_1(U2) -
X,,. So for any S the smooth locus of an irreducible component of any fiber of =,

Wnls = wols

and so S is a symplectic submanifold of (X,,,w,) by Proposition 6.10. Furthermore, restricted to the
components F*, F3', F3', and Fy of the reducible fibers of m,,

wl(ED = [ wnlep = [ ol = (. [
FrCX, FPCXo
This finishes the proof of (a) and (b).
Step 5: Restricting wy, near the sections o7 Since F acts trivially on Nj‘ﬂal(A) it follows that
g; + (Nj,wo) = (NJ',wn)

is a symplectomorphism. For each 1 < j < 4, let ¢; : N; — L be the diffeomorphism found in
Proposition 6.10(1), so that for 09(S%) € N} € N; we have

wo|n: = ¢j(a;meawee + TLws?).

The map ¢} := ¢; o (g?)*1 is the desired isomorphism N' — L, with V' := g7'(N), making wp
standard near o7'. Note that under ¢}, the section o7 corresponds to the zero section of L, which we
denote by S. Thus o7 is symplectic and

([wal, [07 (S*)]) = (ws2], [S]) = 7.
This finishes the proof of (¢). O
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6.3. On the cohomology classes [w,] € H?>(X,;R). Finally, we combine the results of the previous
subsections and determine the cohomology classes [wy,] € H?(X,; R).
Lemma 6.12. For all n € Z>, there exists a diffeomorphism

®, : X, — M#ACP?
satisfying the following properties.
(a) On homology,
(@n)slojl=E;  and  (2n)([F") = (R0).([F°]) € Ha(M#ACP*; Z)

foralll < j <4, where Fy,...,Ey € Hy (M#4(CIP’2; Z) denote the exceptional divisors coming

from each summand CP? and F™ denotes any regular fiber of m, : X, — S2.
(b) The cohomology class (®;1)*([wn]) is independent of n, i.e.

(@) ([wn]) = (@5 1)" ([wol) € H*(M#4CP*;R).

Proof. For each n € Z>q, let ®,, be the diffeomorphism found in Lemma 6.3. Let F{'UF3" and F3'UF}
denote the two reducible singular fibers of m, : X,, — S? with FJ*, F3', F3', and F}' denoting the
irreducible components as defined in Lemma 6.3. By construction of ®,,

(©n)([F]']) = (20)«([F}]);  (®n)u([0]]) = (@0):([05]) = E;
for all 1 < j < 4. It also follows that
(@) ([F"]) = (@)« ([FT'] + [F3']) = (D0)« ([FY] + [F3]) = (®0)([F))

as desired.
By Proposition 6.7,

(@5 1)* ([wn))s (@)« ([F7D) = ([wnl, [F7]) = ([wol, [F}]) = (25" ([wo]), (o)« ([F}]))
(@51 ([wa), (@) ([07]) = (wal, [07]) = ([wol, [07]) = (251" ([wo), (Do)« ([07]))
for each 1 < j < 4. By Lemma 6.3(b), the cohomology classes (®,1)*([wn]) and (@5 1)*([wo]) agree
on Hy(M#4CP?;R), and so
(@1 ([wn]) = (95")" ([wo]) € H2(M#ACP*; R). O

Proofs of Theorems 6.1 and 6.2. By Proposition 6.7, the smooth loci of the irreducible components
of the fibers and the sections o7, 0%, 0%, and o of 7, : X, — S? are all symplectic submanifolds of

(X, wy). Let @, : X,, = M#4CP? be the diffeomorphisms found in Lemma 6.12 so that

(@) ([wn]) = (@) ([wol) € H*(M#4CP*R)

and
(@) ([E™]) = (®0)«([F*])
for all n € Z>g. Because each o, 0y, 0%, and o} are symplectic submanifolds of self-intersection —1,
the form w,, induces a symplectic form (which we also denote by w,) on the blowdown M, of o}, 03,
0%, and of in X,,. Denote also by m,, : M,, — B,, — S? the induced Lefschetz pencil. Note that since
each wy, is standard (see Proposition 6.7(c)) near each section o7, we can ensure that the smooth loci
of the irreducible components of the fibers of 7, are symplectic submanifolds | , Section 5].
Let F,, C M,, denote a regular fiber of w,,. Because ®,, sends [aj"] to Ej, it induces a diffeomorphism

v, : M,, — M such that

(P51 ([wa]) = (¥5 )" ([wo]) € H?*(M;R)
and

(Un)«([Fn]) = (¥n)«([Fim]) € Ha(M; Z)
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for all n € Z>g. Work of Lalonde-McDuff | , Theorem 1.1] shows that cohomologous symplectic

forms on ruled surfaces are diffeomorphic, and so there is an equality of forms
(U, 1) wn = (T 1) wo
for all n € Z>¢ after possibly post-composing ¥,, with a diffeomorphism of M. Any diffeomorphism of
M that fixes the cohomology class of a symplectic form acts by the identity on Ha(M;Z) (cf. | ,
Theorem 3]), and so the equality
(V) ([F]) = (¥n)([Fim]) € Ha(M;R)
still holds. Letting
w=(¥5 ") wo
concludes the proof of Theorem 6.1.
Recall by construction in Proposition 6.7 that the sections o} and a? have equal area in (X,,,wy,)
and (Xo,wop) for all n € Zx, i.e.
([wnl, [07]) = wol, [o7])-
Symplectic blowups of ruled surfaces are determined up to isotopy by the areas of the exceptional
divisors by work of McDuff | , Corollary 1.3]. Therefore,

(@) wn = (85 ") " wo
for all n € Z>¢ as symplectic forms, after possibly post-composing ®,, with a diffeomorphism (isotopic

to the identity) of M#4CP?. Finally, letting
w=(®5") " wo
concludes the proof of the symplectic portion of Theorem 6.2. |
Finally, Theorems 1.2 and 1.3 follow as immediate corollaries.

