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Differential Forms and Dual Formulation
of Frobenius Integrability

We would like to discuss the dual formulation of Frobenius integrability
in terms of differential forms. First of all, we want to introduce the notion of
differential k-forms w defined on an open subset G of R" as an integrand on
any local k-fold Y inside G. Because of the fundamental theorem of calculus

/ L =10 - @)

this notion naturally leads to the notion of the exterior derivative dw of
w, with w generalizing the function f which is regarded as a differential 0-
form and with dw generalizing the integrand f’(¢)dt which is regarded as a
differential 1-form.

§1. Definition of Differential k-Form as Integrand for Integration over
Local Submanifold of Dimension k

In the integral

R
te(a,b)

over an interval (a,b) in R, we consider f(z)dz as the integrand instead of
the usual designation of f(z) as the integrand. When there is an orientation-
preserving reparametrization ¢ = ¢(s) with (o) = a and ¢(5) = b, the
integral is equal to

dt
* dt) = s))— ds.
/5 R0 / RCC

Suppose C'is a local smooth curve in R™ which is projected diffeomorphically

on (a,b) by the natural projection m; : (z!,--- ,2") — x! = t. We have

/te(a’b)f(t)dt = /Cﬂ‘(f(xl)dxl)_

We use fidz! to denote 75 (f(x!)dx!). Then

/te(mb) f(t)dt = /C frda?
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and fidz; can be regarded as an integrand on C'. Instead of the projection

m; we can use the natural projection 7; : (x', - 2") w2l for2<j<nto

get an integrand of the form f;dz; on C. The sum

zn: fida?
j=1

can be used as an integrand on any local curve C'in R". We can consider the
more general situation where each f; is a function f;(z!,---,z") depending
on all the coordinates x',--- ,2". The expression

z”: fida?
j=1

is an integrand which can be integrated on any local curve C' in R". We call
D fyde?
j=1

a differential 1-form. We explain a bit about the name. A form means a
homogeneous polynomial. In our case the variables are da!,--- ,dz™ and

zn: fida?
j=1

is a polynomial of homogeneous degree 1. That is why it is called a 1-form,
indicating that the degree of this homogeneous polynomial is 1. Since the
variables dz!,- - ,dx™ are differentials, it is called a differential 1-form. The

integral
|3 s
cia

can be regarded as a usual a curve integral.

Similarly the notion of a differential k-form comes from replacing

R
te(a,b)
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by
/ f oy dyt A A dy”
(ylv' 7yk)EG

(with G being an open subset of R* with coordinates y*, - - ,%*) in the above
discussion. Here we use dy* A --- A dy* instead of dy'---dy* to emphasize
that the orientation (given by the order of y!,--- ,4*) matters and a switch
between two of dy',--- ,dy* would change the orientation and as a conse-
quence the sign of the integral. Instead of a local curve C' in R", we consider
a local submanifold Y of dimension k. We consider an integrand

) . A ... Jk
E Fiv e g dz? N - - Ndx
1< <<jg<n

(where each f;, ... j, is a function on an open subset Q of R") so that it can
be integrated over any submanifold Y of dimension k in €2 to yield

/ Z Fiv e dzit A -+ A da

Yi<ji<<jr<n

This integrand
o fregeda?t A Ada

1<ji<<jg<n

is called a differential k-form. It can be rewritten as

n
Z fjl7"’7jk dl’jl VANRIEIVAN dl’jk

1, Jk=1

1
k!
J

with the condition that f;, .. ;
indices ji, -, Jg-

. 1s skew-symmetric (i.e., alternating) in the

§2. Coefficient of Differential k-Form from Shrinking a k-Dimensional
Rectangle to a Point

For distinct jy, -+, in {1,2,---  n}, consider a k-dimensional “rectangle”
S;y . ;. defined by z* being constant for £ # ji,- - , jx, with the value of each
of the other coordinates 27 (for 1 < j < k) in a bounded interval in R. The
coefficient wy, ... ;, of dz?* A -+ A da’* in the differential k-form

- o dr A Ik
w= E Wiy e o AT N - o N da?*

1<ji < <jr<n
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at a point P is given by

w
hm ijl,m’jk
Sjl""’]'k_)P fsjl i dl’-jl A A dl’]k

as 9 shrinks down to a point P.

