HOLOMORPHIC FUNCTIONS OF POLYNOMIAL GROWTH ON
BOUNDED DOMAINS

By Yum-Tong Siu

In [4] R. Narasimhan proved the following theorem concerning holomorphie
functions of polynomial growth: Suppose g is a holomorphic function defined
on some open neighborhood of the closure of a bounded open subset @ of C".
If f is a holomorphic function of polynomial growth on @ such that f = gh for
some holomorphie function & on Q, then % has polynomial growth on Q.

It is natural to raise the following question:

(1) Suppose (¢:;)1<i<r,1<i<s 18 & matrix of holomorphic functions defined on
some neighborhood of the closure of a bounded open subset @ of C*. Suppose
(f:)1<i<r is an r-tuple of holomorphic functions on @ having polynomial
growth and for some s-tuple of holomorphic functions (g;):<;<. We have
fo= >t 0i9i,1 <i<ronQ Canwealways find an s-tuple of holo-
morphic functions (h;);<j<, on € having polynomial growth such that
fo= 2t eiihi , 1 <0 <12

In this paper we give an affirmative answer for (1) in the case when @ is Stein
(Theorem 2 below). First we prove an infinitely differentiable analogue of
our result by the partition of unity (Theorem 1 below) and then derive our
result by the L*-estimates for the d operator.

1. Notations. = is a fixed natural number and m = 2n. N = the set of all
natural numbers. N* = the set of all nonnegative integers. R, = {ceR|c > 1}.
R, = {ceR|c> 0}].

z= (2, ,Z,)andz = (2, +-+ , 2,) denote respectively points in R™
and C*. zisidentified withzby z, = 2 + @i, 1 <k <m. dz =dz, --- dz,, .

m i
ol = (el
k=1
Ifa=(qy, -, a,e®*" then
o] = D, al = ] (!
k=1 k=1

and
D* = 9'*'/oxy* -+ dx2m.
If E C R", then E~ = the closure of E in R",
d(z,E) = ’1112115 |t —y|, dslx) =d@ R" —E), and a(E) = sup |z — y|.

z,yeE
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ForeeR,,
E() = {zeR™|d(z,E) < ¢}, and Ele] = {zeR™ | dz(z) > €}.

xz = the characteristic function of E.

All functions are complex-valued unless specified otherwise. For0 < k < n,
& = the sheaf of germs of C”(0, k)-forms on C*. & = &%, © = the sheaf
of germs of holomorphic functions on C". Suppose £ is an open subset of
R™ =Cand g = (99, -+-, ¢'”) e T(Q, (6°*)") for some 0 < k < n and
reN. Let

g(” = Z g,(-:)...,', dé.’, Ao A dzi; ’ 1 S l ..<_ r.

1<41< <tk <n

Then for z e R™ and a ¢ (N*)™,
|D%g(z)| = sup [D*gP.....(2)].

1<41<e*e<i<n, 1<I<r

For1 <4< - <5 <n @P0einy o0 5 9 60n) e T(Q 87) is called a

coefficient of g. dg denotes (3g*, --- , 8g‘”). If ¢ is a real-valued continuous

function on @ and & = (&, --- , h'”) is an r-tuple of (0, k)-forms on € with
locally integrable coefficients, then for 1 < I < r ||2‘?]|, is defined as in §4.1,
[1] and ||h||, denotes sup:<:<, ||A*"]]y . If fe I'(Q, &), then Supp f = the support
of f.

2. The infinitely differentiable case. On R™ define

0(x) = exp [(Jz|> — )] for |z] <1  and 6(x) = 0 for. |z| > 1.
Let

K=[ @i md 66)= K0
Rm
For a ¢ (N*)™ let
K, = sup |D*0(z)|.
zeR™

For e e R, let 0.(x) = ¢ "6(xz/¢). For any open subset Q@ of R™ define

oa,(z) = j;w be/s(x — Yxacern®) dy.

LeMMA 1. o, is a C function on R™ which is identically one on Q and s
identically zero outside Q(e/2). Moreover, for a« e (N*)™ and z e R™ |D%qq, (z)| <
Kl where K! = 4% K, w and w is the euclidean volume of the unit ball
wm R™.

Proof. By direct computations. Q.E.D.

