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ELLIPTIC FUNCTIONS (Approach of Weierstrass)

We now discuss the approach of Weierstrass to elliptic functions. In con-
trast to Jacobi’s approach of inverting an indefinite integral whose denom-
inator is the root of a quartic polynomial (which is motivated by deriving
the exact solution of the motion of the simple pendulum), Weierstrass starts
with an infinite series of modified principal parts to define a doubly periodic
global meromorphic function (called the Weierstrass g function) on C with
the only principal part Ziz in a fundamental paralellogram). From the differ-
entiation formula for the Weierstrass g function one can conclude that the
the Weierstrass o function is the inverse of an indefinite integral (with oo
as the initial point of integration) whose denominator is the square root of
a cubic polynomial. In other words, one can transformthe Jacobian elliptic
sine function to the Weierstrass o function by applying a Mobius transfor-
mation to the integrand of the indefinite integral to send one of the roots of
the quartic polynomial to co and by changing the initial point of integration
from the origin to oc.

One advantage of the approach of Weierstrass is a geometric interpreta-
tion (and as a consequence a simple natural proof) of the addition formula
for the Weierstrass o function by using the three points of intersection be-
tween a cubic curve and a line in the complex projective plane Py. For this
interpretation and proof of the additional formula the third of the three basic
properties of a general elliptic function plays a key role. As the starting point
of our discussion, we introduce the notion of a general elliptic function and
its three basic properties.

Three Basic Properties of General Elliptic Functions. Before we discuss
the approach of Weierstrass to elliptic functions, we first look at some ba-
sic properties of doubly periodic meromorphic functions. These functions
are called elliptic functions. The Jacobian elliptic functions we have seen
and the Weierstrass elliptic functions we are introducing are special cases of
these general elliptic functions. The three basic properties of of general el-
liptic functions are as follows. We denote two primitive periods of an elliptic
function f by w; and ws.

(i) The sum of the residues of the function inside a fundamental parallel-
ogram is zero.
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(ii) The number of zeroes of the function equals the number of poles inside
a fundamental parallelogram.

(iii) Inside a fundamental parallelogram the sum of the coordinates of the
zeroes equals the sum of the coordinates of the poles modulo a period.

[a+ w2+ w) +wy
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[a+ w1, a+ w1+ wy

" >

[a, @+ wi]
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Figure 1: Fundamental Parallelogram
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To prove (i) we integrate f(z)dz along the boundary of the fundamental
parallelogram. By the residue theorem the integral is simply 27 times the
sum of the residues of f inside the parallelogram. On the other hand the
integral is zero, because, by the periodicity of f, the integral over [a, a + w;]
equals the integral over [a + ws, a + wy + ws| and the integral over [a, a + ws]
equals the integral over [a + wy,a + wy + we).

Property (ii) follows from integrating

1 !/
1),
2 f(2)
over the boundary of the fundamental parallelogram and from the argument

principle. Again the integral along the boundary of the fundamental paral-
lelogram because of cancellation on account of the periodicity of f.

The proof of Property (iii) is slightly more complicated. One integrates
1 !/
BRI
2mi f(2)

over the boundary of the fundamental parallelogram, but in this case the
integral may not be zero, because

1 2f'(2) 1 2f'(2)

2m [a,a+w2] f(Z)

dz

2m1 [a+tw1,a+w1+w2] f(Z

)
1 f'(z)
_w12m /[a’aer] ) dz.

1 f'(2)

2m1 [a,a+wa2] f(Z)

However,

dz

equals sz times the difference of the value of log f(z) at a+ws and at a when
z runs along [a,a + ws]. Since f(z) has the same value at a as at a + ws,
the difference of the value of log f(z) at @ + wy and at a when z runs along
[a, a + we] must be 27 times an integer. Therefore

1 f'(2)
ﬁ [a,a+wz2] f(Z) e
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is an integer and

1 ), 1 2f'(2)

2m [atw1,a+w1w2] f(Z) 2m [a,a+w2] f(Z)

dz

is a period of f. Likewise

1 (), 1 2(2)

P - o dz
271 [a,a+w1] f(Z) 2mi [a+tw2,a+w1 +wa] f(Z)

is also a period of f. This concludes the proof of (iii).

