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A compact Kahler surface of negative
curvature not covered by the ball’

By G.D. MosTow and YUM-TONG S1U

The uniformization theorem for Riemann surfaces says that a simply
connected Riemann surface must be the Riemann sphere, the whole complex
plane, or the open unit dise. In the higher dimensional case there is no such
simple trichotomy, because generic slight perturbations of the ball give
rise to complex manifolds no two of which are biholomorphic [1]. However,
it is conjectured that with reasonable curvature assumptions a similar
trichotomy exists in the higher dimensional case. Corresponding to the case
of the Riemann sphere, one has the Frankel conjecture that a compact
Kahler manifold of positive sectional curvature must be biholomorphic to
the complex projective space. This conjecture was proved in the dimension
2 case by Andreotti-Frankel [2] and in the dimension 3 case by Mabuchi [5].
Very recently the general case was proved independently by Mori [6] using
algebraic geometry of positive characteristic and by Siu-Yau [11] using the
complex-analyticity of harmonic maps. (Mori’s result is stronger than the
result of Siu-Yau. Mori’s result assumes only that the manifold has ample
tangent bundle, whereas the result of Siu-Yau assumes that the manifold
has positive holomorphic bisectional curvature.)

Corresponding to the case of the complex plane, one has the conjecture
that a noncompact complete Kahler manifold of positive sectional curvature
must be biholomorphic to some C*. Or, more generally, a noncompact simply
connected complete Kahler manifold with sectional curvature K = — A/r***

<or even with the weaker assumption K = —k(r) with k(») =0 and

rrk(r)dr < oo) must be obtained from some C* by some proper modifica-
tgons, where A, ¢ > 0 and r is the distance from some fixed point. Siu-Yau
[10] proved that a noncompact simply connected complete Kdahler manifold
with 0 = K = — A/r*** must be biholomorphic to some C*. Greene-Wu [3]
generalized their result to the case 0 = K= —k(») with k(»)=0 and
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rrk(r)dr < .

' Corresponding to the case of the ball, one has the conjecture that a
simply connected complete Kdhler manifold of negative sectional curvature
must be biholomorphic to a bounded domain in C*. A weaker version of this
conjecture says that on such a manifold there should be enough bounded
holomorphic functions to separate points and give local coordinates. Up to
now no one has yet succeeded in producing a single nonconstant bounded
holomorphic function on such a manifold, even if one assumes that the
manifold is the universal covering of a compact Kahler manifold of negative
sectional curvature.

There is a second conjecture which says that the universal covering of
a compact Kahler manifold of negative sectional curvature should be
biholomorphic to the ball. This second conjecture is encouraged by the
following results of Wong [12] and Yang [13]. Wong’s result is that a
bounded domain in C* with smooth strongly pseudoconvex boundary whose
automorphism group is noncompact must be the ball. His method of proof
can also yield the result that a bounded domain in C* with smooth boundary
which covers a compact manifold must be the ball. Yang’s result is that a
bounded symmetric domain of rank >1 cannot admit a complete Kahler
metric with its holomorphic bisectional curvature bounded between two
negative constants. In particular, a bounded symmetric domain of rank >1
cannot cover a compact Kahler manifold with negative bisectional curvature.
In this paper we give a counterexample to the second conjecture by con-
structing a compact Kahler surface of negative sectional curvature whose
universal covering is not biholomorphic to the open 2-ball. The surface is
constructed by using the result of Mostow [7], [8] on groups generated by
complex reflections. The Kahler metric on the surface is constructed by
delicately piecing together the Poincaré metric of the 2-ball and the Bergman
metric of the domain |z,|* + |2,|* < 1in C2. The universal covering is shown
to be non-biholomorphic to the ball by computing ¢?/c, and verifying that it
is not equal to 3. The ratio c¢¥/c, is 852/298 which is >2. Hence its index is
positive. Besides the compact quotients of the complex 2-ball, the only
known compact complex surface of positive index are the Kodaira surfaces
[4]. Since the Kodaira surfaces admit nontrivial holomorphic deformation
and the surface constructed in this paper is rigid, our surface is a new
algebraic surface. Our surface is also the first known example of a negatively
curved compact Riemannian fourfold which is not diffeomorphic to a locally
symmetric manifold, because the Pontrjagin number p, of our surface is
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nonzero and the Pontrjagin number of any compact quotient of the real
4-ball, being proportional to that of the real projective 4-space which is
covered by the 4-sphere cobordant to zero, is zero.

The method used to construct this surface actually can be used to con-
struet an infinite discrete family of similar surfaces with negative sectional
curvature not covered by the ball. This family is discussed in the last
section of this paper. The maximum of ¢¥/c, for surfaces in this family is
2.9525 for the surface whose parameters are p =5 and o = 6 (for the
meanings of p and o see the last section of this paper).

All these surfaces have very strongly negative curvature tensor in the
sense of [9]. Hence for them strong rigidity holds.

Table of Contents

Section
1. Sectional curvature of Kihler metric............. 323
2. Bergman metric of |z;|*™+|2,02<1 ... ... ... .. .. .. 325
3. Curvature of the sum of metrics................. 328
4. Construction of the surface...................... 334
5. Construction of the Kihler metric ............... 340
6. Computation of co(M)............... ... ......... 341
7. Noneuclidean volume of a fundamental domain...342
8. Chern class of the normal bundle of a curve..... 354
9. Computation of ¢cX (M) ............oviiiiiiiiin.. 356
10. An infinite discrete family of similar surfaces....359
References ... ... ... ... i 360

1. Sectional curvature of Kahler metric

Suppose M is a complex manifold of dimension n with local holomorphiec
coordinate system z', - - -, 2". Let2Re} g.;d2*d2’ be a Kidhler metric on M.
The curvature tensor is given by

Rogrs = 0501905 — 2, ;9" 029205925 -
Let p, ¢ be two real vectors of the complexified tangent space at a point of
M. We want to calculate the sectional curvature at the plane spanned by p
and ¢q. We can write
p = 2Re¢,
q = 2Rey
where

R
S Eas 0z° ’

7=

0z2%
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We use italic lower case letters &, 7, j, k, ete. to run through the range
1,---,m,1, ---, 7 and keep the range of the Greek lower case letters «, 3,
v,0,etec.tobe 1, ---, n. Recall

p* =&,
P =&,
=",
=7,

and recall the following properties of the curvature tensor. The only
nonzero components of R,,;, are of the form
Ris, Regsr s Riwrsy Riasr

and they satisfy the symmetry relations

R.z5 = —Rogsr = — Riars = Riair

Rije; = Razg = Ragrs

Ryz; = Ragrs .
The sectional curvature at the plane spanned by p and q is

Eh,i,j,thijkphqiquk
o A qll

Let & = & and 7° = 7*. Then
DI P X
= Ea,ﬁ.r.a(RaWEa”ﬁET’f + RugrsENEN + Raps NP’ + Raars E0PE)°)
= 3 s Bairi 8NP — RagséN'E — Rapii ™86’ + Rugra " n'e’)
= 2 wsrs Basa&n? — €&’ — 778
=D sy BawrsEP = A& — 8
Hence negative sectional curvature means
3 sy Bara@nf — )&y — 778%) > 0
for all &, » with (Re&) A (Ren) = 0.
In the case n = 2, we have
D sy BearsG0F — peEh)(& " — 0°¢)
= Rii|&n' — n'&'f
+ 4Re(Rua(&n" — n'&)&n' — 7€)
+ 2Ru(187 — 7EL + Re(@n — pE)E@T — 78)
+ 2Re(Ri(e'n — p'ed)(en' — 7))
+ 4Re(Rua(en’ — n°)(En' — %)
+ Rus| &7 — 7€)
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We now compute ||p A ¢||2. We will later need this only for the case n = 2
and ¢g; = 0. So we do our computation only in this case. (Computation in
the general case is completely analogous.)

1a za ia 53)
(20 20 0 L 0
A (5 FERIL i

ANt r T 7o)

02 0z 0z?
=@ - &277‘)8‘97 A ba? + (&' 77‘5“)% A a;
+ @7 — 77152')% A aig + (&' — 7]“"&")% A ;;—;
G N G

D A gl = ghlem' — & + 29,1 9x(187* — D& + |89 — et
+ 9a|8° — pE” .
2. Bergman metric of [2,|™ + |2,]* <1

Let D be the domain in C* defined by |z,|™ + |2,|* < 1. First we calculate
its Bergman kernel function directly by using an orthonormal basis in the
Hilbert space of L? holomorphic functions on D. The set of all polynomials
is dense in this Hilbert space.

Let z, = r,e% (@ = 1,2). The Euclidean volume form dV of C? is
(r.dr,d6,)(r.dr,dd,). The inner product of z*2} and 27z? is given by

(52 = | @DV
D

ke W i (k— P(l—
S om. 2 S 7-1+P+1,'2+0+lez(k p)0lez(l "wzdﬂldﬁz ,
vy try<t Josd<om,0sfy<2r

which is zero unless (k, I) = (p, ¢). Now consider the case (k, 1) = (p, q).

