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In [4] R. Narasimhan proved the following theorem concerning holomorphie
functions of polynomial growth: Suppose g is a holomorphic function defined
on some open neighborhood of the closure of a bounded open subset gt of Cn.
If ] is a holomorphic function of polynomial growth on t such that ] gh for
some holomorphic function h on t, then h has polynomial growth on t.

It is natural to raise the following question:

(1) Suppose (ei)l_<_r.l_<i_<, is a matrix of holomorphic functions defined on
some neighborhood of the closure of a bounded open subset 2 of Cn. Suppose
(])lr is an r-tuple of holomorphic functions on ft having polynomial
growth and for some s-tuple of holomorphic functions (g;)1_<;_<, we have
] ..1 e g, 1

_
i

_
r, on 2. Can we always find an s-tuple of holo-

morphic functions (h.)l;, on gt having polynomial growth such that
I, - q,h, 1 _< i

_
r?

In this paper we give an affirmative answer for (1) in the case when is Stein
(Theorem 2 below). First we prove an infinitely differentiable analogue of
our result by the partition of unity (Theorem 1 below) and then derive our
result by the L-estimates for the operator.

1. Notations. n is a fixed natural number and m 2n. N the set of all
natural numbers. N* the set of all nonnegative integers. R1 {c R c >_. 1 }.
R/ {c,R[c>0}.

x (x x=) and z (z z) denote respectively points in R
and C. x is identified with z by z x, + ix,/,, 1

_
k <_ n. dx dx dx,,,

If a= (m,""

and

a=) (N*) then

k=l k=l

D" Ol"’/Ox[
If E C R, then E- the closure of E in R,
d(x, E) inf ix Yl, d(x) d(x, R E),

Received March 23, 1968.

77

and a(E) sup Ix- Yl.
X,ye
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For e R+,

E(e) {xR"ld(x,E) < }, and E[] {xR ida(x) > }.

x the characteristic function of E.
All functions are complex-valued unless specified otherwise. For 0 k n,

8’ the sheaf of germs of C (0, k)-forms on C. 8 8(’. O the sheaf
of germs of holomorphic functions on C. Suppose is an open subset of
R C and g (g) ) r(, (8’,..., g for some0 k nnd
rN. Let

1i< .<ikSn

Then for x e R nd a *),

[D"g(x) sup D
For 1 _< i < i, _< n, (g(),...
coefficient of g. g denotes (g(), bg()). If is real-valued continuous
function on and h (h (), is an r-tuple of (0, k)-forms on with
locally integrable coefficients, then for 1 r []h(*)] is defined as in 4.1,
[1] and iihll denotes sup I r(u, th n Supp I the support
of I.

2. The infinitely differentiable case.

t(x) exp [(lxl-Let

K=

For a, (N*) let

On R define

1) -1] for Ixl < 1 and 5(x) 0 for. Ix > 1.

fR 5(x) dx and 0(x) K-its(x).

K.-- sup [D(x)l.

For R+ let O,(x) e-"O(x/e). For any open subset 2 of R define

LEMMA 1. qu, is a C ]unction on I which is identically one on and is
identically zero outside ft(e/2). Moreover, ]or o (N*) and x IU ID"cr.,(x)l <_.
K’.e-I, where K’. 41 1 K. o and o is the euclidean volume o] the unit ball
inR".

Proo]. By direct computations. Q.E.D.

LEMMA 2. Suppose is an open subset o] R and a() < 1. For l N let
G {x . 2-- < d(x) < 2-+1}. Then there exist Q. . R+ ]or a (N*)
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and non-negative real-valued w r(, 5) ]or k N such that

(i) Supp w C G(2--2) for N,
(ii) Y. 1 on ,

(iii) [D",(x)[ Q d(x)-" for a (N*), k N, and x .
Proo]. For k N let aq,--.. Then by Lemma 1,

D"(x)l K2(+)" for a (N*) and x R.
Since Supp C G(2--), (x) 0 unless d(x) < 2-+ + 2-- < 2-*a.
Hence

[D"9(x)i K’ d(x)-" for (N*)" and x U,

where Kg 2" K. Since for any five distinct k in N, 1 i 5, we always
have. Supp , ,, ,N iS well defined. Moreover,

]n"v(x)] 4K’ d,(x)-" for (N*)" and x .
It is clear that v(x) 1 for x . We are going to construc by, induction on
[a[, P. R+ for a (N*) such that

[D"v-’(x)[ P. d(x)-" for a (N*) and x .
For ]a] 0, set P. 1. Suppose 1, and we have constructed Pa for
fl] < k. Let]a] k. By applying the operator n" to ,- lonU, wehave

-,- ()()-’( )-’(D’,-’)(D,) on .
+=a,a

It is clear that

P, (a)()-()-!P.dK satisfies the requirement.