1,5 Jk

83. Definition of Exterior Product of a Differential k-Form and a Dif-
ferential ¢-Form Motivated by Fubini’s Theorem

Suppose
n= Z Niy oo g AT N - A\ 2™

1<i1 < <iy<n

is another differential ¢-form. We define the exterior product w A7 of w and
n as the differential (k + ¢)-form

< D Wi drt A A dx”“) A < Do M dat A A dx”) .
1< < <jik<n 1<i1<-<iy<n

This is motivated by Fubini’s theorem which gives

(/ Wiy g ATTVN e A dxj’“> (/
Sjlv“‘vjk S;

iy iy AT A - A dx”)

Zlv“‘vil

= / Wiy e i Wi oo sig QLT - Adz?* N dx™ A -+ N\ da™
Sjlv"'vijSilv"‘»ié

= / Wiy e g Thit e g dx?* N\ ANdx?® Ndx'™ N - N dat
S.

31 5Tkt vt

so that after we divide both sides by the volume of Sj, ... j, i, ... ;, and letting
Sji o jrin i Shrink to a point P, we obtain the coefficient of dz?* A --- A
dz?* A dz™ A - -+ Adz" in the differential (k + ¢)-form w A 7.

84. Definition of Exterior Derivative of Differential k-Form Motivated

by Fundamental Theorem of Calculus for Rectangle of Dimension k4 1



Math230a (Fall 2025) Yum-Tong Siu 5

We now introduce the notion of the exterior derivative dw of the differential
k-form
w= Z Wiy oo g 2NN A da?h
1<ii<<jr<n

which is motivated by the fundamental theorem of calculus

/ F(t)dt = F(b) — F(a),
te(a,b)

in which the function F' is considered a differential O-form on R and F”(t)dt
is considered its exterior derivative on R.

Take a (k + 1)-dimensional rectangle S;, ;, ... ;. defined by z‘ being con-
stant for ¢ # jo, j1,- - ,jk. The (k + 1)-volume of Sj, j, ... ;. is equal to the
k-volume of the k-face Sj, ... j, times the length of the side of S; j, ... ;. along
the direction of the z7-axis. We now use a special case of Stokes’s theo-
rem where the domain is a (k + 1)-dimensional rectangle. This special case
is simply a consequence of Fubini’s theorem on multiple and iterated inte-
grals and the fundamental theorem of calculus applied separately to each of
the variables along the (k + 1)-dimensional rectangle. (See the Appendix at
the end.) Apply Stokes’s theorem (for a (k + 1)-dimensional rectangle) to
determine dw from

dw = / w.
85

8 /.

J0>d1s Ik

The boundary S, j, ... j, is equal to

k

k

) N
§ (—1) (Sjo,jh'"7ju71,ju+1u"',jk - Sjo,jl,m,ju,l,jyﬂ,,m,jk) ;

v=0

where Sjo,jl,"
lel to Sj07j17..
of Sjoji, i

cdo—1dut1n e 18 the other k-dimensional rectangle which is paral-
jutjvir e - By dividing both sides of (f) by the (k+1)-volume
and letting Sj, j, ... j, shrink to a point P, we get

k k

k
8wj0,j17“wj —1Ju+15"Jk
(dw)joyjly“':jk - VZO(_l)V 8;;ju ) '
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It means that

k
_ _ v J05J15 5 Jv—1Jv+1,""" ]k J0 J1 . Ik
dw = E E (—1) Do dx’® Ndat A - A dak.