Proof of Theorem 1.2. If X is a ruled surface with x(X) < 0, it is difeomorphic to either M' = ¥, x 52
or M? =%,x5% for g > 2. Let i = 1 or i = 2 such that X = M* and fix the notation of Theorem
6.1. For all n € Zx,

Tpio (W)™h: MY — ! (B) — S?
are all Lefschetz pencils of genus 2¢g with four base points that are compatible with w, whose regular
fibers are all homologous in Hy(M?%;7Z). O

Proof of Theorem 1.5. If X is a ruled surface with x(X) < 0, it is difeomorphic to either M* = %, x 52
or M? =3%,x5?% for g > 2, and X#4CP? is diffeomorphic to (X4 x S%#él@ in either case. Fix the
notation of Theorem 6.2. For all n € Z>oq,

Tno®7 11 (8, x S2)#ACP? — §2
are all Lefschetz fibrations of genus 2g that are compatible with w, whose regular fibers are all
homologous in Ha((X4 X 5’2)#4@; 7). O

7. INFINITELY MANY HOMEOMORPHIC LEFSCHETZ FIBRATIONS

Our construction of infinitely many pairwise inequivalent Lefschetz fibrations can apply to settings
outside of ruled surfaces. In this section we demonstrate this flexibility through an example of infin-
itely many Lefschetz fibrations of every genus g > 3 that are pairwise inequivalent but are pairwise
homeomorphic.

Consider the isotopy classes ci,...,caq C Z; of curves shown in Figure 6. Let § denote the boundary
of 2!1;.
Lemma 7.1 (Chain Relation | , Proposition 4.12]). For any g > 2,

(T., ... Te,, )2 = Ts € Mod(E})).

- Leag
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FIGURE 6. Left: A chain of curves in Z;; Right: Homologous curves z,y C X, and
homology classes a1, a2,b1 € Hi(X4;Z)

Let f = Tmszl € Mod(X,) be a bounding pair of genus 1, where z,y C £, are as shown in Figure
6. Conjugating the factorization given by Lemma 7.1 by f™ for any n € Z>(, shows that

(Tpn(er) - Tpn(esy)) 1% = Ts € Mod(Z5).
By combining the above with the factorization of Lemma 7.1, we define the genus-g Lefschetz fibrations
Tt Zn — S2.

Definition 7.2. Let g > 3. For any n € Zsq, let m, : Z, — S? denote the Lefschetz fibration of
genus g with monodromy factorization

(Tey o Toy, 29D (T - o Tpn(en,)) "2 = 1 € Mod(Ey).

(c2g)

Note that m, : Z, — S? has a section of self-intersection —3 for all n > 0 determined by the
following lift of the monodromy factorization of m, to Mod(Eé) given by

(11) (Tey -+ T )9 (Tpn ey o Tn(en,)) 972 = T3 € Mod(E}).
The following theorem is the main result of this section.

Theorem 7.3. For every g > 3, there exist genus-g Lefschetz fibrations m, : Z, — S? for every
n € Z>o such that that 7, and m,, are inequivalent if n #m and such that Z, is homeomorphic to

(6g% — 29 + 1)CP?*#(18¢% + 10g + 1)CP?
for alln € Z>g.

Similarly as in Section 4, consider the following groups for any n € Zx:

G = (Ter, Tin(e) 1 <0 < 2g),
C?% = (;n rlzbv

Ay = (T 7)1 <0 < 2).

We use the hat notation for groups in this section to distinguish them from the groups of Section 4.
As in Section 4, we first study the image 7(GZ) of GZ under the Johnson homomorphism. Let
a1, asz,b; be as in Figure 6 and define

w:=ai Nas ANby € (/\BH) /H
where H := H1(X,;Z).
Lemma 7.4 (cf. Lemmas 4.2, 4.3, and 4.5). For any n € Zs, the image 7(GZ) is contained in
(Mod(%,) - (nw)) < n (A*H) /H,

the group generated by the Mod(X,)-orbit of nw € (/\3H) /H. Moreover, the class nw is nonzero and

is contained in T(GZL).
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Proof. For any i # 4, note that [T;l7 f™] = 1 because ¢; is disjoint from 2 and y. Therefore,
An = ([T1 )
By | , p. 195-196),
T(f) =7(ToT, ") = a1 Aby Aba,
and compute using naturality (4) of 7 that
([T, ) = n(T - 7(f) = 7(f) = nlar Aby AT N (ba) — ay Aby Abg) = n(ay Aag Aby) = nw.

Because [T, f"] is contained in GZ, the class nw is contained in 7(GZ). The fact that nw # 0
follows from the existence of a Z-basis of the free abelian group (A*Hi(2,)) /H1(2,) containing w,
shown in Lemma 4.4.

On the other hand, the proof of Lemma 4.2 shows that there is an equality of subgroups of Z,

GL = (GE KT, k" k€ Go).
Each generator of Gy is hyperellipticZ and hence G’g is contained in the hyperelliptic mapping class
group SMod(X,). By Corollary 2.4, G is contained in ker(r), and by naturality (4) of 7,
T(G7) = (Go - r([T1, 7)) < (Mod(E,) - (nw)). 0
The following non-conjugacy result forms the main part of the proof of Proposition 7.6.

Proposition 7.5 (cf. Proposition 4.6). If n # m € Zxq then G, and G,, are not conjugate as
subgroups of Mod(X,).

Proof. Suppose that there exists k € Mod(2,) so that kGnk™' = G,, as subgroups of Mod(3,).
Because Z, is normal in Mod(X,), this implies that ké%kfl = GTI,L as subgroups of Z,. By naturality
(4) of 7 and Lemma 7.4,

7(Gh) = k- 7(G7) < (Mod(Zy) - (nw))

By Lemma 7.4, the class muw is nonzero and is contained in 7(GZ,). Since w is primitive (Lemma 4.4),

this implies that n divides m. By symmetry, m also divides n, i.e. n = m. O
Rephrasing Proposition 4.6 in terms of the monodromy of m, : Z, — S? yields the following

proposition.

Proposition 7.6. For any n # m € Z>q, the Lefschetz fibrations m, : Z, — S* and 7 : Zy — S?

are inequivalent.