The construction by induction is complete. Set - for k N and se
Q, (a)()-b)-’P. for a (N*).

+=a
Then

D"w= (a!)(f!)-l(/!)-l(D-’)(D’w) on 2 for k,N.

[Dvk(x)i Q,d(x)- for k,N, a,(N*), and x,.

It is clear that (i) and (ii) are satisfied. Q.E.D.

THEOREM 1. Suppose C C are bounded open subsets o] R and
(),,. is a matrix o] holomorphic ]unctions on . Let r(, )
r(, ’) be induced by (). Then for any p , N* there exist q q(p) N*
and M M(p) e R satisfying the following: if ] Im and for some t, N*
and some A, R+ we have

IDl(x) Ad(x)-* for ][ q and xe,
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then there exists g r(2, r) such that (g) ] and

ID"g(x)l

_
Ml+Ad(x)--- for x2 and lal _<:p.

Proo]. Fix p ll*. By changing radially the scale of the coordinates system
we can suppose w. 1. o. g. that a(2) < 1. Let F(, r) -, F(, ’) be induced
by (i). Im is closed in the natural Frchet space topology of 1(, 3)
[5, Theorem 5]. Therefore by the open mpping theorem for Frchet spces
we cn find q N* and L1 1/ satisfying:

(2) If I e Im and for some A e R+ ID/(x)! _< A for [/l --- q and X e , then
there exists g e F(, 8) such that (g) ] and ]D"g(z)]

_
L,A for ]a p

andx

Let
L. sup E (f!)0,!)-(!)-’K.

From Lemma 2 we obtain Q, R+ for a (*) and w F(, ) for k sat-
isfying the conditions of Lemma 2. Choose M R such that M 2 and

M sup 4(a)(h)-(,)-Qnn2’.

We claim that q and M, so constructed, satisfy the requirements.
Suppose ] Im such that for some * and A e R+ we have

IDl(x)i A d,(x)-’ for fl] q and x .
For k let r --..--.. By Lemmu 1 we obtain

[D(Ir)(x)[ LA 4(x)-’2(+)’ for [fl[ q and x e.
Since ]r 0 outside [2--] (2--), ]r, can be extended trivially to 1 F(5, ’).
1 Im and

[DI(x)[ LA 2(+)’+(+)’ for ] g q and x e 5.
Hence by (2) there exists g r(, 3’) such that (g) f and

]D’g(x)] g L,LA 2(+)’+(+)" for ]a] p and x e -.
Define g F(, 3) by g g. Since

Supp w C G(2--:) C [2--],
and r is identically one on [2--], wr w for . Hence on

kN kN kN

Fix x and [a] p. Let k be the greatest integer such that d,(x) < 2-.
D"g(x) D"(g)(x).

i-k-1
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ID"g(x)!

_
4 (c!)(!)-’(u!)-lQx d(x)-’X’LL.A 2’+’+’’+’.

Hence for l! <_ p nd x 2

D"g(x) <_ M/’A d,(x)-’--" Q.E.D.

3. The holomorphic case.

LEMMA 3. Suppose is a bounded open subset o/C" and ] is a holomorphic
]unction on such that ]or some A R+ and e N* we have [/(z) _< A d(x)-’
]or z e . Then ID"](z)l <_ ([[ !)" A 2+"n!"/ d(z) -’-"1 ]or o . (N*) and

Proof. Fix z 2 and a (N*). Let

r {(." .) IIz, ,! ()-d(z)
Then

d() d(z) for r.
The required inequality follows from

a<_i<_n].
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borhood o] -. Let r(2, o") -- r(2, o") be induced by (q,i). Then there
exist M ,. R1 and p, N* satis]ying the ]ollowing: il I *Im and lor some t, N*
and some A , R+ I](z)l < A dt(z)-* ]or z ,. , then there exists g F(2, 0 r’) such
that (g) ] and Ig(z)l _< MI+’A d(z) -*-.

Proo]. By changing radially the scale of the coordinates system of C" we
can assume that a(2) < 1. By considering as an open subset of its envelope
of holomorphy and by shrinking if necessary, we can assume that there is an
exact sequence of sheaf-homomorphisms on "

0r./. (" 0r. ("-’> ..._(’):, 0r, () ) 0r’ () > 0r

such that (o) is induced by (i).
matrix (), )l_<r.;r/, and let

For 0 _< k _< n let () be represented by the

(*) F(2, r,/,)
__

1(2 3r,) be induced by " *)
,i ).

