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Introduction

Let X be a compact complex manifold of complex dimension » and L be
an ample line bundle over X. Let Ky be the canonical line bundle over X.
Let » be a positive integer. We say that the global holomorphic sections of L
over X separate the points Py,...,P, of X if the restriction map I'(X,L) —
@P,_,0x/mp, is surjective, where mp, is the maximum ideal at P,. In this
paper we prove the following effective results on freeness and the separation
of r points for adjoint line bundles.

Theorem 0.1 If (LY - W )5 = %(n2 +n+2) for any irreducible subvariety W
of dimension 1 < d = nin X, then L+Ky is generated by global holomorphic
sections over X.

Corollary 0.2 If m = }(n® + n+2), then mL + Ky is generated by global
holomorphic sections over X.

Theorem 0.3 Let k be a positive number. If (LY - Wﬁ = %n(n+2r -D+xk
for any irreducible subvariety W of dimension 1 < d < n in X, then the
global holomorphic sections of L + Kx over X separate any set of r distinct
points Py,...,P, of X.

Corollary 0.4 If m = %(n2+2rn—n+2), then the global holomorphic sections

of mL + Ky over X separate any set of r distinct points Py,...,P, of X.

Clearly it suffices to prove only Theorem 0.3, because it immediately im-
plies Theorem 0.1 and Corollaries 0.2 and 0.4. The rest of this paper is devoted
to the proof of Theorem 0.3.

* Partially supported by a grant from the National Science Foundation
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The main idea of the proof of Theorem 0.3 is as follows. Pick one point
P in X and use the theorem of Riemann—Roch to produce multivalued holo-
morphic sections of fractions of L so that the sum of the squares of their
absolute values define a singular metric whose multiplier ideal sheaf has iso-
lated zero-set at P. This is done by inductively constructing such multivalued
holomorphic sections so that the dimension of the zero-set of the multiplier
ideal sheaf is decreased in each induction step. The method of induction is
to apply the theorem of Riemann-Roch to the zero-set of the multiplier ideal
sheaf to obtain multivalued holomorphic sections on the zero-set and then ex-
tend them to all of X and take the product with a suitable fractional power of
multivalued sections obtained in the preceding induction step. The main diffi-
culty in this method is that we have no way to control the singularities of the
zero-set of the multiplier ideal sheaf. At a singular point of high multiplicity,
to apply the theorem of Riemann—Roch to get a multivalued holomorphic sec-
tion whose extension to all of X has the required vanishing order in X may
require an uncontrollably large fractional multiple of L, making it impossible
to have an effective bound. Up to now this difficulty has foiled all attempts to
get the effective freeness of L + Ky. In this paper we introduce a new tech-
nique to overcome this difficulty. This new technique is to use the theorem of
Ohsawa and Takegoshi on the extension of L? holomorphic functions [OT87]
to control the behavior of the multiplier ideal sheaf as the singular metric
varies. The limit of the zero-sets of the multiplier ideal sheaves defined by a
holomorphic family of multivalued holomorphic sections contains the zero-set
of the limit. This enables us to first apply the theorem of Riemann—Roch to
get the required vanishing order of the multivalued holomorphic sections at
a regular point near P and then use the limit multivalued holomorphic sec-
tions as the nearby regular point approaches P. The rest of the proof uses the
standard techniques involving Nadel’s vanishing theorem for multiplier ideal
sheaves of singular metrics [N89], and Shokurov’s method from the proof of
his nonvanishing theorem [Sh85].

This paper contains and improves on results from the first author’s Harvard
Ph.D. Thesis [A94] directed by the second author.

1. The Conjecture of Fujita

The results of this paper are motivated by the following conjecture of Fujita
[Fu87]. For an ample line bundle L on a compact complex manifold X of com-
plex dimension n, (n+ 1)L + Ky is free (i.e., generated by global holomorphic
sections) and (n+ 2)L + Ky is very ample. The case n = 1 is well-known and
the case n = 2 was proved by Reider [Re88]. Ein-Lazarsfeld [EL93] proved
the freeness part for n = 3. For a general n, Demailly [D93] used the complex
Monge—Ampére equation and the Lelong numbers of closed positive currents to
prove the very ampleness of 12n"L+2Ky and the generation of r-jets by global
holomorphic sections of 6(n+r)'L+2Ky. By using purely algebraic geometric
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methods Kollar [K0o93] proved the freeness of 2(n+ 1)((n + 2)!)(L + Kx) and
the very ampleness of 2(n+1)(n+3)((n+2)! )(L+Kx )+ Kx. Recently there are
a number of results, similar to and improving Demailly’s, obtained by algebraic
geometric methods. Ein et al. [ELN94] proved the following. For an ample line
bundle L over a compact complex manifold X of complex dimension n such
that L +Ky is ample, if (L+Kx)"™ - V> (2n+1)d—1)+(n-1))n+1)
for any subvariety V' of codimension d in X for 0 £ d < n—1, then L+2Ky
is very ample. This gives the very ampleness of mL + 2Ky with m of the or-
der of #*". Siu [S94a] obtained the generation of r-jets by global holomorphic
sections for mL + 2Ky with m at least 2(n+2 + n(3"+fl"])), which Demailly
[D94] improved to 2+ (***2~"). Actually it is possible to modify the method
in [S94a] to give the generation of r-jets by global holomorphic sections for
L + 2Ky when (3”+5’_3)vw‘, + Z:’l=‘,+]urc# +nk, < 1 for 1 £ v < n, where
Kq is the supremum of (L¢ - V)~!/4 as V ranges over all the subvarieties of
dimension 4 in X [S94b].