1
— (272, 272%) = S - et de dr,
4T r Fre<i, 20,7520

! VT
- S rivtidy S n ritidy,
r1=0 1 ry=0

1 1
B mngwE“l(l — gy
__ 1
2(q + 1)

- _—"17’_._51 w1 — u™)?du
4(p + 1) Ju=o
(by using integration by parts to integrate w? first)

Sl (1 — u™)*'du (where u = 7%)
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m(mq)
4p+ D@+ m + 1)
(by using integration by parts to integrate w”+™ first)

Sl w1 — u™)du
u=0

__m(mg)(m(qg — 1)(m(g — 2)) - - - (m2)(m1) S‘ P
s(p+1)(p+m+1)(p+em+1)-- - (P+Hgm+1)Ju=o

m't'ql
sp+ D +m+ D)@ +2m+1)-(p+ (g + )m+1)

The Bergman kernel function ®(z,, 2,) is given by

D(z,, z,)
_ - 1 @+)@tmt)@ramt) - (prgrumEl) o,
- p,g=0 P2 1 zll |z2l
mrPtw q!
_ v @+ D@+ m+1)
=2 mm?
(p+27:bn+1)(p+21;r1/n+1+1> <p+izz+1+q_l>

X :o=0 q! [2,]™ EA

— E:;o (p + 1)(1}:1/;; m + 1)(1 _ lzzl2)—(p+2m+l)/m|z1|2p

(1 _ |z2l2)—(zm+1)/m -
= g "o+ D@+ m+ DL — [2,)" 2]
1 — lz |2 —(2m41)/m - wm
= O D (e o+ D+ 2 - ()
+ E:=o(m - 1)(1’ + 1)((1 - lzzlz)—(l/mlz1|2)p)
B (1 _ lz2|2)—(2m+1)/m

: (22:;0(_3)(—4)' c(=8—p+ 1)(_(1_lz2|2)—(1/m)lz1|2)P

mr p!

+ (m — 1)2‘;0(—2)(_3) -.p.‘(—2 — P+ 1)(_(1 . |z2l2)—(l/m)lz1|2)p)

. (1 _ lz2l2)—(2m+1)/m _ lz1|2 -3 B _ |z1|2 —2
= U lal) (2(x ————(1—|z2|2)”"‘> +m—1)(1 ___—(1_1%12)%) )
_ 1 (m4 ) = [&al)" = m =z

mr? (1 _ |zzl2)2—wm)((1 _ |z2|2)1/m _ Izllz)a

Let

9.5 = 0.05log @ .

Direct computation yields
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go— = lmfn  m = (= lzl)
_ 2\l/m __ 2)2 - 2
(= Tal)= =1aly md (e - 2=y

37,21 — |2,[7)"™ "

T (RN PYC IOy PG
__m—-1 Z.2,
m(m + 1) _ 2 1—(1/m)< _ vm _ M — 1 )2
™) (1— 1209 (1 — 2. m-—_*_leJz
__2m—1 1 3 (1—lz2l2)1/m_|zl|2+'7:_1’|z1|2|z2|2
G2 = m (1 _ |z2|2)2 + m(l _ lz2|2)2—(1/m)((1 _ |z2 Iz)um _ lzl |2)2
1— Avm _ M —1 2 m—1 2 2
(1=lz ) — +———m(m+l)lzlllzzl

_ 2 *
AL S (B S EN

Moreover, at (0, 0)

am?® + 16m + 4
thi = -

,

(m + 1)
2m + 4
Ry = —m* 2 |
T m(m + 1)
2
Ry = 2m+2
m

All other R,z; = 0, since g; = ElzzFlg(lz1 % |2,]*) and thus R.;; # 0 only
if «a = 2and g = 1. Since

,

<2m+4>2 am + 2 4m* + 16m + 4
m(m + 1) m (m + 1)

it follows from the following lemma that the sectional curvature of the
Bergman metric of D is negative at (0, 0).

LEMMA 1. Suppose 2Re Y. ,_ g.3dz*d2’ is a Kahler metric on a neigh-
borhood of 0 in C* and g; = 0 at 0. Suppose all the components R.55 of the
curvature tensor are zero at the origin except R, Riis, and Ry, Then all
the sectional curvatures at the origin are negative if and only if Rii> 0,
Rii > 0, Ry > 0, and (Riin)’ < RiiiRs.

Proof. In this case
sy s Bamial&™nf — 7re)&@n7 — ')
= R |&7 — p&F + 2Rl — 71 + €77 — 7OET — 7))
+ R2§2il$27]2 . 7725212 .
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The sectional curvature is negative if and only if this expression is =

some positive multiple of
|517]I _ 7]151|2 + 1517]2 _ 77152i2 + |El77§ _ 7]15_2|2 + |527]§ o 772$§|2 .

Sufficiency follows from

|2Rus(e)" — 7'aNEN — 98| < |2RuniRas) 2 (&) — 7ENET — 70|

é 1211'11'|517]1 - 771§1|2 + R22'2§|527]2 - 7]252|2
and from
|517]2 _ 7]152|2 — |517]§ _ 7]152'|2 _ (517]1' _ 7]157)(527]2‘ _ 7]252')
ng—W@P+%m%—n€P+%Wﬁ—ﬁﬂﬂ

Necessity follows from considering the following special values of ¢ and 7.

1) &=79"=0 yields R;; >0,

ii) & =9'"=0 yields Ry; >0,

iii) & = 7' =0 yields R;; >0 ,

iv) ¢ =aV =1, = —vV 1,9 = a, 7* = 1 for a > 0 yields

R;ida* — 2R4a® + R34 >0 .

Hence (Riis)* < RiiiiRys;.

3. Curvature of the sum of metrics

As in Section 2 let D  C? be defined by |2,/™ + |2,|* < 1. Let B be the
open unit 2-ball with coordinates w,, w,. Let o: D — B be defined by
0(2,, 2,) = (27, 2,) .
Let 2Re) g,;dz*dz’ be the Bergman metric of D from Section 2. Let
2Re Y hasdw*dw? be the Poincaré metric of B.

LEMMA 2. There exists an open neighborhood U of 0 in D such that for
N = 0 the metric which is the sum of the Bergman metric of D and \ times
the pullback of the Poincaré metric of B (i.e., the metric 2Re (3 g.;dz*dz?) +
No* (3 hazdw® dw?) on D) has strictly negative sectional curvature on U.
Proof. First we observe that for |b] < 1,

wi — WV T =BT

bw, + 1
’ w2+b
w, — ——u
? bw, + 1

is a biholomorphism of the ball sending B N {w,= —b} to BN {w, = 0}. (The
fact that it is a biholomorphism follows from the simply identity
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@z + 112(1 - ';_Z%D =1 -z - laf)

for a, z€ C with |a| <1, |z]| < 1.> Moreover, this biholomorphism of B is
covered by the following automorphism of D:

o = z(1 — |b]p)em
(bz, + 1)'™
g = fth
bz, + 1
where (bz, + 1)™ is any branch. Hence instead of proving the existence of
U, it suffices to show that for a € C sufficiently small the sectional curva-
ture of the sum metric is negative at (z,, z,) = (a, 0). We will do our compu-
tation of the sectional curvature at (z,, 2,) = (@, 0) with a = 0 and will use
the coordinate system (w,, w,) coming from B instead of using the coordinate
system (2, z,). Leta = a™. Then the o-image of (z,, z,) = (a, 0) is (w,, w,) =
(a, 0). Let
S Pasdw dw? = Y, g.pdz"d2t .
Then

1 (1/m)—1 77 (1/m) —1
Pii = Gii—5 Wr wi
m

1 _
P = gy—wi'™ !
m
¢2§ = g22- ’

where g,; is given by (*) of Section 2 and the m' roots (and all other m*
roots from this point on) are taken in a way compatible with the point
(a, 0).

Consider the following biholomorphism of B

i+ a
al, +1
w, = (V1 —Jal
at, + 1

. =

which sends (¢, &,) = (0, 0) to (w,, w,) = (a, 0). We are going to calculate
the sectional curvature of the sum metric using the coordinates ({,, {,). Let
S hagdw*dwf = 3 H,3dC*dC?
3 P sdw dw? = Y Al dCF .
By 4. and d; we mean respectively 9/6¢, and 4/6C,. Since 2Re}_ h.;dw,diw,
is the Poincaré metric of B, it follows that
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*) e =0
dH.,; =0 at (£, %) =1(0,0).
We claim that
Yz = 0
aZ"I"ll- =0
M 0 =0, 0w =0
aé"/"zé =0 at (Cl, Cz) = (O, 0) .
To prove the claim, we express +r.; in terms of @,;.
o W, 0wy
i = L PG
_ lal® |? 1 —laP (—alV1 —[al
il P )
(—alV1 —Tal’\(1 —[al | —alV'1 —JaP|?
i %( @g, + 1r ><<dc1 + 1>2> M e
o oW, oW,
Vi = Lo P S,
—o. 1 —lal V71— la]f (—alV1 — [a]P\(V1 — |a]?
PiaEg - 1>2( ad, + 1 ) " 4’22( @t + 1y >< at, +1 )
ow, ows 1 —al?
= L PG o T PR

Since g; = 0 when 2z, = 0, it follows that 4; = 0 at ({,, {,) = (0, 0). Observe
that from (*) of Section 2 we have

0:i(z,, 2,) = Fi(|2, [ |2,]°) with F;0,0)>0

9:(2,, 2,) = 2,2, F (12, ]%, | 2,]°)

9::(2,, 2,) = Fil|2,[%, |2.[°)

for some smooth functions, F,;, F;, F,; of two real variables. Hence by (%)
of Section 3,

Pui(w,, wy) = |w,|*™ @ i(|w, '™, |w,[?) with @0, 0) >0

w
¢1§(w1; wz) = w2 q)m'(lwllwmy |w2|2)
1

cp2§(w1, wz) = q)zé(lw1|2/m; |w2|2)
for some smooth functions @,;, ®,;, ®,; of two real variables. It follows that
i = 18+ a2yl 18+ a ™, [G[?) with 4;(0, 0,0) > 0
"l"li "I"lz(Cu |C1 |2/m’ Iczlz)
Cl

Vop = W(Cl, S+ alm, 15
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for some smooth functions v, ¥, ¥ of a complex variable and two real
variables. It is now obvious that all the equations in (f) of Section 3 are
satisfied. Let
Gos = Yap + MHaj

where ) is a positive number. Let R%s;;, RY%ss, R%z:; be the curvature
tensors of respectively the metrics 2Re Y G.;d.dT;, 2Re Y y.3dL.dT;, and
2ReY  H,;d(,dl,. From (*) and (f) of Section 3 it follows that at ({,, {,) =
(0, 0)

RSui = RVi; + ZNRYi; + < !

i "l"u + )\'Hu)la "/"ul

1

RS = RYizi + MR + (’lll‘zz m)‘a ’\1’22|

Rés; = R%si + MR%z; for (o, B,7,08) = (1,1,1,2), (1,2,1,2),

1,2,2,2) and (2,2 2 2).