1<jo<ji<-+<jp<n v=0

We can rewrite it as

n k
dw — k: 1 1 ' Z Z(_l)l/8wj07j17"'78jr/j17jv+17"'7jk dl,]() /\ dle /\ .. /\ dxjk
( T ) JosJ1y k=1 v=0 v
1 - b QWi ;
— J1y 5 Jv—1,705Jv+1,5"" ]k d j,j /\ dm‘jl /\ .
| Z Z » v
(k T 1)' JosJ1y k=1 v=0 O
s Adx Tt A da? A da? A A dat
(after transposing da”° and dx’*)

— J1s s Jv—1JvsJu+15" 3]k Jo J1 .

(]{; + 1)[ Z Z OxJo dz™ A dz’* A

Joj1,+jk=1 v=0
coo Nda? T Nda A dx A A da
(after interchanging the two dummy indices jo and j,)

- > Qi de gyt | p i A - A dav,
ozt

1<ji<-<jr<n \ =0

where the final expression on the right-hand side is obtained by changing 7
to ¢ and imposing the monotone condition j; < --- < ji. The monotone
condition jy < --- < ji removes k! from the denominator (k + 1)!. The
remaining factor k£ + 1 in (k + 1)! is removed because of the removal of the
summation 25:0- Thus, we arrive at the formula

dw = Z (dwjy . j,) Ada? A -+ A dav.

1<j1 < <gr<n

By using this formula, we get
dwAn) =dwAn+(=1)FwAdny

when the degree of w is k. The sign (—1)* of the second term on the right-
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hand side comes from

i i 0 11,00 0
(wjr g A2 A -+ A da®) ( T’a;] Phieie gooio & gzt A - - d ”)

oMy .. , ‘ .
= (=1 wjy % dz?® A dz?t A - AdatE A dat A - dat
2

in the transposition of dz? and da’* A --- A da’x.

85. Composite of Two Exterior Differentiations Results in Zero Map
For any differential k-form
n
Z Wiy e g AT N - N da?®,
gt sdk=1

we have d(dw) = 0, because of the commutativity of partial differentiations
and the skew-symmetric property of exterior product in

d(dw) _d(zk' Z %dﬁ/\dzﬁ/\m/\dﬂk)

1, ’]k_l
" 9w,
. J1s s Jk q D ]1 . Jk
sz' Z TN dx? A dzP A dx A dax’*,
=1 p=1 " g1, =1

which is 0 when the two dummy indices p and ¢ are interchanged to yield

2 2
a wjl""»jk — a wjl""?jk
Oxi0xP OxPOx4

and
dr? A\ dx? = — daP N daf.

Thus, dod = 0.

§6. Differential 1-Forms dz!,- - -,dx™ as Dual Basis of %, cen, 20
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For an open neighborhood U of P in R" (with coordinates x!,--- ™) and
an open neighborhood W of @ in R" (with coordinates y!,---,4") and for
a smooth map ¢ : U — W with ¢(P) = @, the tangent map dy from the
tangent space Ty p to the tangent space Ty is given by the Jacobian matrix

(5:¢)
Ozt 1<j,k<n

Now fix 1 < v < n and consider the special case where ¢ : R* — R
defined by the coordinate function z”. Let ¢ be the coordinate for the target
space R. Then dz” (as dp) maps any tangent vector ¢ of R at P to a vector
a%. After we identify a% with the real number a, we can regard dz” (which
maps U to a) as an R-linear map from the vector space R™ to R. Using the
Jacobian matrix for the map ¢ = z¥, we conclude that dx” maps the vector
% to the Kronecker delta ¢, . In this interpretation the differential 1-forms
dz',- -, dx™ is the dual basis of 225, , 2

6([1 Y ) aml .

(evaluated at P).

§7. Coordinate Change for Differential Form and Value of Differential
Form at Multi-Vector

When we have another coordinate system (y!,--- ,y") of R", the differential
k-form
w= Z Five o dz?* N - oo N da?®,
1<ji<+<jp<n
given in the coordinate system (z!,--- ,2") of R", becomes
w = Z Gero QYN N dy'E,

1<l <<t <n

From

Z gey o Ly, dyel ARERNA dyEk

1<l <<l <n

= a & n a Vs
= Z Ger e ( 01”1 dx”1> ANceoennn A ( ai% dxl/k>

1<l <--<lp<n v1=1 vp=1

b o0 ot
- Z 9oy, by, Z 0 (y - Y k) dx"* A - N dxtF

a(l‘l’l, - 7Il’k)
1<l <<l <n 1< <--<vp<n




Math230a (Fall 2025) Yum-Tong Siu 9

and
W= Z for e d™ A - oo N da™*

1<y <<y <n

we obtain the transformation rule

0 yfla"' 7y2k
Jorv e = Z ey, by 6(( )

[ 5t SR 1
1<l <<l <n ’ ’ )

forl<upy <--- <y, <n.

