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NONEQUIDIMENSIONAL VALUE DISTRIBUTION
THEORY AND MEROMORPHIC CONNECTIONS

YUM-TONG SIU

This is a sequel to the paper [Si2-1 in which we introduced the use ofmeromorphic
connections to handle nonequidimensional value distribution theory. The mero-
morphic connection is chosen so that the divisor has zero second fundamental form
with respect to the meromorphic connection. When we have more than one divisor,
they must have zero second fundamental form with respect to the same meromor-
phic connection. Such a condition is so stringent that it is difficult to find examples
to which the method can be applied and which cannot be handled by other means.
One example is a collection of Fermat curves in P2 of the form aowg + atw +
a2wg 0 for the same homogeneous coordinate system [Wo, wt, w2]. Shift’man
I-Sh2] told me that for such a collection of Fermat curves defect relations can be
obtained by using a technique of H. Cartan [C2] (see 9), whereas the general case
of allowing Fermat curves with respect to different homogeneous coordinates
cannot be handled by any of the known methods. The only known result on the
defect of general divisors is obtained by using the Veronese map and is given in
[Shl] in the following form. Let f: C Pn be a holomorphic curve such that f(C)
is not contained in any algebraic hypersurface in Pn. Let {Sj} be a collection of
algebraic hypersurfaces of degree d in P. The sum of the defects of f for the

collection of divisors (Sj} is bounded from above by (n + d provided that the
n

satisfy a suitable general position assumption. When applied to Fermat curves of
degree d in z2 in different coordinate systems, the upper bound of the sum of the
defects is of the order d2. For Fermat curves ofdegree d in P2 in the same coordinate
system, this is much greater than the known upper bound 6/d for the sum of the
defects.
For the method of meromorphic connections introduced in I-Si2], to consider

different homogeneous coordinates necessitates the use of different meromorphic
connections. One has to modify the method of [Si2-1 and consider what can be called
a value distribution theory for meromorphic connections. In this paper we carry
out such a modification. As a result of the modification done here, we can handle
the case of divisors which have zero second fundamental forms with respect to
meromorphic connections with the same pole order. In particular, one can handle
the situation of a collection of Fermat curves with respect to different homogeneous
coordinates. An upper bound of the sum of defects for Fermat curves of degree d in
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P2 in different coordinate systems is 1603/d. This is still more than the upper bound
of 6/d for Fermat curves of degree d in P2 in the same coordinate system but is far
better than the upper bound of the order of d2 for Fermat curves of degree d in P2
in different coordinate systems obtained by using the Veronese map. Besides the
example of Fermat curves, this method can be applied to families of divisors of
degree d in P. with the property that for some fixed e and for every divisor X there
exists a homogeneous coordinate system [Wo, w.] in P. which may depend on
X such that X is defined by a polynomial ofthe form "=0 Pv(wo,..., w.)w-e, where
P is a polynomial. There exists a meromorphie connection of pole order no more
than (n + 1)e + 3 with respect to which the second fundamental form ofX vanishes.
We get an upper bound C(n, e)/d for the sum ofthe defects ofa family ofsuch divisors
where C(n, e) is a constant depending only on n and k. This class of divisors will be
discussed in 8. The above results proved in this paper were announced in [Si3].
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0. Preliminaries.

(0.1) To fix the normalizing constants, we introduce some notations.

s,(O) o(rei) dO
=0

denotes 2n times the average of the function 0 over the circle of radius r centered
at 0. For a function or a (1,1)-current r/on the disc of radius r centered at 0,

denotes the repeated integral. When we have a discrete point-set S in C, the notation
,(S) means the integral when S is naturally regarded as a (1,1)-current on C. Green’s
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formula can be rewritten as

(0.2) We use the standard notation in value distribution theory that results
from the so-called Calculus Lemma. The Calculus Lemma states the following. If
S(r) is a positive function for r > 0 such that rS’(r) is positive and increasing and
S’(r) is continuous, then, given positive e and i,

1 d
(rS’(r)) < r(S(r)) +’

r dr

where I1, means that the inequality holds for all r outside an open set I. depending
on e, 5 such that .., dt/t is finite. When there is no risk of confusion, we drop , 5
from the notation I1, and simply write instead.
By applying the Calculus Lemma twice to or,(r/), we have

log sC,(r/) < e log r + (1 + 6) log r(r/) I1,,

(0.3) Definition of Defect. Suppose f: C M is a holomorphic map from C to
a compact complex manifold M. Suppose L is a holomorphic line bundle over M
and L carries a Hermitian metric whose curvature form 0: is positive definite. To
fix the constants, we use the following convention. If the pointwise square norm
Itrl of a local section tr of L with respect to the Hermitian metric is given by
lal 2 laol2e-*, where ao is a function representing tr in a local holomorphic tri-
vialization of L, then the curvature form 0. is given by (x/- 1/2n)&tp. Suppose s is
a non identically zero holomorphic section of L over M and Zs is the divisor of the
section s. The characteristic function of f with respect to the line bundle L is
Y’,(f*OL). We denote this characteristic function also by T(f, r). The countino
function of the divisor Zs for f is J’,(f*Zs), when f*Zs is naturally regarded as a
(1, 1)-current on C. We denote this counting function also by N(f, r, Zs). By applying
Green’s formula to the Poincar-Lelong formula (x/- 1/2n)t loglf*sl2

f*Zs f*O, we obtain

7",(f*Zs)- (f*0,) ,’,(....2lo’loglf*sl2)

The defect is defined as

1
off,(loglf,s]2)_

1
4--- loglf*sl2(0).

,.q’,(f*Zs).5,(Zs) lim,...,(R)inf 1
..,(f, Ot,),]
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which is equal to

1
f, 12)a’, u logl s

lim inf

An upper bound of the defect means a lower bound of ,((1/4)loglf*Zsl2) in
terms of the characteristic function Y,(f*OL). Note that here the normalizing
constants used for the definitions of r(#) and r,(r/) are different from those used
in [Si2], because we are using different normalizing constants for the curvature form
of a line bundle.

(0.4) Defects for hyperplanes. Consider the case where M is the complex pro-
jective space P, and L is the hyperplane section line bundle H. Let sj (1 < j < q) be
holomorphic sections of L over P, so that their divisors Zsj are in general position.
Then the Second Main Theorem implies that for any e > 0 there is a subset E of
(0, ) offinite logarithmic measure (i.e., the integral of dt/t over E is finite) and there
is a constant C such that

q

(q n 1 )7"(f*On) + C < .-,(f*Zs3)
=1

for r not in E. (On the left-hand side there is an additional nonnegative term
Y’,k=O (n k)Y’(Sk), where Sk is the zero set of the map F ^ (d/dz)F ^ (d2/dz2)F ^

^ (dk/dzk)F for the kth associated curve when F: C (C"+ O) induces the map
f: C P,.) Hence for any e > 0 there is a subset E of (0, ) of finite logarithmic
measure and there is a constant C’ such that- loglf*Zs > (n + 1 + e)-,(f*On)

j=l

for r not in E.

