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NONEQUIDIMENSIONAL VALUE DISTRIBUTION
THEORY AND MEROMORPHIC CONNECTIONS

YUM-TONG SIU!

This is a sequel to the paper [Si2] in which we introduced the use of meromorphic
connections to handle nonequidimensional value distribution theory. The mero-
morphic connection is chosen so that the divisor has zero second fundamental form
with respect to the meromorphic connection. When we have more than one divisor,
they must have zero second fundamental form with respect to the same meromor-
phic connection. Such a condition is so stringent that it is difficult to find examples
to which the method can be applied and which cannot be handled by other means.
One example is a collection of Fermat curves in P, of the form aowd + a;w{ +
a,wi =0 for the same homogeneous coordinate system [wg, w;, w,]. Shiffman
[Sh2] told me that for such a collection of Fermat curves defect relations can be
obtained by using a technique of H. Cartan [C2] (see §9), whereas the general case
of allowing Fermat curves with respect to different homogeneous coordinates
cannot be handled by any of the known methods. The only known result on the
defect of general divisors is obtained by using the Veronese map and is given in
[Sh1] in the following form. Let f: C — P, be a holomorphic curve such that f(C)
is not contained in any algebraic hypersurface in P,. Let {S;} be a collection of
algebraic hypersurfaces of degree d in P,. The sum of the defects of f for the

d
collection of divisors {S;} is bounded from above by " : provided that the S;’s

satisfy a suitable general position assumption. When applied to Fermat curves of
degree d in P, in different coordinate systems, the upper bound of the sum of the
defects is of the order d2. For Fermat curves of degree d in P, in the same coordinate
system, this is much greater than the known upper bound 6/d for the sum of the
defects.

For the method of meromorphic connections introduced in [Si2], to consider
different homogeneous coordinates necessitates the use of different meromorphic
connections. One has to modify the method of [Si2] and consider what can be called
a value distribution theory for meromorphic connections. In this paper we carry
out such a modification. As a result of the modification done here, we can handle
the case of divisors which have zero second fundamental forms with respect to
meromorphic connections with the same pole order. In particular, one can handle
the situation of a collection of Fermat curves with respect to different homogeneous
coordinates. An upper bound of the sum of defects for Fermat curves of degree d in
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P, in different coordinate systems is 1603/d. This is still more than the upper bound
of 6/d for Fermat curves of degree d in P, in the same coordinate system but is far
better than the upper bound of the order of d2 for Fermat curves of degree d in P,
in different coordinate systems obtained by using the Veronese map. Besides the
example of Fermat curves, this method can be applied to families of divisors of
degree d in P, with the property that for some fixed e and for every divisor X there
exists a homogeneous coordinate system [w,, ..., w,] in P, which may depend on
X such that X is defined by a polynomial of the form } 5 P, (W, ..., W,)ws ¢, where
P, is a polynomial. There exists a meromorphic connection of pole order no more
than (n + 1)e + 3 with respect to which the second fundamental form of X vanishes.
We get an upper bound C(n, e)/d for the sum of the defects of a family of such divisors
where C(n, ¢) is a constant depending only on n and k. This class of divisors will be
discussed in §8. The above results proved in this paper were announced in [Si3].
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§0. Preliminaries.

(0.1) To fix the normalizing constants, we introduce some notations.

2r

g(re') do
0

Mr(g) = I

denotes 27 times the average of the function g over the circle of radius r centered
at 0. For a function or a (1,1)-current # on the disc of radius r centered at 0,

"rd
T,(n) = f e f n
=0 P Jizl<p

denotes the repeated integral. When we have a discrete point-set S in C, the notation
7,(S) means the integral when S is naturally regarded as a (1,1)-current on C. Green’s
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formula can be rewritten as
1 T
7,(0,0z9) = Zdr(g) - 59(0)-

(0.2) We use the standard notation || in value distribution theory that results
from the so-called Calculus Lemma. The Calculus Lemma states the following. If
S(r) is a positive function for r > 0 such that rS'(r) is positive and increasing and
§'(r) is continuous, then, given positive ¢ and J,

1
- %(rS’(r)) <rSm?? ,.s

where ||, ; means that the inequality holds for all r outside an open set I, ; depending
on g, 6 such that _\',.',dt/t is finite. When there is no risk of confusion, we drop ¢, &
from the notation |, ; and simply write || instead.

By applying the Calculus Lemma twice to Z,(r), we have

log o,(n) < elogr + (1 + d)log 7,(n) |,,s-

(0.3) Definition of Defect. Suppose f: C — M is a holomorphic map from C to
a compact complex manifold M. Suppose L is a holomorphic line bundle over M
and L carries a Hermitian metric whose curvature form 6, is positive definite. To
fix the constants, we use the following convention. If the pointwise square norm
|a|? of a local section o of L with respect to the Hermitian metric is given by
|o|?* = |a,|%e™%, where g, is a function representing ¢ in a local holomorphic tri-
vialization of L, then the curvature form 6, is given by (,/ —1/21)00¢. Suppose s is
a non identically zero holomorphic section of L over M and Zs is the divisor of the
section s. The characteristic function of f with respect to the line bundle L is
.(f*6,). We denote this characteristic function also by T(f,r). The counting
Junction of the divisor Zs for f is 7,(f*Zs), when f*Zs is naturally regarded as a
(1, 1)-current on C. We denote this counting function also by N(f, r, Zs). By applying
Green’s formula to the Poincaré-Lelong formula (/—1/27)d0 log|f*s|® =
f*Zs — f*0,, we obtain

TA*29) = 7 +8) = (N ol P

1 N 1 *
= 1 Zelloglf*sl?) — 5 log| f*s]*(0).

The defect is defined as

o TAf*Zs)
o(Z9) = “EL“(I - f,(f*oL))
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which is equal to

m(i 10glf*Sl2>
liminf —— %
m i T*6,)

An upper bound of the defect means a lower bound of </,((1/4n) log|f*Zs|?) in
terms of the characteristic function Z,(f*0,). Note that here the normalizing
constants used for the definitions of «7,(g) and J,(n) are different from those used
in [Si2], because we are using different normalizing constants for the curvature form
of a line bundle.

(0.4) Defects for hyperplanes. Consider the case where M is the complex pro-
jective space P, and L is the hyperplane section line bundle H. Let 5; (1 < j < g) be
holomorphic sections of L over P, so that their divisors Zs; are in general position.
Then the Second Main Theorem implies that for any ¢ > 0 there is a subset E of
(0, o0) of finite logarithmic measure (i.e., the integral of dt/t over E is finite) and there
is a constant C such that

@=n—1-07*0) + C< 3. 7./*Zs)

for r not in E. (On the left-hand side there is an additional nonnegative term
Y2t (n — k)F,(S,), where S, is the zero set of the map F A (d/dz)F A (d?/dz*)F A

“+ A (d*/dz*)F for the k™ associated curve when F: C — (C**! — 0) induces the map
f: C > P,.) Hence for any ¢ > O there is a subset E of (0, o) of finite logarithmic
measure and there is a constant C’ such that

4 1 1 T
; Z—ﬂ—d,-(% loglf*ZS,l2> 2 -C' - (n + 1 + 8) r(f*eﬂ)
j=

for rnotin E.