Proof. If n # m € Z>¢ then G, and G,, are not conjugate as subgroups of Mod(3,). By construction,
G, and G,, are the images im(p,) and im(p,,) of the monodromy representations p, and p,, of
o+ Zn — S% and m,, : Z, — S? respectively. By Corollary 2.2, 7, and ,, are inequivalent Lefschetz
fibrations. |

It remains to show that the manifolds Z,, are pairwise homeomorphic. To do so, we compute the
algebraic topology invariants of Z,,.

Lemma 7.7. For any n € Z>q, the manifold Z,, is simply-connected and
b3 (Z,) =69 —2g + 1, by (Z,) = 18¢% + 10g + 1.
Proof. Because 7, : Z, — S admits a section, there is an isomorphism

7T1(Zn) = Wl(zg)/N(Cl, - 7029,fn(01>7 .. .,fn(ng))

where N(cy, ..., f"(cag)) denotes the subgroup of 7 (X,) normally generated by the vanishing cycles
of m, : Z,, — S?%. On the other hand, let «;, 8; € 71(X,) for 1 <i < g be the generators of 71(X,) as
shown below:
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The loop a; € m1(Ey) is freely homotopic to cp; for all 1 < i < g, the loop 1 € m1(3,) is freely
homotopic to ¢, and the loop ﬂi_lﬂi_l,_l € m(X,) is freely homotopic to cg;41 for all 1 < ¢ < g — 1.
Therefore,
N(Cl, . 7ng) = N(Cl, <.y C2g, fn(Cl), ey fn(CQQ)) = wl(Eg),
and Z,, is simply-connected for all n > 0.
There are 12g(2g + 1)-many vanishing cycles in , : Z,, — S?, and so

X(Zn) =4 —4g +12g(2g + 1) = 24¢° + 8g + 4.

In other words, by(Z,) = 24¢* + 8¢g + 2.
In the case of n = 0, the Lefschetz fibration g : Zyg — S? is hyperelliptic with 12g(2g + 1)-many

non-separating vanishing cycles. Therefore by | , Theorems 4.4(2), 4.8],
g+1
Zy) = — 12¢9(2 1) =-12 1).
o(Zo) (2g+1>( 9(29+1)) g(g+1)

To compute o(Z,) for n > 1, consider the Lefschetz fibrations Z’ — D? and Z” — D? with mon-
odromy factorizations

(Tey - Teyy )29 € Mod(Sg),  (Thnier) - - Tpneay)) ™ € Mod(Sy)

respectively. Then Z,, is formed by gluing Z’ to Z” along their boundaries by some diffeomorphism
0Z' — 0Z" (which varies with n) for any n > 0 (cf. Section 2.2). By Novikov additivity,

0(Zn) =0(Z') +0(2") = 0(Zy) = —129(9 + 1)
for all n > 0. Finally, compute for all n > 0 that

_ ba(Zy) +0(Zn) bo(Zn) — 0(Z0)

by (Z,) 5 =69 —29+1, by(Z,) = 5 =18¢> +10g+1. O
By Freedman’s theorem | ], the algebraic topology invariants of Z,, determines its homeomor-
phism type.

Proposition 7.8. For any n € Z>q, the manifold Z,, is homeomorphic to
(692 — 29 + 1)CP?#(18¢2 + 10g + 1)CP2.
Proof. By Lemma 7.7,
o(Zn) =—-12g(g+1),  ba(Z,) =24g° +8g+2

for all n > 0. In particular, the rank b2(Z,) and signature o(Z,) of the intersection form @z, of Z,
only depend on g and are independent of n.

To determine the parity of @)z, , recall that 7, has a section of self-intersection —3 given by (11)
for all n > 0. In other words, the intersection form )z, is odd for all n > 0. Because @z, is indefinite

and unimodular, | , Theorem 1.2.21] shows that
Qz, = (69> — 29+ 1)(1) @ (18¢° + 10g + 1)(—1).
Finally, Freedman’s theorem [ , Theorem 1.5] says that the homeomorphism type of a simply-

connected, smooth 4-manifold is determined by its intersection form. Because Z,, is simply-connected
for all n > 0 by Lemma 7.7, Freedman’s theorem implies that Z,, is homeomorphic to

(692 — 29 + 1)CP?#(18¢> + 10g + 1)CP?
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FI1GURE 7. Filling curves and arcs, and the hyperelliptic involution ¢.

for all n > 0. |
Combining Propositions 7.8 and 7.6 concludes the proof of the main theorem.

Proof of Theorem 7.3. For any n € Z>(, the manifold Z,, is homeomorphic to (6g%—2g+1)CP?#(18¢%+

10g + 1)@[?’2 by Proposition 7.8. If n # m then the Lefschetz fibrations =, : Z, — S? and
T & Zm — S? are inequivalent by Proposition 7.6. O

APPENDIX A. CALCULATIONS IN Mod(%5,)

In this appendix we collect some routine calculations in Mod(Z%g)7 Mod(Xs24,2), and Mod(Xa,),
including proofs of Theorems 3.1 and 3.3. For i = 1, 2, consider the curves B; ) and C1, C4 as shown in
Figure 4. Let c1,...,c2941 and dy,. .., dz4 denote isotopy classes of curves in 2‘219 as shown in Figure
7. Let oy, ag, ag denote the isotopy classes of arcs in Egg as shown in Figure 7.

The following two lemmas compute a composition of Dehn twists applied to the curves ¢; and d;.

Lemma A.1. For1 < j <29+ 1 and i = 1,2, there are equalities of isotopy classes of oriented
curves

(TB};’ITB}'J . TBég,lTCf)(TB(i),zTBiz “ee TB;Q’2TC§)(Cj) = Cy, TBé,zTBi,z ce TB’;gszC; (Cj) = C2g42—j-

Proof. Suppose j # g+ 1. The curves B§j72’k and Béjfl’k for k,i = 1,2 and ¢;, cag42—; are shown
below:

1 1
By 1 By 19

Direct computations show that as isotopy classes of oriented curves,

TB;j—2,2TBéj—l,2 (cj) = C2g+2—j> TBéj—leB;j—l,l(ng+27j) =G
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Note that the curves ¢; and cpg12—; are disjoint from the curves Bé,k and C},C}if £ # 25 —2,25 — 1
and compute as isotopy classes of oriented curves:

TBZL),QTBi‘)g “e TBz

3,2 103(65) = 29125

TB&ITB}'J N TBég,lTCfTBé,zTBi,g .. 'TBEQ,QTCZ; (Cj) = TB("JJTB{J e TBQQJTC{ (ng+2_j) = Cj.