Our results use only mL + Ky instead of mL + 2Ky for a general n and the
order m is only quadratic in n instead of exponential. However, our methods
are unable to give very ampleness. The only very ampleness result that can
be obtained is to apply the following observation to mL + Ky to get the very
ampleness of (n + 1)(mL + Kx) + L + Ky when mL + Ky is free. For any
holomorphic ample line bundles L and 4 over a compact complex manifold X
of complex dimension »n, the line bundle (n + 1)L + A4 + Ky is very ample if
L is free. A proof of this observation is given in Sect. 11. Weaker forms of
this observation were given in [EKL94, Lemma 4.1] and [K093, Lemma 1.2]
respectively for the very ampleness of 2nL + A+ Ky and (n+3)L + Kx. When
our very ampleness result is applied to an ample canonical line bundle, we get
the following effective statement on pluricanonical embedding.

Corollary 1.1 If X is a compact complex manifold of complex dimension n
whose canonical line bundle Ky is ample, then mKy is very ample for m =
T+ +n+4)+2.

Corollary 0.4 implies the recent result of Ein et al. [EKL94] that for n = 2
and m = 2n* the global holomorphic sections of mL + Ky define a rational
map from X birationally onto its image in a projective space.

All the steps in the proof of Theorem 0.3 in this paper can be readily
replaced by an algebraic geometric argument except the crucial step concern-
ing the behavior of a multiplier ideal sheaf as the singular metric varies and
this step involves the result of Ohsawa and Takegoshi on the extension of L?
holomorphic functions [OT87]. Kollar told the second author, with a sketch of
his ideas, that, by using log canonical and Kawamata log terminal divisors,
he could give an algebraic geometric proof of the required behavior of
a multiplier ideal sheaf as the singular metric varies and thereby translate the
proof of Theorem 0.3 in this paper completely into the language of algebraic
geometry.
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2. Multiplier ideal sheaves

We gather together here the information on multiplier ideal sheaves which will
be needed later.

For a positive rational number « and for any holomorphic line bundle L
over a complex manifold X, by a multivalued holomorphic section s of aL over
X we mean that s” is a global holomorphic section of the holomorphic line
bundle paL over X for some positive integer p with pa being an integer. We
say that s vanishes at a point P to order g if s” vanishes to order pq at P. By
a (possibly singular) metric 4 of L we mean that 4”7 is a (possibly singular)
metric of the holomorphic line bundle paL. We call (v/—1/271)dd log(1/h) the
curvature current of the metric 4 of al. For a finite number of multivalued
holomorphic sections si,...,s/ of aL we can define a (possibly singular) metric
(Zizl Isy|2)~" of aL whose curvature current is a closed positive current on X.
For a holomorphic line bundle L over X and any positive rational number «,
we say that ol is ample if L is ample.

The multiplier ideal sheaf .# of the singular metric 4 of L is defined as the
sheaf of all holomorphic function germs g with |g|*A locally integrable. The
zero-set of .# is precisely the set of points where /4 is not locally integrable.
Nadel’s vanishing theorem [N89] states that if « = 1 and the curvature current
of & dominates a positive smooth form on X, then H9(X, (L+Ky )®.#) vanishes
for ¢ = 1. A special case of Nadel’s vanishing theorem is the vanishing
theorem of Kawamata—Viehweg [Ka82, V82].

Suppose s,...,s, are multivalued holomorphic sections of al over X such
that (s,)” (1 £ v < /) is a holomorphic section of the line bundle pal for
some positive integer p with po being an integer. Let # C ('xy be the ideal
sheaf on X generated locally by (s,)? (1 < v < /). We take a holomorphic
modification f: ¥ — X by a finite number of successive monoidal transfor-
mations with nonsingular centers and a family of nonsingular divisors E, in Y
with normal crossing so that the following two conditions hold.

(1) The pullback f* ¢ of # by f is equal to the ideal sheaf of Z“rﬁE,,
for some nonnegative integers r;.

2)Ky—f"Kxy = Z#b,,E,, for some nonnegative integer b,. In other words,
the holomorphic Jacobian determinant of the map f: Y — X vanishes precisely
of order b, along E, and vanishes nowhere on Y — U“ E,.

Let r, = ry/p. Let .4 be the multiplier ideal sheaf of the singular metric

(Z:=l Isy)?)~"! of aL. Then a point P of X belongs to the zero-set of .# if and
only if some E, with r, — b, = 1 intersects f~'(P). For any point P in the
zero-set of .#, let w(P) be the smallest number y such that there exists some
E, with yr, — b, = 1 which intersects f~!(P). Note that w(P) is always a
rational number. The number w(P) satisfies 0 < w(P) < 1 and is equal to the
smallest number y such that P belongs to the zero-set of the multiplier ideal
sheaf of the singular metric (Zlels\,|27)“' of yaL.
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3. Calculus Lemma on non-integrability

The following simple calculus lemma on non-integrability will be used later to
locate the zero-set of the multiplier ideal sheaf of a singular metric.

Lemma 3.1 Let p be a positive integer and q be a positive rational number.
Let s be a multivalued holomorphic function on the unit polydisk A" of C"
(n = 2) with coordinates z,wy,...,w,_ such that s™ is a holomorphic function
for some positive integer m < p. Let H = {z = 0}. Let s' be the restriction
of s to HN 4" and let V be the subset of H N A" where the vanishing
order of s' is at least q. Let d be the codimension of V in HN A" at the
origin. Then |z|=2*(|z|*’? + |s|*)~" is not locally integrable at the origin for
l-(g—d)/pg < a < 1.

Proof. Assume the contrary and we are going to derive a contradiction. First we
reduce the general case to the case d = n—1. Assume d < n—2. By a unitary
coordinate change involving only the variables wy,...,w,_|, we can assume
without loss of generality that for (ay41,...,a,—1) € Cr—d-! sufficiently small,
the intersection of {w, = a,}4<y<, and V is nonempty and has dimension
zero. To get a contradiction, by Fubini’s theorem it suffices to show that the
restriction of |z|_2°‘(lz|% +15]?)~" to {wy = a,}4<v<n is not locally integrable
at the point z =0, w, =0 (1 < u £d), w=a, (d <v < n) for every
(@gy1s-..ran—) € €4 sufficiently small. By replacing €" by the subspace
€' defined by w, = a, (d < v < n), we can assume without loss of
generality that d =n — 1.