Remarks on Relation Between 3 Fundamental Properties and Theorems
of Riemann-Roch and Abel for Compact Riemann Surfaces of Genus
1. As we see later, Property (i) above (of the vanishing of the sum of all
residues) is actually a necessary and sufficient condition for a collection of
principal parts on a compact Riemann surface of genus 1 to be achieved
by a meromorphic function. For a general compact Riemann surface, it
evolves into the theorem of Riemann-Roch which, at the level of counting
the dimensions of vector spaces, gives a necessary and sufficient condition for
a collection of principal parts to be achieved by a meromorphic function. As
we see later, Property (ii) and Property (iii) (of the sum of the coordinates of
zeroes being equal to the sum of the coordinates of poles modulo the period
lattice) is a actually a necessary and sufficient condition for given zero-set and
pole-set to be achieved by a meromorphic function. For a general compact
Riemann surface, it evolves into the theorem of Abel which gives a necessary
and sufficient condition for given zero-set and pole-set to be achieved by a
meromorphic function. In the course we will not discuss the theorems of
Riemann-Roch and Abel for general compact Riemann surfaces.

Reduction of Polynomial in Elliptic Integral from Quartic to Cubic.
As mentioned before, in the approach of Jacobi using Abel’s inversion, the
indefinite integral

/ dz

\/ P4(Z) 7

where Py(z) is a quartic polynomial with four distinct finite roots, especially
of the form (1 — 2?)(1 — k?2?), can be transformed to the indefinite integral

[ vew
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where P;(z) is a cubic polynomial with three distinct finite roots, by using a
Mobius transformation as follows.

Let the four distinct finite roots of the quartic polynomial P,(z) be 7,
(for 1 < v <4). Apply the Mdbius transformation

_ag+b
o +d
(with ad — be # 0) to z. Then
ad — be
T e ay
and i %
= (ad — b d
/ ro ) e
with

4
Q) = [J((aC +b) = 7(eC + ).
v=1
We can choose a, b, ¢, d so that a—~;¢ = 0. Then b—~1d # 0 from ad—bc # 0.
The degree of Q(¢) is 3 in . Geometrically this means that the Mobius
transformation
aC+0b

Z =
cC+d
maps the point ( = oo to the point z = ~; and with respect to the (
coordinate our integral comes from a polynomial of degree 3. An affine
variable change can reduce the polynomial to 4¢3 — ¢go¢ — g3, where gs, g3 are
complex constants.

Let the three roots of the cubic polynomial 4¢® — g,¢ — g3 be ey, e, e3.
The discriminant of the cubic polynomial 4¢3 — go¢ — g5 is

IT (e —ex)? = —16(g3 — 2743).

1<j<k<3

The condition for the the three roots ey, e, e3 of the cubic polynomial 4¢3 —
g2¢ — g3 to be distinct is the same as g5 — 27g2 # 0.
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Advantages of Weierstrass Approach of Cubic Polynomial over Jacobi
Approach of Quartic Polynomial. Jacobi’s approach of using a quartic
polynomial is its parallelism with the theory of trigonometric functions so
that in using Jacobi’s elliptic functions one has a rough guide from the well-
known properties of the trigonometric functions. Weierstrass’s approach of
using a cubic polynomial has a number of advantages from the viewpoint of
pure mathematics.

The first one is that the Riemann surface constructed from Weierstrass
of using a cubic polynomial can be algebro-geometrically identified with a
smooth complex curve of degree 3 in the complex projective plane Ps.

The second one is that in Weierstrass’s approach the addition theorem can
be proved by a simple and intuitive algebro-geometrical argument without
complicated arguments with formulas obtained by differentiation. We now
explain the first advantage of identifying the Riemann surface with a smooth
cubic complex curve in Py by presenting Hurwitz’s method of using Fuler
numbers to compute the genus of a smooth complex curve in the complex
projective plane. Then we use a “light-source projection” in Py to identity
explicitly the Riemann surface with a nonsingular cubic curve in Ps.