(0.5) Meromorphic connections. Let M be a compact complex manifold. Let
be a (not necessarily symmetric) connection for the tangent bundle Tu of M. Let F
be a positive holomorphic line bundle over M. We say that F is a meromorphic
connection with pole order F (or pole order d in the case when M P. and F is
the dt power of the hyperplane section line bundle of P.) if there exists a non
identically zero holomorphic section of F over M such that tFr is holomorphic
in all local coordinate systems. Here and throughout this paper all local coordinate
systems are assumed holomorphic.

(0.6) Second fundamental form. Let Z be a hypersurface ofM locally defined by
a holomorphic function s. Assume that the connection Fr is meromorphic with pole
order F so that tFt is holomorphic in all local coordinate systems for some non
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identically zero holomorphic section of F. We say that the second fundamental
form of Z with respect to the connection Ft is zero if tDdas Adas + Bads +
Ctjs for some local smooth functions A, da, and Ca, where D is the covariant
differentiation with respect to the connection F and tg is the partial differential
operator with respect to the IXth local coordinate.

(0.7) Nondegeneracy condition for a holomorphic map. Let f: C--, M be a
holomorphic map from C to a compact complex manifold M ofcomplex dimension
n. Let z be the coordinate of C and f be the derivative off with respect to z which
is a map from C to the tangent bundle Tu of M. Let F be a positive line bundle over
M. We say that f is nondegenerate with respect to the line bundle F if we cannot
find a holomorphic section s ofFn(n-1)/2 (K over M (where Ku is the canonical
line bundle of M) and a meromorphic connection Ft with pole order F such that
f ^ (tD)fz ^ ^ (tD)-f + f*s 0, where t is a holomorphic section of F so
that tFt is holomorphic in all local coordinate systems and D is the covariant
differentiation with respect to the connection Ft and the coordinate z of C. The
exterior productf ^ (tDz)f ^ ^ (tD)"-f is taken in the tangent bundle T of
M so that f ^ (tDz)f ^ ^ (tD)-tf is a holomorphic map from C to the line
bundle Fntn-i)/2 (K of M.

There is only a finite degree of freedom in choosing s and Ftr. The condition
f ^ (tD)f ^ ^ (tD)-tf + f*s 0 is an ordinary differential equation in C
of order n- 1. This kind of nondegeneracy condition is different from the kind
normally used in the equidimensional case and the case where the target manifold
is the complex projective space with hyperplane divisors. For known defect relations
in the equidimensional case the nondegeneracy condition required is that the map
is open at some point. It is conjectured that the nondegeneracy condition in the
equidimensional case should be the condition that the image is not contained in
some algebraic hypersurface, which is the same as saying that we cannot find any
non identically zero holomorphic section s of some positive line bundle such that
f*s 0. In the case of the target space being the complex projective space with
hyperplane divisors the nondegeneracy condition for defect relations is that the
image is not contained in some hyperplane, which is the same as saying that f*s 0
cannot hold for any non identically zero holomorphic section s of the hyperplane
section line bundle of the complex projective space. We can regard f*s 0 as an
algebraic equation which can be chosen with a finite degree of freedom. Another
way ofexpressing the nondegeneracy condition in the case of the target space being
the complex projective space with hyperplane divisors is that f ^ (Dzf) ^ ^(D-fz) 0 does not hold for the Levi Civita connection D of the Fubini-Study
metric of the complex projective space. Our present nondegeneracy condition of the
failure of f ^ (tD)f ^ ^ (tD)-f + f*s 0 is, in a way, a combination of
the two equations f*s 0 and f ^ (Df) ^ ^ (D-lf) 0.

(0.8) General position condition for divisors. Let M be a compact complex
manifold. Let E be a holomorphic line bundle of M. Let {s} be a set of distinct
holomorphic sections of E over M. Let eo, e, be a basis of F(M, E) over M and
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let sv ’=ocvje with c C. The set {s} is said to be in general position if the
hyperplanes =1 cjz 0 in Pm with homogeneous coordinates [Zo, z,-! are in
general position.

Let {Zv} be a family of complex hypersurfaces in M. Let F be a positive line
bundle with the property that for every v there exists a meromorphic connection
Fr(v) with pole order F so that the second fundamental form ofZ with respect to

F(v) is zero. Let tv be a non identically zero holomorphic section of F so that
tFv(v is holomorphic in all local coordinate systems. Let D() be the covariant
differentiation with respect to the connection Fv(v). (We assume that the index v
does not take on the value 0.) Let Fo be a positive line bundle and Fray(0 be any
meromorphic connection with pole order Fo. Let to be a non identically zero
holomorphic section of Fo so that toffy(0 is holomorphic in all local coordinate
systems. The difference tot(Fv(v Fv(0)) is a holomorphic section of TM (R) T (R)

T (R) F (R) F0 over M. The pair (t, totv(Fv(v) Fv(0))) is a holomorphic section of
the vector bundle F (TM (R) T (R) T (R) F (R) Fo) over M. We say that {Z} is in

leneral position of order k with respect to F and Fo if for some to, Fv(0), t, and
Fv(v all the distinct sections (t, totv(Fv(v)- Fv(0))) are in general position as
holomorphic sections ofF )(Tu ) T (R) T (R) F (R) Fo)over M and, moreover, no
more than k of the hypersurfaces Zv with the same D have a common point of
intersection. In the case when M Pn we will take as Fffv(0 the connection which
is identically zero on the affine part C of P, with respect to the Euclidean coor-
dinates of C. We will take as Fo the hyperplane section line bundle of . We will
take as to the section of Fo whose divisor is the infinity part of P,. The verification
that to F:a(0) is holomorphic in all local coordinate systems of Pn will be given in 7.

1. Statement of results. First we state our result for the special case of a defect
relation for Fermat curves in different coordinates in 2.

(1.1) THEOREM. Let H be the positive hyperplane section line bundle of 2"
Suppose f: C :2 is a holomorphic map and for each v the curve Zv is a Fermat curve

o / ( + 2 0 of de#ree d in some homogeneous coordinate system I-(vo, (, (2]
of 2. Suppose {Zv } is in teneral position oforder k with respect to Ha and H, and f
is nonsin[tular with respect to the line bundle Ha. Then one has the defect estimate

Edis(Zv) < (1603/d)k.

We now state our result in a more general setting.

(1.2) THEOREM. Let M be a compact complex manifold of complex dimension n.
Let Fo be a positive line bundle such that some meromorphic connection Dt) with pole
order Fo exists for M. Let L be a positive line bundle and {s} a collection of
holomorphic sections of L over M. (Assume that the index v does not take on the value
0.) Let F be a positive line bundle with thefollowing property: for each v a meromorphic
connection D exists for M with pole order F such that the secondfundamental form
of the zero-set Zsv of s with respect to Dt) is zero. Let t be a non identically zero
holomorphic section of F such that tDiv) is holomorphic. Let p =dimc F(M, F) and
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m dim Fc(M, T (R) T (R) TM (R) F (R) Fo). Let v be a positive number such that
(F (R) Fo)ntn-1)/2(R)K is generated over M by v global holomorphic sections of
(F (R) Fo)nt-)/2 (R)K over M. Let be a nonnegative number such that OL minus
the curvature of (F (R) go)n(n-1)/2 (K is everywhere nonnegative on M. Suppose f
is a holomorphic mapfrom C to M. Suppose {Zsv} is in general position of order k
with respect to F and Fo, and f is nonsin#ular with respect to the line bundle F (R) Fo.
Then the defect off is no more than (z() + v)k, where b n(n 1)/2 + p + m 1
and c n(n 1)/2.