The case j = g+ 1 follows from the lantern relation [FM 12, Proposition 5.1]. The curves Bég72 and
C4 are shown below:

For both i = 1,2, compute with the depicted curves x%,x}, z%, 2% that
Tgy, Toi(cor1) = Try, ToiTe, (cor1) = Toi Ty Toi Toi (Co41) = Coa

where the second equality follows from the lantern relation Ts; T Tci+1 =T Ty Ty T
9, g

The curves B, ; and C} are shown below:
:

For both i = 1,2, compute with the depicted curves x%,z%, x%, 2% that
Ty Toilcgr1) =Try ToiTe,(cgr1) = Toy Ty T Tyi (Co41) = Coa
where the second equality follows from the lantern relation Tngle Cileg, =TT T Ti -

Finally, note that c441 and B}ﬁ,k are disjoint if £ # 2¢g and compute

Tgy Tpi, Ty Toz(cor1) = coun
TB(iJ.lTB’li,l N TBég,lTCfTBé,zTBi,z N TBEQ,QTCE» (Cg+1) = TB(@,1TBf,1 e TBégJTC{ (Cg+1) = Cg+1- O

Lemma A.2. For 1< j <2g andi=1,2, there are equalities of isotopy classes of oriented curves

(TBSYITB}’J . o TBég,lTC%)(TBé,QTBi,Q . o TBz TC% (dj) == CZ29+17]'.

29,2

Tcg)(dj) = dj, TB&QTB}’Q . TIpi

29,2

Proof. Consider the curves ngflyk, Béj’k for k,i = 1,2 and d;, dag41—; shown below:
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Direct computations show that

Ty, Tey,,(dj) =dogir—j,  Tpy | Ty (da2g1-5) = d;.

;j—l,Z
Note that the curves d; and dag41—; are disjoint from the curves Bé,k if £ # 25 — 1,25 and compute

Tp;, Tpi, - Tpi, ,Toi(d)) = dagia—j
TBé,lTBi,l e TBz TC{TBéjTBiQ e TBég,zTcé (dj) - TB[%,ITB{,I e TB%QITCIL (d29+1_j) - d]. l:l

391
We now compute iLi(al) and Bi(ag).
Lemma A.3. Fori=1,2 and j = 1,2,
(Tpy , Toy, - Toi, To))Tpy Th;, - Thi, Tos)(ay) = Ts, T5,T5,T5, (o)

; 4
as isotopy classes of arcs in .

Proof. We first consider the arc a;. For each i = 1,2 and any 0 < ¢ < g, consider the arc ~; depicted
below:

BZg72271.2

2(-many holes 2(-many holes

Direct computations show that the following equalities of isotopy classes of arcs in 2‘219 hold:

(a) 76 = Tey(as), and

®) Tsy ,, Tsi ,, (74) =Ygy forall 0 <0< g—1.

In particular, v} = Tpi Tps, ---Tp; Tci(an) by induction; the arc 7. and the curve B} , are depicted
) ’ g9, ’
below.
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Using the above, direct computation shows that

T ,(vg) = Tr; , Tp; , - Ty, Tos(ar) = Ts, Ts, T, T, ().

2g,2
Because Ty, T5,T5,Ts, (1) is disjoint from B, and Cf for all 0 < j < 2g,
(TB(i),lTBi.,l . TBi TC{)(TBéﬁzTB{,z e TB;Q’QTCé)(al) = T§1T52T53T54 (al).

2g,1

For the arc ag, consider the hyperelliptic involution ¢ € Diff ™ (3, 81 Uds Uds U dy) with ¢(d1) = da
and ¢(d3) = 4 as shown in Figure 7. Then (1) = as.

(a) If ¢ = 1 then for any 0 < j < 2g, there are equalities of isotopy classes L(le-vl) = B!

o and
L(C}) = C4. Therefore,

_,2
TB%,I N TB%Q,ITC% CZ—‘Bé,2 N TB%gQTCQl (OZQ) =1 (ZZ—‘BCI)’1 . TB%g,chll TBé’z . TB%g,2TC% )(Lal)

= L(TB(1)12 . TB%g,QTC% TBtl),l ce TBég‘ch% )(al)
= L(TWB(I]Y2 e TB TC% )(Oll)
= T§1 T52T53T54 (042).

1
2g,2

(b) If i = 2 then for any 0 < j < 2g, there are equalities of isotopy classes «(B},) = B3,
u(BZy) = B} 4, u(C}) = CF, and 1(C3) = C3. Therefore,

)(var)

= [,(1—13(2]11 e Tng,lTC% TB&,‘, e TB%gQTC% (Oé]_))

= T51 T52T53T54 (Oég). O

_,2
CZ—‘B&2 e TngﬂTC% (OZQ) =1 (ZZ—‘BCQ)’1 . TB2

TBg,l “ee TB2 391 TBg,z e Tng,2Tc%

29,17

2 T
1

2
1

Lemma A.4. Fori=1,2,
(Tpy Thi, - Try, To)Tpy Thy, - Thy, Toy)(as) = T5, T5,T5, T, ()
as isotopy classes of arcs in Egg.

Proof. For each i = 1,2 and any 0 < ¢ < g — 1, consider the arc v, in Zég depicted below:

2(-many holes

2(-many holes

Direct computation shows that the following equalities of isotopy classes of arcs hold:

(a) TeiTp; ,(as) =76,
(b) Tg;

2972271,1T35972“(7}) =}, for every 0 << g—1, and
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(C) TBg,’l (’7;) =T15,Ts, (043).
Combining these facts (and the fact that as is disjoint from the curves Bj ,, ..., By, 5, C5) together

shows that
Tpy (Tpi Ty, - Tpy, JTciTs )Tsy, - Ty, Tei)(as) = Ts, Ts, ().