Hurwitz’s Method of Determining Genus of Nonsingular Complex Curve
in the Complex Projective Plane. Let F((p,(1,(2) = 0 a homogeneous
polynomial of degree m defines a nonsingular complex curve C' in Py. It
means that the gradient
(o o or
9Co" 0G " 0Gs

and F vanish at the same time only at the origin ({y, (1, (2) of C3. After
a linear change of the homogeneous coordinates, we can assume that the
infinite line {{y = 0} intersects C' transversely precisely at m points and the
point [0,0, 1] is not on C. In the affine coordinates

7 o’ Co
of C?, the affine part Cy of C is defined by the vanishing of f(z1,2) =

F(1,21,22). In the light-source projection 7 : C' — P; with light-source
[0,0,1] and target P; = {¢; = 0}, the number of branching points with
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multiplicities counted is the product m(m — 1) of the degrees of f and §7f2.
Use the triangulations of C' and P; compatible with the 7 such that all the
branching points in C' are vertices. Let g be the genus of C'. The Euler
number of C' is 2 — 2¢g, which is equal to the number of vertices minus the
number of sides plus the number of faces of the triangulation of C'. By
comparing the numbers of vertices, sides, and faces of the triangulations
of C' and P; and using the fact that the Euler number of P, is 2, we get
2m =2—-2g+m(m —1) or

20=2—-2m+m(m—1)=m* —-3m+2=(m—1)(m — 2)

so that
(m—1)(m —2)
5 .
The genus g is 1 for m = 3. The genus g is 3 for m = 4.

Riemann Surface Defined by Graph of Equation. Consider the case of
the Weierstrass formulation of using the polynomial 25 = f(z;), where

f(z1) = alz1 — ar)(z1 — az) (21 — a3)

(with o #) is a cubic polynomial with three finite distinct roots ay, as, as, for
example,

f(zn) = 42? — 92721 — §3,
where ¢y, g3 are complex numbers with g5—27¢2 # 0. In P, with homogeneous
coordinates [(y, (1, (2] we use the homogeneous polynomial

F(Co, €1, G2) = G063 — oG — a1o) (G — a2o) (G — aso)

of degree 3 to define the complex curve, which one straightforwardly checks
that the origin of C? is the only common zero of F'((y, (1, (s) and its gradient
in o, C1, C2- The point [(y, (1, (] = [0,0,1] is on C. Use the point [y, (1, (2] =
[0,0,1] of C' as the light-source and the complex line {(; = 0} as the target
P, = for the projection 7 : C — P;. In the affine part C? of P, with affine

coordinates (21, 22) = (%7 g—;), the projection 7 is the same as the projection

map (z1,22) — 2z from C' N {{ # 0} to C. The only difference between =
and its restriction to the affine part is that m maps the light-source point to

oo in the target P;. The intersection of

F(Co, 15 G2) = CoGs — alC — a16o) (G — a26o) (¢ — aslp) = 0
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and (; = is given by ¢ = 0. From the fact that the light-source point
[Co, €1, C2] = 10,0,1] itself is already on C' we know that every complex line
in P, whose intersection with the target P; = {{; = 0} intersects C at
the light-source point. The triple intersection of the infinity line with C' at
the light-source point means that the light-source point is a branch point of
multiplicity 2 for the map 7 : €' — P; whose image is the infinity point of
P;. In the affine part, from the implicit function theorem to solve for z; in
terms of z; in 22 = f(z;) the map 7 : C — P; has precisely three branch
points in C, each of which is of multiplicity 2 and is mapped to a root of the
cubic polynomial f(z1). This description tells us that the Riemann surface
in the Weierstrass formulation is actually the nonsingular complex curve in
P, whose affine part is defined by 22 = 4z} — g22; — g3. On the other hand,
for the Jacobian formulation, Hurwitz’s method of computing the genus of a
nonsingular complex curve in P, tells us that we cannot describe the Riemann
surface in the Jacobian formulation by using a nonsingular complex curve in
Py of degree 4.

We now describe the elliptic function in the Weierstrass approach which
is obtained in a way analogous to the construction of the Jacobian elliptic
sine function by Abel’s inversion.

Weierstrass o Function as Inverse Function of Elliptic Integral Defined
by Cubic Polynomial. As in the case of the Jacobian elliptic sine function
w = sn z which is defined by

snlw = /w de
=0 /(1= ¢2)(1 - k%¢?)

with the point ¢ = 0 and /(1 — ¢2)(1 — k2¢?) = 1 as the initial point of
integration, we defined the Weierstrass g function w = p(z) as the inverse
of indefinite elliptic integral

[ dc
#{w) /C=00\/4C3—92(—g37

where go, g3 are complex numbers with g3 — 27¢2 # 0 and the point ( = oo
as the initial point of integration. From the argument of Abel’s inversion, we
know that the Weierstrass o function is an elliptic function (i.e., a doubly
periodic meromorphic function on C). The choice of oo as the initial point of
integration means that the inverse function of the indefinite elliptic integral
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(i) has a double pole at the origin and no other pole in the fundamental
parallelogram, and