Since s™ is a holomorphic function and the vanishing order of s"|H N 4" at
the origin is at least mgq, it follows that the holomorphic function s™ is of the
form zh(z,w) + 37, _ W'hi(z, W), Where w" = w)'...ow" " and |v| = ZZ;:V;'
and Ah,h, are local holomorphic functions near the origin. Near the origin
we have

2 2
217 + |s]* £ C(lz|7 + |w|*)

for some constant C, because near the origin for some constants C, (1 < v <
3) we have

3

Is]> = |zh(z,w) + 3 whi(zw)| = (Ci(Jz] + ‘W|mq))%

[v|=mq

< Gyl + W) < Ci(l2]7 + [w])

(by the trivial inequality %(a"' +b") < (a+ b)) £ 2'(a’” + b") for a,b,y
nonnegative. )

The expression |z]‘2“(]z]% + |s|*)~" dominates a positive constant times
|z]‘2°'(|z|% + |w|?)~'. By using polar coordinates for z and w with x = |z|?

and y = |w|, we conclude that the local integrability of |z|‘2“(|z|%’ + |w|?9)~!
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at the origin is equivalent to the finiteness of the integral

x=0 \ y=0

1 1
L= | ( fx‘“(x+y2pq)_715dx) Y 3dy.

With the substitution u = y»?"~2, the finiteness of the integral /; is equivalent
to the finiteness of the integral

Lo/
L= f( x‘“(x+uﬁ%)—%dx) du.

x=0 \u=0
The finiteness of the integral I, is equivalent to the finiteness of the integral
1 1 e v
i ( Jx P +u) T dx) du
x=0 \u=0
u=1

[x‘“‘()cn_;Tl + u)'_ﬁz—'] dx

u=0

1
-4

-

whose finiteness is equivalent to the finiteness of the integral

L lgnel
fx =5+ dx
x=0
which is not finite if
1 n—1 q—n+1

=1 or a>1-—
p Pq pq

QED.

4. Existence of multivalued holomorphic sections by Riemann-Roch

The following lemma uses the theorem of Riemann—Roch to produce multi-
valued holomorphic sections depending on a holomorphic parameter. The
multivalued holomorphic sections produced by the lemma will be used later to
construct a family of singular metrics. The way the multiplier ideal sheaf
deforms as the singular metric in the family varies will be the essential point
in the proof of Theorem 0.3. For a product space 4 x B we denote the
two natural projections 4 x B — 4 and 4 x B — B respectively by pri
and pr,.

Lemma 4.1 Let q be a positive rational number. Let X be a compact com-
plex manifold of complex dimension n and Z be an irreducible subvariety
in X of positive dimension d. Let r be a positive integer and Pi,...,P,
be r distinct points of Z. Let L be an ample line bundle over X. Let U]
be a local holomorphic curve in Z passing through P, with P, as the only
singularity and U be the open unit disk in C and o,: U — U, be the
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normalization of Uy so that ¢,(0) = P, (1 £ v £ r). Assume that U, is
disjoint from U] for 1 < u < v < r. Let B be a positive rational number
such that (BL)! - Z > rq?. Then for some sufficiently large p with pp € Z
and pq € Z there exists a holomorphic section s of pri(ppL) over X x U
such that

(i) s|Z x 0 is not identically zero, and

(ii) for u € U — 0 the vanishing order of s|Z x u at (a,(u),u) is at least
pqgforl <v<r

Proof. Let G be the line bundle over Z x U which is the pullback of L|Z
under the natural projection pry: Z x U — Z. Then we consider the curve
Ay, C Z x U defined by 4, = {(z,u) € Z x Ulz = a,(u)} (1 £ v £ r). Let
A =J,_,4,. Let 44 be the sheaf of germs of holomorphic functions on Z x U
vanishing on 4. Consider the zeroth direct image R°(pr2).(#4%(pBG)) of the
sheaf #4%(ppG) with respect to the natural projection pry: Z x U — U. For
ue U let

I (pBG)u) = I 4 (pBG)/(pr2)" (my,)7 §* (pBG) ,

where my,, is the maximum ideal of U at u.

By [Fr67] outside a proper subvariety 4; of U the sheaf #4/(pBG) is
flat with respect to pr, (see also [BS76]). By [G60] from the semicontinuity
property of the dimension of I'((pr2)~"(u), #4(pBG)(u)) as a function of u,
it follows that outside a proper subvariety 4, of U — 4, the dimension of
I'((pr2)~"'(u), #59(pBG)(u)) is constant. By [G60] R(pry).(£47(pBG)) on
U — A4, — 4, is locally free with I'((pr2)~"(u), #4%(ppG)(u)) as fiber. Hence
for u € U — A4, — 4, the restriction map from the stalk (R°(pr2)«(F5(pBG))).
of RO(pry)« (S (pBG)) at u to I'((pra)~"(u), #4(pBG)(u)) is surjective (see
also [Ri70]). For u € U — A — A4;, by the theorem of Riemann—Roch the vector
space I'((pr2)~'(u), #47(pBG)(u)) is nonzero for p sufficiently large. Hence
(R°(pr2)«(F 4 (pBG))). is nonzero.

By the Theorem A of Cartan—Serre, (R°( pr2).(#4(ppG))), is generated
by I'(U, R%(pr2)(F41(pBG))) = I'(Z x U, #54(ppG)) over Oy,,. Thus there
exists an element s* of I'(Z x U, #4?(ppG)) such that the restriction of s*
to Z x u for some pre-chosen u in U — 4; — A is a nonzero element of
I'((pr2)~'(u), #4(pPG)(u)). So we end up with a holomorphic section s*
of pri(pBL) over Z x U whose restriction to Z x u vanishes to order at
least pg at o,(u) x u for u € U for 1 < v < r. Let z be the coordi-
nate of the open unit disk U. For some nonnegative integer k, the restriction
of s*/zF to Z x 0 is not identically zero as a holomorphic section of ppL
over Z.