Hence

ey BomiEF — n &y — 7’

= 3o, REGE T — ENEY — 7’
N, REsa(E P — e @y — 8

: (“;“ m>|aﬂ/’u| &'t — e

|ompras P | £F — pie

" 2<«/r2§ Yoz + NH22>

o= g el Re e — nENET — 7.

We want to show that the sectional curvature of the metric 2Re ), G.;d¢.dZ;
is <—c at ,%) =(0,0) for |a| <e and N =0, where ¢, ¢ are suitable
positive numbers. Only the last term on the right-hand side is an unde-
sirable term and we have to dominate it by other terms. The absolute value
of dry at (€, &) = (0, 0) is =C,a®™~" where C, is a positive constant inde-
pendent of @ when |a| < ¢ and ¢ is a fixed positive number <1. Hence the
absolute value of

(L — 1 )4y *Re (&t — LT\ pra?  ah
("/"25 %Hxﬂz,;,)'a“f"‘ e(En' — n'eNEn’ — 7°¢)

is
<Cyla|*™2 gy — pelig — el
where C, is again a positive constant independent of a and X\, because
1 1 <1
"ﬁ"zé "/"25 + )\'Hzé o ’1//‘2‘3
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Since the sectional curvature of the Bergman metric of D is negative at the
center of D, it follows that for |a| < € and ¢ sufficiently small, there exists
a positive number s, such that

Yy BEs(E Y — eh) &y — )
= syli| &' — PE P + sk |6 — e[
g 82|a|(4/m)—4|51n1 _ n151|2 + 32|§27]2 _ n2§2|2
where s, is a positive constant independent of a. Since
C2lal(4/’n)_2151n_1 _ 7]15‘1| |5277_2 _ 7]25§|
= —Clap~(jal“™ =gy = P& + g — ) ,
it follows that

%Ea o s BEmE T — ey — n°¢)

> Czla|(4/m)—2|5177i _ nIEII ‘52775 _ 772§§|
221_—1_ 31§2R Lyl _ o lpT\( 2292 _ ar2a2
2 |2( — )19l Re G — WOET — )
when |a| < (5,C;)™%. Hence for a sufficiently small and for all x» = 0
s B — )&y — 0°€7)
= L%, Rl e — ey — 7E)

Now the lemma follows from the fact that the sectional curvature of the
Bergman metric of D is negative at the center of D.

The sum of the two metrics actually satisfies a curvature condition
stronger than the negativity of the sectional curvature on a neighborhood
of 0 for all » = 0. First we introduce this curvature condition. Define

Aupri = Rags -
Then
Azrvi = Rapsi = Rissa = Avias -
Hence, as a matrix with row index («, 8) and column index (v, d), A, is a
hermitian matrix. We say that the curvature tensor is very strongly
negative if this hermitian matrix is strictly positive definite. In other
words,

Ea,ﬂ,r,a Aaﬁ,r& 0,305 = canﬂ | O, |2
for some ¢ > 0; that is,
s Besibals 2 05, 01
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We recall that the negativity of the sectional curvature means that
2w s Bais (E0F — )& — e 2 e 35 16F — et
for some ¢ > 0. Clearly the negativity of the sectional curvature follows

from the very strong negativity of the curvature tensor, because one can
set

Ous = &7 — 77 .
To prove that the sum of the two metrics has a very strongly negative
curvature tensor, one observes that

2 BawiaiOsi = 25, RUsi0.50s + N1, Ri550.50:

1 1
+l— a1 1i201I2
<’5V11’ 1V1I+)\JH1I>| il 1]
1 1
+ e al _201-2"1' 0{2
(G = g sl (0t + 1631
1 1 —
+2(— — — 1 )Re(6,6y) .
(w "l"zi+7\:Hzé> ¢(fub)

Moreover, one observes that the Bergman metric of D has a very strongly
negative curvature tensor at 0, because the very strong negativity of the
curvature tensor is equivalent to the positive definiteness of the matrix

Rﬁli Rlizi Rﬁ 12 Rﬁzé
Rizi Rai Rius Rias
R 2111 Rzizi Rzi 12 Rziz'z
Rzéli Rzézi thé R2§2§ ’

(Assr5) =

which becomes in this case
Ri; O 0 Rin
0 R1’12§ 0 0
0 0 Rjs 0
Rﬁz& 0 0 Rz’zzé

which is positive definite because

R1'11_1 > 0 ]
Rii O
det( 8“ RM) = RiiRiz >0,
Rz 0 0

det 0 Rﬁg& 0 = Rﬁﬁ(Rﬁﬁ)z >0 ’
0 0 RﬁzE
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Rﬁﬁ 0 0 R1_12§
0 Riz 0 O
det 0 822 Rez 0 = (Rin)RaiRas — (Riz)?) >0 .
R1'12'2 0 0 R2_22_2
Since the ball is the special case of D with m = 1, it follows that the
curvature tensor of the invariant metric of the ball is very strongly
negative. Borrowing earlier notations, we have, when |a| < (s,C; )™,
o= 1 )ioalReoats
| ) 19el el
= Glal*™ 03] |0s]

< Lcapn(lal =] + |0l

1 -
?sz(lal“’") 105 + 165]%)

A

A

— (il 0a]* + |0l
= %R”Z;ﬁﬁagéa—; .
Hence
s B 0a3 057 = %Ea,ﬂ,r_aR";;r,;e,,;i; )

The significance of the very strong negativity of the curvature tensor is
that Siu [9] proved that any compact Kahler manifold having the same
homotopy type as a compact Kdhler manifold of dimension =2 with a very
strongly negative curvature tensor must be either biholomorphic or con-
jugate biholomorphic to it. In particular, strong rigidity holds for compact
Kahler manifolds of dimension =2 with a very strongly negative curvature
tensor.

4. Construction of the surface

The main idea of the construction is to construct first a subgroup I' of
Aut B generated by three complex reflections. T is not discrete, but is
almost discrete in the sense that there is a complex surface Y and a holomor-
phic map ¢ from Y onto B such that T' lifts to a discrete subgroup T of
Aut Y, and the only kind of singularity of ¢ is simple winding singularity
along an infinite number of disjoint complex curves whose images are
complex lines in B. The compact surface is Y/T, for some subgroup T, of T
of finite index chosen for the sole purpose of making Y/T, nonsingular.
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The investigation of subgroups of Aut B generated by three complex
reflections of order p for p = 3, 4, 5 was extensively carried out by Mostow
[7], [8]. We will describe below the construction of the subgroup we need,
but will refer to [8] for detailed proofs of the properties of this subgroup.
We will need only the case p = 5.

Let a = 1/(2sin (z/5)) and @ be a complex number of modulus 1 whose
argument will be given later. Let ¢, ¢, ¢, be a basis of C* over C. Consider
the hermitian form (-, -> defined with respect to the basis ¢, e, ¢; by the
matrix

1 —ap —a®
—ap 1 —a@
—ap —ap 1

whose determinant is A = 1 — 3a? — a¥(®* + ®~*). We consider only values
of argp for which A is negative. Let V be the set of all x € C* with
{x, xy < 0. The quotient of V by the C* action is biholomorphic to B.

Let e} be the set of all xeC®* with (x, e;) = 0. Define the complex

reflection R} in C® of order 5 about the complex plane ¢; as follows.

Ri(x) = « + (e¥"77° — 1)(x, e;)e; .
Since ¢-, -> is invariant under R} and R; commutes with the C* action, it
follows that R} defines an element E; of Aut B.

Let T';; be the subgroup of Aut B generated by R, and R;. The only
relations of R, and R; are R} = R =1 and R,R;R, = R;R,R;. The group
T';; has order 600. Let p,; be the image of e} Ne; in B. Then p,; is the only
fixed point of I';;, We give B the invariant metric. Then p,;,, P, p,; form
the v#rtices of an equilateral triangle. Let p, be the center of the circum-
scribed ball of this equilateral triangle.