(ii) is an even function.
Just like the computation of K and K’ by definite integrals
1 dC

Moo re)

o [* d¢
=
/<=1 VI(E =11 - k)

involving k for the Jacobian elliptic sine function, the two primitive periods
wy,wy of the elliptic function w = p(z) can be computed by definite integrals
involving the three distinct finite roots e, s, e5 of the cubic polynomial 423 —
goz — g3. For example,

v
wp =2 )
(=e1 \/4C3 — 920 — g3

=9 .
2 /<e3 VA — goC — g3

Principal Part of Weierstrass o Function at the Origin. We would like
to see what the principal part at the origin should be chosen for the elliptic
function so that its translates by the periods can be used in an expansion of
the Weierstrass p function as an infinite sum of partial fractions.

By the fundamental theorem of calculus, the elliptic function g(z) defined
as the inverse function of

oy [T dg
#=p ) /c=oo\/4C3—ng—gs

satisfies
dz 1

dw VAW — gw — g

which is the same as
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If the principal part of p(z) at 0 is

equating the terms of most negative power on both sides yields

2 A,

S2(041) T L3070

which implies 2(¢+1) = 3¢ and (*c*, = 4¢* ,, i.e., { = 2, and c_y = 1. By the
evenness of p(z) (from the initial point of integration being a branch-point
of the Riemann surface), the principal part of p(z) at 0 must be z%

Partial Fraction Expansion of Weierstrass o Function. We can attempt
to get a partial fraction expansion of the Weierstrass g function by taking
the sum of all the principal parts

Z 1

-
(n1,m2) €72 (Z — (n1w1 + nQWQ))

Unfortunately, such a sum does not converge uniformly on compact subsets
(after a removal of a finite number of terms).

In our review of basic complex analysis, we discussed the problem of
partial fraction expansion, in the case of a meromorphic function on C with
simple poles and a polynomial growth order on a sequence of contours going
out to infinity. By increasing the growth order of the Cauchy kernel and using
the technique of modifying each principal part by its Taylor polynomial of an
appropriate degree at the origin, we can express such a global meromorphic
function on C in terms of its modified principal parts. Such a method works
also for double poles instead of simple poles.

As a global meromorphic function with double poles on C with two R-
linearly independent primitive periods, the Weierstrass g function has growth
order o( RP™) with p = 0 on a sequence of rectangles C,, with distance
R, — oco. To get an infinite-sum expansion of the Weierstrass g function,
we can use the technique of modifying each principal part by its Taylor
polynomial of an appropriate degree at the origin, in order to guarantee
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convergence of the infinite sum of its principal parts. Instead of specifying
the degree of the Taylor polynomial at the origin we should use, we can start
with degree zero and then test convergence to increase the degree if necessary.
The case of Taylor polynomial of degree zero means that we should try

D D T L)
& (0,0) (2 — (nwy + naws))? (nawr + nowa)? )

(ni1,n2)€Z2—

where we treat the principal part at 0 differently because the Taylor poly-
nomial at 0 is meaningless for a function with a pole at 0 and, to test the
convergence of an infinite series, we can always ignore a finite number of
terms in the infinite series.

It turns out that it suffices to use Taylor polynomials of degree 0. To
simplify notations, let L can be the period lattice Zw; + Zws. The series
whose convergence is being tested is now written in the simpler form

1 1 1
s+ X (Fwa)
teL—{0}

Its convergence can be argued by considering the infinite sum as the limit of
the sequence of partial sums

3 1
z—02 P
teL—{0},l¢|<p

as p — oo and using the Cauchy criterion for the convergence of a sequence
as follows. The difference between the g-th and the p-th partial sums

()

LerL,
p<|¢|<q

is comparable to
q q q
1 1 1
> X T D k=D
k=p \k—1<|{|<k+1 k=p k=p

which goes to 0 as p,q — oo.
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We have to argue that the meromorphic function

:iﬁ 2. (z—e %)

LeL—{0}

on C is in fact equal to the Weierstrass p function p(z). First, we have
to check that F(z) is periodic with period lattice L so that the two func-
tions F'(z) and p(z) having the same principal parts at points of L must be
constant. Then we have to check that the constant F'(z) — p(z) is in fact 0.