Lemma 2. Suppose Q is an open subset of R™ and a(Q) < 1. For k ¢ N let
G, = {zeQ| 27" < dylzx) < 27}, Then there exist Q, ¢ R, for « ¢ (N¥)™
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and non-negative real-valued 1, & T(Q, 8) for k e N such that
(i) Supp m C G,(27*®) fork e N,
(ii) ZkzN m = 1long,
(i) |Dne(@)| < Qa do(x)™"* for a e W*)™ ke N, and z ¢ Q.
Proof. ForkeN let 7, = 0g;,2-5-2 . Then by Lemma 1,
|D7(2)| < KL2%*®'%! for ae(N®¥)™ and zeR™.
Since Supp 7 C Go(27%7%), () = 0 unless do(z) < 27%* + 27577 < 27%*2,
Hence
|D*(x)| < KY do(x)™'*' for ae(N*)™ and zeQ,

where K’/ = 2*'*!' K!. Since for any five distinct k; inN, 1 < 7 < 5, we always
have (Yoo, Supp e, = &, 1 = D uN 7 is well defined. Moreover,

|Dn(x)| < 4KY do(z)™'*' for ae (N*)™ and zeQ.
It is clear that n(x) > 1 for x ¢ Q. We are going to construct by, induction on
||, P, e R, for o e (N*)™ such that

|ID*n7'(@)| £ P, do(2)™'*' for ae(N*)™ and zeQ.
For |a|] = 0, set P, = 1. Suppose k£ > 1, and we have constructed P for
|8| < k. Let|a| = k. By applying the operator D* to n'y = 1 on Q, we have

D) = =1 2 (@)BYTGHT(DTND) on Q.

B+y=a,f#a
It is clear that
P, = Z @) @) '(y!)'Ps-4K"} satisfies the requirement.
= a

B+y=a,

The construction by induction is complete. Set 7, = 7' for k ¢ N and set
Q= 2 @)B)'@)'Ps-4Ky for ae(N¥)".

B+y=a
Then
Dp = 2, @)@ 'G)'D’y)(D"'mn) on @ for keN.
Bry=a
[D*m(@)] < Qo do(x)™'*! for keN, ae (N¥)", and ze Q.
It is clear that (i) and (ii) are satisfied. Q.E.D.

TaeorEM 1. Suppose @ C C & are bounded open subsets of R™ and
(i) 1<i<s.1<i<r 18 @ matrix of holomorphic functions on Q. Let ® : T'(Q, &) —
T'(Q, &) be induced by (¢:;). Then for any p e N* there exist ¢ = ¢(p) ¢ N*
and M = M(p) £ R, satisfying the following: if f ¢ Im ® and for some ¢ ¢ N*
and some 4 ¢ R, we have

|D*f(x)| < A do(x)™* for |8 < ¢ and zeQ,
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then there exists g ¢ T'(Q, &) such that &(g) = f and
|D*g(x)| < M'**A do(x)™*™”"* for zeQ and o] < p.

Proof. TFix p e N*. By changing radially the scale of the coordinates system
we can suppose w. L. 0. g. that a(2) < 1. Let & : I'(Q, ") — I'(Q, &) be induced
by (¢:;). Im & is closed in the natural Fréchet space topology of TI'({, &°)
[5, Theorem 5]. Therefore by the open mapping theorem for Fréchet spaces
we can find ¢ e N* and L, ¢ R, satisfying:

(2) If f e Im & and for some 4 ¢ R, |D’f(z)| < A for |8] < ¢ and z ¢ {, then
there exists g ¢ T'(®, &7) such that &(g9) = f and |D*g(z)| < LA for |a| < p
and z e Q.

Let
L,=sup 2, BYAN)@)TK].

181<a A+p=8

From Lemma 2 we obtain @, £ R, for « ¢ (N*)™ and 5, € T'(Q, &) for k ¢ N sat-
isfying the conditions of Lemma 2. Choose M ¢ R such that M > 2° and

M > sup Y, 4@)A)7 () QL L2

lal<p Mp=a

We claim that ¢ and M, so constructed, satisfy the requirements.
Suppose f e Im & such that for some { e N* and 4 ¢ R, we have

|Df(x)| < A do(x)™* for |B] < ¢ and ze Q.
For k ¢ N let 7, = og(z-#-2} 5-+-2. By Lemma 1 we obtain
|DP(r)(@)] < LA do(2)™'2%*P¢ for |8 < ¢ and ze Q.