In the interpretation of a differential k-form as an integrand for integra-
tion over any local submanifold Y of dimension k£ in R™ as described earlier,
we use a k-dimensional rectangle T, .. ,, (in the local coordinate system
(yt, -+ ,9y™)) defined by 3’ being constant for j # vy, -+ , 14 to get

Jr, W
o (P)= lim
gllh 7Vk( ) TVl:""Vk_>P leIl)u.,Vk dy’/l /\ T /\ dyl’k

as T, ..., shrinks down to a point P in R™. This value g, ... ,, (P) depends
only on the tangent space of the k-dimensional rectangle 7,, ... , at P when

Ty, ..., 1s regarded as local a submanifold of dimension £k in R" with coordi-
nates (z',--- ,2"). This tangent space is spanned by the k vector fields
0 0
8y1/1 ? ’ 8yuk
at P. We use the notation
0 An 0
ayul ayuk
to denote this tangent space with the orientation given by the order vy, - - - | .
We call
0 0

8yy1 VAR ayyk
a k-vector or a multi-vector (when its dependence on k is suppressed). This
k-vector is skew-symmetric in the indices v, - - - , 14 because of the orientation
given to the tangent space. The value g,, ... ,, (P) can be considered as the
value of w at the k-vector
0 AA 0
3 o i
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at P and we use the notation

w 0 VANCERIVAN 0
8yu1 ayyk
) ayul ayyk

0 JANREIIVAN 0 w
ayul ayuk

(to denote gy, ... ,, ). In particular, from this notation we have

. i a a a(le’... ’x]k)
dat A - A dak, A A = .
< oy 8y”k> o(ym,--- ,yvr)

or

or

Remark. Usually we avoid using the notation

w2 O
ayl/17 78yyk Y

because, for example, when w = da’t A - - - A da’*, this might give the impres-

sion that 3 3
dxit A - A dad* e
( z X ) <ayyl7 ? ayuk)

means the skew-symmetrization

1 4 0 4 0 1 OxJt Oxr
_ J1 e J1 — -
2 en() <d”’ gy > <d”’ oy > 1 2 g0 et

of

: . 0 0
J1 J _
(dZB ® ® dx k) (8y”1 ’ ’ ayllk>

(where o runs over the set of all k! permutations of {v1,--- , v} with signa-
ture sgn(o)) instead of the correct expression

o (le’ - ,.Cl,’j’“) O Ok
0 (y”l, ce ’yl’k) - Z Sgﬂ(a) 3ya(v1) o ayo(uk)’
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which differs by a factor of k!. If one insists on using the notation

(9 .. 9
aym’ ’8yyk

despite the possibility of a confusion about a factor of k!, one can define
dz? A -+ A da’

as k! times the skew-symmetrization of
do?' @ -+ @ da'k

(instead of just the usual skew-symmetrization without the additional factor).

This problem of the factor k! occurs already in the exterior product of
an abstract vector space V' of real dimension n with basis vectors ey, - - - , e,.
Let V* with be the dual vector space of V' with dual basis f;,---, f,. For
1 < k < n the exterior product /\k V of k copies of V' is inside the tensor
product V& of k copies of V. If we define

€j N Nej

(with 1 < j; < -+ < jr <n) as the skew-symmetrization

1
i D sgn(o)eq;y @ @ ey

of

€j, & ® €,
as o runs through all the k! permutations of {ji, jo, - ,jx} with signature
sgn(o), then we have to define

ETARERRAW ih

as k! times the skew-symmetrization of

fj1®"'®fjk

to make the basis
{Fu A A Fihi<hi<<iizn
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of A" V* dual to the basis

{ej AN Nej hi<ii<o<ju<n

of " V.