(0.5) Meromorphic connections. Let M be a compact complex manifold. Let Iy,
be a (not necessarily symmetric) connection for the tangent bundle T;; of M. Let F
be a positive holomorphic line bundle over M. We say that I}, is a meromorphic
connection with pole order F (or pole order ¢ in the case when M = P, and F is
the #™ power of the hyperplane section line bundle of P,) if there exists a non
identically zero holomorphic section t of F over M such that tIg, is holomorphic
in all local coordinate systems. Here and throughout this paper all local coordinate
systems are assumed holomorphic.

(0.6) Second fundamental form. Let Z be a hypersurface of M locally defined by
a holomorphic function s. Assume that the connection I'§, is meromorphic with pole
order F so that tIs, is holomorphic in all local coordinate systems for some non
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identically zero holomorphic section ¢ of F. We say that the second fundamental
form of Z with respect to the connection I, is zero if tD,0ps = 4,055 + Bg0,s +
C,ss for some local smooth functions A4,, Jg, and C,s, where D, is the covariant
differentiation with respect to the connection I'j, and 9, is the partial differential
operator with respect to the a'™ local coordinate.

(0.7) Nondegeneracy condition for a holomorphic map. Let f:C— M be a
holomorphic map from C to a compact complex manifold M of complex dimension
n. Let z be the coordinate of C and f, be the derivative of f with respect to z which
is a map from C to the tangent bundle T,, of M. Let F be a positive line bundle over
M. We say that f is nondegenerate with respect to the line bundle F if we cannot
find a holomorphic section s of F*®* V2 @ K3} over M (where K, is the canonical
line bundle of M) and a meromorphic connection I'§, with pole order F such that
fo A (D) A o A (D) Y, + f*s = 0, where ¢ is a holomorphic section of F so
that tI'7, is holomorphic in all local coordinate systems and D, is the covariant
differentiation with respect to the connection I'j, and the coordinate z of C. The
exterior product f, A (tD,)f, A --* A (tD,)""'f, is taken in the tangent bundle T, of
M so that f, A ((D,)f, A *+* A (tD,)""'f, is a holomorphic map from C to the line
bundle F*"~ 12 @ K;! of M.

There is only a finite degree of freedom in choosing s and If,. The condition
£ A (DS, A oo A (tD,)""Lf, + f*s = 0 is an ordinary differential equation in C
of order n — 1. This kind of nondegeneracy condition is different from the kind
normally used in the equidimensional case and the case where the target manifold
is the complex projective space with hyperplane divisors. For known defect relations
in the equidimensional case the nondegeneracy condition required is that the map
is open at some point. It is conjectured that the nondegeneracy condition in the
equidimensional case should be the condition that the image is not contained in
some algebraic hypersurface, which is the same as saying that we cannot find any
non identically zero holomorphic section s of some positive line bundle such that
f*s = 0. In the case of the target space being the complex projective space with
hyperplane divisors the nondegeneracy condition for defect relations is that the
image is not contained in some hyperplane, which is the same as saying that f*s = 0
cannot hold for any non identically zero holomorphic section s of the hyperplane
section line bundle of the complex projective space. We can regard f*s = 0 as an
algebraic equation which can be chosen with a finite degree of freedom. Another
way of expressing the nondegeneracy condition in the case of the target space being
the complex projective space with hyperplane divisors is that f, A (D, f,) A -=* A
(Dr71f,) = 0 does not hold for the Levi Civita connection D of the Fubini-Study
metric of the complex projective space. Our present nondegeneracy condition of the
failure of f, A (tD,)f, A -+ A ((D,)""Yf, + f*s =0 is, in a way, a combination of
the two equations f*s =0and f, A (D, f,) A *=* A (D27Yf,) = 0.

(0.8) General position condition for divisors. Let M be a compact complex
manifold. Let E be a holomorphic line bundle of M. Let {s,} be a set of distinct
holomorphic sections of E over M. Let e, ..., e,, be a basis of I'(M, E) over M and
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let 5, = )", c,;e; with ¢,; € C. The set {s,} is said to be in general position if the
hyperplanes ) 1+, c,;z; = 0 in P, with homogeneous coordinates [z, ..., z,] are in
general position.
Let {Z,} be a family of complex hypersurfaces in M. Let F be a positive line
bundle with the property that for every v there exists a meromorphic connection
#,(v) with pole order F so that the second fundamental form of Z, with respect to
5,(v) is zero. Let t, be a non identically zero holomorphic section of F so that
t,I5,(v) is holomorphic in all local coordinate systems. Let D® be the covariant
differentiation with respect to the connection I';,(v). (We assume that the index v
does not take on the value 0.) Let F, be a positive line bundle and I, (0) be any
meromorphic connection with pole order F,. Let t, be a non identically zero
holomorphic section of F, so that ¢,I'§,(0) is holomorphic in all local coordinate
systems. The difference ¢,t,(I';,(v) — I},(0)) is a holomorphic section of Ty, ® Ty ®
Ty ® F ® F, over M. The pair (t,, tot,(I5,(v) — I'5,(0))) is a holomorphic section of
the vector bundle F ® (T), ® Ty ® Ty ® F ® F,) over M. We say that {Z,} is in
general position of order k with respect to F and F if for some t,, I',(0), t,, and
#,(v) all the distinct sections (t,, tot,(I'5,(v) — I}5,(0))) are in general position as
holomorphic sections of F ® (T, ® Tyf ® T ® F ® F,) over M and, moreover, no
more than k of the hypersurfaces Z, with the same D, have a common point of
intersection. In the case when M = P, we will take as I'§,(0) the connection which
is identically zero on the affine part C* of P, with respect to the Euclidean coor-
dinates of C". We will take as F, the hyperplane section line bundle of P,. We will
take as t, the section of F, whose divisor is the infinity part of P,. The verification
that ¢,I7;3(0) is holomorphic in all local coordinate systems of P, will be given in §7.

§1. Statement of results. First we state our result for the special case of a defect
relation for Fermat curves in different coordinates in [P,.

(1.1) THEOREM. Let H be the positive hyperplane section line bundle of P,.
Suppose f: C — P, is a holomorphic map and for each v the curve Z, is a Fermat curve
4+ {4, + ¢4, = 0 of degree d in some homogeneous coordinate system [{,o, {,1 {v2]
of P,. Suppose {Z,} is in general position of order k with respect to H 3and H, and
is nonsingular with respect to the line bundle H*. Then one has the defect estimate
2,00(Z,) < (1603/d)k.

We now state our result in a more general setting.

(1.2) THEOREM. Let M be a compact complex manifold of complex dimension n.
Let F, be a positive line bundle such that some meromorphic connection D'® with pole
order F, exists for M. Let L be a positive line bundle and {s,} a collection of
holomorphic sections of L over M. (Assume that the index v does not take on the value
0.) Let F be a positive line bundle with the following property: for each v a meromorphic
connection D™ exists for M with pole order F such that the second fundamental form
of the zero-set Zs, of s, with respect to D™ is zero. Let t, be a non identically zero
holomorphic section of F such that t,D™ is holomorphic. Let p = dim¢ T'(M, F) and
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m=dmIcM, Tf® T ® T,y ® F® F,). Let v be a positive number such that
(F ® Fp)" V2 ® Kt is generated over M by v global holomorphic sections of
(F @ Fp"® V2 @ K3t over M. Let « be a nonnegative number such that af; minus
the curvature of (F ® Fo)"" Y2 ® K3} is everywhere nonnegative on M. Suppose f
is a holomorphic map from C to M. Suppose {Zs,} is in general position of order k
with respect to F and F,, and f is nonsingular with respect to the line bundle F ® F,.
Then the defect of f is no more than (x(®) + av)k, where b =n(n — 1)/2+p+m — 1
and ¢ = n(n — 1)/2.