0,1

Noting that ag is disjoint from 03 and §4 concludes the proof. O
Below, we prove Theorem 3.3. Our proof is different from Hamada’s original proof but instead is

similar to Gurtas’ proof of | , Theorem 2.0.1]. Note, however, that our version of Theorem 3.3
does not recover the full computations of Hamada’s work | ]

Proof of Theorem 3.5. Consider the curves ci,...,cg41, di,...,d2g and arcs aq, az, oz shown in Fig-
ure 7; these curves and arcs fill E‘ng and satisfy the conditions of the Alexander method | ,
Proposition 2.8]. Let
o p=lp=lp—1mp—1p ) ) ) ) ) ) ) 4
k’i = T(Sl T52 T(Sg T54 TBZ),lTBi‘l . TBégwlTC%TBészBi)Q N 'TB;g,ZTC% € MOd(EQQ).
By Lemmas A.1 and A.2, there are equalities of oriented isotopy classes of curves
ki(ej) =cj kildy) = d;

for all j. By Lemmas A.3 and A4, k;(oj) = «; for j = 1,2,3. These two facts combined imply that
the mapping class k; fixes each vertex and each edge (with orientations) of the graph determined by

U?f{l ¢ U U?i 1d; U U?Zl a;. Therefore, the Alexander method [ , Proposition 2.8] shows that

ki =1 € Mod(X3,) for both i =1,2. O
Similarly using the Alexander method, we deduce Theorem 3.1.

Proof of Theorem 3.1. Consider the curves ci,...,cag41,d1,...,d2g as shown in Figure 7, under the
inclusion Zgg — Yog4 given by capping off the four boundary components with disks. Under this
inclusion, the images of the curves B;J and B§72 are both isotopic to the curve Bj; in ¥y, for all

0 <j<2gandi=1,2and the images of the curves C} and C% are both isotopic to the curve C in
Yo4 for i =1,2. By Lemmas A.1 and A.2,

TBO N TB2ch(Cj) = C2942—j, TBO N TBQQTc(dj) = d_2g+1,j
for all j as oriented isotopy classes of curves. Therefore, the mapping class
[T]]TBO - TBQQTC S MOd(Egg)
acts as the identity on the graph determined by U?i U Ufg: 1 d;. Because the curves ci, ..., cag41,
di,...,dag fill 3o, and satisfy the the conditions of the Alexander method [ , Proposition 2.8],
it applies to show that
[U}TBO .. ~TB29TC =1e€ MOd(Zgg).

Finally, note that [n] has order 2 because 7 has order 2 and is not isotopic to the identity. (]

We also record a corollary of Theorem 3.3 which studies the mapping class h e Mod(Xa4,2) first
defined in (7).
Corollary A.5. Fori = 1,2, recall the mapping classes
- Tpy Toy € Mod(X3,)
as defined in Lemma 3.4. Let

hl, hg S MOd(Zgg)g)

denote the images of hi,hs € Mod(Zgg) respectively under the capping and forgetful homomorphisms

Mod(23,) — Mod(Z24,2)
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which caps each boundary component d1, 02, 083,04 of 2‘219 with a disk with a marked point pi1,ps, p3, P4
respectively, and then forgets two marked points ps,ps. Then hi=hy e Mod(X24,2) and has order 2.

Proof. Consider the inclusion of surfaces
4
EQg — 22‘%2

given by capping each boundary component d1, o with a disk with a marked point p1, p2 respectively
and each boundary component 3, 4 of Eég with a disk. We now take isotopy classes of curves in
Zég and consider their images in ¥y4 2 under this inclusion. From Figure 4, observe that there are
equalities of isotopy classes of curves

Bj, = Bjy = Bj, = B}, C Tag.»
for all 0 < j <2g and
Cl =03 =0} =C3 CYgyo.
In other words,
Tle_’l = TB;2 = TBJQ_’1 = TB;‘-’,Q S MOd(ZggQ), Tcll = TC; = TCf = TC% S MOd(ZQg)Q)
for all 0 < j < 2g. Therefore, there is an equality in Mod(X242)
h=Tpy Tp1, - Try Toy = Tpz ,Trz .- Tz Tez = ha € Mod(S3g,2).
The equalities of isotopy classes of curves above also show that
hy = Tpy Tpt, - Tpy, Tor € Mod(Sag,2).
Now to see that f; (and hence Bg) has order 2, compute using Theorem 3.3 that

B2 = (TB&ITB%J ...TBglg’ch%) (TB&QTB%Q . .TBég,QTC%) =1 € Mod(Sag.2). O

Finally, the following lemma is crucial in the construction of the partial conjugations of the MCK
Lefschetz fibration in Section 3.

Lemma A.6. Fori=1,2, recall the mapping classes
iLi = TBé,zTBi,z R TBég,zTCE S MOd(Zgg)

as defined in Lemma 3.4.
(a) The curves &, §, hi(Z), and hi(§j) are pairwise disjoint in Y5, and are as shown in Figure 3.
In particular, . . . .
ha (&) = ha(Z), ha () = ha()-
(b) There are equalities of isotopy classes of curves hi(#) = hy *(Z) and hi(§) = hi (7).

Proof. Let Z and @ be the isotopy classes of curves depicted in Figure 3 labelled h;(Z) and h;(3)
respectively. First, observe that B;.’z and C} are disjoint from 7 and 2 for any j > 3 and both i = 1, 2.
Therefore,
hl(i) - TBS,2TB§,2TB;,2TB§,2 (j)’ hz(g) - TBS,2TB§,2TB§,2TB§,2 (2)
for both i = 1,2. A direct computation shows that
TBé,’zTB{,QTB;,zTBg,z (5:) =z TBé,’zTBi’,QTB;,zTBg,z (2) =z

for both i = 1,2. This proves (a) and (b) for Z.
To simplify the computations for §, note that the hyperelliptic involution ¢ (as shown on the right
side of Figure 3) acts by
u(z) =17, L(2) = .