(1.3) COROLLARY. For the special case M P with L Ha (where H is the
hyperplane section line bundle of ), let He be the pole order of the meromorphic
connections Dtv) for a collection {s} of holomorphic sections of L so that the second
fundamental form of the zero-set Zs of s is zero with respect to Dt). Suppose {Zsv }
is in general position of order k with respect to Ha and H and f is nonsingular with
respect to the line bundle HTM. Then the defect is no more than

(()+n+l)(d+l)tn+/2+n+lkd

where b
n(n 1)

2
n(n- 1)

2

+ +(n + 1)2(n + d + 1)
n+d-1

n n- 1
1 and

For notational simplicity, in this paper we will present our proof of the above
results only for the case n 2, because the proof for the case of a general n differs
from the case n 2 only in the complexity of notations, which makes the essential
arguments less transparent. The sections 2 through 7 below are devoted to the
proof of the results stated above.

2. Main inequality.

(2.1) Let M be a compact complex manifold of complex dimension two. We
recall the main inequality in [Si2, p. 241, (8.5)] which is derived by using the
vanishing of the second fundamental form and linear algebra. It is

(2.1.1) isl2(loglsl2)2 ] ,] < constant. (,(f* +

Here # > 0 and 2 1 > 0 are both sufficiently small. The meanings ofthe notations
in this inequality are as follows. The covariant differentiation D comes from a
meromorphic connection Fr on M and is a non identically zero holomorphic
section of the positive line bundle F so that F is holomorphic in all local
coordinate systems. The section s is a holomorphic section of L so that the second
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fundamental form ofthe zero set Zs ofs with respect to the meromorphic connection

Fr is zero. The nondegeneracy condition of the nonvanishing of fz ^ tDzf, is
assumed.
By the Calculus Lemma and the concavity oflogarithm this main inequality yields

isl2(loglsl2)2 ]
O(log gz’,(f*O,) + log r).

This is to be coupled with the following inequality in [Si2, p. 241, (*)] derived from
Green’s formula

1 ( 1 )4--, loglsl2(loglsl2)2 > (1 e)q-(f*O)- ’,(Zf*s)

for 0 < e < 1 and for r sufficiently large. Thus

1 (I_f2. _A_ tDf12.
4-- a’, log

isl2(loglsl2)2 ,]

1
> r(loglf ^ tDfl2z) + (1 e)’,(f*OL)- 7",(Zf*s)

and

(1 e)’,(f*O)- T,(Zf*s)

1
< ---n r(loglfz ^ tDfl2) + O(log ’-(f*O.) + log r)

for 2- 1 > 0 sufficiently small, yielding the following estimate for the defect
relation.

47
6.(Zs) < lim inf

,-.oo 3’,(f*0I)

---(loglf A tDfl2)

(2.2) Suppose we have a finite number of holomorphic sections sv of L so that
the second fundamental form of the zero-set Zsv of sv with respect to the same
meromorphic connection Fa is zero. Assume that no more than k of Zs have a
common point of intersection. We use the argument of I-Si2, p. 242, (9.2)] and get

1-Iv (I s, 12(lgl s12)2) ( 1 i)< C E ilogls12)v vkdistinet I=x (1%1
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where C is a constant. Thus by (2.1.1)

(( ^ tD f l

( IL A tD=f=12z ))
k distinct

< C" o, \\(l-,12(logls,12)2. o(-,(f*O))

for # > 0 and 2- 1 > 0 both sufficiently small by (2.1.1), where C’ and C" are
constants. As in (2.1) we get the following defect estimate in this case

(2.2.1) 5y(Zs,) < liminf
,-.oo ,(f*01)

k
4r

,(loglf ^ tDfl2)

(2.3) We now look at the general case when we have a finite number of holo-
morphic sections s, of L and a meromorphic connection Fa(v) for each v so that
the second fundamental form of the zero-set Zs, of s, with respect to Fa(v) is zero.
We assume that the pole order of all Fa(v) is the same positive line bundle F. Let
t, be a non identically zero holomorphic section of F over M so that t,Fa(v) is
holomorphic in all local coordinate systems. Assume that among all the indices v
with the same Fa(v) no more than k of Zs, have a common point of intersection.
By summing (2.2.1) over all distinct connections Fr(v), we have the following
estimate of the sum of defects

(2.3.1) 5.(Zs,) < liminf
.-.oo 7",(f*01)

k (v) 2)
4z

’,(lg 1--[’, If A tD fl

where the product I]’v is taken over all distinct meromorphic connections Dtv). We
have to obtain the estimate for r(log 1-I’ If ^ tD)fz 12) from below. This estimate
will be obtained by considering the defect relation for the space of all meromorphie
connections with the same pole order.

3. Value distribution theory of meromorphic connections.

(3.1) We use the notations of (2.3) and suppose that all the assumptions in (2.3)
are satisfied. We use ’, to mean summation over only those v with D’ distinct.
We also assume that the index v does not take on the value 0. Let Fo be a positive
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line bundle and Fray(0) be some meromorphic connection so that for some non
identically zero holomorphic section to of F, toFtv(0 is holomorphic in all local
coordinate systems. Let D) be the differentiation with respect to Fray(0). Suppose
with respect to the line bundle F (R) Fo the map f satisfies the nondegeneracy
condition in the sense of (0.7). Also suppose that with respect to F and Fo the
collection {Zs} satisfies the general position condition in the sense of (0.8). Each
f A tDz)fz is a holomorphic section off*F (R) Kt over C. We claim the following.

(3.1.1) There exists a finite number of holomorphic sections qo, q of
f*(F (R) Fo (R) Kt) over M so that each tof ^ tDfz is a linear combination

’=oa of fro, with a C. Here u depends only on F and Fo and M and
is independent of f. However, Oo, will depend on f.
We now proceed to prove the claim. Suppose we have a meromorphic connection

F whose covariant differential operator is D and suppose is a non identically
zero holomorphic section ofF such that tFt is holomorphic in all local coordinate
systems. Let Ar Ft Ftr(0). Then Ar is a meromorphic tensor and

Df Dfz + Arff

Here and for the rest of this paper the summation convention is being used.
For a tensor B with components Br we use the notation B(fz (R) f) to denote

Brff] which is a gection of the pullback of the tangent bundle ofM by f. We use
the same notation when B is a section of T (R) T (R) Tu (R) E for some line bundle
E over M instead of T (R) T (R) Tu.