For v € Aut B let

7 = {z € Bld(x, p,) = d(z, Y'p,)} ,
X(7) = {z € Bld(=, p,) = d(z, 7"'po)}
where d(-, -) is the invariant distance in B. For any subset D, of Aut Blet
X(D*) = nreD‘X('Y) ’
¥=9nXD,) .
For 1 # j let D,; be the subset of I';; consisting of the ten elements
D, = {RF, B}, (R.R)*, (R;R)*, (RR;R)™} .

Then X(D,;) is a fundamental domain of T',;.
Let I denote the subgroup of Aut B generated by R, R, R,. Let
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D, = {R¥, (R.R)*, (R.R;R)*, 1+ 4,1,7 =12, 8}.

That is, I is generated by T, T',, I'yand D, = D,, U Dy, U D,,. Let Q = X(D,).
T' is discrete for certain values of arg . In these cases Q is a fundamental
domain for Q modulo the finite subgroup of I' which stabilizes Q. In general,
I is not discrete. For any @ such that |arg *| < /2 — #/5, Q has twenty-
four 8-faces given by
~ A~ N
# (RR)*, (RR;R)* 1+ 3,1,5=1,2,3
(note that R,R;R, = R;R,R;). Each of the twenty-four 3-faces of Q is
oriented so that together with the inner normal to Q, it carries the orienta-
tion of the ambient oriented space B. Inasmuch as each v €T is an orienta-
tion-preserving homeomorphism of B which carries # into ¥~! and an inner
normal to an outer normal, we see that for each 3-face ¥ of Q, the map
v: % — 7' reverses the assigned orientation of the 3-face ¥. Next, we orient
each 2-face of ea:ch’? by the inner-normal rule, using the assigned orienta-
tion of the ambient orientable 3-manifold 0Q. Since 6Q is an oriented mani-
fold without boundary, each 2-face appears in exactly two 3-faces and is
assigned two opposite orientations. We adopt the convention: whenever we
represent a 2-face as the intersection of two 3-faces F'' N F", it carries the
orientation induced by the first 3-face F".
The vertices of Q are p,;, s;;, 5, t:; (1 # 7, 1, J = 1, 2, 3) defined by

~ ~ ~~ ~~ I~ ~ o~ o~
s;=8p;=R,NE,NRR,NR;,R,NRRE,R,NR;’NRR)'N(R.R)",
85 = 8, = B 0 By 0 (RR)~ 0 (BR)™" 0 BRR. N R0 RR.N RR,
tij = Rk ﬂ R;l ﬂ RkRj ﬂ (RiRk)_l n RkRij n (RkRiRk)_l y

where {1, j, k} = {1, 2, 3}. For i # j there are two 1-faces joining p,; and s,;.
To distinguish them we select a point s on one and a point s on the other.
The actions of R; on some of the vertices are

R;s;; = 8, ,
Rksij = 85
RiRjtkj = tik

where {1, 7, k} = {1, 2, 3}.
Later we will use the fact that for ¢ = 1, in homogeneous coordinates
of P,,

L R L) VS Rl ALk vy | I
By =[—e" "V =1, —e V=1 1] .
When |arg ¢*| < /2 — /5, the only 2-faces not passing through any of
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the vertices p;; are the ones with vertices ¢,,, s;,, §;;. We denote it by A,;,.
It lies in exactly two 3-faces: Ia/?,, and (é:éj)“‘. Moreover, it lies in a
complex line pointwise fixed under (R,R;R,)*. (R,R;R,)"is a complex reflec-
tion about this line. Its action can best be deseribed by looking at a complex
line perpendicular to A,;,.. There are six 2-faces A,;; and the cyclic permu-
tation 1 — 2-— 3 yields the isometries A,,;; — Ay — Ay, and Ay, — Ay — A,
So we consider only A,, and A,,. The geodesic triangle p,, t,, »,, intersects
A, at t, and is perpendicular to A,,,. The angle at ¢,, of the triangle p,, ¢, s,
is #/2 — /5 + arg ¥*. (R,R,R,* rotates the triangle p,, t,, p,, on its plane
about the vertex t,, by an angle equal to 37/5 + n/2 — arg . The geodesic
triangle p,, t,; p,, intersects A,,; at t,; and is perpendicular to A,,;. The angle
at t,; of the triangle p, ¢, ., is 7/2 — 7/5 — arg 9*. (R,R,R,)* rotates the
triangle p,, ¢, p,, on its plane about the vertex ¢,, by an angle equal to
3n/5 + w/2 + arg P°.

For later use we list also here the magnitudes of certain angles. In the
geodesic triangles A, and A,,,,

A8, =<8y = i(l -4 arg¢3> .
2 \2 5

The angle at p,, of the triangle t,, »,, t,, and the angle at p,, of the triangle
t,s Pa Ly, are both 7/10.

In [8] it is proved that I is discrete and Q is a fundamental domain for
I' modulo the stabilizer in T of Q if and only if for all distinet 4, j, k the
interior of the triangle p;,t, p,; intersects its image under (R,R;R,)* only
when (R,R;R,)” = 1. In other words, a necessary and sufficient condition
is that the following two conditions are satisfied.

Let v, = order (R,R,R,)* and v_ = order (R,R,R,)".

i) 27 is an integral multiple of (#/2 — n/5 + arg @*)y,,

ii) 27 is an integral multiple of (7/2 — 7/5 — arg @*)v_.
The reason for this criterion of discreteness is the following. Clearly T is
discrete and Q is its fundamental domain modulo the stabilizer in " of Q if
for v €T the interior of Q intersects its image under v only when v belongs
to the stabilizer. The elements (R,R;R,)™ such that (Interior Q)N
(R;R;R,)"™Q = @ are the obstructions to the fulfillment of these require-
ments. The above criterion stipulates the removal of these obstructions.

Now we choose arg @* = /20,
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( T T T K4
< pot =L & L & _ 1T
plZ 32p31 2 5 20 20
<
Angle of rotation of (R,R,R,)? = 3% + % — 3arg®® = —1—2%—
<p12t23p31:‘7£—'£'—l‘:1-
2 5 20 4

Angle of 7(6tation of (R,R,R,)’ = 3% + —725 + 3arg @* = _i_z .

In this example, condition ii) is satisfied, but condition i) is not satisfied. It
is proved in [8] that I is not discrete. Nevertheless it is not far from acting
discretely. The obstruction to Q being a fundamental domain near A,, can
be described as follows. In C we have a closed sector S of angle 77/20 with
the origin as vertex and we have the action of a cyclic group G whose
generator g is the rotation of angle 197/20. S is not a fundamental domain
for G. However, we can take a 7-sheeted analytic cover a: C — C with the
origin as the branching locus. Then C is the union of 40 sets S, (1 <y <40)
so that @ maps each S, bijectively onto a sector in C of angle T7/20 with the
origin as vertex and a(S,)) = S. The generator g is the same as the rotation
of angle —(217/20). The cyclic group action of G on C can be lifted to a

cyclic group action of G on C whose generator § is the rotation of angle
—(217/20) with the angle measured from C. S is a fundamental domain for
G. Observe that C is the same as the quotient S x G| ~ where ~ is defined
as follows: (s, g) ~ (s', ¢’) if and only if gs = ¢’s’ and s, s’ €S. This descrip-
tion fits precisely the situation at hand with C being the complex line con-
taining A;,, the sector being defined by the two geodesics ¢, p,, and ¢, p,,,
and g being the restriction of (R,R,R,)* to the complex line containing A,,,.
Besides the obstruction to discreteness of I' due to (R,R,R,)’, there are
similar obstructions due to (R,R,R,)’ and (R,R,R,)’. Hence to remove all the
obstructions to discreteness, it takes more than construction of a 7-sheeted
analytic cover of B with branching locus along the complex line containing
A,,. One has to construct also 7-sheeted analytic covers with branching
locus along the complex lines containing respectively A,,, and A,,,. Moreover,
the set of 3 complex lines containing A,,,, Az, A, is far from invariant under
the action I'. This necessitates the construction of analytic covers with
branching locus along their images under I'. There is a natural way of
constructing a I'-space lying over B with Q as a fundamental domain modulo
Aut Q; on such a space I will necessarily be discrete.

We observe first that AutQ is induced by the 3 cyclic permutations
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12— 3 of the coordinates of C*. It is shown in [8] that for arg ¢* = =/20,
these 3 elements are in I'. Define ¥ =T x Q/~, where the relation ~ is
generated by the conditions: (v, x) ~ (v, «) if

(1) vy =2 with =z, 2'€dQ and vy e D,
or
(2) T e AutQ .

Define ¢: Y — B as the map induced by I' x Q — B which sends (v, z) to 7.
It is proved in [8] that Y can be given the structure of a complex manifold
such that ¢ is holomorphic and T" acts holomorphically on M.

Let E be the set of all points of Y where the Jacobian determinant of
o is zero. FE is a disjoint union of a countable number of nonsingular
complex curves E,. Each E, is biholomorphic to ¢(F,) under ¢. The set of
all o(E,) is precisely the set of all images of the 3 complex lines containing
Ay, Ay, A, under elements of I'. Note that, though the E,’s are mutually
disjoint and are locally finite, the o(¥))’s are not mutually disjoint and their
union is dense in B. It is true though that the 3 complex lines in B con-
taining A, A, and A,,, respectively are disjoint. For every 1, there exist
an open neighborhood Q; of E; in Y and an open neighborhood U, of ¢(E,)
in B such that we have the following commutative diagram

Q; AN rz(U))c D

(Tlv 1%

U, — (U))
where 0(Q,) = U,, 6 is biholomorphic, 7 € Aut B sends ¢(E;) to the complex
line {w, = 0} N B with B realized as {(w, w,) €C*||w,|* + |w,[*< 1}, D=
{2, 2,) € C?||2,|" + |2,|* < 1}, and w(w,, w,) = (W], w,).