Since H'(X,mp ® (ppL)) = 0 for all P € X for p sufficiently large,
it follows that H'(X x U, #(Z x U) ® pr{(ppL)) vanishes for p sufficiently
large, where #(Z x U) is the ideal sheaf over X x U for the subvariety Z x U.
Thus we can extend s*/zF from Z x U to a holomorphic section s of pr}(ppL)
over X x U for p sufficiently large. The section s satisfies all the require-
ments. Q.E.D.
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5. Extension of L? holomorphic functions

The crucial step in the proof of Theorem 0.3 concerning the behavior of a
multiplier ideal sheaf as the singular metric varies involves the following re-
sult of Ohsawa and Takegoshi on the extension of L? holomorphic functions
[OT87]. This particular step is the key step in determining the behavior of the
multiplier ideal sheaf as the singular metric varies.

Theorem 5.1 (Ohsawa-Takegoshi) Let Q be a bounded pseudoconvex domain
in €', y: Q - RU{~o0} be a plurisubharmonic function, and H C C" be
a complex hyperplane. Then there exists a constant C depending only on the
diameter of Q such that, for any holomorphic function f on QN H satisfying

[ eV fFav,, < oo,
QNH

there exists a holomorphic function F on Q satisfying FIQNH = f and

fe Y |FPav, < C [ eV |fPdV,_i,
Q ONH

where V,, (m =n — 1,n) denotes the 2m-dimensional Lebesgue measure.

6. Behavior of multiplier ideal sheaf as the singular metric varies

We introduce the following key lemma which asserts how the multiplier ideal
sheaf varies with the singular metric.

Lemma 6.1 Let X be a compact complex manifold of complex dimension
n and L be an ample line bundle over X. Let Py be a point of X and U’
be a local holomorphic curve in X passing through Py with Py as the only
singularity and U be the open unit disk in € and o: U — U’ be the nor-
malization of U’ so that 6(0) = Py. Let B be a positive rational number.
Let s1,...,5¢ be multivalued holomorphic sections of pri(fL) over X x U.
Suppose that for almost all u € U —0 (in the sense that the statement is true
up to a subset of measure zero) the point o(u) x u belongs to the zero-set
of the multiplier ideal sheaf of the singular metric (Zi‘,:]lsvﬁ)_l[X X u of
BL = pri(BL)X x u (i.e., the function (Zlelsv!z)‘l( - ,u) is not locally in-
tegrable at o(u)). Then Py x 0 belongs to the zero-set of the multiplier ideal
sheaf of the singular metric (Zl‘f=1|svlz)"|X>< 0 of BL = pri(BL)IX x 0. (i.e.,
the function (Ef:llsv]z)‘l( - ,0) is not locally integrable at Py).

Proof. Assume the contrary. Then for some open neighborhood D of Py
in X the function (3%_,]s,/2)~'( - ,0) is integrable on D. We can assume
without loss of generality that prfL|D x U is holomorphically trivial and
D is biholomorphic to a bounded pseudoconvex domain in C". We apply
Theorem 5.1 to the domain 2 = D x U and the hyperplane H = C" x 0.
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For the plurisubharmonic function we use Y = log(Zlels‘,lz) and for the
function to be extended we use f = 1. Let F be the holomorphic function on
D x U such that fDXuIFlz(Zlelst)" < oo and F( -,0)= f on D. There
exist an open neighborhood D’ of Py in D and an open neighborhood W of 0
in U such that |F| is bounded from below on D' x W by some positive number.
There is a set E of measure zero in W such that fD,X{u}(ZL] Is,|?)~" is finite

for u € W — E, contradicting the assumption that (3>*_ |s,[2)~'( - ,u) is not
locally integrable at o(u) for almost all u € U — 0. Q.E.D.

7. Statement of the induction step for the proof of Theorem 0.3

We now formulate an induction statement which will be the key step in
the proof of Theorem 0.3. In Sect. 9 we will prove the induction statement
by descending induction. From now on we use the notations in the statement
of Theorem 0.3. We assume without loss of generality that the positive number
K is a rational number. Let my; = Z':,:(,H(v-i—r— 1)= %(n—d)(n+d+2r— 1)
for 0 < d < n. Let F = (1/(mg + k))L. Choose rational numbers 0 < &) <
£V << z::)o) < k. For 0 £ d < n consider the following induction
statement.

(*)a There exist some rational number efﬁg] < &g < gﬁ,o), a finite number of
multivalued holomorphic sections s(]d),...,sf(‘i) of (my + ¢4)F, and a nonempty
subset J; of {1,...,r} such that the following four conditions (i)—(iv) hold.
For 0 < a £ 1 let Ay, be the singular metric (Zf":, |s$,d)|2°‘)_' of a(my +¢4)F
and let Z; , be the zero-set of the multiplier ideal sheaf of 4y, ,.

(i) For v € J; the point P, belongs to Z; .
(ii) For ve J; and 0 < o < 1 the point P, does not belong to Z; ,.
(iii) For v € J; the dimension of Z; | at P, is at most d.
(iv) There exists some rational number 0 < y; < 1 such that for v €
{1,...,#} — Jy the point P, belongs to Z; , for y4 < a < 1.

The reason for the introduction of the subset J; is as follows. When we
construct a singular metric by using global multivalued holomorphic sections so
that the singular metric is not locally integrable at the points Py,...,P,, we can
do it so that there is a nonempty subset J; of {Py,...,P,} where the singular
metric has just enough singularity to make it locally not integrable in the sense
that a power of it with exponent less than 1 would make it locally integrable
there. The statement (x); states the existence of the nonempty subset J,; and
demands that the dimension of the zero-set of the multiplier ideal sheaf at every
point of J; is at most d. When we have (x)g, the vanishing theorem of Nadel
will be used to get global holomorphic sections nonzero at precisely one of the
points Py,..., P, (which is in J;) and zero at all the others and then Theorem
0.3 will follow by induction on r. Most of the complicated formulations in
the rest of the paper are introduced to handle the subset J;. For a direct proof
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of Theorem 0.1 where » = 1 there is no need to use the subset J; because
it always consists of the single point P, and we can do without most of the
complicated formulations in the argument.