Let , zp be a basis of F(M, F) over C. We have ’= for some y C
and we can write totf ^ D)f as ’= ?,tofz ^ D)fz.
The section totAr of T (R) T (R) TM (R) F (R) Fo over M is holomorphic. Let

Br(x), 1 < x < m, be a basis of F(M, T (R) T (R) TM (R) F (R) Fo) over C. Then

totAr "= cf ^ Br(x) for some c C and

totfz ^ (Dfz- D()fz)= c,f A B(x)(fz (R) f).

Let u p + m- 1 and define the holomorphic section qo, q of f*(F (R)
Fo (R) K) over C by +tof A Dz)f (0 < j < p) and t f: ^ B(j p + 1)
(f (R) f) (p < j < p + m). Our claim (3.1.1) is proved with tof ^ tDzf ’=o
with a z+ (0 < j < p), a c_p+x (p < j < p + m).
When D is replaced by D) and by t, we have constants a %.+ (0 < j < p),
a c,_p+x (p < j < p + m) corresponding to a + (0 < j < p), a c_p+
(p < j < p + m).

(3.2) Let v be a positive number such that F (R) Fo (R) Kt is generated over M
by v global holomorphic sections a, ao of F (R) Fo (R) Kt over M. This means
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that al, av have no common zeroes. Let ku+ f*a for 1 < j < v. Let N
u + v. The pullbacked sections u+ (1 < j < v) are introduced to make sure that
the sections ’o k off*(F (R) Fo (R) K1) over C have no common zeroes so that
they can serve as homogeneous coordinates for a holomorphic map from C to
Denote by W the holomorphic map from C to P defined by the homogeneous
coordinates [o, ff]. Let [Wo, wu-I be the homogeneous coordinates of P.
From (3.1) each tofz ^ tvDV)fz is of the form =oav with constants av "Cv,j+
(0 < j < p), a c,_p+ (p < j < p + m), a 0 (p + m < j < N). Consider the
holomorphic section Sv of the hyperplane section line bundle H of Ps whose divisor
is the hyperplane --o avw 0 in Pn. We only consider the collection of all S so
that the meromorphic connections D(’) are distinct and we denote the collection by
{S}’. We are going to use the Cartan-Ahlfors-Weyl-Weyl theory [C2, A, W-W-I to
handle the value distribution theory ofthe mapW and the hyperplanesoavw=O
in P.

4. Estimation of characteristic functions.

(4.1) To apply the Cartan-Ahlfors-Weyl-Weyl theory, first we have to compute
the characteristic function T(W, r) of the map W. We have to estimate the growth
of the characteristic function of the map W in terms of the growth of the charac-
teristic function T(f, r) of the original map f. Let be a nonnegative number such
that 0L minus the curvature of F (R) Fo (R) K is everywhere nonnegative on M.
We are going to verify that T(tP, r) < T(f, r) + O(log r) + O(log T(f, r)).
We recall the following. Suppose E is a holomorphic line bundle over a compact

complex manifold X and E carries a Hermitian metric h along its fibers so that the
curvature form OE, h of the Hermitian metric h is positive definite at every point of
Pn. Suppose F is a holomorphic map from C to X. The characteristic function T(F, r)
is defined as ,(F* 0E, h). This definition determines T(F, r) up to an additive term
O(1). The reason is as follows Suppose g is another Hermitian metric along the
fibers of E. Then 0g, h 0g, g (x/--1/2n)dq for some smooth function q on X and
(tgzdzF* q) 1/4M,(F* q) 0r/2)F* q(0) O(1). Suppose el,..., ev are holomorphic
sections of E over M which are not simultaneously zero at any point of X. Then

e is a section of E (R) and (L1 e)-1 is a section of E* (R) E* (where 7 is the
complex conjugate of E and E* is the complex conjugate of the dual bundle E* of
E) and defines a Hermitian metric along the fibers of E. We can use this Hermitian
metric to calculate the characteristic function T(F, r) up to an additive term O(1).
The characteristic function T(F, r)is equal to ((x//- 1/2n)tgz log EjP_-I ej)up to
an additive term O(1).
Wenow apply this observation to the case at hand. Our map W" C --* Ps is defined

by the N + 1 holomorphic sections Sj (0 < j < N) off*(F (R) Fo (R) Kt1) over C with
0

z+l tof ^ D f (0 < j < p), f ^ B(j p + 1)(fz (R) fz) (P < J < P + m),
and , f*a_p_,,+l (p + m < j < N). Let [Wo, w] be the homogeneous co-
ordinates of. Then W*w (0 < j < N). Each homogeneous coordinate w can
be naturally regarded as a holomorphic section ofthe hyperplane section line bundle
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H of PN. Hence

(4.1.1) x/-----i 0-log( j)--W*(...2ltglog( wj))2x j=0 j=0

where SjSj (respectively wj) is a section_ of (f*(F (R) Fo (R) Ktx)) (R)
(f*(F (R) Fo (R) KI)) over C (respectively H (R) H over M). The left-hand side
and the right-hand side of (4.1.1) are computed respectively by using local trivial-
izations of the line bundles (f*(F (R) Fo (R) K1)) and H, and the result is indepen-
dent of the local trivializations chosen. The characteristic function T(, r) of F is
given by

--0Olg(j= IlSjl]2)) + r(w/2 1
f*0r(R)ro(R)Kl)

<(21 tgOlog(j=o IIJll2)) +
1__ (log 1
4n (j=o ll$jll2)) - lg(j=o ll$j(O)ll2)) + T(f, r)"

Here, in order to emphasize the difference between the section $j$j of the line bundle
(f*(F (R) Fo (R) K)) (R) (f*(F (R) Fo (R) Ktx)) over C and the square norm II$jll 2 of
$j with respect to the Hermitian metric along the fibers of the line bundle F (R) Fo (R)
Ktl, we temporarily deviate from our convention and use I]$jll 2 instead of ]$jl 2 to
denote the square norm.

(4.2) We claim that zatr(log(=o IIjl12)) O(log r) + O(log T(f, r)). This claim
actually corresponds to the logarithmic derivative lemma.

Since

log II’k’sll 2 < Z ,,.(log(1 + 110112)),
j=0 j=0

it suffices to show that at,(log(1 + 11112)) O(logr)+ O(log T(r,f)). When
p + m < j < N, II’jl] ]]aj-v-,,,+ill and supcl]$jl] < SUPMIlaj-v-,,+I]] is bounded
and the inequality clearly holds for p + m < j < N.

0For the remaining two types of sections Sj zj+ tof ^ Df (0 < j < p), Sj
f ^ B(j p + 1)(f (R) f)(p < j < p + m) off*(F (R) Fo (R) K) over C, it sufiiccs
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to show that

(4.2.1)
r(log(1 + ILl")) < O(log r) + O(log T(f, r)),

r(log(1 + IDzt)fzl2)) O(log r) + O(log T(f, r)).