For v,€T, the map I' X Q—T x Q sending (v, ) to (7,7, «) induces an
element vy of Aut Y. 7 covers v, in the sense that ov* = v,0. The group
' c Aut Y of all such ¢ is discrete. The quotient Y/T'* is compact, but in
general has singularities. We can remove the singularities by using, instead
of I'*, a normal subgroup I'’# of finite index in I' which contains no element
of finite order except the identity. For example, I" can be regarded as a
subgroup of PSL (3, Z(e® “T"”)) and it suffices to take I', as the subgroup of
all elements =1 modulo some prime divisor of 3 in Z(e*'~"?), and take as I'*
the subgroup of I'* corresponding to I',, Let M = Y/T'¥. Then M is a
compact nonsingular complex surface and is the surface we want to
construct.
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5. Construction of the Kahler metric

Let £: Y — M be the quotient map. «(E) is the disjoint union of a finite
number of nonsingular complex curves C, (1 < v <1) in M. Let {E®) be the
set of all E, such that #(E,) = C,. Each E{ is a universal covering of C..
Let I')” C I’y be the stabilizer of E’. Then C, = E*/T%.

Let W, be an open neighborhood of C, in M such that the W.’s are
mutually disjoint. Take a C* function 0 < p, <1 on W, with compact
support such that o, =1 on an open neighborhood of C,. For 1 <v <1, fix
some E;”. We have an open neighborhood Q*“ of E?’ and an open neighbor-
hood U™ of ¢(E}") such that ¢(Q“) = U“ and

Q(v) b, n“(r:‘(U(’”))CD

U» =5 (U")Yc B

is commutative, where 6, is biholomorphic, 7, € Aut B sends og(E}) to the
complex line {w, = 0} N B with B realized as {(w,, w,) € C*||w,|* + |w,|* < 1},
D = {(z, z,) €C*||2,|"* + |2,|* <1}, and n(w,, w,) = (w], w,). By replacing Q*
by a possibly smaller neighborhood, we can assume that Q* is a component
of k~'(W,) and is mapped bijectively onto W, by £. Q" is stabilized by ry.

Let @ be the Bergman kernel form on D. Let Q) = 6:D. So O is a
(2, 2)-form on Q" and is invariant under I'". Define ®» — Y*®” and
QY =77Y(Q™), where v € T’y maps E{" to E. These definitions are independ-
ent of the choice of v. The Q’s are mutually disjoint. Let Q = U,., QY
and let ® be the (2, 2)-form on § which agrees with O on Q. Then both
Q and ® are I'*-invariant.

Let p be the function on @ which agrees with p,°ok on Q. Then p has
compact support on @ mod I'?, is identically 1 on an open neighborhood of E,
and is I'f-invariant. Let ¥ be the Bergman kernel form on B and let
¥ = ¢*¥. Define © = o® + (1 — 0)¥. At every point of E the (2, 2)-form
® is a positive multiple of the volume form. At every point of Y the (2, 2)-
form ¥ is a nonnegative multiple of the volume form. At every point of
Y — E the (2, 2)-form ¥ is a positive multiple of the volume form. It follows
that at every point of Y the (2, 2)-form © is a positive multiple of the volume
form. O is clearly I'f-invariant. Consider the Kihler metric 93 log © on Y
(i.e., 30 of the log of the coefficient of ©). This Kahler metric is ['¥-invariant
and it agrees with 33 log ® on some open neighborhood of E. It follows from
the result of Section 3 that on some open neighborhood of E the Kahler
metric 49 log ® 4 \o*(3d log ¥) has negative sectional curvature (and actually
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satisfies a stronger negative curvature condition as defined in §3) for all
A =0. Take a compact subset 4 of Y with £(4) = M. Then for ) sufficiently
large, the Kiahler metric 95 log ® + Ao*(9d log ¥) has negative sectional
curvature (actually satisfies a stronger negative curvature condition) at
every point of A. As a consequence this I'*-invariant Kahler metric for
sufficiently large \ induces a Kahler metric on M which has negative sectional
curvature (and actually satisfies a stronger negative curvature condition).

6. Computation of c,(M)

We will show that the universal covering of M is not biholomorphic to
the open 2-ball B by calculating ¢, and ¢? for M and verifying that ¢} + 3c,.
We first calculate c,(M) which is simply the Euler characteristic of M. We
do it by choosing a suitable cellular decomposition of M. For this purpose
we have to understand how I' identifies the v-faces of Q forv =0, 1, 2, 3.
For detailed proofs of this identification, we again refer to [8]. Let p = the
order of R,, N = the order of the group I';;, » = the order of (R, R,R;)* and
s = the order of (R,R,R,*. In our case p =5, N = 600, » = 40, and s = 8.

i) The 38 cyclic permutations 1 — 2 — 3 for the coordinates of C*® define
3 elements of I" and these 3 elements form precisely the stabilizer in I'" of Q.

il) Under I' every 3-face of Q is identified with one of the four 3-faces
R, ﬁ:ﬁz, ﬁil, RTI?Z;BI. There is no identification among these four 3-faces.
The stabilizer in " of any one of them is trivial.

iii) Under I every 2-face of Q is identified with one of the nine 2-faces

~ ~ ~ ~ ~ N

E, N (R,R,), R, N (R.R,), R, N (R,R,R),
~ N ~ o~ ~ ~
R, N (R.R.R), R.R, N (B.R.R), (B.R) N (R.R,),

the complex line cell in Q defined by ef (which we will simply call e;), A,
A,,,. There is no identification among these nine 2-faces. The stabilizers in
I of the first six 2-faces are all trivial. The stabilizer in I of ¢! is of order
p. The stabilizer in I" of A, is of order ». The stabilizer in I of A,, is of
order s.

iv) Under I" every 1-face of Q is identified with one of the following
eight 1-faces among which there is no identification. p,t, (order of
stabilizer = p), p,t,, (order of stabilizer = p), p,s,, via s} (order of stabilizer=
1), p,.s,; via s (order of stabilizer = 1), s,,8,, (order of stabilizer = 2r), 5,5,
(order of stabilizer = 2s), s,t,, (order of stabilizer = 7), s,t,; (order of
stabilizer = s).

v) Under T’ every 0-face of Q can be indentified with one of the follow-
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ing four 0-faces among which there is no identification: p, (order of
stabilizer = N), t,, (order of stabilizer = pr), t,, (order of stabilizer = ps),
3,, (order of stabilizer = 7s).

Q can be lifted to a domain O in Y. We construct a cellular decomposi-
tion L of Y by using & and its v-faces (v = 0, 1, 2, 3) corresponding to the
v-faces of Q and by using all their images under I'*. This cellular decom-
position L induces a cellular decomposition K of M. (Note that since the
action of I'y on Y is fixed point free, it follows that no element of I'* other
than the identity element stabilizes any cell of L.) Let k be the index of '
in I'*. Then the number of distinct v-cells in K which each v-face on our
list above gives rise to is equal to k divided by the order of the stabilizer
in T'* of that v-face. Let ¢, be the number of v-cells in K. Then

e, =X
3
& = 4k
e=h(6+2+L41)
P r s
e.=k(l+2+i+—1—+i+i)
P 27 2s r s
1 1 1 1
¢ =k<—+—+—+—>.
° N  pr ps rs

Hence the Euler characteristic is

k(i—4+<6+i+i+i>—<i+2+L+L+i+i)
3 p s P 2r 28 7 s

1 1 1 1
+<—+—+—+——)>
N or ps rs

e R N L R T N I 0
3 N or ps rs » 2r 28

1 1 1 1 1 1
=k<—+——+——+——+i—i————>
3 600 200 40 320 5 80 16

149k
1600

This method of calculating the Euler characteristic works also for other
values of arg ¢°.

7. Noneuclidean volume of a fundamental domain

The calculation of ¢ for M is much more complicated than that of c,.
At one point the noneuclidean volume of Q is needed in the calculation. So
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we have to calculate first the noneuclidean volume of Q.

Let the open 2-ball B be realized by {w = (w,, w,) € C*||w,|* + |w,|* < 1}.
Let E(w) = log(1/(1 — |w,|* — |w.[?)’). Then the invariant K&hler metric
of B with holomorphic sectional curvature —1 is given by 2Re(2(62§/
0w,0g)dw,dw;). We have the following transformation law for =:

E(yw) + §1og|Jr<w) P = E(w)

for any automorphism w — yw of B, where J; is the Jacobian determinant
for v (calculated with respect to the coordinates w = (w,, w,)).

We introduce a new coordinate system for B. We realize B as the set
of all points [x,, x,, x,] € P, such that

1  —ap —ad\/Z,
(xly Loy .’l?3) _a'q_) 1 —ap ‘?2 < 0 .
—ap —ap 1 z,

Recall that ¢ = 1/(2sin(x/5)) and @ is a complex number of modulus 1 so
that the determinant of the matrix A = 1 — 8a® — a*(®® + &°) is negative.
Introduce the coordinate system z = (z,, 2,) on B defined by

z1=—£1—
A
T
Z, = —%
s

This is indeed a global coordinate system on B, because the positive definite-
ness of the matrix
1 —ap
( —ap 1 )

implies that Bis disjoint from {x, = 0}. Let w = f(2) be the function relating
the two coordinate systems w and z on B. Define

2() = E(f(2)) + %1og |J,2) " .