Since fr; = 0 outside Q[277%] (27*7®), fr, can be extended trivially to f, ¢ (2, &°).
fk 2 Im $ and

|DPfi(z)| < LA 294+ for |8 < ¢ and ze .
Hence by (2) there exists g, ¢ T'(Q, &) such that $(g;) = f, and
|D*gi(2)| < LiL,A 2% **9¢ for la| <p and ze Q.
Define g e T(Q, 8") by g = 2 enmigs. Since
Supp 7 C G:(277%) C @277,
and 7, is identically one on Q[27*7?], nirr = m for k e N. Hence on ©

®(g) = % "lk"is(gk) = Z mrif = % nf = f.

keN

Fix z ¢ @ and |a] < p. Let k be the greatest integer such that d,(z) < 27~

k+2

D@ = > D"(rig)@).
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IDag(x)l S 4 Z (a!)o\!)_l(l‘!)-lQ)\ dn(x)—l)\lLleA 2(k+5)¢+(lc+4)a.
Mu=a

Hence for |o| < pandzeQ
|D%g(@)| < M'**A do(z)™" 7" Q.E.D.

3. The holomorphic case.

LemMA 3. Suppose @ is a bounded open subset of C* and f is a holomorphic
function on Q such that for some A & R, and ¢ e N* we have |f(2)| < A do(x)™*
for ze Q. Then |D°f(z)] < (la] D™ 4 2°7*'0'*12 do(2) "' for & ¢ (N*)™ and
z e

Proof. FixzeQand a e N¥)". Let
= {(t, , eCla— &l = @VnT7d), 1<i<n).
Then
do($) = 3da(e) for ¢eT.

The required inequality follows from

Daf(z) — Z'Oln+x+"'+aan a|a|f(z)

6a1+an+1zl .« e aan'l'annzn
= ) (o + )] - [ + )]
I 1) dy -+ ds,
I

el (g'l - zl)a;+an+,+1 .. (f . )a..+a,,.+1'
n n,

Lemma 4. Suppose Q is a bounded open subset of C*, b e R, , and ¢ (2) =
—2blog da(z) on Q. Iffe T'(Q, 0) and ||f||y, < A for some A e R, , then [f(z)| <
72224 do(2) 0" for z € Q.

Proof. Fix z € Q. Let D be the polydisc centered at z with all radii equal
to (24/n) " da(z). Let v be the euclidean volume of D. Then

v = 7"CVn) " dao2)™.
For z ¢ D, do(x) > % do(2) and hence
e\P(z) — dn(x)—Zb < 22b dg(z)_%.

Q.E.D.

f '™ dz < 2 dy()) .
zeD

6| < o f i@l < v"( f li@rere dx)}( f R dx)*
< 0TAL A = R A dale) Q.E.D.

TuroreM 2. Suppose @ is a bounded Stein open subset of C" and
(@ii)1gigre,12i<r, 1S @ matriz of holomorphic functions defined in some open neigh-

eD
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borhood & of Q. Let ® : T'(Q, 07*) — I'(Q, 0"°) be induced by (o;;). Then there
exist M e R, and p e N* satisfying the following: if f ¢ Im & and for some t e N*
and some A e R, |f(2)] < A do(2)™" for z e Q, then there exists g e T'(Q, O™) such
that ®(g) = fand |g(z)| < M'*'A da(z)™* 7"

Proof. By changing radially the scale of the coordinates system of C* we
can assume that a(2) < 1. By considering { as an open subset of its envelope
of holomorphy and by shrinking { if necessary, we can assume that there is an
exact sequence of sheaf-homomorphisms on &:

(n) (n—1) (2) (1) (o)
© r @ r ¢ r @ r
> 0 " > e £ > : > 0 * > O °

07‘n+1

such that ' is induced by (¢.;). For0 < k < nlet ¢™® be represented by the
matrix (‘log’;))lsiSrh.lSiSrb+x and let

™ : 1(Q, 8™") — I'(Q, &™) beinduced by (o).

Since at a point in a complex number space the ring of C” function-germs as a
module over the ring of holomorphic function-germs is flat [3, Theorems 1
and 2 bis] and moreover § is fine we have

3) Ker ®*® = Im #**,0 <k <n — 1

Set ¢.+1 = —1. By applying Theorem 1, we obtain by backward induction
onk,q.e N¥ and M, e R, for 0 < k < n such that (4); holds for 0 < k < n:

4), if f ¢ Im ®* and for some t e N* and A e R, |D*f*® (2)| < A da(z)~* for
zeQand |8] < ¢, then there exists g’ & T'(Q, 8"***) such that ®* (9*) =
f* and [D*g® (2)| < ML A do(2)™ " *** " forze Qand |o| < guer + 1.
Let
N, = sup M,;, g= sup (q¢:+ 1),

0<k<n 0<k<n+1
and

L = sup (lal!)n2|a’n|a|/2.

lal<ao

Let v be the volume of Q,
N2 — N{n+l)(n+l+a)nnv}L, a«nd n = 2N'1'“-

Let

N; = sup {|e3 (@] |z¢ @7, 1<i<r, 1<j<ra, 0Lk<n},
w=sup {(L + |¢|") |ze @7}, and r = Sup 7.