Let ¢y,...,# be multivalued holomorphic sections of F over X without
common zeroes. First we verify here the simple case (%),-.

Lemma 7.1 (x),_, holds.

Proof. Choose a rational number sﬁ,o) < g < 8;(1)1. By binomial expansion

we have (1+(r—1)/n)" = 7. Since L" = (mg+«k)" and m,_; =n+r—1, by
the theorem of Riemann—Roch we can get a multivalued holomorphic section
s* of (m,_y + &,_1)F over X with vanishing order greater than n at each
P, for1 £ v £ r For 0 < B £ 1 consider the singular metric h; =
|S#‘—2ﬁ(>:l;=1[tulz(”’”-'*""—l)“_ﬁ))_l of (my_1 +e,1)F. For 1 < v £ r let
w(Py) be the smallest number f such that h/‘; is not locally integrable at P,.
Let w be the maximum of w(P,) for 1 < v < r. Let J,—; be the set of all
1 < v £ r such that w(P,) = w. If J,—; = {1,...,r}, we simply choose
arbitrarily a rational number 0 < y,_ < L. If J,_+{1,...,r}, we let y,_
be the maximum of w(P,)/w as v varies in the set {1,...,r} — J,—;. Let

s(ln_”,...,s}c::]l) be multivalued holomorphic sections of (m,_; + ¢,—1)F such

that (Zt’: |s"""D2)=1 = a*  Then all the conditions specified in the statement
(*¥)p—1 hold. QE.D.

8. Modification of the induction statement

To prepare for the proof that (x),; implies (x);—), we are going to introduce in
this section a statement (), which is the statement (x); plus some additional
conditions and then show that (x); implies (). Let g be a positive integer
such that g(my +¢4)/(mo+x) is an integer and (s&d ))‘1 is a holomorphic section
of the line bundle g[(my + €4)/(mo + x)]L for 1 < v < ky. Let ¢ C Oy be
the ideal sheaf on X generated locally by (sf.d ))‘1 (1 £ v £ k). We take a
holomorphic modification f: ¥ — X by a finite number of successive monoidal
transformations with nonsingular centers and a family of nonsingular divisors
E, in Y with normal crossing so that the following two conditions hold.

(1) The pullback f* ¢ of # by f is equal to the ideal sheaf of Z“ riEy
for some nonnegative integer 7.
(2) Ky — f*Kx = 3_, buE, for some nonnegative integer by,.

Let r, = r;/q. The four conditions (i)-(iv) in the statement (*)s can now
be rewritten as the conditions (i)'—(iv)’ below. For 1 < v < r let A, be the
set of all u so that E, intersects f~'(P,) and r, — b, = 1.

(i)’ For v € J; the set A, is nonempty.
(i) For veJ, and p € A, we have r, — b, = 1.
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(iii)’ For v € J; and u € A, the dimension of S(E,) is at most d.
(iv)’ For v € {1,...,r} — Jy, there exists some u € A, with r, —b, > 1.

Let (), be the statement (*); in which the following three additional
conditions are satisfied after relabelling {E,}.

(o) For v € J; the set A, consists of the single element u = 0.
B)ro—bo=1.
R bu *r, — b, for p=v.

We now verify that (x); implies (). This verification is a rather simple
application of Shokurov’s method from the proof of his nonvanishing theorem
[Sh85] which uses a sufficiently small nonnegative divisor with support in
the exceptional set of a blowup map to perturb the singular metric to get a
connected nonsingular zero-set of the multiplier ideal sheaf in the domain of
the blowup map.

Lemma 8.1 (x); implies (), for 1 <d < n.

Proof. Assume (x)y. We take any 0 < 5 < 82:0) — ¢4 and also take a positive

number 6 which is less than r,(1 — yx4) for any »,+0. For 6 > 0 sufficiently
small, we know that #f*F — Eu 0,E, is ample over ¥ when 0 < J, < 4.
We can find multivalued holomorphic sections u,...,uy of nf*F — Z“ OuEy
over Y without any common zeroes. Let v be the (multivalued) canonical
section of Zu 0,E,. Then uv,...,uyv are multivalued holomorphic sections of
nf*F whose common zero-set with multiplicity is > 4 OuEy. These multivalued
holomorphic sections u,v,...,uyv of f*F descend to multivalued holomorphic
sections ti,...,Ty of nF over X.

We choose 0 < d, < 0 so that the following two conditions are satisfied.

(@) If (1 + b)/ry < (14 by)/ry, then (1 + by — 8,)/ry < (14 by — 8,)/r,.
(b) If pv, then (14 by, — 8,)/ru+(1 + by — 8,)/r.

Let y be the smallest number such that for every v € J; we have yr, —
b, + 0, = 1 for some pu € A,. In other words, y is defined as follows. For
v € Jy let y, be the minimum of the expression (1 + b, — d,)/r, for u € A,.
Then 7 is the maximum of y, for v € J;. Since 0 < 9, < ¢ < r(1 — yq) for
any u and v with r,+0 and since (1 + b,)/r, =1 for p € A, and v € Jy, it
follows that

Xdru“bu+5u < Yarp — by +ru(l —xd)=ru—b,=1

and g4 < (14 b, —9d,)/r, and as a consequence y > y4.