Clearly the invariant metric of B of holomorphic sectional curvature —1 is
given by

2Re( D25 ez

We claim that E obeys the following transformation law for any automor-
phism 2+ 6z of B.
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E(62) + %log|J0(z)|2 = E@) .

The verification is straightforward. In the rest of this section, we will use
only the coordinate system z and all the Jacobian determinants of automor-
phisms of B will be calculated with respect to this coordinate system.

The twenty-four 3-faces of Q occur in pairs. We denote them by
Ff(j =1, ---,12). More precisely we agree that

yyyyy

yyyyy

(Recall that R,R;R, = R,R,R,.) Q isoriented. Itsorientation is described in
Section 4. R, maps R, to R, R.R; maps ﬁii to (R:I?,S“, and R,R,;R; maps
R:I?,jifi to (R%i)“. These maps precisely reverse the orientations of the
3-faces. We use f;: F} — F; to denote these automorphisms. When we take
orientations into account, f; actually maps + F} to — F;.

+vol(Q) = S (_"/_—zaﬁ - __;_S 9 A 09E
Q Q
_ 1w ey A AR = 55
=1 Ejﬂ(gp;a_ N 005 + SF;aE A 33
= -1yl 6Eno9m) - (B A, .
Fi

We use +vol(Q), because we do not know whether the orientation we have
chosen for 0Q in Section 4 is compatible with the orientation induced by the
volume form. Since Eof; = E — 2/3log |Jy, %, it follows that

(9B f; = 992,
(@E)of; = 98 — %ng'.lfj :
Hence
| @5 A dm) — @2 A=),
Fj
2 5 P A
- ?SF;dlongj A 852
2

- ?Smlog J, 002

after we choose a branch for log J s;on B, and
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£vol@ = L5 | log J,00m
J

]/— 1212

3 i=t

SBF L (log Jy)w ,

where @ = 1V —140E is the Kahler form for the invariant metric on B with
holomorphic sectional curvature —1.
As is well-known, J,;, = (J;,°7,)Jy,. From this we get for x € e,
1= Jge(x) = (Jr; (@)

We define the branch of log J;, in the following way. R; is a complex
reflection fixing e} pointwise. The order of R; is 5. We define the branches:

72

log J; = ﬂ/s_—_l + 271/ —1

at ¢} for j = 1, 2, 3, where = is an indeterminate integer;
log JR,;RJ' = (log JR,-) °oR; + log JR,’ )
log Jz,r;r, = (log Jp,) o (R;R;) + (log Jz,) o R; + log Jx, .
Note that the last two are defined from the first one according to the chain
rule. Moreover,

log JRiRjRi(pij) = 27ﬂ/—_1(-:;— + 3’n> = log JRjRiRj(pij) .

Since R.R;R; = R;R.R;, it follows that log Jzz;z, = 108 Jz;r.z; and is well-
defined.
To compute Y Sa ,(log J; ), we first observe that
Fj

i=1

aF;— = (U12=1 i;ejF;— NFHU (U§2=1F:'+ NnF;y)
(where of course some of the F; N F} and F; N F; are empty). Every
2-face of Q belongs precisely to two 3-faces and therefore is of the form
F;nF}, F; N F;, or F; N F;. We recall that whenever we represent a
2-face as the intersection of two 3-faces F’' N F"”, it carries the orientation
induced by the first 3-face F'. So F' N F"’ = —F” N F’. Using this orien-
tation convention we have

o, g, )e
=2 (T, teede + 2L L dogd))e)
Fj ﬂFi F ﬂFi

- .|, 7o

where {S,} is the set of all 2-faces of Q and
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i) when S, is of the form F;} N Fy, n, = log Js; — log Jy ;
ii) when S, is of the form F; N F;, , = log JIrji
iii) when S, is of the form F; N F;, 5, = 0.

12
i=1

of all 2-faces of Q. There are the following 3 types of 2-faces of Q.

i) The eighteen 2-faces passing through one of the three points

p129 pZ?, pls-

ii) The three 2-faces B, N B;*, B, N R;', R, N B;" (i.e., et, et, e}).
iii) The six 2-faces A,;, with {3, j, k} = {1, 2, 3} (A,; = the triangle

LuSiiSi; = é}ék N (k:éj)_l)-

First, consider the eighteen 2-faces passing through some p,;. They can be
grouped in six groups of three each. We give them below in the following

six diagrams.

S~ I~
(R.R) N (RE:R) = (D) Siey Ta2)

(RyR:R))™* \Rsz
R, I~

I~ - -
(Droy oy to) = (RELR)T' N R €<——— K N (R.R)™ = (Dyzy Sy ts)

- I~ 5
R, N (R.R) = (D1, Sy S10)

(Rle)"/ yx
I~ R.

(Dary 8oy 81) = (BB)7T' N féz_l B Rz n Rl—l = (Do S22 810)

_ I~
R, N (RR,) = (Do S1ay 5w

(R,R/ \
I~

(D1 825y 820) = (B )TN Rx_l R R1 n Rz-l = (Dz1y Sy 831)

S ,(log J; )@, we have to look at the set
3Fj
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N I~
R, N RE,R, = (Diy tary Sy)

(RyRRy)™! R,

_ ~~ I~ RR: ~~
(Dizy tizy 8o) = (R,R.R)™ N (RR)" €«———— RRENE" = (py, ts, 51)

I~ NS
R.R, N R.R,R, = (D, Sy ts0)

(RiR.Ry)™ \

I~
(D12 Sy o) = (R.R,R)™ N R ! <—_——'—_ R,N (R, Rz)_ (Dizy Saay tis)

- NS
R, R,R,R, = (Dy, tsy, 510)

(R:RyRy)! \

a d I~ R:R
(pm Lo, 521) = (R1Rsz)”1 N (Rle)—l é—— R R N Rﬂ (pzu Ly gaz) .

In these diagrams the arrows give elements of I' mapping a 2-face to
another 2-face. These maps preserve orientations when the 2-faces are given
the orientations in the diagrams. A triple of points in the diagrams denotes
the triangle with the three points as vertices. These triples of points are
ordered and they give also the orientations of the triangles. The equality
signs mean not just equality as sets but also equality in orientation. We
have

Esv in one of the above groups SS 7]uw = 0 .
v

We prove this only for the first group. The proofs for the other five groups
are completely analogous.
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Esv in the first groupSS 77“(0

(108 Trye, — 108 T 5,n) @ +§ . (og J)®

SRleﬂR RyR, RN (RyRp ™1

 (log Jrye, — 10g Jnpn)® + § — (log Jn) o (R.R)®

Rle NRyRyR, Rlen R1R2 1

S  (10g Jays, — 108 Tnyny, + (log Jx) o (RuR))@
0

I

RyR\NR RyR,

I

from the definition of the branch of log J r;» Thus we have

+vol (Q) = V;;:TEL‘SE -, (log Jr) @

VvV —1 -
+ 3 E(i.j k)=uza)SA (IOgJRij)w .
ijk

Now

Sk k_l(log Jr)® = (—zTnV—_l — 27TmV —1) (signed area of B, N B;") .
i 0 i

R, N Ri'is the quadrilateral ¢,,p,,t,p.,.

|2

2%

The area of B, N R;'is therefore
o — <<£—£+arg<p3>+<£—f——arg¢3> +£>=6—”.
2 5 2 5 5 5
Recall that the cyclic permutations 1 —>2 > 8 of the coordinates of C* define
elements of I'. Hence some element of I' maps R, N B! to R, N B;* with
orientation preserved. It follows that

() V_—IZ)LSE 5.(log Jr)w = i%(— + 670 ) 65” .

3 i VR

We have the + sign on the right-hand side, because we do not know whether
the signed area of B, N B;'is + or — the area of B, N R;".
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The six A,;, can be divided into two groups. We give them in the
following two diagrams.

NS N _
Ay = R.E N (RR,)™ = (tizy S2mr )

RR, R:R,

I~ N ~
Ay = RR, N (R = (bay 81y 1) R,R)™" = (tu, Sun E)

\/

R3R,

>
I
m
=
)

~ N -
Ay = R.R, 0 (RR)™ = (tizs San 5w

R1R3 RBR‘:
~ N _ NG N
Ay = RR,O(RR) = (b, S13y §2) Ay = RR 0 (RR)™ = (b, Sy Sao)
R;R;

These two diagrams are to be interpreted in the same way as the preceding
six diagrams.
From the first diagram it follows that
[, o Tupgw + | ogTum)o+ | dogTemo
8193 B93y

A329

= (ogTam)o + |, (108 Te) o (iR

8193

+ K ((lOg leRz) ° (R3R1R2R3))(!)

v 8128
= S (log ‘]_(RIRZR“,)Z)G)
8193
where the branch log J z, z,z,: is defined as

log jR2R3 + (log jR3R1) o (R.R;) + (log janz) o (R,R.R.R,) ,

that is, according to the chain rule.
Likewise from the second diagram it follows that
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1., 008 Tem)o + | (Qog Ton)o + || ogTun)er= | (log Jinypumyole
2132 8391 8213 8391

where the branch log j(RstRl)z is defined according to the chain rule. We
know that

—T VT =
J(RleRa)z =1 —1e%" ‘P at A,
T VT
‘I(R:;Rzl'h)2 = V_ le®® 1¢9 at A321 .
Hence

log J(Rlﬂzﬂs,z =1 = 1(_T — % + 3arg®® — 1270 + 27rq) at Ay,

10g J p,nymp2 = 1/~—1<—3Tn — % — 3arg @* — 127 + 27rq> at A, ,

where ¢ and ¢’ and integers independent of n, because the branches
log J, Rryryrye a0d log J, ryryrp? aTe defined from the branches log J, r,y log J, Ry
log J, by the chain rule. We will determine ¢ and ¢’ later.