88. Relation between Lie Bracket of Vector Fields and Exterior Deriva-
tive of Differential Forms

First, we would like to explore what the relationship between the Lie
brackets of vector fields and the exterior derivatives of differential forms
would look like by first looking at the special case of differential 1-forms.
Let w = fdg and vector fields £ and n. Since dw = df A dg, after we form

(dw, EAm) = (df Ndg, EAm),

we would like to express the right-hand side in terms of w and the Lie bracket
[€,m] by getting rid of the differentiation d in df to change to the Lie bracket
through the use of identities like (df, &) = &€(f). In carrying out the string of
identities below, we have in mind such a goal. Then

o = nan e =[0G (0T
= (df, &) (dg,m) — (df,m) (dg, &)
=&(f)m(g) —n(f)&(9)

= &(fn(9)) — f&n(g) —n (f€(9)) + fné(g)
(add and subtract a term to prepare to get to the Lie bracket of £€and n)

=& (w,m) — f&n(g) —n(w, &) + fn&(g)

(replace f and g in two terms by w)

<w777> -n <w7€> + f [7775] (g)
<Wa77> -n <w7€> - <w7 [57"7]>

(replace f and g in the remaining term by w).

Since a general differential 1-form is an R-linear combination of fdg, we get
the formula

(dw, EAm) =E{w,m) —n(w, &) — (w, [§n])

for a general differential 1-form and vector fields & and 7.
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We continue our exploration by carrying out the same kind of computa-
tion for for a 2-form w. It suffices to look at the special case of w = fdg A dh
and three vector fields &, 7, and ¢. Then

(dw, E A AC) = (df Ndg Ndh, EAn) =

(dg,m) (dg,C) (dg,&) (dg,¢)
= 48 ’< n) {dh, c>‘ ~ () ‘<dh,s> (ah. <) (dh,€) {dh.
=&(f)(dgndh,mAC) —n(f)(dgNdh,&NC)+C(f)(dg Adh, & An)
=& (f(dg Ndh,m N C)) — fE((dg Adh,m A ()
—n(f{dgndh,&ENC))+ [n{dgAdh,&NC)
+C(f<d9Adh EAM)) — [¢{dg Ndh,§E A m)
=& (w,nAC) — fE(g)¢(h) —n(h)¢(9))
— 1 {w, EAC>+fn( (9)¢(h) — &(h)C(9))
+C(w, EAm) — fC(&(g)n(h) — &(h)n(g))
=& (w,nNC) — fEn(9)C(h) — fn(9)€C(h) + fEn(h)C(g) + fn(h)EC(g)
—n(w,ENC) + fn€(g)¢(h) + fé( )n¢(h) — fn€(h)¢(g) — fE(R)NC(g)
+C{w, &EAm) — fC&(g)n(h) — f&€(g)Cn(h) + fC&(g)n(h) + f&(g)¢n(h)
=& (W,nAC) —n(w,ENC) +C(w, EAM)
— f€n(9)C(h) + fn&(g9)C(h) + f€n(h)¢(9) — fnE(h)C(g)
— f&C(g)n(h) + fC&(g)n(h) + fEC(h)n(g) — fFC&(R)n(g)
— fn¢(9)&(h) + [n¢(9)€(h) + fn¢(h)&(g) — fnC(h)&(g)
=& w.nAC) —nw.ENC) +C(w. ENAD)
—(w, [&n] A Q)+ (W, [§,C]Am) — (w,[n,¢]AE).

The final formula for a general differential 2-form and three vector fields

£ mn, Cis

<dw7€/\"7/\c>:€<W7"7/\C>—77<W75/\C>+C<W>€/\77>
— (w, [§n A Q)+ (w. [§,¢]AM) — (w,[n,¢]AE).