Let

p=2m+ 1)g+n and M = max (2q, 7 2%V *X(1 4 prN,)"N,).
We claim that p and M satisfy the requirements.
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Fix f ¢ Im ® such that for some ¢ e N* and some 4 e R, [f()] < 4 do(2)™*
for 2 ¢ Q. By Lemma 3

|ID*f(z)] < LA 2° do()™*"'*" for |a| < go and ze Q.
By (4), we obtain f* & I'(Q, &™) such that

|IDfP@)| < Ni***"LA2' do(e)™* ™" for || < ¢+ 1 and 2zsQ
and

6)] (") = f.
We are going to construct by induction on %
f2 =", 1) e T(Q, (89)Y),  1<k<n+1,
such that for 1 < k¥ < n + 1 (6); and (7), hold and for 1 < k < n (8); holds:
6) |DfP@R)| < Ni"P R LA 2 do(e)™ " for o] < ¢+ 1andze Q,

Tk

(D Z; eV =0, 1Li<1r,,
“
rk+1
(8)s P = oY 1<i <.

i=1
By applying 8 to both sides of (5) we obtain (7), . Hence f* satisfies both

(6), and (7),. Supposeforsomel <k < n, ¥, .-+, f* have been constructed.
(7)x and (3) imply that the coefficients of 8f*’ are in Im ®*. (6), implies that

|D* 8f V()| < NI O 9 LA 28 do(2)™ 2** for |a| < ¢ and ze Q.

By applying (4). to the coefficients of 3f*’, we obtain f*** ¢ T'(Q, (§°%)"***)
satisfying (6):+: and (8). . Applying 9 to (8), we obtain (7),,; . The con-
struction by induection is complete.

Let y(2) = —2( + (2n 4 1)g) log do(2). Thenfor1 < k < n 4 1 we have

(9)x “f(k)Hw < N,4n'

By Lemma 4, [2] there exists an r,,,-tuple of (0, » — 1)-forms g™ =
(g, +o+, gimrDy on @ with loecally square integrable coefficients such that
(10) 3g(n+l) — f(n+1)

and

(11) g™ lly < w I ®lly < uN.An'".

We are going to construct by backward induction on & an r,-tuple of (0, k¥ — 2)-
forms g% = (¢ , ---, g{¥) on Q with locally square integrable coefficients

for 2 < k < n 4+ 1 such that (12), holds for 2 < k¥ < n and (13), and (14),
hold for2 <k < mn + 1:

Tk+1
(12)s 9 =1 — 2 ePe™, 1<i<n,

i=1
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(13)s ( i Zso(k » m) =0, 1<¢<r.,
i=1
(14): Hg®lly < v + prN)" "N, 44"
(14)+, follows from (11). (13),., follows from (8), and (10). Hence ¢**?

satisfies the requirements. Suppose now forsome2 <k <n+1,¢%, ..., g®?®

have been constructed. From (9);-, , (14); and the definitions of r and N, ,
we obtain

Tk
(k=1) (k=1) (k)
fi - Z¢ii 9i

i=1

’ < NzAﬂt + "'Nsﬂ(l + MTNa)n—kHNzAﬂ‘

=1+ #TNa)n-“zNzA’?‘y 1<i< .

By (13)s-, and Lemma 4, [2], we obtain an r,_,-tuple of (0, k — 2)-forms g*™» =
(g™, , 0%7D) on @ with locally square integrable coefficients such that
(12)—y and (14);-, are satisfied. (8);-; and (12),-, imply that

(k—2) — Z ¢(k 2)(ag(k 1) + Z (k—l) (k)) Z ¢:k 2) (k—l).

i=1

This gives us (13);-, . The construction by induction is complete. Set

r

gi = fw('l) - Z 1(:)91(2) and g = (gl y Tt gn)’
(13), implies that g ¢ T'(Q, 0™). ®(9) = f. (9): and (14), yield |lg||, <
(1 4 urN3)"NAn'. |g(@)| < M*™*'A do(2)™* 7" for 2z ¢ @ by Lemma 4. Q.E.D.
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