(1.3) CoROLLARY. For the special case M = P, with L = H? (where H is the
hyperplane section line bundle of P,), let H be the pole order of the meromorphic
connections D™ for a collection {s,} of holomorphic sections of L so that the second
fundamental form of the zero-set Zs, of s, is zero with respect to D®. Suppose {Zs, }
is in general position of order k with respect to H® and H and f is nonsingular with
respect to the line bundle H’*. Then the defect is no more than

n(n+1)/2
((b>+n+l>(/+1) +n+1k,

c d

whereb=n(n—1)+<l:n>+(n+1)2(n+f+1)<n+[_1>—land

2 n—1
nn—1)
7

For notational simplicity, in this paper we will present our proof of the above
results only for the case n = 2, because the proof for the case of a general n differs
from the case n = 2 only in the complexity of notations, which makes the essential
arguments less transparent. The sections §2 through §7 below are devoted to the
proof of the results stated above.

§2. Main inequality.

(2.1) Let M be a compact complex manifold of complex dimension two. We
recall the main inequality in [Si2, p. 241, (8.5)] which is derived by using the
vanishing of the second fundamental form and linear algebra. It is

(2.1.1) %((%Q?Té]g—)d—zzl);)ﬂ) < constant - (Z,(f*6.)' ™ + r*).

Here 4 > 0and 4 — 1 > O are both sufficiently small. The meanings of the notations
in this inequality are as follows. The covariant differentiation D comes from a
meromorphic connection I';, on M and ¢ is a non identically zero holomorphic
section of the positive line bundle F so that tI5, is holomorphic in all local
coordinate systems. The section s is a holomorphic section of L so that the second
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fundamental form of the zero set Zs of s with respect to the meromorphic connection

I';, is zero. The nondegeneracy condition of the nonvanishing of f, A tD, f; is
assumed.

By the Calculus Lemma and the concavity of logarithm this main inequality yields

|f: A D, f;*
.ﬂ, (10 %ﬂWlsjl;)T = O(IOg g:.(f*eL) + log r).

This is to be coupled with the following inequality in [Si2, p. 241, (*)] derived from
Green’s formula

1 1
— | log———75 | =1 —-I,(f*0,) — J.(Zf*
for 0 < ¢ < 1 and for r sufficiently large. Thus

1 s A (D, £
prt '<‘°g IsP(logls/2

> L stloglf, » DL + (1 = 97,00~ 7219

and

(1= )T1*0) — T2f*9)
< — 4081, A D11 + Olog 7(/*6y) + log )

for A — 1 > 0 sufficiently small, yielding the following estimate for the defect
relation.

—}nmaoglf, A D, £,2)
0.(Zs) < liminf
7(Zs) < lim i 7,(f*0,)

(2.2) Suppose we have a finite number of holomorphic sections s, of L so that
the second fundamental form of the zero-set Zs, of s, with respect to the same
meromorphic connection I} is zero. Assume that no more than k of Zs, have a
common point of intersection. We use the argument of [Si2, p. 242, (9.2)] and get

1 <C< 3 1 )
[L.UsuPAogls,*)?) =~ \o.... aistine [ [i=1 (54,2 Qoglsy 12)))
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where C is a constant. Thus by (2.1.1)
(s
"\\IT (Is,[*ogls,|)?

ces

5 ( |f A D £ )“)
Viserns vy distinct H;‘:l(lsvjlz(l()glsvjlz)z)

, |fo A D122\ *
<¢C V((zrm) )‘ )

for u> 0 and A — 1 > 0 both sufficiently small by (2.1.1), where C’' and C” are
constants. As in (2.1) we get the following defect estimate in this case

~ o 4108\ A 1D, 1)
2.2.1 0p(Zs,) < liminf
220 D e 706

(2.3) We now look at the general case when we have a finite number of holo-
morphic sections s, of L and a meromorphic connection I'}5(v) for each v so that
the second fundamental form of the zero-set Zs, of s, with respect to I'}5(v) is zero.
We assume that the pole order of all I}}4(v) is the same positive line bundle F. Let
t, be a non identically zero holomorphic section of F over M so that t,I'};(v) is
holomorphic in all local coordinate systems. Assume that among all the indices v
with the same I'Jy(v) no more than k of Zs, have a common point of intersection.
By summing (2.2.1) over all distinct connections I, (v), we have the following
estimate of the sum of defects

— ot log T f. A LDLP)

2.3.1 0,(Zs,) < liminf ,
@3.1) 2. 9(Zs,) < limi T

where the product [ ], is taken over all distinct meromorphic connections D®. We
have to obtain the estimate for «Z,(log [ ], | f, A t,D{"f,|?) from below. This estimate
will be obtained by considering the defect relation for the space of all meromorphic
connections with the same pole order.

§3. Value distribution theory of meromorphic connections.

(3.1) We use the notations of (2.3) and suppose that all the assumptions in (2.3)
are satisfied. We use ) , to mean summation over only those v with D™ distinct.
We also assume that the index v does not take on the value 0. Let F,, be a positive
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line bundle and I'§,(0) be some meromorphic connection so that for some non
identically zero holomorphic section t, of F, t,I,(0) is holomorphic in all local
coordinate systems. Let D@ be the differentiation with respect to I';,(0). Suppose
with respect to the line bundle F ® F, the map f satisfies the nondegeneracy
condition in the sense of (0.7). Also suppose that with respect to F and F, the
collection {Zs,} satisfies the general position condition in the sense of (0.8). Each
f. A t,Df, is a holomorphic section of f*F ® K;{ over C. We claim the following,

(3.1.1) There exists a finite number of holomorphic sections y, ..., ¥, of
f*(F ® Fy ® K3#) over M so that each ¢, f, A t,D{"f, is a linear combination
>4 oau¥; of Yo, ..., ¥, with a,; € C. Here u depends only on F and F, and M and
is independent of f However %, ..., Y, will depend on f.

We now proceed to prove the claim. Suppose we have a meromorphic connection

4y whose covariant differential operator is D and suppose ¢ is a non identically
zero holomorphic section of F such that ¢tT§, is holomorphic in all local coordinate
systems. Let A3, = #,(0). Then A%, is a meromorphic tensor and

D, f} =DOf: + A5, £ 1)

Here and for the rest of this paper the summation convention is being used.

For a tensor B with components Bj, we use the notation B(f, ® f;) to denote
Bg, £ £ which is a section of the pullback of the tangent bundle of M by f. We use
the same notation when B is a section of T} ® Tf ® T, ® E for some line bundle
E over M instead of T @ Tf @ Ty

Let 7, ..., T, be a basis of I'(M, F) over C. We have t = ) ., y;7; for some y,€ C
and we can wnte totf, A DO, as Y Py yitito f, A DOS,.

The section tytA}, of Ty ® Tf ® Ty ® F ® F, over M is holomorphic. Let

5, (), 1<k <m, be a basis of T(M, T;} ® Tjf ® T), ® F ® F,) over C. Then
totA%, = Y7, ¢, fo A Bj,(x) for some c, € C and

totf, A .1, = DOL) = 3. ufe n BO)S, ® ).