Since at a point in a complex number space the ring of C function-germs as a
module over the ring of holomorphic function-germs is fiat [3, Theorems 1
and 2 bis] nd moreover is fine we have

Ker() Im(+1) 0 < / < n- 1.(3)

Set q/ -1. By applying Theorem 1, we obtain by backward induction
on k, q** N* and M, , R for 0 _< k _< n such that (4), holds for 0 _< k _< n"

(4),

Let

if 1(*) , Im (*) and for some t, N* and A R/ IDa/(*) (z)l < A dn(z)-’ for

and

z, 2 and ]fl < q, then there exists g() F(2, 3r+,) such that ,()(g())

and ID"g’*’ (z)[ < +’ +’-’M A d(z)- -*- for z, 2 and [a[ < q/, + 1.

sup M,, q sup (q,+ 1),
0<k<. 0<k<n+l

L= sup (lal!)’2’"’n’’/.
lal_<qo

2N’+.
Let v be the volume of

N2 A-fn+l) (n+l+ )n"viL, and

Let

N sup {’ (z)l z 1 _< i _< r+,

sup {(1 + Izi )I -},

1 <r++t,
nd r- sup r+.

O_k<n

Let

O<_k<_n},

p 2(n + 1)q + n and M max (2, r-"/22(2"+)q+"n"/2(1 + rN)’N2).

We claim that p and M satisfy the requirements.
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Fix ], Im , such that for some t, N*
for z 2. By Lemma 3

IDOl(z)] <_ LA 2’ d(z)-’-" for

By (4)0 we obtain ](1) F(2, g") such that

IDa/(1)(z)l < N/’/LA2 d(z)-’-a" for

and

(5) ,o, q(,,)

We are going to construct by induction on

and some A . P,/ l](z)! <_ A d(z)-’

]a] ._< qo and z2.

lal_< q,-t- 1 and zs2

,.. ,,, F(2, ( ,k), 1 _</ _< n-I- 1,

such that for 1 n + i (6) and (7) hold und for 1 k n (8) holds:

(6) [D"I()(z)[ < r(+’)+’n-LA 2’ d(z)-’-(:+)" for

(7), 9,i 0, 1 ir,_,

i=1

By applying O to both sides of (5) we obtain (7) Hence ]() stisfies both
(6) and (7) Suppose for some 1 n, ]() ] havebeen constructed.
(7) and (3) imply that the coefficients of 5] () are in Im (:). (6) implies tha

ID" N(+’)+nLA 2 da(z)-’-(+)" for

By applying (4) to the coefficients of 5](), we obtain
stisfying (6)+ and (8) Applying to (8) we obtain (7)+ The con-
struction by induction is complete.
Let(z) -2(t+ (2n+ 1)q)logda(z). Then forl n+ lwehave

By Lemma 4, [2] there exists an r.+-tuple of (0, n 1)-forms g("+)
g,,+, o with ]ocl]y sure ]terb]e coeciets

(10) g<n+,) /<n+l,
and

(11) g("+:) [/("+1)[[ 0
We are going to construct by backward induction on k n r-tuple of (0, 2)-
forms g() (g)
for 2 n + "" g on with locally square integrable coefficients

such that (12) holds for 2 G k G n and (13) and (14)
holdfor2 G G n+ 1"

-() f) ()(12) g, , 1 i r



8,4 YUM-TONG SIIY

(13) f-’) - 0, l_<i_<r_l,

grv a) v 2Ay

(14),+ follows from (11). (13)=+1 follows from (8) and (10). Hence
satisfies the requirements. Suppose nowforsome 2 < k n 1, g(),
have been constructed. From (9)_ (14) and the definitions of r and Na
we obtain

-) -)g) < NA + rNag(1 + NAvr2v )

(1 + ,n-k+2
rzv) N2A 1 i r_.

By (13)_1 and Lemma 4, [2], we obtMn an r_l-tuple of (0, 2)-forms g-
(g-), ,_,--)) on with locally square integrable coefficients such that
(12)_ and (14)_ are satisfied. (8)_ and (12)_ imply that

(-) + 9i, g i
=1 =l i=1

This gives us (13)_. The construction by induction is complete. 8eg

#, [’ 9vi nd g ( ,... ,#).

(13) implies h e P(, 0’). (e) [. (9)x nd (1) yield I1i!
(1 + #rN)"N2A ’. le(z)l M+’A dn(z) -’- for z by Lemm 4. Q.E.D.
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