Letting g; := L_lilib, compute that

hi(§) = Gi(%), (@) = 1§i(2).
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We now compute for ¢ = 1 and ¢ = 2 separately. For i = 1, observe in Figure 4 that
(Bl =B, uCh=c}
for all 0 < 5 < 2g. Therefore,
g1=Tpy Ty, .- Tpy, Tor € Mod(23,).

Theorem 3.3 shows that

Gh(2) = T5,T5,T5,T5,(2) =2, Giha(2) = Ts,T5,T5,T5,(2) = 2.
Now (a) for g follows because
h(9) = 151(2) = 1 (h(2)) = g1 (M (2)) = o(2) = @,

where the second and third equalities follow from (b) and (a) for & respectively. To see (b) for g,
apply the same computation as above for Zz:

W(§) = ha(0) = 041 (2) = g1 (R (2)) = 11 (M (7)) = o() = 5,
and hence h71(§) = hi (7).
For ¢ = 2, observe in Figure 4 that
L(B]2',2) = sz,27 L(Cg) = 22
for all 0 < j < 2g, and so
G2 = hy € Mod(33,).

Now (a) for g follows because
ha(§) = ha (7)) = 152 (%) = tha(F) = 1(2) =,

where the second equality follows from the definition of g5, the third follows from the fact that g, = ha,
and the fourth follows from (a) for Z. To see (b) for g, apply the same computation as above for Z:

h5(§) = ha() = ha(1(2)) = 1§2(2) = tha(2) = u(F) = 7,
and hence hy 1 (§) = ha (7). O

APPENDIX B. PROOF OF PROPOSITION 6.8

The goal of this appendix is to prove Proposition 6.8. Throughout this section we follow the
notation of Remark 6.4. By Lemma A.6, there are equalities of isotopy classes of curves in Yo 4

W& =% W@ =7

Therefore there exists a representative 7y € Diﬁ’+(229,4) of h € Mod(Xa4,4) that preserves the set
{a,B,7,6} of curves in Xog 4 (cf. | , Section 13.2.2]).
Let 13,5, T denote the closures of the three connected components of

Yoga — (U B UM (a) Uno(B))

as shown in Figure 8, where we regard S = X3, , as a surface with four marked points and four
boundary components. Observe that 7y permutes the subsets Ty and T, and preserves S. Moreover,
72 preserves each subset 71, S, and Tb.

In the following lemma, we modify 7y to a new diffeomorphism 7; € Diff+(229,4) by an isotopy
supported compactly in T' such that 71 has order 2 away from some collar neighborhoods in 77 U T5.
The isotopies and diffeomorphisms of the proof of Lemma B.1 are depicted in Figure 9.
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FIGURE 8. Left: Curves o, 3, 7, 0 in Xg44 decomposing the surface as a union of
compact subsurfaces T1, S, To; Right: Curves 71, 72, 73 that fill 77 and are fixed up
to isotopy by h.

f]f:f]go)u:Id ﬁf:ﬁ(,o)\loﬁ“:ld
1

_contains Supp(A¢) A=1Id Vte [0,1]

=1

FIGURE 9. A schematic of the constructed diffeomorphism 7, and the support of the
isotopy A¢ in the proof of Lemma B.1

Lemma B.1 (Modification in 71 U Ty). There exist collar neighborhoods U, C Ty and Ug C Ty of «
and B respectively and a diffeomorphism iy € Diff T (Xo, 4) with 1] = h € Mod(Xa,.4) such that
M1 —auvy) = 1|7~ uus)
and such that
hlsur, = ol surs-

In particular, iy permutes the subsets Ty, S, and Ty, and 7)? preserves each subset

Tl—(Ual_lUg)7 U, Ug, S, Tg—(U,YI_IUg), U.y, Us
where Uy := 71 (Uqa) and Us := 71 (Ug).
Proof. Consider the curves 71,72,73 in T} as shown in Figure 8. By Lemmas A.1 (for the isotopy
classes [y1] = ¢1 and [y2] = c2) and A.2 (for the isotopy class [yo] = di), the curve 72(v;) is isotopic
to 7; in Xg4 4 for each i = 1,2,3. By ['M12, Lemma 3.16], the curve 73(v;) is then also isotopic to v;
in Ty for each i = 1,2, 3.

Consider the interior T} of T}. The curves Y1,7v2,Ys C T together fill 1. By the Alexander method
[F'M12, Proposition 2.8],

[514,] = 1 € Mod(Th).

Let A, : Ty x [0,1] — T} denote an isotopy with \g = Idj and Ay = 7y 2|j;1. Fix any collar
neighborhoods Uy, Ug of a and § in T7. By the isotopy extension theorem [Hir94, Theorem 8.1.4],
there exists an isotopy A; : ¥og 4 x [0,1] = ¥gy 4 with Ag = Idx,, , such that

ATy~ (Uatis) = Al —waivs)
and such that )\, is compactly supported in 1. Finally, let

ﬁl = ’f]o o) 5\1.
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Because )\, is supported in fl,

il surs = o © Mi|sur, = TlolsuTs-

Finally,

(o © M)2|7, — Wiy = (o © A1) |1, © (0 © A1) |1y — (waig) = Tiol1s © 7 |7 —(Uans) = 17y —(wavy)
as desired. O

In the following lemma, we view the subsurface S C X, 4 as the compact subsurface with four
boundary components (coming from «, 3,7, d) containing the four marked points py,ps, p3, ps. Let S
denote the interior of S; in particular, S has four punctures (coming from the four boundary compo-
nents of S). We write Diﬁ+(§,p1,p2) or Mod(§7p17p2) below to denote the group of diffeomorphisms
or mapping classes respectively of S that fix each point p1, po.