Let u=p+ m— 1 and define the holomorphic section Vg, ..., ¥, of f¥(F®
Fy® Ky )over Cby ¥; = 15,1t f, ADPf,(0< j<p)andy;=f, A B(j—p+ 1)
(f; ® f,) (p < j < p + m). Our claim (3.1.1) is proved with to f, A tD, f, = Y 4o a;;
witha; =7, 0<j<phagy=¢p(p<j<p+m)

When D is replaced by D‘”) and t by t,, we have constants a,; = 7, j,; (0 < j < p),
a,;= ¢y jp+1 (P < j<p+ m) corresponding to a;=1;,; (0<j<p), aj=¢j_p41
(p<j<p+m).

(3.2) Let v be a positive number such that F ® F, ® K is generated over M
by v global holomorphic sections g, ..., g, of F ® F, ® K3 over M. This means
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that oy, ..., 6, have no common zeroes. Let ¥,,; = f*g;for 1 < j<v. Let N =
u + v. The pullbacked sections y,,; (1 < j < v) are introduced to make sure that
the sections VY, ..., Yy of f*(F ® F, ® K;;) over C have no common zeroes so that
they can serve as homogeneous coordinates for a holomorphic map from C to Py.
Denote by ¥ the holomorphic map from C to Py defined by the homogeneous
coordinates [, ..., Yx]. Let [wy, ..., wy] be the homogeneous coordinates of Py.
From (3.1) each t, f, A t,Df, is of the form ) ¥, a,;y; with constants a,; = 7, 4,
O<j<pLa;=c,jpu(p<j<p+m)a;=0(p+m<j<N). Consider the
holomorphic section S, of the hyperplane section line bundle H of Py whose divisor
is the hyperplane Y L, a,jw; = 0 in Py. We only consider the collection of all S, so
that the meromorphic connections D™ are distinct and we denote the collection by
{S,}. We are going to use the Cartan-Ahlfors-Weyl-Weyl theory [C2, A, W-W] to
handle the value distribution theory of the map ¥ and the hyperplanes Y ., a,;w;=0
in Py.

§4. Estimation of characteristic functions.

(4.1) To apply the Cartan-Ahlfors-Weyl-Weyl theory, first we have to compute
the characteristic function T(¥, r) of the map ¥. We have to estimate the growth
of the characteristic function of the map ¥ in terms of the growth of the charac-
teristic function T'(f, r) of the original map f. Let o be a nonnegative number such
that a6, minus the curvature of F ® F, ® K;{ is everywhere nonnegative on M.
We are going to verify that T(¥, r) < aT(f, r) + O(log r) + O(log T(, r)).

We recall the following. Suppose E is a holomorphic line bundle over a compact
complex manifold X and E carries a Hermitian metric h along its fibers so that the
curvature form 6 ; of the Hermitian metric h is positive definite at every point of
P,. Suppose F is a holomorphic map from C to X. The characteristic function T(F, r)
is defined as J,(F*0g ). This definition determines T(F, r) up to an additive term
O(1). The reason is as follows. Suppose g is another Hermitian metric along the
fibers of E. Then 0 , — 05 , = (/ — 1/2m)00¢ for some smooth function ¢ on X and
T,(0,0,F* ) = 1o, (F* ¢) — (n/2) F* (0) = O(1). Suppose e, ... ., e, are holomorphic
sections of E over M which are not simultaneously zero at any point of X. Then
e;e; is a section of E® E and (Y%, ;2;)™! is a section of E* ® E* (where E is the
complex conjugate of E and E* is the complex conjugate of the dual bundle E* of
E) and defines a Hermitian metric along the fibers of E. We can use this Hermitian
metric to calculate the characteristic function T(F, r) up to an additive term O(1).
The characteristic function T(F, r)is equal to Z,((/ — 1/2m)0,0, log Y, eje;) up to
an additive term O(1).

We now apply this observation to the case at hand. Our map ¥: C — Py is defined
by the N + 1 holomorphic sections ¥;(0 < j < N) of f*(F ® F, @ K;;) over C with
Uy =Tpatofy ADYS, O<j<ph¥y=f, ABG—p+ DL ®L) (p<j<p+m),
and Y; = f*0;_p_m+1 (p + m < j < N). Let [w,, ..., wy] be the homogeneous co-
ordinates of Py. Then y; = ¥*w; (0 < j < N). Each homogeneous coordinate w; can
be naturally regarded as a holomorphic section of the hyperplane section line bundle



352 YUM-TONG SIU

H of Py. Hence
/-1 _ N o _ /1 _ N

4.1.1) ——160 log{ 3 yy; | =P* ———166 log| > ww )],
2n j=0 2n j=0

where Y, (respectively w;w;) is a section of (f*(F®F,®K))®
(f*(F® F, ® K3}!)) over C (respectively H® H over M). The left-hand side
and the right-hand side of (4.1.1) are computed respectively by using local trivial-
izations of the line bundles (f*(F ® F, ® K;;')) and H, and the result is indepen-
dent of the local trivializations chosen. The characteristic function T (¥, r) of ¥ is
given by

o Grw(508)

2n

= z(———vz" 140 log( > Il 2)) + z(—vz‘ lf*()r@po@x;,l)
/4 j=0 T
< .9:(——~V —Log 1og(§ ||~//,-||2)) + a%(——~" 'lf*oL>
2n j=0 2n

=L (0g( 3 2) 5 (N ||w(0)n2)>+ (")
= r<0g(j;o"d’j”) — 5 log ,Zo i aT(f, 7).

Here, in order to emphasize the difference between the section n//jn/7j of the line bundle
(f*(F® F, ® K3')) ® (f*(F ® F, ® K3')) over C and the square norm ||y;]|? of
y; with respect to the Hermitian metric along the fibers of the line bundle F ® F, ®
K3, we temporarily deviate from our convention and use lW;11* instead of |y;|? to
denote the square norm.

(4.2) Weclaim that o, (log(}_ Y-, [¥;]1*)) < O(log ) + O(log T(f, r)). This claim
actually corresponds to the logarithmic derivative lemma.
Since

o, <log< 20 ||¢j|12)> < 3, (gl + 1),

it suffices to show that «/(log(l + |ly;%)) < O(log r) + O(log T(r, f)). When
p+m<j<N, Yl = 16;-p-m+1ll and supcllyyll < SuPy |j-p-m+1 1l is bounded
and the inequality clearly holds for p + m < j < N.

For the remaining two types of sections Y; = 7;,.1tof, A D2f, 0 < j <p), ;=
LAB(j—p+D)(f,®f)(p<j<p+mof f¥(F® F, ® K;*) over C, it suffices
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to show that

,(log(1 + | £,1*)) < O(log r) + O(log T(f, 7)),
4.2.1)
o,(log(1 + |D{”f|?)) < O(log r) + O(log T(f, 7).

Here we return to our convention of using |f,| and |D{f,| to denote norms
calculated with respect to the Hermitian metric of M.
From the Calculus Lemma and the concavity of the logarithm it follows that

A, (log(1 +|£.1*)) <elogr+ (1 + ) log Z,(1 +|£°) .-

On the other hand we have Z,(1 + |f,|?) < constant- (log r + Z,(f *6y)), because
0y is positive definite on M. Hence we get

o, (log(1 +1£*)) = < O(logr) + O(log T(£, 1)) Il.,s-

To prove (4.2.1), again by using the Calculus Lemma and the concavity of the
logarithm, we have

422) o,(log((1 + DPLIP)) < elogr + (1 +9)log Zi((1 + IDLLIY) s

for p> 0. Let h,5 be a Kéhler metric of M with curvature tensor R,z,;. From
[p. 238, Si2] we have

y(haﬁ(nimf:)(ns”f,ﬂ))
"\ @+ b P

1+6

<slo r+

‘e ( (g 212 )
L+ hf2fP

log 7,1 + hys f2fF)

where

C=su ________Ruﬁyzf“é_if”?.
M (hgEeEP)y?