Here we return to our convention of using ILl and ID=t)LI to denote norms
calculated with respect to the Hermitian metric of M.
From the Calculus Lemma and the concavity of the logarithm it follows that

,(log(1 + ILl")) < e log r + (1 + 6)log (1 + ILl2) I1,.

On the other hand we have (1 + ILl 2) constant. (log r + Y(f*On)), because
On is positive definite on M. Hence we get

,(log(1 + ILIz))= < O(log r) + O(log T(f, r))

To prove (4.2.1), again by using the Calculus Lemma and the concavity of the
logarithm, we have

(4.2.2) (log((1 4- ID=t)LI2))) e log r 4- (1 4- 6)log ((1 + ID=t)LI2)) I1,

for # > 0. Let h,t be a K/ihler metric of M with curvature tensor R,tb. From
[p. 238, Si2-1 we have

where

Hence

1+6
log (1 4- hfff)

((h’ff)2

C sup
u, (h,)

where c is some positive constant. So

c((IDVl)’) < ’(f*OL)’*u + r"
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for # > 0 sufficiently small and

(4.2.3) c((1 + ID)fl2)U < z-,(f*OL)*u + r’.

We now can conclude that (4.2.1) is a consequence of (4.2.2) and (4.2.3).

5. Final derivation of the defect relation. Now we come back to our original
situation of the theory of value distribution theory for meromorphic connections.

,v) ). Recall that ’vWe have to get a lower bound for (1/4r)’ r(log Ifz ^ totOz fzl 2
means summation over all indices v with distinct meromorphic connections D). By
our definition ofW ($j)o<<, we have

N

f ^ totDVf E aj$
=0

and tp f* j-p-m+l for p + rn < j < N. Since at,..., av generate F (R) Fo (R) Kx,
we can use the section (Lx a)-x of (F (R) Fo (R) K)* (R) (F (R) Fo (R) Kt)* as a
Hermitian metric along the fibers of F (R) Fo (R) K1. Hence

fz A to tDl)fz m
N

O

N N(Zj=O avjj)(Ej=0 avjj)

V, ((E=o alP)(Eo alP))
2

aw
=0

Here again we temporarily deviate from our convention and use I1"11 instead of l’l
to denote norms with respect to the Hermitian metrics along the fibers of a line
bundle in order to emphasize the difference between I1" and the sections @, of
(F (R) Fo (R) Krx) (R) (F (R) Fo (R) Kx) and w of n (R)/. The sum aw is
naturally regarded as a holomorphic section of the hyperplane section H of zs and
the norm I1o avwll is with respect to the Hermitian metric along the fibers of H.
Now by the defect relation for hyperplanes in the complex projective space (0.4)

> (N(W, r, S) T(W, r)) + 0(1)

> -(N + 1 + o(1))T(W,r).
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The nondegeneracy conditions for the map P required by the Cartan-Ahlfors-Weyl-
Weyl theory is satisfied, because with respect to the line bundle F (R) Fo the map f
is assumed to satisfy the nondegeneracy condition in the sense of (0.7). Moreover,
the general position condition for {Sv } required by the Cartan-Ahlfors-Weyl-Weyl
theory is satisfied, because the collection {Zsv } is assumed to be in general position
in the sense of (0.8). Hence

1 , r(loglfz ^ totvD)fzl2) > -(N + 1 + o(1))T(W, r)

> -(N + 1)aT(r, f) + o(T(r, f)).

From (2.3.1) we have the defect relation 6s(Zs) < (N + 1)0k (p + m + v)czk
which is the defect stated in Theorem (1.2) for the case ofcomplex dimension n equal
to 2.

6. Estimation of dimension of cohomology groups.

(6.1) In order to get Corollary (1.3), we now apply Theorem (1.2) to the case
when M is the complex projective space P, with n > 2 and when L Ha, where H
is the hyperplane section line bundle of P.. To calculate the dimension m in Theorem
(1.2), we need to get an upper estimate of dimc F(P., T*. (R) Tp*. (R) Tp.(ve)). For this
we look at the Euler sequence

(6.1.1)

where

(i) 6%.(1)"+ denotes the set of (n + 1)-tuples 9 (Oo(W),..., 9,,(w)) of linear func-
tions of the homogeneous coordinates w [w, w"] of
(ii) the map maps the vector field =oO(w)(O/Ow) on C"+ to the vector field z(9)
on P. under the natural quotient map C"+ 0 .,
(iii) the map a identifies (9. with the subsheaf of (9.(1)"+ generated by the Euler
vector field =o w(O/Ow)
From (6.1.1) we have the exactness of

(6.1.2) 0 --. F(P., (.gp.(/’)) + F(IP., ((gp.(d + 1)"+t)) + F(P., Tp.(d)) + O,

because Hi(p,, 6%.(d)) 0. We now use the sequence (6.1.2) to compute the dimen-

sion of F(, T.(d))over C. The dimension of F(,, (9.())is (n + ’ So for

d > 1, the dimension of F(P., T.(d)) over C is

(n+ 1).(n+d+l)-(n+d)=(n+d+2)(+dl)d+l d
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This can also be obtained directly from Bott’s Formula for the dimension of
H(p,, ’(p.(p)) which is

(i) (P + n p) (p -1) fr q O’ O < p < n’ and p >
P

(ii) lforp=0,0<p=q<n,

(iii) (-P+P)(-P-1)n-p
(iv) 0 otherwise.

By duality, Bott’s formula for the case q n and p =-n-1-d yields

dimcF(P., Tp.(d))=(n++2)(:+)._
(6.2) The dual of the sequence (6.1.1) yields the exact sequence

0 Tp*.(g’) ((9p.(g’ I))"+ (.gp.(g’) ---, 0

which gives rise to the exact sequences

0 --. Tp*. (R) Tp*.(f) (Tp*.(d 1))"+x Tp*.(g’) 0.

From the injectivity of we get

dimc F(P., Te*. (R) T. (R) T.(Y)) < dimc F(P., (T*. (R) T.(t 1))"+x)

and from the injectivity of q we get

dimc (R) < dimc 1))"+x).

dimcr(P.,T.(R)Tp.(())<(n+l)(n++l)(n+-l] for >0 and

dimc F(P, T* (R) T* (R) T(f))< (n + 1)2(n + ,)(n" + f 2) for > 1
f-1 /

(6.3) Remark. The referee suggested using the vanishing theorem of Bott to
precisely compute dimc F(P,, Tp*. (R) Tp*. (R) T.(d)) instead of merely estimating it
so that the defect relation can be correspondingly improved.
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Let V be the holomorphic vector bundle K.(1). Then F(Pn, T*. (R) Tp* (R)
is the same as F(P, V (R) V (R) V*(d 1)). Since we have the pairing from f.(1) x
/n-(f.(1)) to / (f.(1)) f.(n) (Pp.(- 1) (due to fp. (gp.(-n 1)), it
follows that V* /-x(V) (R) (9.(1) and F(P, V (R) V (R) V*(d + 1)) is the same as
r(p , v (R) v
We now use the Littlewood-Richardson rule. For a partition I (i, i)

(which means an r-tuple of nonnegative integers for some nonnegative integer r
with 2 "’’ it) we define the Young tableau to be the set of points
{(v, i)l 1 < < i,, 1 < v < r}. Here we follow the convention in [M, p. 2J that, as
with matrices, the first coordinate v (the row index) increases as one goes down-
wards, and the second coordinate (the column index) increases as one goes from
left to right. Let III== i,. For a vector space E of dimension n we define S,E
to be the set of all multilinear functionals d on the product ofllI copies of the dual E*
of E such that when the summands E are indexed by (v, i) with 1 <i< i,,
1 < v < r the following two conditions are satisfied:

(i) for every fixed 1 < v < r the multilinear functional
variables corresponding to (v, 1), (v, i,)

(ii) for every fixed 1 < < i, the multilinear functional d is skew-symmetric in the
variables (v, i) for < i,.