Lemma B.2 (Modification in S). There exists a diffeomorphism ¢ € Diff+(§,p1,p2) of order 2 such
that

[¥] = [mlg] € MOd(§7p17p2)'

Proof. Recall that 7; € Diff+(22g74) preserves the subsurface S C Yo, and fixes each marked point
P1,D2,P3, P4 of Bag 4. We claim that the restriction 77 s € Diff " (S, p1, p2) satisfies

[ﬁ%lé‘] =1le€ MOd(gaplaPQ)'
Because [73] = 1 € Mod(Zy,2) by Corollary A.5, the curve 77(vo) is isotopic to 7o in a4 0 for any

curve yg € S that is not isotopic to «, 3, 7, 0r d in Mag 0. By | , Lemma 3.16], 7% (o) and o are
also isotopic through an isotopy supported in S fixing p1, po for all time ¢. By applying the Alexander
method | , Proposition 2.8] to a set of filling curves of S and its image under 77, we conclude

that )
[77]s] =1 € Mod(S, p1,p2)
By the Nielsen realization theorem | , Theorem 7.1], there exists a diffeomorphism ¢ €
Diﬁ‘+(§,p1,p2) of order 2 such that

[Y] = [lg] € MOd(§7p1,p2)~ O

Using the previous two lemmas, we now build an order-2 representative 7 of he Mod(Xa4,2) with a
controlled isotopy to a representative of h € Mod(Xq44). See Figure 10 for a schematic of the resulting
diffeomorphism 7 € Diﬁ.+(229)2) and isotopy ki : Xag,2 X [0, 1] = Xag 2.

Lemma B.3 (Correction near « U BU~y U ). There exist
e a diffeomorphism f) € Diff ¥ (Sy,0) of order 2 with [7] = h € Mod(22,.2),
o an isotopy Ky : Yog o X [0,1] = Yoy o with ko = Idy,, ,,
o disjoint tubular neighborhoods W, Wg, W, and Ws of o, 8, v, and § in Xag 2, and
disjoint neighborhoods O; of p; fori=1,2,3,4
such that
(a) the diffeomorphism 7)o k1 fizes pointwise O1, 02, 03,04 and
[ij o k1] = h € Mod(S24,4),
(b) the diffeomorphism 1) permutes the sets Wy, Wg, W, and W5 by

ﬁ(WOl) = W’Ya ﬁ(Wﬁ) = W5a

and
(c) for alli=1,2,3,4 and all t € [0,1],

Iit(Oi) n (Wa L W/g (] ny (] W(S) = 0.
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Proof. In this proof we construct 7 by appropriately splicing together the order-2 pieces found in
Lemmas B.1 and B.2.

Step 0: Finding appropriate neighborhoods of p;. Since 11 € Diff+(229,4), there exist (apply | ,
Theorem 8.3.1] to small enough neighborhoods of each marked point)

(1) an isotopy g : Xog4 — Yag,4 With go = Idy,, , and compact support contained in .SD', and
(2) neighborhood101£2,03,04 of p1,p2,ps,ps such that O; C é, O; is compact for all i =
1,2,3,4,and O, N O; = for all ¢ # j

such that 7; o g1 fixes pointwise each O;. In particular
[71 0 g1lg] = [m] € Mod(S, p1,p2)-

Thus, replacing 7; with 7; o g1 we can assume in Lemma B.2 that 7; acts trivially on each O; for
1=1,2,3,4.

Throughout, let \; : (g,pl,pz) x[0,1] — (S’,pl,pg) be the isotopy with A9 = Idg and (71]¢)oA = ¢
found in Lemma B.2.

Step 1: Fizing two tubular neighborhoods V.C W of a U U~y Ud. Recall the collar neighborhoods
Ua, Ug of a, B in Ty and Uy, Us of 7, § in T3 found in Lemma B.1. Let W, and W3 be tubular
neighborhoods of av and 3 in a4 4 respectively such that

Uo € W, Us C Ws
and such that the disks \;(O;) € S are disjoint from
(Wan8),  (WsnS), »(WanS), »(WznS)
for all ¢ € [0,1] and for all ¢ = 1,2,3,4. (Such choices of W, and Wj exist by compactness of the
paths A;*(0;).) Then let
W, = (Wa N S)Uin(Wa NT1),  Ws:=o(Wsn8S)Uin(WsNTh).

By construction of ¢ and 7, the open annuli W, and W;s are tubular neighborhoods of v and §
respectively in ¥4 4 such that

UAY cw,, Us C Ws.
Finally, let W be the tubular neighborhood of a« U 8U~y U in Xy, 4 defined by
W =W,UWgUW,UWs.
To specify V' C W, choose collar neighborhoods V,,, Vg of a and 8 in S such that
Vo C W, Vs C W;p
and let ) )
Vi=(Ua UVa)U(UgUV) U (U, Up(VoenNS)U(UsUyp(VgnS)) CW.

Recall that 71 (U, ) = U, and 71 (Ug) = Us and that 7|7, U7, acts as the identity outside of U, UUg LI
U, UU;s by construction in Lemma B.1. Therefore, ; preserves both W N (71 UTs) and V N (11 UT5).
On the other hand, v has order 2 and so ¥ preserves both W NS and VN .S. See Figure 10.

Step 2: Isotoping 71 in S to have order 2 away from V. By the isotopy extension theorem | ,
Theorem 8.1.4], there exists an isotopy A; : X2 % [0,1] = ¥ay 2 with Ag = Idx,, , such that

)‘t‘st(sm/) = )‘t|5’u(sw)

and such that \; has compact support contained in S C Yag,2. In particular, the disks 5\; 1(Oi) =
A\ 1(0;) are contained in S — (SN W) for all t € [0,1] and for all i = 1,2, 3, 4.
Let
iz 1= 11 0 A\ € Difft(Eog5).
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="

FIGURE 10. Left: A schematic for the order-2 diffeomorphism 7 € Diﬁ+<229,2) and
isotopy Ky : Xag,2 X [0,1] = X942 in the conclusion of Lemma B.3. Away from some
tubular neighborhoods W, Ws, W, W5 of «, 3,7, 9, the diffeomorphism 1 restricts
to ¢ on S and to 7; on 17 U T5. Right: Choice of tubular neighborhoods W and V
and the action of ¢ and 7;.