1V —1 =
3 E(i-f Kl=(123 SA,_ (log Jz,r )@
ik
= — %((——351 — = + 3arg®® — 127n + 27rq>(s1gned area of A,,;)

+ <~—35£ — ? — 3arg 9* — 127n + 2nq’ >(s1gned area of A321)>

~(E .= 2

812

A123 A321

n—<——+(1-£—arg¢3>>:3—”+arg¢3-
2 5 10

7r_<2_7r+<£_£+arg¢3>>:3_n_arg¢3,
2 5 10

Hence
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v _
3 ) D SA” (log Jg;r, )@
ijk

= _L<i<_l1_7f_ + 3argp® — 1270 + 27rq><3—7r + arg <P3>
3 10 10

-|_-<_M_ — 3arg @* — 12xn + 2nq’>(§—75 — arg <p3>> .
10 10
Combining this with (1), we obtain
+vol(@) = =L (L + 67n) L
3\ 5 5

—i<i<--1—y£ + 3arg®® — 127n + 27rq><3—7r + arg c;)“)
3 10 10

i(——lllT” — 3argg® — 127m + 2nq’)(?—75 — arg ¢3)> :

The left-hand side is independent of . The right-hand side should also be
independent of n. Since |arg ¢*| < w/2 — 7/5, it follows from

0==+%0+ 2(3—” + arg <P3>n + 2(3—” — arg <P3>n

5 10 10
that the sign for the first term should be opposite to the signs of the last
two terms. Hence

2
@  +vol(Q) = i(“—”) + i(——lﬂ + Barg @* + 27rq><3—7r + arg <P3>
3 5 3 10 10

+ L<_M_ — 3arg ® + 27rq’)<3—” — arg <p3>
3 10 10

2
= 137 + 2(arg @°)? + E’L‘L(i’i + arg q)3>
50 3 10
’
4 ﬂ(f’l‘. — arg¢3> .
3 10

The integer = is introduced only to determine the signs of the signed areas
and we have no further use for it. From this point on, we choose n = 0.

Now we compute the integers ¢ and ¢’. By continuity considerations,
it suffices to compute ¢ and ¢’ for the special case arg @* = 0. ¢ and ¢’ will
then have the same values for a general arge®. Assume @ = 1. Let
7 = ¢*'~", Then in terms of the homogeneous coordinates [z,, ., z,],

So3 = [1, ﬁl/:_l’ 7—7_1/__1] ’
u=[-m—-1, W —11].

We first calculate ¢. Since s, belongs to A,; and since the branch
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log Jz,z,r,? is defined from the branches log J, ; by the chain rule, it suffices
to calculate the following values:

The value of log Jz,r,r,2 at s, will then be
Recall that o = 1/(2sin (n/5)).

[z, ©, ],

R,
{ R,x,
R,
R.x,
{ R.x,
R.x,
R.x,
{ R,x,
Ry,

I

log J,, at s,

logJp, at Ry =358,
logJ,, at R3§,=s,
logJ,, at R, =3,
logJ;, at R, = s,
logJ,, at R.s, =35y .

P'x, — a(y’ — D, — a(n® — D,
T,
s
Z,
—a(®® — Dz, + p*x, — a(p* — L)z,
xs
T,
L,
—a(®* — D2, — a(n* — L)z, + nx, .

Hence in the coordinate system z = (z,, z,),

Rz, =9z, — a(®® — )z, — a(n* — 1)
Rz, = 2,
Rz, = 2,
| Rz, = —alp — Dz, + 72, — a(y® — 1)
[F= 2%
R =y
where U(z,, z,) = —a(p* — 1)z, — a(n® — D)z, + 7.
(Vo =7
Jp, =7
Tny = —L2

It follows that the branches log J. r,, 10g J, Will be identically log 7* on the

Uz, 2

the sum of these six values.
In the homogeneous coordinate system



A KAHLER SURFACE NOT COVERED BY THE BALL 353

whole ball B. As multi-valued functions

- — 310g<z1 + 2, — —772——)

log Jp, =
0g J g, a(772—1)

log 7 = lo 7
Gy 2y (el — 1)

= V=1 - 3log (z, + z + 7V/=1) beeause a(y — 1) = v/~ 1.

We have to obtain at s, and §,, the values of the branch of log J, which
assumes the value log 7* at every point of ¢;. Now e; is defined by

1 —a —a\ /0"
(@, Xy )| —a 1 —a {0 ]=0;
—a —a 1 1

that is,
—alx, + x,) + 2, =0
or equivalently

2+ 2= L.
a
At 8y, 2, +2,= -/ —1+1.
At 5,, 2, +2,= —2n/ 1.

A branch of log J, corresponds to a branch of log(z, + 2, + 7V —1). Our
task is now reduced to calculating at z, + 2z, = —pv/—1 + 1 and —2p/—1
the values of the branch of log (2, + 2, + 71V —1) on B which assumes at
z, + 2z, = 1/a the value

1/:‘1(1_3%_ _ zz) = 3%y
10

3 10 5

Let w = z, + 2,. In Bwe join a point on e+ to s,; by a straight line segment
and join a point on ¢ to §,, by a straight line segment. Their images in the
w-plane are straight line segments [1/a, — 7' —1 + 1] and [1/a, — 27 —1].

w-plane

l(given by e!)
a

° -V’ =1 + 1 (given by sy)
-V =1
(zero of .
w + 9V =1) —2nV/ =1 (given by 3,)
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It is clear from the picture that the branch of log(z, + 2z, + pv/—1) =
log (w + 7/ —1) on B, which assumes at w = 1/a the value (37/10)1/ —1,
should assume 0 at w = —7/—1 + 1 and assume —(37/10)V —1 at w =
—27V —1. Hence

10g J o (8) = —> 1/ —1
10
log J,#) = ~2m/ =1 — 3(— 2L/ =1) = T/ =]
10 10
and

log J(R1R2R3)2(823) =4

27:1/——1+ 13n1/:I+ ury/—1_ sizv/—1
5 10 5 10 )
Comparing this with

log J iz pyny2 = V' — 1(—? - =+ 27rq> at Ay,
for the case arg® = 0, we conclude that ¢ = —2.
In the case arg® = 0, the roles of the coordinates z,, x, can be inter-
changed. Hence we conclude also that ¢’ = —2.

Since vol(Q) > 0 for arg ¢ = 0, the sign in front of vol Q in equation (#)
should be +. Finally we have the formula

vol(Q) = 27% _ 2(arg %) .
50
In the case arg @* = /20, vol (Q) = 10772/200.

8. Chern class of the normal bundle of a curve

In our computation of ¢? for M we have to calculate the Chern class of
the normal bundle of a curve. We carry out below the ealculation of such
Chern classes.

LEMMA 3. Let the open 2-ball B be realized as {(w, w,) € C*||w, > +
|w.|* <1}. Then any element of Aut B which stabilizes {w, = 0} must be of
the form

(wl, wz) <e~”_—_1a wl;‘/l _ |b|2 , e~/—_1a' _'w2 +b >
bw, + 1 bw, + 1

with beC, |b| <1, and a, &’ €R.
Proof. Any element of Aut B is of the form

(w,, w,) (allwl + apW, + @y AW, + apw, + aza)
’

’
AWy + AW, + Gy AW, + AW, + sy



A KAHLER SURFACE NOT COVERED BY THE BALL 355

where (a;;),<:,;<; belongs to SU(2, 1). If this element of Aut B stabilizes
{w, = 0}, then we have a,, = a,; = 0. It follows that a,, = a,, =0, |a,| = 1,

and (g” Z”) belongs to U(1, 1). The lemma follows from the fact that every
element of U(1, 1) is of the form

e’ be* ="
1/1 — 16 V1 — |b]?
I

1/1 — 16 V'1 —[b]

for some b € C with |b| < 1 and some g, 8’ €R.

Suppose H is a discrete subgroup of Aut B such that H is fixed point
free and every element of H stabilizes {w, = 0}. Let S = B/H and let C be
the image of {w, = 0} in S. We assume that C is compact. Let N be the
normal bundle of C in M.

LEMMA 4. ¢,(N) = (1/2)e,(T,), where T, is the tangent bundle of C.

Proof. Let L = BN {w, = 0}. Then L is the universal cover of C and
C = L/H. Let n: L — C be the quotient map.

Let N* be the dual bundle of N. The sheaf of germs of holomorphic
sections of N* over C is isomorphic to the analytic restriction to C of the
ideal-sheaf of C. In other words, N* = [C];'.