Another way of describing S,E is the set of all elements of E(R)l*l which are
symmetric in the variables on the same row of the Young tableau and skew-
symmetric in the variables on the same column of the Young tableau.
The Littlewood-Richardson rule [Li, p. 94J tells us how to decompose S,E (R) SE

into direct sums ofsummands ofthe form SrE. Let J (j, j). From the Young
tableau of I the Young tableau of K is built by adding jz points represented by
identical symbols az (1 < 2 < s) subject to the following two conditions:

(i) after the addition of each set of identical symbols we must have a Young
tableau with no two identical symbols in the same row and the Young tableau must
be regular in the sense that the lengths of the rows of the Young tableau must be
nonincreasing from the top down,

(ii) if the total set of added symbols is read from right to left in the consecutive
rows of the final tableau we have a permutation of a’a.., a which is a lattice
permutation [Li, p. 67J in the sense that for 1 < < IJI among the first terms of
the permutation the number of times a occurs is no less than the number of times

a+ occurs for 1 </ < s.
The Littlewood-Richardson rule is given in [La, p. 209] as the first formula of

Pieri.
We now apply the Littlewood-Richardson rule twice: the first time to

V (R)/n- V and the second time to the tensor product of V with the summands
Sr V of V (R)/n- V. Now/n- V is the same as Ss V with J (1, 1) where there
are n 1 entries of 1 in J. We use the convention of [Li] and write J (1"-). There
are two summands S,V(# 1, 2)in V (R)/n-t VwithK (2, l"-Z) and K1 (1").
We have three summands in V (R) Sr,V corresponding to the partitions (3, In-Z),
(2, 2, ln-3), (2, 1"-) and we have only one summand SeVin V (R) Sx Vcorresponding
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to the partition (2, 1"-x). The vector space S, V is isomorphic to (/" V) (R) So V where
Q is obtained by subtracting 1 from each of the n entries of the partition P (see e.g.,
[La, p. 208]). In other words, in our case Sv V is isomorphic to (/" V) (R) V, because
Q (1). We know that /"V /"(f.(1)) f.(n) (.9.(- 1). Hence Se V is
isomorphic to V(- 1). Thus V (R) V (R)/\.-x V is isomorphic to V(- 1) V(- 1)
(S(3,1n-2) V) ( (S(2,2,1n-,) V) and V (R) V (R)/\n-X V(d) is isomorphic to V(d 1)
V(e 1) (S(3, x.-2)V)(e) (S,2,2, x--,)V)(d).
We now apply Botrs vanishing theorem to compute the dimension of the space

ofholomorphie sections of V(g’ 1) V(? 1) (S3, x.-.)V) (e) (S2,2, x--,)V)(/)
over P.. We take the dual of the Euler sequence and get the exact sequence

Let W F(P., g%.(1)) F(P., (9*"+x)) We apply Bott’s theorem in the form
presented in [La, p. 231, Th. 5.1(i)] with the following values: J (d- 1) or (d),
n(I, J) 0, q 1, and Q 6%.(1). We get

F(P., V(Y I))

r()n, (S(3, i.- V)(<)) S(<,3, x.-a W

r(p., (s(,. :. ,.-,) v) (<)) s(<. ,. ,. ,.-,) w.

Note that in [La] the entries in a partition are nondecreasing rather than non-
increasing and we use here the convention of [Li] where the entries in a partition
are nonincreasing. Finally we conclude that F(P., T*. (R) T*. (R) T.(g’)) is isomorphic
to

(S(d_l, 1)W) ( (S(d_l, 1)W) () (S(d, 3, ln-2 W) () (S(d,2,2, ln-3 W).

The computation of dimc r’(p., T. (R) T. (R) T,.(d))is reduced to the computation
of the dimensions of S(t-x, x)W, S(e, 3, x.-,)W, and S(e,2,2, x.-3)W.
The dimension of StE is computed in the following way. The general linear group

GL(n, C) acts on E and as a result acts diagonally on the product of III copies of
E*. So it acts on StE. This representation is precisely the irreducible representation
of GL(n, ) corresponding to the partition 1 (ix, i,). For r < v < n define
iv 0. By the result of Schur the value of the character of this representation on the
diagonal matrix with diagonal elements xv (1 < v < n) is precisely the Schur function
[M, p. 24]

s,(xx,..., x.) det(x’+"-)l
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A reference for this relation between the Schur function and the character of the
representation is i-W, p. 203, Th. (7.6B)-! and the argument following [W. p. 202,
Lemma (7.6A)-I shows that the expression in i-W, p. 203, Th. (7.6B)] is identical to
the expression in I-W, p. 201, Th. (7.5B)-I which is precisely the Schur function. The
dimension of StE is simply equal to the value of the character of the representation
at the identity matrix of GL(n, C) which is the same as the value ofthe Schur function
s(xl,..., Xn) at xl xn 1. That value is computed in l-M, p. 28, Example
4-1 as follows. The reference l-M, p. 28, Example 4-1 for the computation of that value
was given to me by P. Diaconis. For (v, i) with 1 < v < iv by the hook lenath h(v, i)
of (v, i) we mean iv- v- + 1 + max{#li < it} [M, p. 9, Example 1]. By the
content c(v, i) of (v, i) we mean v. The value of s(x,..., xn) at x x 1
is equal to

I-I n + c(v, i)
i<.v<.,.i<,i<,i, h(v,i)

This is the general formula combining the following two special cases. One is the
number of ways of selecting r objects from n objects allowing repetition, and it
corresponds to the dimension of the space of symmetric elements in the tensor
product of r copies of a vector space of dimension n. The result is the product of n,
n + 1, n + r 1 divided by the product of r, r 1, 1. The other one is the
number of ways of selecting r objects from n objects disallowing repetition, and it
corresponds to the dimension of the space of skew-symmetric elements in the tensor
product of r copies of a vector space of dimension n. The result is the product of n,
n- 1, n- r + 1 divided by the product of r, r- 1, 1. So for symmetric
elements we increase the factor of the numerator by 1 every time we add a factor,
but for skew-symmetric elements we decrease the factor of the numerator by 1 every
time we add a factor. That is the reason why the content c(v, i) appears in the
numerator. The hook length h(v, i) is obtained by counting the number of ele-
ments in the Young tableau to the left and below the given element (v, i) and it
corresponds to one of the factors r, r 1, 1 in the denominator in the purely
symmetric or purely skew-symmetric cases.