Hence

h,-(D§°’£“)(D§°’L”)>
T - =z < T.(f* 2,
¢ ( (+hgpeppy ) STV

where c is some positive constant. So

T ((IDOS1P)) < T(f*0)* +r*
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for u > 0 sufficiently small and

(4.2.3) cZ,((1 + DS V) < F,(f*0L)* +r.

We now can conclude that (4.2.1) is a consequence of (4.2.2) and (4.2.3).

§5. Final derivation of the defect relation. Now we come back to our original
situation of the theory of value distribution theory for meromorphic connections.
We have to get a lower bound for (1/47) Y, o/, (log|f, A tot,DYf,|?). Recall that ),
means summation over all indices v with distinct meromorphic connections D, By
our definition of ¥ = ()0 < ;<> We have

N
[z A tot, DOf, = Zo a,;¥;
£

and Y; = f*6;_,_p+s for p+ m < j < N. Since oy, ..., 0, generate F ® F, ® K3/,
we can use the section (3.0, 6;5;) ! of (F® F, ® Kj')* ® (F @ F, @ K3/ )* as a
Hermitian metric along the fibers of F ® F, ® K;!. Hence

N o a )OO N, a,0;
Ify A tot, DO = (Z°§,J”(E//£“"’)

S (Z§=o av;l//j)(Z,’}o avjl//j)
T Xhow

— p* <(ZJI'Z‘-0 ay¥;) QX0 avj‘pj))

Zf=o w;W;

2
= \px*

N
Y. AW
j=0

Here again we temporarily deviate from our convention and use ||-| instead of |-|
to denote norms with respect to the Hermitian metrics along the fibers of a line
bundle in order to emphasize the difference between ||| and the sections lﬁji;j of
FR®F®Ky)®(FQ®F,®K;) and w;w; of H® H. The sum Y X,a,w, is
naturally regarded as a holomorphic section of the hyperplane section H of Py and
the norm || a,;w;|| is with respect to the Hermitian metric along the fibers of H.

Now by the defect relation for hyperplanes in the complex projective space (0.4)

1 ’
ym Z’ oA, (]og

f; a,w; 2) =Y (N(P,1,5,) — T(¥, 1)+ 0(1)
j=0 v

> —-(N+14+0)T(¥,r).



NONEQUIDIMENSIONAL VALUE DISTRIBUTION THEORY 355

The nondegeneracy conditions for the map ¥ required by the Cartan-Ahlfors-Weyl-
Weyl theory is satisfied, because with respect to the line bundle F ® F, the map f
is assumed to satisfy the nondegeneracy condition in the sense of (0.7). Moreover,
the general position condition for {S,} required by the Cartan-Ahlfors-Weyl-Weyl
theory is satisfied, because the collection {Zs, } is assumed to be in general position
in the sense of (0.8). Hence

—Z A (log|f, A tot,DOf|12) = —(N + 1 + o(1)) T(¥, r)
= —(N + DaT(, )+ o(T(r, f)).

From (2.3.1) we have the defect relation Y, 6,(Zs,) < (N + 1)ak = (p + m + v)ak
which is the defect stated in Theorem (1.2) for the case of complex dimension n equal
to 2.

§6. Estimation of dimension of cohomology groups.

(6.1) In order to get Corollary (1.3), we now apply Theorem (1.2) to the case
when M is the complex projective space P, with n > 2 and when L = H* where H
is the hyperplane section line bundle of P,. To calculate the dimension m in Theorem
(1.2), we need to get an upper estimate of dim¢ I'(P,, T, ® T, ® Tp (£)). For this
we look at the Euler sequence

(6.1.1) 0-0p 5 (Op (D)5 T -0,

where

(i) Op (1)***' denotes the set of (n + 1)-tuples g = (go(W), ..., g,(w)) of linear func-

tions of the homogeneous coordinates w = [w°, ..., w"] of P,,

(ii) the map t maps the vector field Y ', g;(w) (8/0w’) on C*** to the vector field 7(g)
on P, under the natural quotient map C**! — 0 — P,

(iii) the map o identifies Op_with the subsheaf of Up (1)"*! generated by the Euler

vector field Y ., w(9/0w’).

From (6.1.1) we have the exactness of

6.12)  0->T(P,, Op,(¢) > T(P,, (Op,(¢ + 1)) > T (R,, Tp,(¢)) 0,

because H(P,, Op (¢)) = 0. We now use the sequence (6.1.2) to compute the dimen-
£

sion of I'(P,, Tp (¢)) over C. The dimension of I'(P,, Op (£)) is <n-; ) So for

¢ = —1, the dimension of I'(P,, Tp (£)) over C is

(n+1)-<"“;i41’1)—(";[) (n+f+2)<"+f).
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This can also be obtained directly from Bott’s Formula for the dimension of
HY(P,, Qp, (p)) which is

- —1
@ <p+: p)(pp )forq=0,0<p<n,andp>p,

(i) 1forp=0,0<p=qg<n,

— —p—1
(iii)< ;iZP)( np—p )forq:n,0<p<n,andp<p—n,and

(iv) 0 otherwise.

By duality, Bott’s formula for the case g=n and p= —n—1—/¢ yields
dime T(P,, Ty (€)= (n + £ +2) (" + />.

n—1
(6.2) The dual of the sequence (6.1.1) yields the exact sequence
0 () > (O, (¢ — DI > Op ()~ 0
which gives rise to the exact sequences
0> T ® T8, ® T, (0) > (T, ® T, (£ — DY > T, ® Ty, () ~ 0,
0- T ® T (4) > (T (¢ — D))" > T () > 0.
From the injectivity of & we get
dim¢ T(P,, T, ® T#, ® Tp,(¢)) < dime T'(P,, (T, @ Tp (¢ — 1))**)

and from the injectivity of # we get

dim¢ I(P,, ¢, ® Tp,(¢)) < dime T(P,, (Tp (£ — 1))"*1).

From dime T(®,, Tp.(0) = (£ +1n +2) (: i f) for £> —1, it follows that
. n+¢—1
dimc IT'(P,, TE @ Tp () <(n+ D(n+ £ + 1)( / ) for ¢>0 and

n+d¢—2

dime T(P,, T ® T ® Ty (£)) < (n + 1)2(n + /)( ;1

)for/;l.

(6.3) Remark. The referee suggested using the vanishing theorem of Bott to
precisely compute dime I'(P,, T ® T ® Tp (¢)) instead of merely estimating it
so that the defect relation can be correspondingly improved.
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Let V be the holomorphic vector bundle Qp (1). Then I'(P,, T @ T ® Tp, (£))
is the same as I'(P,, V ® V ® V*(/ — 1)). Since we have the pairing from Qp (1) x
AHQp, (1) to A"Qb (1) = Qb (1) = Up (—1) (due to Qp =~ Op (—n — 1)), it
follows that V* ~ A" (V) ® Op (1) and I'(P,, V® V @ V*(£ + 1)) is the same as
r®, Ve Ve N ().