Let vo € Jy such that y = y,. Let po be the index in A,; such that
Y = (1 + by, — 04y)/ry,- Since for each v € J; we have (1 + b,)/r, =1 for
u € A,, it follows that y, < 1, because (1 4+ b, — d,)/r, < 1 for p € 4,.
Hence 0 < y < 1. Let J' be the subset of all v in J; such that yy € 4, and
¥y = 7. The subset J’ contains vy and is therefore nonempty. After relabelling
{E,}, we can assume without loss of generality that yy = 0. For v € J’
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the fiber f~!(P,) is disjoint from E, for any u with (1 +b, — 0,)/r, < 7,
otherwise, by Condition (a), (1 + b, — d.)/ry < (1 4 by — dy)/ro implies
(I+by)/ry = (1+bg)rg=1and pu€ A, and p, < (1 +by, — 3u)fry < 7,
contradicting that v € J'.

Let y* be the maximum of (1 + b,)/(yr, + 8,) for all u with (14 b, —
du)/ry <7y and r,#0. Then 0 < x* < 1. Let ¥’ be the maximum of y,/y and
x*. 1t follows from y > y; that 0 < y' < 1. For 0 < a < 1 let 4, be the
singular metric of a(my + &4 + n)F defined by

i -1 Iy -1 N -1
( ltjfz“‘”('"d”‘”“) (Z I(Sﬁ””)”“l) (Z Ifulz“>
j=1 v=1 u=1

and let the zero-set of the multiplier ideal sheaf of 4/ be Z]. We claim that
for v € {1,...,r} —J' the point P, belongs to Z, for y’ < o < 1. To verify
the claim, we first take v € J; —J’. Then y, < y and there exists u € A,
such that (1 + b, — 8,)/r, < 7. From the definition of x* and y' we have
a(yry + 0,) — b, = 1 for ¥ < o < 1, which means that P, belongs to Z,.
Now take v € {1,...,r} —J;. Then there exists some E, with y4r, — b, > 1
which intersects f~'(Py). It follows from x' = y4/y that y'(yr,+3,)—by > 1,
which means that P, belongs to Z, for ¥’ < o < 1.

We now use multivalued holomorphic sections &% (1 < v < k) of (mg+
es + n)F over X so that (Zﬁill(s“(vd))“lz)“l is equal to 4. After we replace
¢4 by ¢4 + 1 and replace J; by J’ and replace s\ (1 £ v £ ky) by 5(‘,‘”
(1 £ v £ k), we have the conditions (), (#), (y) and the statement (x)/.
QE.D.

9. Proof of the induction statement

Let 0 < d < n. We now show that ()}, implies (*)s_1.
Lemma 9.1 (x)), implies (x)q—; for 1 £d < n.

Proof. We assume (x));. Choose &;_; such that sfdo) < gy < a‘(ﬁl. Let Z =

f(Ep). If the dimension of Z is less than d, then for (x),—; we simply choose
multivalued holomorphic sections sid=D (1 £v £ kyq) of (my—y + e4_1)F
such that (Zf‘;q’|s$"“’|2)~‘ is the same as (3*_, 62~ (%, Is\)?)~!
where 0 = my_| + &4 — (mg + ¢4). We now assume without loss of gen-
erality that the dimension of Z is precisely d.

Let Sing(Z) be the singular set of Z. Let R be the set of all p such that
ry — b, > 1. From Conditions («) and () of ()} and the definition of A, it
follows that

(9.1.1) f~'(P,) does not intersect £, for v € J; and pu € R.

For every v € J; we take a local nonsingular complex curve I', in Eo—{J uer En
with the following three properties (i)—(iii).
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(i) I', intersects f~'(P,) at one point.
(ii) I', either does not intersect U“ +0 Ey or intersects U“ +o Ey only at the
point I', N f~'(P,).
(iii) I, either does not intersect f~'(Sing(Z)) or intersects f~'(Sing(Z))
only at the point I', N f~!(P,).

The image f(I'y) of I'y under f is a local complex curve in Z. Let U
be the open unit disk in €. By replacing I', by a relatively compact open
neighborhood of I'yN f~!(P,) in I',, we can assume without loss of generality
that there is a normalization o, : U — f(I'y) of f(I'y) with ¢,(0) = P,
(v €Jy). Let U, = f(r\) (ve Ja).

Let |J;| denote the number of elements in J;. Choose a positive rational
number ¢ < g — sflo). From (1 4 (r — 1)/d)? = r (by binomial expansion)
and LY « W = (mg+x)? for any irreducible subvariety ¥ of dimension & in X
it follows that we have ((d 4 (r — 1)+ ¢)F)? - Z > rd? = |J4|d?. So for some
positive rational number  we have the inequality ((d +(r — 1) +&)F) - Z >
|J4|(d+n)?. We can now apply Lemma 4.1 and get a multivalued holomorphic
section s of (d + (r — 1) + ¢)F over X for u € U so that s, depends on u
holomorphically and for u € U — 0 the restriction f*s*|Ey of f*s* to E,
vanishes to order at least d + u at every point of f~'(a,(u)).

Let y = (d +r—1+¢)/(my + ¢4). Choose a positive integer p sufficiently
large so that the following four conditions (1)—(4) are satisfied.

M Ifry—b, <1, then (1 4+y/p)r,—b, < 1.

(2) xa(1+y/p) < L

(3) p(d+(r —1)+¢)/(my+ k) is an integer.

(4) (s%)? is a holomorphic section of the holomorphic line bundle p(d +
(r — 1)+ ¢)F over X.

We choose 1 — ny/(pd) < o < 1 such that y,(1 +79/p) < a.

Let ¥ = % 6,24+ =14) and @ = 4 |5\ For 0 < f§ < 1 consider
the singular metric

—1
ky
. d)|2af B(L—(1/ ) #12p\—1
Hop = (lesﬁ, ' 1’) (PP 4 |5h PP
y=

of (a(my +¢4) +d +r — 1 + ¢)BF. Let the zero-set of its multiplier ideal
sheaf be Zfﬂ 5 which is the same as the set of points where hﬁ’, is not locally
integrable. Since locally A , = (2% 15\ %#) =" for some positive constant
C, it follows that hﬁ,ﬁ is not locally integrable at P, for v € {l,...,r} —Jy
when > “ by Condition (iv) of ().

We would like to show that

(9.1.2) P, belongs to Z§ | for v € Ja.