Since the dimension of W is n + 1, the above formula applied to our case gives

dim S_, 1)W
(n + :- 1)!

(n- I)!(:- 2)!:

dim S, 3. ,-)W
(n + d)!(n + 1)(n + 2)

(: + n- 1)d(d- 1)[(d- 3)!]2(n + 1)[(n- 2)!]"

(n + :)!n(n + 1)
(: + n- 1)(d + 1)i-(:- 2)!]2n(n- 1)[(n- 3)!]
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So the precise value of dimc F(P., T*. (R) T*. (R) Tp,(O) is given by

(n+- 1)!
2. +(n- 1)!(Y- 2)!

(n + ’)!(n + 1)(n + 2)
(: + n- 1):(:- 1)[(’- 3)!]2(n + 1)[(n- 2)!]

(n + g’)!n(n + 1)
(’ + n- 1)(e + 1)[(’- 2)!]2n(n- 1)[(n- 3)!]

Instead of using dimcF(P,,Tp*.(R)T*.(R)T.(:))<(n+l)2(n+:)ln+:-21[\
in Theorem (1.1) and Corollary (1.3) one can use the precise value of
dimc F(P,, T. (R) T. (R) Tp.(’)) to get sharper defect estimates.

7. Computation of pole order of trivial connection on the afline part.

(7.1) For Corollary (1.3) we have to calculate the pole order Fo of the mero-
morphic connection Fr(0) of P which is identically zero on the affine part C" of P,
with respect to the Euclidean coordinates of C. Before we do this computation, let
us first look at the effect on the pole of a meromorphic connection with respect to
the affine coordinates by the change of inhomogeneous coordinates in ,. Let
w, w be the homogeneous coordinates of ,. Consider two inhomogeneous
coordinate systems. One is w/w for 1 < < n and the other is r/x wX/w
for 0 < 2 < n- 1. The relations between the two inhomogeneous coordinate
systems are given by r//r/ for 1 < < n 1 and " I/r/, and r/o 1/, and
r/x x/, for 1 < 2 < n 1. Suppose we have a connection which, with respect to
the coordinates r/k, is (R)v and, with respect to the coordinates , is Fr. Then

(the summation convention being used). The matrix (O’/Or/x) with 1 < < n as the
row index and 0 < 2 < n 1 as the column index is

(rt)

n-1

1
( o)2

0 0 0

0 0 0
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where I.-a is the identity matrix of order n 1. The matrix (Or/x/O") with
n 1 as the row index and 1 < < n as the column index is

0 0 0

1

For fixed 1 </3 < n- 1 all entries of the matrix (02;/0/I0a) with 0 < 2 <
n 1 as the row index and 1 < < n as the column index are zero except the t
entry in the last column which is 1/(")2. The matrix (O2rlx/O"O) with 0 < 2 <
n 1 as the row index and 1 < < n as the column index is

0 0 0
(n)3

2

For fixed 1 </3 < n- 1 the product matrix a(O’/Orl)(O2rl/OaO) with
row index and column index has zero entries except the entry on the flt row
and the last column which is -1/". For fixed /3 n the product matrix

(O’/Orla)(OZrl/OaO) is

0 0 0
-2
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For the transition from the coordinates q* on {w" # 0} to the coordinates " on
{w # 0} the term x(O2rtx/OaOr)(O’/Orl) adds at most 1 to the pole order in
". Now we look at the contribution to the pole order from (O’/Orlx)(Ort’/O)
(drtv/Or). Each element of the matrix (O’/Or/x) has a factor ", while each element
of the matrices (Orl’/OtJ) and (Oqv/O r) has at most a pole factor 1/(")2. Hence the
factor (O’/Orl)(Oq’/Oa)(Orl/O) contributes at most 3 to the pole order in 1/".
We now choose the connection (R) which is zero with respect to the inhomo-

geneous coordinate system r/. Then the pole order of this connection for other
inhomogeneous coordinate systems " comes only from the term x(O2rlx/OaO)
(O’/Orlx). So we know that the pole order of this connection on all of P. is 1 and
F0 can be chosen to be H.

(7.2) We would like to remark that this discussion about the effect on the pole
of a meromorphic connection with respect to affine coordinates by the change of
inhomogeneous coordinates in P. yields right away the verification that the mero-
morphic connection, with respect to which a Fermat hypersurface has zero second
fundamental form, has pole order 3. The reason is that that particular connection
(R) with respect to a suitable inhomogeneous coordinate system r/ is nonzero only
when 2 # v and (R) equals a constant times l/r/ which is equal to " (when
2 0) and "/ (when 1 < 2 < n 1). With the factor " from the matrix (OlOrl)
and the pole 1/(")2 from the matrix (Orl’/Oa) we conclude that the pole order of
the connection is equal to 3.

(7.3)

and

We now return to the proof of Corollary (1.3). We have

p=dimF(P"’F)=dimF("’H)=(e+n)n

m dim F(P., T (R) TJ (R) Tt (R) F (R) Fo)

dim F(P., Tp*. (R) Tp*. (R) T,.(Y + 1))

<(n+l)2(n+Y+ 1)(n+d-1)n-1

Any line bundle E Hq with q > 0 can be generated over P. always by n + 1
elements of F(.,Hq), because we can always choose them to be the qth power
of a basis of F(., H). Hence v is always n + 1. The number is equal to
((e + 1),t./1)/2 + n + 1)/d. From these values of p, m, a, and we obtain Corollary
(1.3).
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Theorem (1.1) for Fermat curves in P2 is the special case where e 3. Then b
1 + (25) + 32. 6.4 1 226 and c 1. The number (( + 1)"t"+x)/2 + n + 1)/d is
7/d. Hence (b) + n + 1 times (((e + 1).t.+x)/2 + n + 1)/d)k is (226 + 3).(7/d)k.

8. More general examples.

(8.1) We can apply our result in a more general setting. However, we have to
assume that the divisor is defined by a homogeneous polynomial of degree d
satisfying the following condition: every term of the polynomial contains the
(d e)th power of some variable. The defect estimate then depends on e. This is
more general than the Fermat surfaces.