>
ANAYE

The formulas for the cases of general differential 1-forms and differential

‘ — (df, ¢) '<d9’€> <dg’2i’
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2-forms suggest that the following Cartan’s formula

k+1
(d) (61 A+ A &) = D=1 (w (€A A TG Ao A &)
j=1
Y (& EdA A EG A A ER A A )
1<j<l<k+1
for a differential k-form w and vector fields &;,--- ,&x1. Here the notation

/57 means that &; is removed.

If we would like to follow the same path as for the case of &k = 1,2 to get
a proof for the case of a general k, the computation would be too tedious. A
more elegant way of proving Cartan’s formula is to use the following induction
argument. For the initial step, we check Cartan’s formula directly for w =
fdxit A - Ada’* for some 1 < j; < --- < ji, < n, where f is a function,
and for &, = 8%7” for 1 < v < k+ 1. This implies that Cartan’s formula
holds for any differential k-form w and for &, = &?ZV for 1 <v <k+1,
because any differential k-form is a sum of special differential k-forms w =
fda?t A+ - - Ada?*. For the induction step, we need only assume that Cartan’s
formula is true for some w and &;,--- ,&x+1 and then verify it for the case
with &, replaced by ¢&, for some arbitrary function g and some v from
{1,2,--- ,k + 1}. We will leave the details of the verification by induction
arguments to a homework problem.

When we defined the exterior derivative of a differential k-form, we used
local coordinates and did not verify that the definition is independent of
the choice of local coordinates, though the description invoking Fubini’s the-
orem did give a geometric definition, in which the transformation rule for
different coordinates systems is explicitly given by Jacobian determinants.
Cartan’s formula offers a coordinate-free definition of the exterior derivative
of a differential k-form.

§9. Dual Formulation of Frobenius Integrability Condition

Suppose &1, - -+ , &, define a distribution of tangent subspace of dimension
m in R™. Dually such a distribution of tangent subspaces can be defined by
the vanishing of n —m differential 1-forms wy, 1, - ,w,. The integrability of
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the distribution (&1, --- ,&,,) of tangent subspaces can be dually formulated
as the existence of differential 1-forms 6, (for m + 1 < j, k < n) such that

n
de = Z Gj,k. /\(,«)]€
k=m+1
for m 4+ 1 < j,k < n. An alternative way of writing this condition is that

(b) dwj =0 mod (Wyt1,- -+ ,wy) form+1<j<n.

We now use Cartan’s formula to verify that this condition (b) on wy,41, -+, wy
is equivalent to the Frobenius integrability condition

(bb) [smgu]zomOd <€17"' 7€m> forlg,u<1/§m.

First of all, we observe that condition (b) remains the same when we replace
Wmil, "+ ,wp by n —m linear combinations defined by a nonsingular (n —
m) x (n — m) matrix whose entries are functions. Thus, we can assume
without loss of generality that we can choose vector fields &,,11, - ,&, to
complete &1, -+ , &, to a basis &1, - -+ , &, and also assume that w11, ,w,
is part of the basis wy, - -+ ,w, which is dual to the basis &1, -+, &,.

Cartan’s formula states that

<dwj7 5# A £V> = 5# <wj7 €V> - EV <wj7 £u> - <wj7 [€M7 EV]) :

Since
<Wj, €A> =0

forany m+1 < j <nand any 1 < \ < m, it follows from Cartan’s formula
that

(#) (dw;, &y NE&) =0 form+1<j<nandl<p<v<k
if and only if
(##) (Wi, (€, &u]) =0 form+1<j<nandl <p<v<k.

Since the basis wy, -+ ,w, is dual to the basis &;,--- ,&,, the condition (b)
is clearly equivalent to the condition (#) and the condition (bb) is clearly
equivalent to the condition (##).
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APPENDIX: Stokes’s Theorem

Stokes’s theorem is a generalization of the following part of the fundamental
theorem of calculus

/ o = 10~ @)

with the right-hand side interpreted as the evaluation of the function f (as
a differential 0-form) on the boundary of (a,b) and with the left-hand side
interpreted as the evaluation of the exterior derivative df of the differential

0-form f.