We now use the Littlewood-Richardson rule. For a partition I = (i, ..., i,)
(which means an r-tuple of nonnegative integers for some nonnegative integer r
with i, > i, > -- >1i,) we define the Young tableau to be the set of points
{(v, )1 <i<i,1<v<r}. Here we follow the convention in [M, p. 2] that, as
with matrices, the first coordinate v (the row index) increases as one goes down-
wards, and the second coordinate i (the column index) increases as one goes from
left to right. Let |I| = Y}, i,. For a vector space E of dimension n we define S, E
to be the set of all multilinear functionals £ on the product of | I| copies of the dual E*
of E such that when the summands E are indexed by (v,i) with 1 <i<i,,
1 < v < r the following two conditions are satisfied:

(i) for every fixed 1 < v < r the multilinear functional ¢ is symmetric in the i,
variables corresponding to (v, 1), ..., (v, i,)

(i) for every fixed 1 < i < i, the multilinear functional ¢ is skew-symmetric in the
variables (v, i) for i < i,.

Another way of describing S;E is the set of all elements of E®!' which are
symmetric in the variables on the same row of the Young tableau and skew-
symmetric in the variables on the same column of the Young tableau.

The Littlewood-Richardson rule [Li, p. 94] tells us how to decompose S;E ® S;E
into direct sums of summands of the form Sy E. Let J = (j;, ..., j;). From the Young
tableau of I the Young tableau of K is built by adding j, points represented by
identical symbols a;, (1 < 4 < s) subject to the following two conditions:

(i) after the addition of each set of identical symbols we must have a Young
tableau with no two identical symbols in the same row and the Young tableau must
be regular in the sense that the lengths of the rows of the Young tableau must be
nonincreasing from the top down,

(i) if the total set of added symbols is read from right to left in the consecutive
rows of the final tableau we have a permutation of ajtaj?...aJs which is a lattice
permutation [Li, p. 67] in the sense that for 1 < ¢ < |J| among the first ¢ terms of
the permutation the number of times o, occurs is no less than the number of times
o, occurs for 1 < p <s.

The Littlewood-Richardson rule is given in [La, p. 209] as the first formula of
Pieri.

We now apply the Littlewood-Richardson rule twice: the first time to
V® /\"'V and the second time to the tensor product of ¥V with the summands
SxVof V@ A" 'V.Now /\" "'V is the same as S,V with J = (1, ..., 1) where there
aren — 1 entries of 1 in J. We use the convention of [Li] and write J = (1""!). There
are two summands Sy V(¢ = 1,2)in Vv ® /\" 'V withK, = (2,1""?)and K, = (1").
We have three summands in V ® Sg, V corresponding to the partitions (3, 1"~2),
(2,2,1"73),(2,1""") and we have only one summand S, Vin V ® S,V corresponding
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to the partition (2, 1" ™). The vector space Sp V is isomorphic to (/\"V) ® S, V where
Q is obtained by subtracting 1 from each of the n entries of the partition P (see e.g.,
[La, p. 208]). In other words, in our case S, V' is isomorphic to (/\"V) ® V, because
Q =(1). We know that A"V =~ A\"Qp (1)) ~ Qp (n) ~ Op (—1). Hence SpV is
isomorphic to ¥(—1). Thus ¥ ® V ® /\""'V is isomorphic to V(—1)@® V(—1) ®
(83,173 V) @ (S2,2,1n-yV) and V® V@ /\" 1 V(¢) is isomorphic to V(¢ — 1) @D
VIt = 1)@ (Sp,10-5V)O) ® (S.2.1-1 V) (€).

We now apply Bott’s vanishing theorem to compute the dimension of the space
of holomorphic sectionsof V(£ — 1) @ V(£ — 1) ® (S;3,1n-2 V) (€) ® (S2, 2, 1n-1y V) (£)
over P,. We take the dual of the Euler sequence and get the exact sequence

0-Qp (1) > OR"Y - Op (1) > 0.

Let W =TI'(P,, Op (1))  T'(P,, OR"*Y). We apply Bott’s theorem in the form
presented in [La, p. 231, Th. 5.1(i)] with the following values: J = (¢ — 1) or (¢),
n(l,J) =0,q9=1,and Q = Op (1). We get

re,vee—-1))= S¢-1,uW,
L(P,, (83,172 V)(€)) = S¢,3,1n-1y W,

L(Py, (S2,2,1n-3V)(€)) = S¢,2,2,1n-3W.

Note that in [La] the entries in a partition are nondecreasing rather than non-
increasing and we use here the convention of [Li] where the entries in a partition
are nonincreasing. Finally we conclude that I'(P,, T ® T, ® Tp (¢))is isomorphic
to

(S((—l, I)W) @ (S((—I,I)W) (-B (S(/,3,1"‘2) W) ('B (S(/,Z,Z,l"‘3) W)

The computation of dim¢ I'(P,, T ® T ® Tp, (£)) is reduced to the computation
of the dimensions of Sy_; 1yW, Sy, 3,1n-2yW, and Sy 5 5, 1n-3W.

The dimension of S, E is computed in the following way. The general linear group
GL(n, C) acts on E and as a result acts diagonally on the product of |I| copies of
E*. So it acts on S, E. This representation is precisely the irreducible representation
of GL(n, C) corresponding to the partition I = (i,,...,i,). For r <v < n define
i, = 0. By the result of Schur the value of the character of this representation on the
diagonal matrix with diagonal elements x, (1 < v < n)is precisely the Schur function
M, p. 24]

det(x:;"ﬂ_v)l <uv<n
det(xz)l <p,v<n

Sl(xl, ceey x,,) =
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A reference for this relation between the Schur function and the character of the
representation is [W, p. 203, Th. (7.6B)] and the argument following [W. p. 202,
Lemma (7.6A)] shows that the expression in [W, p. 203, Th. (7.6B)] is identical to
the expression in [W, p. 201, Th. (7.5B)] which is precisely the Schur function. The
dimension of S, E is simply equal to the value of the character of the representation
at the identity matrix of GL(n, C) which is the same as the value of the Schur function
sy(xq, ..., X,) at x; =+ = x,, = 1. That value is computed in [M, p. 28, Example
4] as follows. The reference [M, p. 28, Example 4] for the computation of that value
was given to me by P. Diaconis. For (v, i) with 1 < v < i, by the hook length h(v, i)
of (v,i) we mean i, —v —i+ 1+ max{uli <i,} [M, p. 9, Example 1]. By the
content c(v, i) of (v, i) we mean i — v. The value of s;(x,, ..., x,)atx; = =x,=1
is equal to

n+ c¢(v, i)

1<v<r 1<i<i, h(v, i)

This is the general formula combining the following two special cases. One is the
number of ways of selecting r objects from n objects allowing repetition, and it
corresponds to the dimension of the space of symmetric elements in the tensor
product of r copies of a vector space of dimension n. The result is the product of n,
n+1,...,n+r — 1 divided by the product of r, r — 1, ..., 1. The other one is the
number of ways of selecting r objects from n objects disallowing repetition, and it
corresponds to the dimension of the space of skew-symmetric elements in the tensor
product of r copies of a vector space of dimension n. The result is the product of n,
n—1,...,n—r+ 1 divided by the product of r, r — 1, ..., 1. So for symmetric
elements we increase the factor of the numerator by 1 every time we add a factor,
but for skew-symmetric elements we decrease the factor of the numerator by 1 every
time we add a factor. That is the reason why the content c(v, i) appears in the
numerator. The hook length h(v, i) is obtained by counting the number of ele-
ments in the Young tableau to the left and below the given element (v, i) and it
corresponds to one of the factors r, r — 1, ..., 1 in the denominator in the purely
symmetric or purely skew-symmetric cases.
Since the dimension of W is n + 1, the above formula applied to our case gives

. n+¢—1)
dim S(l—l,l)W = m .

