Math 213a (Fall 2024) Yum-Tong Siu 1

Math 213a Homework #10 Assigned November 12, 2024
due November 19, 2024

Please submit the PDF file of your homework
to the CANVAS website for Math 213a

Problem 1 (Average of Absolute-Value Square of Dirichlet Series Along a
Vertical Line — from Problem #1 on p.203 of Stein-Shakarchi). Let

o

F(s) = Py

n=1

where |a,| < M for all n.

(a) Prove that

I 1/T |F(o +it)) dt i’a"’Q if o>1
11m — g 1 = —_— 1 (0 .
T — n2o

Hint: Use the fact that

n=% if n =m,

1 [T .
lim — / (nm)~"n""*m"dt =
7m0 21 Joeor 0 if n # m.

(b) Show as a consequence the uniqueness of Dirichlet series: If

where the coefficients are assumed to satisfy |a,| < cn® for some k, and
F(s) =0, then a, = 0 for all n.

Remark. The statement in Part (a) can be interpreted in the context of a
C-vector space F with an inner product whose norm is || - ||z. The norm
square || f]|% of an element f = "> ¢,g, of E can be written as

)
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n=1
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if g, is orthogonal to g,, for n # m. In the case at hand, the vector space E
depends on ¢ and for fixed o the inner product of ¢(s) and ¢ (s) as functions
of t =Ims is
1 /7 -

lim — 't it)dt.

Am o /t:TsD(UH ) (o +it)
This is Dirichlet-series analogue of the situation of the L? norm of the re-
striction of a holomorphic function f to a circle of radius r centered at z
when

f(2) =) an(z = 20)"

is expressible as a convergent power series with radius of convergence > r so
that

1 " 0|2 - 2,2
1 O2de =37 |an*r?.

Problem 2 (Logarithmic Growth Order for Riemann’s Zeta Function, its

Derivative, and its Reciprocal on the Vertical Line with Abscissa 1 — from
Ezercise 9 on p.202 of Stein-Shakarchi).

(a) For any real number x, denote by |z | the integral part of x in the sense that
|| is the integer such that |z| < x < |x] + 1. By applying integration by parts
to the Stieltjes integral

(e}

3 nls:/:o L dle)

N x5
n=N+1 =N

and using the explicit evaluation of the integral

to verify that

N 0o | —x 1 1—s —s
(+) <<s>—21—s/_ SILAL PN

first for ¢ = Res > 1 and by analytic continuation for ¢ = Res > 0.
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(b) Use (*) in Part(a) with the choice of N = |t| to verify that there exists a
positive constant A such that
I¢(1 +it)| < Alog|t|

for |t| > 2.

(c) By differentiating (*) in Part(a) to get

logn —x+ N'-slogN N—° N—*logN
/ 2

— sl dr— —
¢ / (1= slog) do— B8 T TS

with the choice of N = |t], verify that there exists a positive constant A such that
I¢'(1 +it)| < A(log [¢])”
for |t| > 2.

(d) For t > 2, by using

‘C(a:—zt)‘ <@ FIco+2i)i =0 ((S"f?)}) for o> 1
and
C+it) — Clo +it) / ¢+ it)du = O (o — 1)(log £)?)
and with the choice of )
77 Qlogt)?

for € > 0 sufficiently small, verify that there exists a positive constant A such that

1

| = Aol

for |t] > 2.

Remark on Problem 2. The difference between the statement in Part(b) and the
weaker estimate |((1 + it)| < c.|t|® for € > 0 and |¢| > 1 obtained by using

o n+1
C(S):sil—i_z/zn (;—;)dm

n=1
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is that in Part(b) when the error between # and % is considered, the subtler
partial sum from 1 to N with N equal to the integral part of ¢ is used instead of

the full infinite sum.

Problem 3 (Meromorphic Continuation of Dirichlet L-Series from the Mellin
Transform Representation of its Product with the Gamma Function — from Ezxer-
cise #4 on p.200 of Stein-Shakarchi). Suppose {a,}52 ; is a sequence of complex
numbers such that a,, = a,, if n = m mod ¢ for some positive integer ¢q. Define
the Dirichlet L-series associated to {a,} by

L(s) = a—z for Res > 1.

Let ag = a4 and
q—1
Q(z) = Z ag—me™".
m=0

As a generalization of the special case of ((s) = L(s) where a,, = 1 for all n, show

that
1 00 Q(CC)Q?S_I

I'(s) Ju—o € —1
That is, I'(s)L(s) is the Mellin transform of the function
Q(z)

et —1°

L(s) = dr for Res> 1.

Prove as a result that L(s) is continuable into the complex plane, with the only
possible singularity a pole at s = 1. In fact, L(s) is regular at s = 1 if and only if

Problem 4 (Size of the n-th Prime — from FEzercises 12 on p.203 of Stein-
Shakarchi). Let p, denote the n-th prime. Prove that the prime number theorem
implies that p, ~ nlogn as n — oo, by following the steps given in Part(a) and
Part(b) below.

(a) Show that m(x) ~ & implies that

log (x) + loglog x ~ log z.
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(b) As a consequence, prove that logw(z) ~ logx, and take x = p, to conclude
that p, ~ nlogn as n — oo.

Problem 5 (Interpolation Entire Functions — from Ezxercises 17 on p.156 of Stein-
Shakarchi). Given two countably infinite sequences of complex numbers {a}7°,
and {by}72, with lim, . a, = 00, it is always possible to find an entire function
F(z) that satisfies F'(ay) = by, for all k.

(a) (Lagrange Interpolation Polynomial). Given n distinct complex numbers ay, - - -
and another n complex numbers by,--- ,b,, construct a polynomial of degree
<n—1 with

P(aj) =b; for j=1,2,---,n
Hint: Consider the polynomial

or alternatively use Cramer’s rule and the Vandermonde matrix.

(b) (Pringsheim Interpolation Formula). Let {ar}32, be a sequence of distinct
terms in C with ¢p = 0 and

lim aj = oc.
k—o0

Let E(z) denote a Weierstrass product associated with {aj}3,. That is,

B = T ((1- 2) @) e ()"
k=1 k

for some m € N and for some sequence {v}72, in NU {0} with

Z ‘ak‘yk"‘l

Given complex numbers {b;}2° ., show that there exists m; € N such that the

series -
E() (2\™
F(z) = +ZE, 7o A

defines an entire function that satisfies

F(ak) = bk for all & > 0.

y An