First we show that hz,] is not locally integrable at a,(u) for v € J; and
u€ U~—0. Fix u e U—0. Take a point Q in f~'(o,(u))NT,. Since I', —
f “‘(PV) does not intersect Uﬂ *OE,I, it follows that Q does not belong to
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Up+0Ex Let G be an open neighborhood of Q in ¥ —J, . E, so that there
is a local coordinate system z,wy,...,w,_; on G with Ey N G defined by the
vanishing of the local coordinate z. Let |w|* be Z;.':_‘1|wj(2. Since f maps the
(n — 1)-dimensional manifold £y onto the irreducible d-dimensional subvariety
Z, it follows that the codimension of f~'(s,(u)) N Ey in Ey is at most d
at Q. The restriction f*s#|E, of f*s* to Ey vanishes to order at least d + g
at Q. Let Jac(f) be the holomorphic Jacobian determinant of the map f.
On G the divisor of Jac(f) is precisely boEy. To conclude the local non-
integrability of h§,1 at o,(u), it suffices to prove the local non-integrability
of f *(hﬁ,l)lJac( f)I? at Q and therefore it suffices to prove the local non-
integrability of |z|=20(|z|>"0/P + | f*s#)~!|z|*™ at Q. Since ry — by = 1,
the local non-integrability of |z|~2(1=(1=270)(|z|20/P 4 |y|2@+1)=1 at @ would
imply the local non-integrability of hﬁJ at a,(u). From 1 — yy/(pd) < a it
follows that 1 — yyro/(pd) < | — (1 — a)ry. From Lemma 3.1 it follows that
|z] 20 =(=2r0)(|z|20/P 4 |w|2d+1)=1 is not locally integrable at Q. Thus we
conclude that hff’] is not locally integrable at o,(u) for ve J; and u € U — 0.
In other words, o,(u) belongs to Z,j, for ve J; and u € U — 0. Thus (9.1.2)
follows from Lemma 6.1.

Let Q be X — UﬂeR f(E,). By (9.1.1) @ contains P, for v € J;. We are
going to verify the following two statements (a) and (b).

(a) The singular metric h§,1 of (a(my +¢e4)+d+r— 1+ &)F is locally
integrable at every point of (X — Z)N Q.

(b) For f < 1/(1 + y/p) the singular metric hg,ﬁ of (a(myg +e4)+d+r—
1 + &)F is locally integrable at P, for v € J,.

The minimum order of the pullback f (D of P along E, is r, and the

vanishing order of Jac(f') along £, is b,. To verify (a), it suffices to have the
local integrability of f*hf |[Jac(f)|* at every point P of Y — Eo —J,cz E, for
every p with r, — b, < 1. We can assume without loss of generality that at
the point P under consideration we have a local coordinate system wy,...,w,
of Y such that each £,, with u+0 and P € E,, is locally defined by w;,.

—1 —y— L
k k P
W s (i|s$f’>|2“) (#1-0mplnyt < ¢ (z‘ﬁs&d’P)
T y=1 - v=1
for some constant C. Since the divisors {E,} are nonsingular and in nor-
mal crossing, when we use polar coordinate with x = |w,|* to determine the
local integrability of f*hj |Jac(f)I?, it suffices to verify the integrability of
x~ @49/ Pyutbe dx on (0,1] which follows from the inequality (1+7/p)r,—b, <
1 used in the choice of p whenever r, — b, < 1. Thus Statement (a)
is verified.

To verify (b), in view of (a) it suffices to have the local integrability of
S*H, 4[Jac(f)]* at every point P of Eg— U'veRE‘:. We can assume without loss
of generality that at the point P under consideration we have a local coordinate
system wy,...,w, of ¥ such that E,, with P € E,, is locally defined by w,.
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We have

—/;u+7-p')

-1
kd k(l

hoy < (Z}|sf,‘“|2/f“> (PrI-ghiry=1 < ¢, (lesi,‘“ﬁ)
y= =

for some constant Cy. Again, since the divisors {£,} are nonsingular and in
normal crossing, when we use polar coordinate with x = |w,|? to determine the
local integrability of f*hi slac( f)I?, it suffices to verify the integrability of
x~PEFiPIutbu dx on (0,1] which follows from the inequality (1+7/p)r,—b, <
1 used in the choice of p whenever r, — b, < | and from the inequality
B(1 +vy/p)ro — by < 1 obtained from f < 1/(1 +y/p) and ry — by = 1. Thus
Statement (b) is verified.

For v € J; let w(P,) be the smallest number f such that hg, B is not lo-
cally integrable at P,. From Statement (b) above and (9.1.2) we know that
1/(1+9y/p) £ o(P,) £ 1 for v € J;. Let w be the maximum of w(P,) for
v € Jy. Let Jy_y consist of all v € J; such that w(P,) is equal to w. Let x4,
be the maximum of y;/(aw) and w(P,)/w for v € J; — Jy—,. It follows from
xa(1 +7/p) < o and 1/(1 +7y/p) < w(P,) for ve J; that 0 < yz—; < 1 and
hg,(u/f is not locally integrable at P, for ve {1,...,r} —Jy—, and f = y4—.

Let 0 = my_y + eg_y — w(a(myg + €5) +d +r — 1+ ¢). Since my_; =
mg+d+r—1and g < r,i,o) and 0 < ¢ < gg_1 — sﬁ,o), it follows that 6 = 0.
We form the singular metric (3¢_, |6, [2")= hf , of (my—1 +&4—1)F. Let sé=b
(1 £ v £ ky—) be multivalued holomorphic sections of (my_1 + €41 )F so
that the singular metric (Z/‘ﬁ“:’l‘]s(vd“wz)_‘ of (my_y + &4_1)F is the same as
the singular metric (3°_,[1,[2)~"'hf . Let hy_yy = (ks DREY1 for
0 < B < 1. From Statement (a) and the definition of A;_;; we conclude that
the intersection of € and the zero-set of the multiplier ideal sheaf of A;_;; is
contained in the intersection Z’ of ZNQ and the zero-set of si. The dimension
of Z’ is no more than d — 1. From the definition of @ we know that 4,_ is not
locally integrable at P, but h;_; g is locally integrable at P, for v € J;_; and
for 0 < B < 1. Since P, is not in Q for v € J,;_,, the dimension of the zero-set
of the multiplier ideal sheaf of hy;_;, at P, is at most d — 1 for v € J;_;. The
singular metric hq_ g is not locally integrable at P, for v € {1,...,r} —Js_,
and f = y4—1. Thus we have (x);—;. Q.E.D.