(n+)\n + 1)(n+2)
C+n—0)l —DIC -3 2m+ D=2

dim S([’3’ ln—Z)W =

(n+)nn+ 1)

dim S¢,2,2,1n-9 W = (¢ +n—10)¢+ DI —2"12n0m — H[(n - 3)!1]°
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So the precise value of dim¢ I'(P,,, T, ® Tgf, ® Tp,(£)) is given by

(n+¢— 1) 0+ )+ D +2)

2.(n -D—-2 (+n—-10)0¢— DI —3)120m+ 1)[(n— 2)!]

+ n+<)nn+1)
Z+n—10)¢+DIZ—2'12n(n— D[ -3)]"

£ —1
in Theorem (1.1) and Corollary (1.3) one can use the precise value of
dim¢ I'(P,, T, ® T¥ ® Tp, (¢)) to get sharper defect estimates.

Instead of using dime (P, T¢ ® Tt ® Tp(4) < (n + 1)*(n + £) <n +¢— 2)

§7. Computation of pole order of trivial connection on the affine part.

(7.1) For Corollary (1.3) we have to calculate the pole order F, of the mero-
morphic connection I';,(0) of P, which is identically zero on the affine part C" of P,
with respect to the Euclidean coordinates of C". Before we do this computation, let
us first look at the effect on the pole of a meromorphic connection with respect to
the affine coordinates by the change of inhomogeneous coordinates in P,. Let
w?, ..., w" be the homogeneous coordinates of P,. Consider two inhomogeneous
coordinate systems. One is £* = w*/w® for 1 < a < n and the other is n* = w*/w"
for 0 < A <n— 1. The relations between the two inhomogeneous coordinate
systems are given by £* = n*/n°for 1 <a < n—land &" = 1/4° and n° = 1/£" and
n* = &*/&for 1 < A < n — 1. Suppose we have a connection which, with respect to
the coordinates n*, is ®%, and, with respect to the coordinates &2, is I';,. Then

. 66“ anu aﬂv aznl aéa

b = O 067 a7 * 37T ot

(the summation convention being used). The matrix (9£%/0n*) with 1 < « < n as the
row index and 0 < A < n — 1 as the column index is

- -
~m°)
1 =¢!
’101"_1 . I,
r’n—l =f" _é""l
T °)? —& 00 - 0
00 o
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where I,_, is the identity matrix of order n — 1. The matrix (0n*/0¢*) with 0 < 4 <
n — 1 as the row index and 1 < a < n as the column index is

b

@€"?
fl

33

én—l
@y

For fixed 1 < f<n—1 all entries of the matrix (025*/0£f0¢%) with 0 < A <
n — 1 as the row index and 1 < « < n as the column index are zero except the o'
entry in the last column which is — 1/(£"). The matrix (025%/0£"0¢%) with 0 < A <
n — 1 as the row index and 1 < a < n as the column index is

2

e

2¢1

e

zén—l
@€y

For fixed 1 <f<n—1 the product matrix Y ,(8¢%/dn*)(0*n*/0&PaE?) with
row index « and column index y has zero entries except the entry on the B'" row
and the last column which is —1/&" For fixed f =n the product matrix

Y1 (0% /on*) (0> n*/0EPOL7) is

-2
61:
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For the transition from the coordinates n° on {w" # 0} to the coordinates £* on
{w® # 0} the term ), (8*n*/0EPDEY)(0E%/on*) adds at most 1 to the pole order in
&". Now we look at the contribution to the pole order from (8&%/dn*)(on*/0EF)
(0n*/0&7). Each element of the matrix (9£%/0n*) has a factor £”, while each element
of the matrices (9n*/0¢#) and (0n*/0E") has at most a pole factor 1/(£")%. Hence the
factor (0&%/on*)(0n*/0EP)(0n*/0E") contributes at most 3 to the pole order in 1/&£",

We now choose the connection @2, which is zero with respect to the inhomo-
geneous coordinate system n* Then the pole order of this connection for other
inhomogeneous coordinate systems £* comes only from the term Y., (0%n*/0£P0&7)
(0&%/on*). So we know that the pole order of this connection on all of P, is 1 and
F, can be chosen to be H.

(7.2) We would like to remark that this discussion about the effect on the pole
of a meromorphic connection with respect to affine coordinates by the change of
inhomogeneous coordinates in P, yields right away the verification that the mero-
morphic connection, with respect to which a Fermat hypersurface has zero second
fundamental form, has pole order 3. The reason is that that particular connection
®}, with respect to a suitable inhomogeneous coordinate system n* is nonzero only
when A = p = v and ©%, equals a constant times 1/5* which is equal to " (when
J = 0)and £"/E* (when 1 < 4 < n — 1). With the factor £” from the matrix (0€*/dn*)
and the pole 1/(£")? from the matrix (dn*/0£f) we conclude that the pole order of
the connection is equal to 3.

(7.3) We now return to the proof of Corollary (1.3). We have
. . y {+n
p = dim I'(P,, F) = dim I'(P,, H) = "

and
m=dm I[P, T T T, ® F QR Fy)

=dim P, T# @ T Q Tp (£ + 1))

<+ 1)Xn+¢+ 1)(":1’5; 1).

Any line bundle E = H? with ¢ > 0 can be generated over P, always by n + 1
elements of I'(P,, H?), because we can always choose them to be the q'® power
of a basis of I'(P,, H). Hence v is always n + 1. The number o is equal to
((¢ + 1y"®*D2 4 p + 1)/d. From these values of p, m, a, and a we obtain Corollary
(1.3).
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Theorem (1.1) for Fermat curves in [P, is the special case where ¢/ = 3. Then b =
14+(3)+3%:6:4—1=226 and ¢ = 1. The number ((£ + 1)""*V2 + n + 1)/d is
7/d. Hence (%) + n + 1 times (£ + 1)"™*V2 + n + 1)/d)k is (226 + 3)-(7/d)k.

§8. More general examples.

(8.1) We can apply our result in a more general setting. However, we have to
assume that the divisor is defined by a homogeneous polynomial of degree d
satisfying the following condition: every term of the polynomial contains the
(d — e)'® power of some variable. The defect estimate then depends on e. This is
more general than the Fermat surfaces.

