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Math 213a Homework #11 Assigned November 19, 2024
due November 26, 2024

Please submit the PDF file of your homework
to the CANVAS website for Math 213a

Problem 1 (from Ezercise #12 on p.177 of Stein-Shakarchi). (a) Show that
=~ is not O(e!) for any ¢ > 0.

IT(s)]
Hint: If s = —k — %, where k£ is a positive integer, then
1 S k!
IO

(b) Show that there is no entire function F(s) with F(s) = O(e*!) that has
simple zeroes at s =0,—1,—2,--- ,—n,---, and that vanishes nowhere.

Hint: Use Part (a) and the fact that the pole-set of I'(z) consists of poles of
order 1 at the nonpositive integers.

Problem 2 (Infinite Number of Zeroes from Hadamard’s Factorization Theo-
rem — from Exercises 13 and 14 on p.155 of Stein-Shakarchi). Use Hadamard’s
Factorization Theorem to prove the following two statements.

(a) The equation e* — z = 0 has infinitely many solutions in C.

(b) If F is entire and of growth order p that is non-integral, then F' has infinitely
many zeroes.

Problem 3 (Blaschke Product as Bounded Unit-Disk Analogue of Weierstrass
Product for Entire Functions — from Problems 1 and 2 on p.156 of Stein’s Book).
(a) Prove that if f is holomorphic on the open unit disk D, bounded and not
identically zero, and 21,22, , 2z,,- -+ are its zeros, then

Z(l — |zn|) < 0.

Hint: Use Jensen’s formula, which is the special case of the following Poisson-
Jensen formula when z = 0 and f is holomorphic.
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Poisson-Jensen formula. If f(z) is a meromorphic function on {|z| < R} whose
zeroes ajy,- - ,ap; and poles by, -+ by in {|z| < R} do not lie on {|z| = R}, then
for any z = re® with 0 < r < R which is neither a pole nor a zero of f(z), the
Poisson-Jensen formula states that

og ) = 5 [ " log | f(Re™) Lt d
& Tor )8 72+ R2— 2Rrcos(0 —g) ¢

al z—0b,)
+Zlog 221 ‘R2—bz .

(b) Show that for 0 < |a| < 1 and |z| < r < 1 the inequality

R2—a z

147
1—7r

a+|alz
(1—az)a

holds.

(c) Let {ay,} be a sequence in the open unit disk D such that «, # 0 for all n and

o0

Z(l — |aw|) < 0.

n=1

Note that this will be the case if {a,,} are the zeroes of a bounded holomorphic
function on D according to Part (a). Show that the product

R | fretre

1—anz ap

n=1

converges uniformly for |z| <r < 1, and defines a holomorphic function on the unit
disk D having precisely the zeroes oy, and no other zeroes. Show that |f(z)| < 1.

Problem 4 (Meromorphic Function as Quotient of Weierstrass Canonical Prod-
ucts of Degree From Polynomial Growth Order of Nevanlinna Characteristic Func-
tion). Let ¢ € N and f be a meromorphic function on C with zeroes at a, and
poles at b, (with multiplicities represented by repeated occurrences) such that

T
lim sup (r. )

r—00 r

=0,
where T'(r, f) is the Nevanlinna characteristic function for f. For p € NU {0} let

Z2 Zp
By(z) = (L—z) T +5
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denote the Weierstrass canonical factor of degree p (with the convention that
Ey(z) =1 — z). Prove that

E (=
f(z) = 2Pela=13) lim Wiy <r Bat <a“>

)
r—00 z
i, 1<r Ba—1 (f)

where p € Z and P,_1(z) is a polynomial of degree < ¢ — 1, by following the steps
outlined below in (a), (b) and (c).

(a) Use

29n
_ 2l /)
rd

|by | <7

for [z| < § (where n(r, f,00) is the number of poles, with multiplicities counted,
for f in the disk of radius r centered at 0) and

Tor > [ ML)

t=r 13

dt

to show that

(b,)1
£?;r<r2“bvz)q

converges uniformly on compact subsets of C to 0 as r — oo. Likewise, use

TG&):T@ﬁ+OG)
to show that (a,)
_ )
|a%£r (r? — c_zuz)q

converges uniformly on compact subsets of C to 0 as r — oo.

(b) By apply (%)q to the Poisson-Jensen formula, verify that

d? L (2™ log | f(re'®)| re db
e log f(z) = ZIT/QO g(reig — )atl
. L Gy
+ (¢ —1)! lbuzér ((bl, —2) (r2— b,,z)q)
e T\ R (7
(qlﬂgiQ%—aq<ﬂ—%w>

if f(z) is holomorphic and nonzero at z = 0.
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(c) By integrating ¢ times the equation in Step (b), applied to f(z)zP for some
appropriate p € Z, and then exponentiating and using Step (a) to show that

Fo (i)
(2) = ePrns® gy elr B
r—00 z
H|b,,|<'r q— 1(1)1,)
<

q— 1.

for some p € Z and some polynomial P,_1(z) of degree

Problem 5 (Alternative Proof of Hadamard’s Factorization Theorem by Iterated
Differentiation and Integration of the Poisson-Jensen Formula).

a) Verify that if f(z) is an entire function on C suc at for any ¢ > e
Verify that if f i tire functi C h that fi 0 th
inequality

£ (2)] < AceBel"™
holds on C for some positive numbers A, and B, then

T(r,[)

=0,
rk+1

lim sup
r—00

where k = |p] is the integral part of p.

(b) Use the result in Part (a) to provide a proof of Hadamard’s factorization theo-
rem that every entire function f(z) of finite order p admits an infinity factorization

of the form .
_ P(z).,m E i
=0z I k<)

for some nonnegative integer m and some polynomial P(z) of degree < k, where
k = |p]| is the integral part of p.

Problem 6 (Rationality of Meromorphic Function on C with Finite Zero-Set and
Pole-Set and Nevanlinna Characteristic Function of Growth Order <1).

(a) Let ¢ € N and f be a meromorphic function on C with zeroes at a, and poles

at b, such that
T
lim inf M
r—00 rd
By slightly modifying the proof in Problem 5, show that there exists an increasing
sequence ry of positive numbers with lim_,o, 7z = oo such that

f(Z) — Zpequl(z) lim Hlau‘<7’k q—1 a,u
—00 HlvaTk E, (E)

for some p € Z and some polynomial P,_1(z) of degree < ¢ — 1.

=0.
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(b) Prove that if f(z) is a meromorphic function on C with only a finite number
of zeroes and poles and satisfies

T
liminf L) 0,
T—00 /]"

then f(z) is a rational function.