From Lemmas 7.1,8.1 and 9.1 we have the following.

Lemma 9.2 (x); holds for 0 <d < n.

10. Final step of the proof of Theorem 0.3

We use induction on r to show that holomorphic sections of L + Ky separate
the points Py,...,P,. Suppose it has been proved for » — 1 points. We have the
statement (k) from Lemma 9.2. Let &;,...,&y be holomorphic sections of mL
over X, for some sufficiently large m, which define a holomorphic embedding of
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M7t 3
X into Py_,, Consider the singular metric (Z}V:l!fjlz) ming 0 (Y0 15912y~
of L = (my + x)F. Since g < x, the curvature current of this singular met-
ric dominates a positive multiple of the smooth positive (1,1)-form +/—100
(Z;V:,[é ;1?) on X. Let .# be the multiplier ideal sheaf of the singular metric

(3% s22)=1. We have the nonempty subset Jy of {1,...,r} from the state-
ment (x)o. By relabelling the  points, we can assume without loss of generality
that Jo = {1,...,/} for some / = 1. By Nadel’s theorem on multiplier ideal
sheaves [N89], H'(X, (L + Kx) ® .#) vanishes. The zero-set of .# is isolated
at P, for 1 < v < /. Let # be the ideal sheaf on X which agrees with .# on
X —{Py,...,P;} and which agrees with Oy on the set {Py,...,P,}. From the
exact sequence

0> (L+Ky)®F > (L+Kx)® F = (L+Kx)®(F/F)— 0

it follows that the restriction map

‘
IFrX,(L+Kx)® ¥#)— @0xp,/mp,

v=1

is surjective. Thus we can find a holomorphic section of L + Ky over X which
vanishes on P,,y,..., P, and has prescribed values at Pj,...,P, (in given local
trivializations), because {P;;i,...,P,} is contained in the zero-set of #. In
particular, there exists a holomorphic section u; of L + Kx over X which
vanishes on P,,...,P, and nonzero at P;. For 2 < v < r, by applying the
induction hypothesis on r to the points P,,..., P,, we conclude that there exists
a holomorphic section u, of L + Ky over X which vanishes on P,y,..., P,
and nonzero at P,. The r holomorphic sections uy,...,u, restricted to the r
points {Py,...,P,} are linearly independent and it follows that the holomorphic
sections of L+Ky over X can separate the » points Py,...,P,. We thus conclude
the proof of Theorem 0.3.

Remark 10.1 In the proof of Theorem 0.3, in order for global holomorphic
sections of L+ Ky over X to separate a given set of » distinct points Py,..., P,
of X, it suffices to assume (L9 - W)% = %n(n 4+ 2r — 1) + k only for those
irreducible subvarieties W of dimension 1 < d £ »n in X which intersect
{Py,...,P.} of X.

11. From freeness to very ampleness

Lemma 11.1 Let L be an ample line bundle over a compact complex manifold
X of complex dimension n such that L is free. Let A be an ample line bundle.
Then (n+ 1)L + A + Kx is very ample.

Proof. Let sg,...,sy be a basis of I'(X,L) over C. Let ¥ : X — Py be
defined by sg,...,sy. Since L is free, the map ¥ is everywhere well defined
and is holomorphic. The line bundle L is the same as the pullback by ¥ of
the hyperplane section line bundle of Py. For every y € Py the inverse image
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Y=!(y) of y is zero-dimensional. Otherwise the restriction L|¥~'(y) of the
line bundle L to the positive dimensional subvariety ¥ ~!(y) of X is trivial,
which contradicts the ampleness of L over X.

Take two distinct points x; and x, in X. We can find a linear subspace W
of complex dimension N —r — | in Py disjoint from X and a linear subspace
P, of Py such that

(i) the projection map 7 from X to P, defined with W as the light source
is a map with finite fibers and
(ii) the images 7n(x;) and 7(x;) are distinct.

Let {o,...,{n be the homogeneous coordinates of Py. Without loss of generality
we can assume that

(i) m is defined by [Co,...,in] — [Co,- -+ Cal
(ii) the line in P, joining n(x;) to n(x;) is defined by {; =---={, =0
(iii) {i(m(xy))=*0 and (Lo/Ci)(m(xy)) = ay (v = 1,2) with a) #a,.

Let ¢ be a multivalued holomorphic section of 4 having isolated zeroes at x;
and x. Let ¢ = 377 |s;[* and © = [T2_, Iso—aws1|> Let A~" (respectively g~')
be a smooth Hermitian metric for L (respectively, A) defined by multivalued
global holomorphic sections. For ¢ > 0 and ¢ > 0 let H(¢,d) be the metric
for (n+ 1)L + A defined by

H({i’b‘)—»] — on—]—ézhtt(ghl—(io_(s +1 ]t|2) )

Then for some suitable choice of ¢ and ¢ the multiplier ideal sheaf of the
singular metric H (¢, d) has zero-dimensional zero-set at x| and x;. The choice of
¢ and 0 can easily be seen by using polar coordinates. Thus global holomorphic
sections of (n + 1)L + A4 + Ky distinguishes points of X.

The global generation of 1-jets for (n + 1)L + A + Ky at x; can now be
obtained by looking at the multiplier ideal sheaf for the singular metric

—(n+1)
<|So —ais| + élsﬁ) g.
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