Fubini’s theorem on double and iterated integration, together with the fun-
damental theorem of calculus applied to each variable separately, yields

[ (5252 ae o= [ Pt s 0

for a bounded open rectangle R in R? with boundary R, where P(x,y) and
Q(z,y) are C* functions on an open neighborhood of the topological closure
of R. The statement is known as Green’s theorem, which is a special case of
Stokes’s theorem (and also a special case of the divergence theorem).

For a bounded open n-dimensional rectangle €2 in R™ and a differential (n—1)-
form

W—ij e dx AR /\d:zvjfl/\alngJrl/\.../\dmn7

Fubini’s theorem on n-fold and iterated integration, together with the fun-

damental theorem of calculus applied separately to each of the variables

b - 2" yields

/ (Zn:(—l)j_l%> det A+ A da™
R

j=1

/(Zf] : ")da' A - Adxj—lAdxj“/\---Adx”),
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which is a special case of Stokes’s theorem and also a special case of the
divergence theorem. In terms of the differential (n — 1)-form w the equation
is simply

($) /Rdw:/aRw.

Suppose there is a smooth local submanifold X in R"*™ which is diffeom-
rophic to an open neighborhood U of the topological closure of a bounded
open n-dimensional rectangle R in R™ under the natural projection 7 :
R™™™ — R™ given by (z!,--- 2™ 2" ... ™) — (21, ... 2"). Let w
be a smooth differential (n — 1)-form defined on an open neighborhood of
the topological closure of X in R"*™. Let Q@ = X N7~ '(R). Let 9Q be the

boundary of €2 in X. Then
/ dw = / w.
Q 0

This is a consequence of applying, to the preceding result ($), the reparametriz-
ing U by X by the diffeomorphism 7.

By using a C'*° partition of unity, we can formulate the result in the following
general setting. Let X be smooth a local manifold of dimension n in RY and
Q) be a relatively compact domain in X. Let w be a smooth differential
(n — 1)-form on some open neighborhood G of the topological closure Q of
Q) in X. Suppose ) is covered by a finite number of relatively compact open
subsets U; (for 1 < j < J) of X with the following property. There exist
some open bounded rectangle 12; in R™ and some diffeomorphism ¢; from U;
onto an open neighborhood of the topological closure R; in R such that ¢;
maps U; N onto R; (for 1 < j < J). The statement of Stokes’s theorem

/dw:/w
Q o0

holds in this general setting, because we can use the preceding case to show

that
/ d (pjw) = / piw
UJ‘OQ UjﬂaQ

and sum over 1 < j < J after we introduce a C* partition of unity {p;}1<j<s
of C* functions with 0 < p; < 1 (subordinate to the open cover {U,}1<j<s
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of the compact set Q) such that the support of p; is a compact subset of
U; and the sum Z;.Izl p; is identically 1 on some open neighborhood of 2 in

U;'Izl Uj.

Recall that the C*° partition of unity is constructed as follows. Define f(t)
on R with variable ¢ by setting f(t) = e~+ for # > 0 and f(t) = 0 for z < 0.
Then f(t) is C*° on R with value 0 for x < 0 and with value in (0, 1) for
x> 0. For 0 < a < bin R, define g(z) on R™ by

 fb—al)
90 = Fo e T el —a)

Then the support of g(x) is contained in the closed disk Dy = {|z| < b} of
radius b and the value of g(z) is identically 1 on the closed disk D, = {|z| < a}
of radius a. In the above setting, choose a refinement cover {Wy}1<x<a of 0
with the following property. Each W) is contained in U;, for some 1 < j, < J
and there is a diffeomorphism 1, between W) and the open disk D, of radius
¢ for some ¢ > b such that Uﬁzl ¥y H(D,) contains  and each ¢, (D) is
contained in G. The C* partition of unity {p;}1<;<s (subordinate to the
open cover {U,}1<j< of the compact set ) is given by the formula

pe = E g oYy
1<KAZA, ja=¢

for1 </¢<J.