Take a connected and simply connected open subset U of C. Let
7 (U) = U, U,. A holomorphic section of N* over U corresponds to {f;},
where f,(w,) is a holomorphic function on U, such that, if vy € H maps U, to
U;, then v maps f;(w.)w, to f;(w.)w,. That is, if v, {,) = (w,, w,) with

w, = e“‘_‘“gll/l — |b?
. bl, +1
™ —

W, = € & +b)

2 = )
bl, +1
then
e VT [bf

&y

.max,zf&e??@2+b»

bs, + 1 bl + 1

or equivalently

(£ b)) e TV TR
1) = fi(Sgpt )

Now we look at the tangent bundle of C. A holomorphic section of T,
over U corresponds to {g,}, where g,(w,) is a holomorphic function on U,
such that, if vy € H maps U, to U,, then v sends g,(w.)o/ow. to g;(w,)d/0w..
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That is, if v({, &) = (w,, w,) is given by (*), then

00602 = g, (£t b)) 0

aC2 I;Cg + l aw2
A (S A S
o( BT, + 1 >8u& o,
a¢,

or equivalently,
A (T ), 1
9:(&) = gj( 5C2 1 )eJTm,(l — ib|2) .
(b, + 1)?

Let us look at the transition functions of Nand T,. Cover C by an open
covering {W,} such that both W, and W, N W, are connected and simply
connected. Select a component W, of 7~'(W,). When W, intersects W,,
W.Nnz(W.n W,)and W, N =-'(W, N W,) are components of 7-'( W, N W,).
There exists a unique v,, € H mapping W,.Nnz(W.Nn W, to W.n
(W, N W,). By identifying holomorphic sections of N* (respectively T,)
over open subsets of W, with holomorphic functions on open subsets of W,
and by applying the preceding arguments to U = W, N W,, we conclude
that if v,, sends (w,, w,) to

bw, + 1 Tobaw, + 1 '

then the transition function from W, to W, for N* is

ba,w, + 1

and the transition function from W, to W, for T, is
1
e’ 71 — |b,, %)
(bpw, + 1)
Hence T N’ is a flat bundle over C, i.e., the transition functions of 7,N*

can be chosen to be locally constant. Since the Chern class of a flat bundle
is zero, it follows that ¢,(N) = (1/2)¢,(T,).

9. Computation of ¢X(M)

Denote by K, (respectively K, K,) the canonical line bundle of B
(respectively Y, M). Let h be the Hermitian metric for K, defined by the
reciprocal of the Bergman function of B. Let 6 be the curvature form of h.
Then 6 equals 3/(47) times the Kahler form of the invariant metric of B (by
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the invariant metric we mean the metric of B of holomorphic sectional
curvature —1). The metric & for K, defines a metric % for the line bundle
K, — 6[E] on Y, because the nonsingular curve E in Y is the singular set
of 0: Y — B and the vanishing order of the Jacobian determinant of ¢ along
E is 6. Since h is invariant under T,  is invariant under I'* and % defines
a metric & for the line bundle K, — 6Y . _[C.lon M. The curvature form
of h is equal to o*6 and the curvature form of % is therefore equal to the
form 4 induced by ¢*6 on M.

(K, — 6T 100 = | &,

which is equal to S (6*6)* for any open subset @ which is mapped one - one
Q
onto a set of M whose complement is of measure zero. Since the index of

'y in T* is k and since the stabilizer in T" of Q is of order 3, it follows that

o= £ = 2w

On the other hand,

Cf(Ku - 62:,:1[0»])
= (K, — 12(K, — 63 _[C])-3!_[C.] — 36(._ [C.])

— &(K,) — 12 ELISC 6 — 36(_[C).

Since the curves C, are mutually disjoint and the self-intersection number
of C, equals the Chern number of its normal bundle N, in M, it follows that

G(Ky — 6![C) = i(K,) — 1250, | 0~ 36TV

First we calculate ¢,(N,). Recall that E{ is a universal covering of C, and
o(E®) is a complex line in B which is the image under an element of T
of the complex line L containing A,,. After changing the position of Q by
an element of I" we can assume without loss of generality that ¢(&{") is the
complex line L containing A,,,. Let (I',), (respectively I';) be the stabilizer
in T, (respectively I') of L. The stabilizer (I[')z» in I of B} corresponds
to (I'y); in the correspondence I'* — I'. Since the quotient space of L by (T',),
is biholomorphic to C,, T, is a fixed point free discrete subgroup of Aut B.
Let T = Y/(I{)s» and S = B/(I')),. Let F' (respectively A) be the image of
E (respectively L) in T (respectively S). The map o: Y — B induces a
map 6: T— S. & maps F biholomorphically onto A. There exists some open
neighborhood U of F in T such that F is the singular set of ¢| U whose
Jacobian determinant vanishes to order 6 along F' and U is biholomorphic



358 G.D. MOSTOW AND YUM-TONG SIU

to an open neighborhood of C, in M under some map which sends F to C,.
Hence N, is isomorphic to the normal bundle N, of Fin T and the normal
bundle N, of A in S is isomorphic to the tensor product of 6 copies of N;.
It follows that

¢\(N,)) = ¢,(N,) = %m(NA) :

By Section 8, ¢,(N,) = 1/2)c,(T,), where T, is the tangent bundle of A.
Hence ¢,(N,) = (1/12)¢,(T,).

Let n be the index of (I'y), in I';. Since A,,; is a fundamental domain in
L for ', modulo the stabilizer in T" of A, which is of order 40, it follows
that the area of a fundamental domain W in L for (I',), (calculated with
respect to the invariant metric of B) is n/40 times the area of A, i.e.,
(77/(40 X 20))n. On the other hand, we know that ¢,(T,) equals —1/(2x) times
the area of A (calculated with respect to the metric of holomorphic sectional
curvature —1). This area of A is simply the area of W. Hence

™
e(N)= —— ™
e 24 X 40 X 20

Recall that k is the index of T, in I". From the diagram

r

VRN
AN
r T,

AN /
N/
(FO)L = I‘o N PL
it follows that the index of I'y/(T,), in I'/T, is k/n. It is easily seen that this
index equals I (which is the number of C,’s). Hence

l 7k
2aN) = —————— .
24 X 40 X 20

o

Finally we have to calculate S 8. Clearly we have
CD

S 928 :LS 9 =" .3 (areaof Ay) = 32X
c, w 40 Jages 40 4T 4 X 40 X 20

and

El Sé: 3X7k
=tle, 4 X 40 X 20

Combining all these calculations we have
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XK, = lc_<_3_>22147r2 119 3% gg 7k _ 852k
3 \4mw/ 200 4 X 40 X 20 24 X 40 X 20 3200
and
() _ 852
c(M) 298

10. An infinite discrete family of similar surfaces

The surface we have constructed above with »p = 5 (where p is the
order of the three complex reflections) and arg ¢* = /20 is only one member
of an infinite discrete family of negatively compact Kahler surfaces not
covered by the ball which can be constructed in a similar way with p =
3, 4, 5 and a discrete set of suitable values of arg ¢*. We discuss below the
set of suitable values of arg ¢* and compute c¢¥/c, for the surface constructed
with such a value of arg ¢*. Two surfaces from the family with different
values of ¢?/c, are not biholomorphic.

We let p take on the values 3, 4, 5, and o, be the least positive integer
which is = 1/@/2 — 1/p). The discrete family of surfaces is to be para-
metrized by a subset of the set of all pairs of numbers of the form (p, o),
where p = 8, 4, 5 and o is an integer =o0,. For a given pair (p, o) define

With these values p and arg ¢*, we can construct a compact Kahler surface
with negative sectional curvature by following the construction given in
Sections 4 and 5. In this general case,

( < PatuPy = = — = + arg @*
2 P

7 Angle of rotation of (R,R,R,)* = 3 4 % — 3arg@®,
D

< Pulypy = — — — — arg ¢’
D
Angle of rotation of (R,R.R.)* = 3 4 -721 + 3arg @® .
p

Le p be the order of 7ip* with 7 = ¢**~"». For the surface we constructed
in Sections 4 and 5 with p = 5 and arg ¢* = /20, the group Aut Q is of order
3 and consists of the three elements defined by the 3 cyclic permutations
1 — 2 — 3 of the coordinates of C°. In the general case, the order of AutQ
is 1 or 38 according as both p and ¢ are divisible by 3 or not. Let m be the
branching order of the map Y — B along E. Then
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p(—n— -z 4 arg<p3> = 2mm .
2 p

The computations of Sections 6 and 7 yield in this general case

i(i_i+_6__2t2>+§(_":_i)(i_-l_+t>
¢ _ 8\2 D p° 40 2 D
e 11 ’

1 1 1Y/ 1 1 1
—— =t == (== =)=+ =)+ =
3 p N ( 2 P >< o 0> 0o
where N = 24(p/(6 — p))*and ¢t = 1/2 — 1/p — 2/o. This ratio ¢/c, is 3 if and
only if m = 1. The only pairs (p, o) that can give m = 1 are the following:

p=230=6,189 10,12 15, 18, 24, 42, oo
p=4,0=4586 8 12 20,
p=50=4510 12 .

Our discrete family of surfaces is parametrized by (p, o) with ¢ = 0, and
m # 1. Two surfaces are biholomorphic (in both the cases m = 1 and m # 1)
if and only if their parameters (p, o) give the same |¢|.

YALE UN1vErsiTY, NEW HAVEN, CONNECTICUT
STANFORD UNIVERSITY, STANFORD CALIFORNIA
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