Let us see how this condition comes in. Suppose a divisor S is defined by a
homogeneous polynomial F(wo,..., w.) of degree d. Let e be a positive integer < d.
We assume that F(wo,..., w,) is of the form =o G(wo,..., w,,)wa-’, where G is a
polynomial. We want to produce a meromorphic connection so that S has zero
second fundamental form with respect to it and the pole order of the meromorphic
connection depends only on e and n and is independent of d. Consider the affine
part of P, given by Wo 0 and let z w,,/Wo (1 < v < n) be the inhomogeneous
coordinates. Let e(z,..., z,) (1/w,)F(wo,..., w.). Write

P(z, z.) Qo(z, z,) + Q(z, Zn)Zdv -e,

where Q(zx, z,), 0 < v < n, is a polynomial of degree < e in zl, z.. Let Pz,zv
and Pz, denote respectively the second partial derivatives of P with respect to zu
and z and the first partial derivative of P with respect to zu. We have

Pz, (/,o(Z1, Zn) -[- Qv(z1, Zn)Zdv -e-1
v=l

ez.z z.) + z.)z 
v=l

where Q,,,(v > 0) and Qux(2 > 0) are polynomials of degree < e and Quo is a poly-
nomial of degree < e 1 and Quo is a polynomial of degree < e 2 in zx, z,.
We want to write Pz,,v as a linear combination ofPzl,..., P,. and P whose coefficients
are rational functions in z:,..., z. with small degree for both the numerator and the
denominator. Write

z.) +
v=l Z
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We use Cramer’s rule to solve for 1, z-e-x, z.-a-e-1 in the system of equations

for 1, gld-e-1, 2rl-d-e-l" Let R(z 1, z,,) be the determinant of (Quv)0.<,v.<., where
Qov Q for 0 < v < n. As a polynomial in z1,..., z. the degree of R is < (n + 1)e.
We get

I=’P+ -2Pv=l

z-e-1 Rio RI
R P+ P

_d-e-1 R,,o p +z. ---- ,,=1 R z,

where Ruv Ru(Zl, z.) is a polynomial of degree < ne in z l, z., and Ru,
(# # 0 or v 0) is a polynomial of degree < he, and Ro (v # 0) is a polynomial of
degree < ne- 1. Hence

So we can use F% Q,,o(Roe/R)+ "=I (Q,,,x/zx)(R,t/R) as the meromorphic
connection. The numerator and denominator of F, are polynomials of degree
< (n + 1)e + 1. The pole order of the connection Fue on the affine part C" of P, is
at most (n + 1)e + 1 in the inhomogeneous coordinates. So the pole order of the
connection Fu% on all of P. is at most (n + 1)e + 4.

(8.2) To get other examples of hypersurfaces in P. with good defect relations,
one can start with a given pole order d first and work backwards to consider the
set of all hypersurfaces S of degree d whose second fundamental form is zero with
respect to some meromorphic connection of pole order . To get good defect
relations we want a high value for d and a low value for . It is trivial to get the
case with d of the same order as d, but in general it is not easy to get examples with
d small and d large. While the problem for nonequidimensional value distribution
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theory is to get defect relations for divisors of degree d, the method ofmeromorphic
connections introduced here gets defect relations only for divisors ofdegree d whose
second fundamental form is zero with respect to meromorphic connections of pole
order . For this reason the class of divisors considered by the methods of mero-
morphic connections is more restrictively formulated than that considered by the
general problem for nonequidimensional value distribution theory.

(8.3) Intuitively, the use of meromorphic connections with respect to which the
second fundamental form of a divisor vanishes is, in a way, related to the use of the
Veronese map. Both methods try to "straighten out" the divisor. An advantage of
the method of meromorphic connections is that, to get good defect relations in
special cases like the Fermat curves, the method of using the Veronese map forces
one to fix some coordinate system (see {}9) whereas connections are invariantly
defined and are independent of the coordinate system. That is the reason why the
method of meromorphic connections enables one to handle the case of Fermat
curves in different coordinate systems.

(8.4) Nadel [Na] applied the method ofmeromorphic connections to construct
new hyperbolic surfaces in P3. For this problem there is no divisor and one does
not have to worry about the vanishing ofany second fundamental form with respect
to the meromorphic connections. What is needed is to show that, for suitable
meromorphic connections, the failure of the nondegeneracy condition means that
the image of the holomorphic map from C to the surface must lie on a complex
curve, and then one shows that such a complex curve does not exist.

9. Shiffman’s defect relation for Fermat curves in the same coordinates.

(9.1) We present Shiffman’s derivation [Sh2] of the defect relation for Fermat
curves in the same coordinate system by using Cartan’s theorem I-C2].

Let C(a) be the Fermat curve given by 2=oaw 0, where a (ao, al, a2) and
[Wo, wl, w2-1 are the homogeneous coordinates of 0z2 Let at), at) be q triples
of complex numbers and let f: C P2 be a holomorphic map such that f(C) is not
contained in C(a) for ffny a. C3. Let us suppose first that

(a) no point is contained in more than two of the curves C(a) and
(b) no point in any of the coordinate hyperplanes H {w 0}, i= 0, 1, 2, is
contained in more than one of the curves C(a).
The defect relation is 6.(C(a))) < 6/d. The proof is as follows.

Let : P2 P2 be given by (Wo, w, w2) (wg, w, w). Let g (.,f and let S
{z OZ2lLoaz 0}. Then we have the relation 6.(C(a))= 6o(S) between the
defects of the maps f and g. Let H {z P2 Iz 0}. By applying Cartan’s theorem
to the q + 3 divisors S1, S, Ho, H1, H2, we get

q 2

(q + 3 3)T(g, r) < N2(g, r, S)) + N2(g, r, H)) + o(T(g, r))
j=l j=0
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(see [C2, p. 7, (3)!), where Np(g, r, S) is the counting function for the map g and the
divisor S computed by counting a zero of multiplicity rn as a zero of multiplicity
max(m, p). For the formula to hold, the p in Np must be equal to the dimension of
the target space P2, which is 2. The reason for adding three divisors Ho, H1, H2 is
to get the factor q + 3 3 on the left-hand side instead of just q 3. These three
additional divisors are chosen to be H1, H2, H3 because the multiplicity of #*Hj is
d at every point of its support. Since

2 2
Nz(g, Hi, r) < -d N(g, Hi, r) < -d T(g, r),

the above defect relation follows. We now consider the general case. Suppose that

(a) no point is contained in more than 2k of the curves C(au)) and
(b) no point in the H is contained in more than k of the curves C(aU)).
The defect relation in this case becomes 6y(C(aJ))) < 6kid. This can be gener-
alized to maps into P,, n > 2, and the generalization follows from the following
result.

(9.2) THEOREM. Let F be a family of hyperplanes in P2 and let a: F (0, 1] be a
map such that for all projective linear subspaces Q c , of codimension r, the sum of
a(H) for H 6 F and Q c H does not exceed r for 2 < r < n. Let f C P, be a
holomorphic map such that f(C) is not contained in a hyperplane. Then

a(H)m(f, r, H) < (n + 1)T(f, r) N(W(f), r, O) + oOog(T(f, r))),
HF

where m(f, r, H) is the proximity function for the map f and the divisor H and W(f)
is the Wronskian off.
Theorem (9.2) is an unpublished result of Shiffman. Stoll also has a similar result.

It also follows from the work of H. & J. Weyl [W-W]. The function a is a "weight
function". To apply this theorem to get the above defect relation in the general case,
one lets F {S, Sq, Ho, nx, H2}. Let a(Dj)= l/k, a(H)= 1, and the defect
relation for the general case follows as in the special case.

[A]

[B]

[Bo]
[CI]

[C2]
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