Let us see how this condition comes in. Suppose a divisor S is defined by a
homogeneous polynomial F(wy, ..., w,) of degree d. Let e be a positive integer < d.
We assume that F(w,, ..., w,) is of the form ) 7_, G,(Wo, ..., w,)w{ ¢, where G, is a
polynomial. We want to produce a meromorphic connection so that S has zero
second fundamental form with respect to it and the pole order of the meromorphic
connection depends only on e and n and is independent of d. Consider the affine
part of P, given by w, # 0 and let z, = w,/w, (1 < v < n) be the inhomogeneous
coordinates. Let P(zy, ..., z,) = (1/w)F(w,, ..., w,). Write

n
P(Zl9-'-szn)=QO(le"'szn)+ ZIQV(ZD- ,Z,,)Z -,

where Q,(z4, ..., z,), 0 < v < n, is a polynomial of degree < einzy,...,z, Let P, ;
and P, denote respectlvely the second partial derivatives of P with respect to z,
and z, and the first partial derivative of P with respect to z,. We have

Pz,, = QuO(Zl,'-"Zn) + Zl qu(zl, . ’Zn)zd et

e—2

n
z,,zv quo(zl’ LR Z,,) + Zl qul(zla AR z,,)zf' H
v=

where Q,,,(v > 0) and Q,,,(4 > 0) are polynomials of degree < e and Q,,0 is a poly-
nomial of degree < e — 1 and Q,,, is a polynomial of degree < e —2in zy,..., z,.
We want to write P, , asalinear combination of P, ..., P, and P whose coefficients
are rational functions in Z4,...,2, with small degree for both the numerator and the
denominator. Write

QuvalZ1s -5 Za) 4o
z,,z,, quo(zl’ ’Zn) + Z —uv——z’—:——'}—_zz ¢ 1'
i
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We use Cramer’s rule to solve for 1, z§7¢71, ..., z27°7! in the system of equations

[ P=0o+ 5 @)t

n
Pzn = QlO + VZI lezg—e-l

n
Pz,I = Qno + Zl anZg_e_l
v=

-~

for1,z{7¢7%, ..., z¢7¢"1. Let R(zy, ..., 2,) be the determinant of (Q,,,)o < x,v<n» Where
Qo, =0, for0 < v n. As a polynomial in z,, ..., z, the degree of Ris < (n + 1)e.
We get
( ROO ROv
1=—02"P
RP L
R R
d—e—1 10 1v
—P
12 R Z
R " R
d—e—1 n0 nv
zy R P+ v; R P,

where R,, = R,,(z}, ..., 2,) is a polynomial of degree <ne in z,, ..., z,, and R,,
(n # 0 or v = 0) is a polynomial of degree <ne, and Ry, (v # 0) is a polynomial of
degree < ne — 1. Hence

ROO d qu}. qu). R).(
z,,z‘, (quo Z_; ) ; (QI"’O R & ) 2

So we can use I'f, = 0,,0(Ros/R) + Y521 (Q01/22) (R 2/R) as the meromorphic
connection. The numerator and denominator of I/, are polynomials of degree
< (n 4 1)e + 1. The pole order of the connection I';, on the affine part C" of P, is
at most (n + 1)e + 1 in the inhomogeneous coordinates. So the pole order of the
connection F,fv on all of P, is at most (n + 1)e + 4.

(8.2) To get other examples of hypersurfaces in P, with good defect relations,
one can start with a given pole order / first and work backwards to consider the
set of all hypersurfaces S, of degree d whose second fundamental form is zero with
respect to some meromorphic connection of pole order . To get good defect
relations we want a high value for d and a low value for 7. It is trivial to get the
case with £ of the same order as d, but in general it is not easy to get examples with
¢ small and d large. While the problem for nonequidimensional value distribution
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theory is to get defect relations for divisors of degree d, the method of meromorphic
connections introduced here gets defect relations only for divisors of degree d whose
second fundamental form is zero with respect to meromorphic connections of pole
order ¢. For this reason the class of divisors considered by the methods of mero-
morphic connections is more restrictively formulated than that considered by the
general problem for nonequidimensional value distribution theory.

(8.3) Intuitively, the use of meromorphic connections with respect to which the
second fundamental form of a divisor vanishes is, in a way, related to the use of the
Veronese map. Both methods try to “straighten out” the divisor. An advantage of
the method of meromorphic connections is that, to get good defect relations in
special cases like the Fermat curves, the method of using the Veronese map forces
one to fix some coordinate system (see §9) whereas connections are invariantly
defined and are independent of the coordinate system. That is the reason why the
method of meromorphic connections enables one to handle the case of Fermat
curves in different coordinate systems.

(8.4) Nadel [Na] applied the method of meromorphic connections to construct
new hyperbolic surfaces in P;. For this problem there is no divisor and one does
not have to worry about the vanishing of any second fundamental form with respect
to the meromorphic connections. What is needed is to show that, for suitable
meromorphic connections, the failure of the nondegeneracy condition means that
the image of the holomorphic map from C to the surface must lie on a complex
curve, and then one shows that such a complex curve does not exist.

§9. Shiffman’s defect relation for Fermat curves in the same coordinates.

(9.1) We present Shiffman’s derivation [Sh2] of the defect relation for Fermat
curves in the same coordinate system by using Cartan’s theorem [C2].

Let C(a) be the Fermat curve given by Y .2, a,wf = 0, where a = (a,, a,, a,) and
[wo, Wy, w,] are the homogeneous coordinates of P,. Let a', ..., a® be q triples
of complex numbers and let f: C — P, be a holomorphic map such that f(C) is not
contained in C(a) for any a.€ C3. Let us suppose first that

(a) no point is contained in more than two of the curves C(a"’) and

(b) no point in any of the coordinate hyperplanes H; = {w; =0}, i =0, 1, 2, is
contained in more than one of the curves C(a").

The defect relation is ) ;8,(C(a?)) < 6/d. The proof is as follows.

Let &: P, - P, be given by &(wy, wy, w,) = (W, wi, wi). Let g = &f and let §; =
{z e P,|Y 2oaz; = 0}. Then we have the relation 6,(C(a?)) = ,(S;) between the
defects of the maps f and g. Let H; = {z € P,|z; = 0}. By applying Cartan’s theorem
to the g + 3 divisors Sy, ..., S,, Hy, Hy, H,, we get

q 2
(q +3 - 3)T(g’ r) < Z:l N2(g’ r, SJ) + ZO Nz(g, r, H]) + O(T(g’ r))



366 YUM-TONG SIU

(see [C2, p. 7, (3)]), where N,(g, r, S) is the counting function for the map g and the
divisor S computed by counting a zero of multiplicity m as a zero of multiplicity
max(m, p). For the formula to hold, the p in N, must be equal to the dimension of
the target space PP,, which is 2. The reason for adding three divisors Hy, H,, H, is
to get the factor ¢ + 3 — 3 on the left-hand side instead of just ¢ — 3. These three
additional divisors are chosen to be H,, H,, H; because the multiplicity of g*H; is
d at every point of its support. Since

2
NZ(ga Hi’ r) S EN(g, Hia r) S %T(g, 7‘),

the above defect relation follows. We now consider the general case. Suppose that

(a) no point is contained in more than 2k of the curves C(a"’) and
(b) no point in the H; is contained in more than k of the curves C(a?).

The defect relation in this case becomes Y ;8,(C(a?)) < 6k/d. This can be gener-
alized to maps into P,, n > 2, and the generalization follows from the following
result.

(9.2) THEOREM. Let F be a family of hyperplanes in P, and let a: F — (0, 1] be a
map such that for all projective linear subspaces Q = P, of codimension r, the sum of
a(H) for He F and Q = H does not exceed r for 2<r<n. Let f:C—> P, be a
holomorphic map such that f(C) is not contained in a hyperplane. Then

Y. alH)ym(f,r, H) < (n + DT(f, 1) — N(W(f), 7, 0) + o(log(T(f, 1)),

HeF

where m(f, r, H) is the proximity function for the map f and the divisor H and W(f)
is the Wronskian of f.

Theorem (9.2) is an unpublished result of Shiffman. Stoll also has a similar result.
It also follows from the work of H. & J. Weyl [W-W]. The function a is a “weight
function”. To apply this theorem to get the above defect relation in the general case,
one lets F = {S,,...,S,, Hy, H,, H,}. Let a(D;) = 1/k, a(H;) = 1, and the defect
relation for the general case follows as in the special case.
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