1

Because the term = corresponding to ¢ = 0 is different from the term

L
(z—=0)2 2

for £ € L—{0}, it is by no means clear that L is a period lattice for F'(z). One
way to handle the problem is to get rid of —; in each term for £ € L — {0}
by differentiating and then integrating back. The equation

1
F'(z) = =2 —_—
; (z—10)3
from term-by-term differentiation is justified from the convergence of the
right-hand side absolutely and uniformly on compact subsets of C. Now
clearly

F'(z+0)=F'(2)
for ¢ € L. Integrating with respect to z yields

F(z+0)=F(2)+Cy

for some constant Cy. Since F(2) deﬁned by the infinite series is clearly an
even function, evaluating at z = —5 ylelds

(§-r(4)

which from the evenness of F'(z) implies that Cy = 0. Thus, we know that
F(z) is periodic. Because F'(z) and p(z) have the same principal parts and
the same period lattice, we conclude that F'(z) and p(z) differ at most by a
constant. Instead of verifying the constant to be zero, we going to show by
another method that F'(z) and p(z) agree.
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For Abel’s inversion, we compare the fundamental groups of a cover-
ing space and its base. When Weierstrass developed his theory, he actually
avoided the use of Abel’s inversion and relied only on purely analytic argu-
ments. We now use Weierstrass purely analytic approach to show that F(z)
agrees with (z) by showing F'(z) satisfies the same differential equation

(dF(z)

) 1k - aF () - g

Then w = F(z) must be equal to the inverse of

_ [ dg
: /C=wo \/4C3 — 920 — g3

for some initial point of integration wy which must be a value of F'(0). Since
we know that 0 is a pole of w = F(z), the initial point of integration wy must
be infinity, which means that F(z) agrees with p(z).

Derivation of Differential Equation by Infinite Series of Principal Parts
by Eliminating the Principal Part at the Only Pole in Fundamental
Parallelogram. We now derive the first-order differential equation for

1 1 1
-3+ T (o= n)
teL—{0}

by using the technique of eliminating the principal part of the only pole
in a fundamental parallelogram for a polynomial of F(z) and F’(z). The
derivative F’(z) of the even function F(z) is odd. In order to work only with
even elliptic functions (to minimize the number of terms in the principal part
at the origin), we use F”(z)? whose principal part at 0 is

4 a b
B0t T w
for some a,b € C due to its evenness. To cancel the term
4
26
in the principal part at 0 with the most negative power, we should use 4F(2)3,
but the process still leaves a principal part
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for some ¢, d € C. Thus, we know that
F'(2)* = 4F + 0o F? + a, F(z) + ag

for some constants «g, aq, as. To determine the constants «g, aq, oo, we have
to explicitly write down a few terms in the Laurent series expansion of F(2)
at 0.

Equating Terms of Nonpositive Powers in Laurent Series Expansion at
0. For n > 3 Let

Since

L S P NP ANy SR
=02 p_:zF & BA PlEES T

it follows from straightforward computation that

1
F(z):—2+3s4z2+536z4+---,
2

2
F'(z) = = + 6842 + 20862° + - -+

4 24s
N2 4
FR)=%-"3

1 9s
F(Z)3:E+Z_;+15SG+,

— 8056+ -+

and
F,(Z)Q - 4F(2)3 + 6084F(Z) = —140s¢ + - - - .

Thus we have the differential equation
F'(2)* = 4F(2)* — g F (2) — g3,

where

1 1
g2 =605 =60 i and g5 = 1405 = 140 > %
LeL—{0} LeL—{0}
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We now can conclude that w = F(z) agrees with w = p(z), which is defined
as the inverse function of the indefinite integral

_[" d¢
sz/COO VAG = goC — g3

An important bonus of this argument is the two relations between the period
lattice L and the coefficients g, and g3 of the cubic polynomial 423 — go2 — g3.

1 1
g2 =605 =60 »_ i and g5 = 1405 = 140 > %
teL—{0} teL—{0}

It is interesting to note that at the beginning of our discussion on elliptic
functions, when we compute the actual period of a simple pendulum (with
the constants a and g normalized to be 1), the period 4K is given by

1\? 1-3)\°
AK =2n 14+ (=) B2+ —) K*'+---
( +(2) H(M) K )

which is a relation between one primitive period 4K and the coefficient k£ in
the quartic polynomial (1 — 2?)(1 — k?z?). This relation between K and k
is actually a hypergeometric series which satisfies a second-order differential
equation called the Gauss hypergeometric differential equation. We will have
a homework problem about it. Later we will discuss more about the relation
between g5, g3 and the lattice L.