We claim that 7, preserves the two sets V, W and that 73 has support contained in V. To see that
73 has support contained in V, we consider Ty U Ty and S separately. In Ty U T,
Ml rurs)-v = Tlrum)—v = 1dmun) - v
where first equality follows because A1 has compact support in S and the second equality follows by
Lemma B.1 because (I UT2) NV =U, UUgUU, UUs. In S,
i3ls—v = (i o M)?[s—v = ¥?|sv =Ids_v,

where the second equality follows because Aj|s_y = 5\1| s—v and the third equality follows because
¢ € Diff *($) has order 2 by construction in Lemma B.2.

To see that 7o preserves V and W, first recall that W N (T3 UT») and V N (71 U T,) are preserved
by 71, and that 71|70, = fl2|7ur,. On the other hand, note that 7ja|s—v = ¥|s—v, and that W N S
and V N S are both preserved by 1 by construction of W and V.

Step 3: Cutting and pasting in W . By [F\I12, Proposition 2.4 and Lemma 3.17], the restriction 75|y
is topologically isotopic (rel OW) to Idy;, because

[35] = [(7n 0 \)°) = [77] = h* = 1 € Mod(£39,2),
where the last equality follows by Corollary A.5. Therefore, there exists a topological isotopy ut :
(Wa UWg) x [0,1] = Wo UWg rel O(Wo UWp) with po = Idyy, Ly, such that
3 o, © 11 = T2l © Wa U Ws — W, LW
With the isotopy p¢ in hand, consider the map

L 772 on 229,2 — (Wa L Wﬁ)
N 772_1 on Wa (] W/g.
The map 7 is smooth because 77]271‘22%2,\/ = ﬁ2|229,2,v by construction in Step 2, since ¥g50 — V'
contains an open neighborhood of (W, U Wjg). See Figure 10.

The extension fi; : ¥og2 % [0,1] = Xag9 of p; by the identity outside of W, LI W; is a topological
isotopy of Xag 2 With fig = Idg%a. Therefore,

[ = [ 0 fn] = [i12] = h € Mod(S2g,2).
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Furthermore, we claim that 7) has order 2. Because 73 has support contained in V' C W it suffices
to check that 72|y = Idy, which is true by construction. Moreover, 7 permutes the components of
W because 72 does, and

AWa) =2(Wa) =Wy, 9(Ws) = 12(Ws) = Ws.
We have thus shown that 7} satisfies all the desired properties listed in the statement of the lemma.

Step 4: Finding the isotopy k.. Consider 7j o 5\1_1 € Diff+(22g72). Observe that 7 o 5\1_1 fixes pointwise
the neighborhoods O; for i =1,2,3,4: For any = € O;,

(o A7) (@) = (72 0 AT ) (@) = (71 0 M) (A (2)) = i () = ,
where the first equality holds because Sxfl(Oi) is not contained in W by construction of W, and the
last equality holds because 7; fixes pointwise O; by Step 0. This shows that 7 o ;\1_1 is an element of
Diff+(Egg’4) fixing each O; pointwise for i = 1,2, 3,4.
The topological isotopy A; o fig 0 A7 : Yog,2 X [0,1] = Xgg o fixes the two points ps,ps for all
t € [0,1] because fi; is the identity outside W, LI W;. Therefore,

oA =[(hoAi) o (Moo )] =[(ofm) oA = [(fior) o AT =[] = h
as mapping classes in Mod(X94,4). Finally, letting
R¢ = ;\t_l : 22972 X [07 1] — 22%2
concludes the proof. O
We now collect the lemmas above to prove the main proposition of this appendix.

Proof of Proposition 6.8. Fix the notation of the statement of Lemma B.3. Let W = W, u W3 U
W, UWs and O = Oy U O UOs U Q4. The diffeomorphisms 7 and 7 and the isotopy #; found in
Lemma B.3 satisfy the condition that [j] = h € Mod(X24,2) and conditions (c¢) and (d). It therefore
suffices to construct the desired symplectic form 6 and symplectomorphism ¢ € Diff+(22974) with
[p] = f € Mod(2a,.4) satisfying (a) and (b).

Let 0, be a symplectic form on W, C Xa, and let ¢, € Symp(W,, 0,) be a compactly supported,
right-handed Dehn twist about a. (For example, we can take 6, = df A dt, where 0, t are the two
coordinates of W, = St x (0,1), and 4 (0,t) = (0 — p(t),t) where p : (0,1) — [0, 27] is a smooth,
increasing function with p = 0 near ¢t = 0 and p = 27 near ¢ = 2n.) Similarly, let 63 be a symplectic
form on W3 C Xy, and let @3 € Symp(Wpg,03) be a compactly supported, right-handed Dehn twist
about .

Furthermore, we define similar symplectic forms and Dehn twists in Ws and W, by

Py =100, 07 = 77*0&7
w5 =10 pgoi, 05 :=1n"0p.

Here, recall from Lemma B.3 that /(W,) = W., and 7(Wj3) = W;s by construction.
With the above symplectic forms in hand, let § be a symplectic form on Y54 such that

77*9:9, 0|W(; =04, 0|W[e :95, 9|W”y :077 9|W6, = 0s.

Here W, Wy, W, Wy are suitable open subsets of W, W, W.,, W respectively, each containing the
support of ¢, g, ¢, and @s respectively. One way to find such a form 6 is to first extend the forms
0« 08, 0, and 65 to all of ¥y, using a partition of unity argument, and then averaging this form
under the action of (5}) = Z/27Z. Now let

¢ = 05" 0y 005,

Then ¢ is supported in W because ¢, @3, ¢+, and @s are, and hence ¢ satisfies (a). Because as
elements of Mod(Xa4.4),

[pa] =T, [pal =Ty lpy] = T2y [ps] = Ty yy»
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there is also an equality of mapping classes [¢] = f € Mod(X94.4) as desired.
To see that ¢ preserves the form 6, it suffices to check this on W, which contains the support of ¢.
On W, U Wp, ¢ preserves ¢ because

(@*Ow. = ©h0a =ba, (¥ 0w, = (v5") 05 = 0.
On W, U Ws;, ¢ preserves ¢ because

Finally, to see that 1 and ¢ commute, compute

Hop="0(pa0@s 0pyops)=1o(paops op, 005! )oh’ = (p 005 0paops')oh=poi.

This concludes the proof of (b).
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