As the second advantage of Weierstrass’s approach over that of Jacobi’s,
we mentioned that in Weierstrass’s approach the addition theorem can be
proved by a simple and intuitive algebro-geometrical argument without com-
plicated arguments with formulas obtained by differentiation. We now present
the simple and intuitive algebro-geometrical proof of the addition theorem
for the Weierstrass g function.

Addition Theorem for Weierstrass g Function. In the case of the trigono-
metric functions, the unit circle 2% + y? = 1 is parametrized by

0 — (x,y) = (cosf,sin ),
because of the identity

(sinz)? + (sin’z)? = 1
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from

L Mg
o V10

In the case of the Weierstrass o function, the identity

sin

(sinz)? + (sin’z)? = 1

is replaced by

which is from

TN ¢
Fme) /<=oo\/4<3—926—93'

Because of the identity

we can use
20 (2,y) = (p(2), 0'(2))
as a parametrization of
y? =42’ — gox — gs.

The addition formula is to be considered as the interpretation of the addition
(z1,22) = z1 + 23 in the parameter space (with coordinate z) in terms of a
relation among the three points

(p(21), 9'(21)), (9(22), 9'(22)), (921 + 22), 9 (21 + 22))

on the smooth cubic complex curve in P, whose affine part in C? is defined
by the equation y* = 423 — gz — g3 with affine coordinates (z,y) € C2.

This relation (which is the addition theorem for the Weierstrass o func-
tion) will be obtained by using Property (iii) of doubly periodic meromorphic
functions, which states that on a fundamental parallelogram of a doubly pe-
riodic meromorphic function the sum of the coordinates of the zeroes equals
the sum of the coordinates of the poles of the doubly periodic meromorphic
function modulo the period lattice.
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Let x = p(w) and y = ¢'(w) and, for some complex numbers a # 0 and
b to be determined later, we would like to apply Property (iii) of a general
elliptic function to the doubly periodic meromorphic function

y+ax+b=¢'(2) +ap(z) + b.

This doubly periodic meromorphic function has a pole of order 3 at the origin
and no other poles inside a fundamental parallelogram. So the sum of its
three zeroes must be zero modulo a period. The reason of using ¢'(z) +
ap(z) + b instead of ¢'(2) is that we need an elliptic function with a pole of
order 3 at the origin and with two parameters (a and b) to be determined.
The addition of ap(z) + b to ©'(z) does not preserve the property of having
a pole of order 3 at the origin and adds the two parameters a and b to be
determined.

We are free to choose values for the two parameters a and b. We can
choose a and b so that the doubly periodic function

y+ar+b=¢'(z) +ap(z)+b
vanishes at w; and ws. Then

y+ar+b=¢'(z)+ap(z)+b
must also vanish at —(w; + ws).

On the other hand we have the equation y? = 42% — g,x — g3, which is
satisfied by the three points

(,y) = (p(w1), p'(w1)),
(7,9) = (p(ws), p'(w2)),
(2, y) = (9 (—(w1 +wy)), o' (= (w1 +wa)r)),

because all three points lie on the Riemann surface which is the nonsingular
cubic complex curve in P, defined by the equation y? = 42° — gz — g3,. So
by solving the two equation

y+axr+0=0,

y? = 423 — gox — g3,

we would get the values of x and y at —(w; + wy). Since one equation is a
linear equation and the second one is a cubic equation, we expect to get 3
solutions for (z,y).
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The other two solutions are the values of (z,y) at w; and wy. Knowing
these two solutions makes getting the third solution very easy, because one
can use the fact that for a cubic equation with unit leading coefficient the
sum of the three roots is the negative of the second coefficient.

We now carry out the details to get our addition theorem. From

@ (wy) + ap(wy) +b=10
o (ws) + ap(ws) +b=10

we get

@' (w1) — ¢ (wo)

p(wi) — p(wz)

(As we see later we do not need to solve for b.) From the equation

a=—

(ax + b)2 =423 — gox — g3

we obtain (by the evenness of p(w))

2

a 1
o(wy) + p(wse) + p(wy + wq) = T

CrErol

Thus we have the addition formula

p(wy +wy) = —p(w;) — p(ws) + ! (

: @TUH)—'@TU&)>2

p(w1) — p(wy)

Remark. This simple algebro-geometric argument for the derivation of the
addition formula works for the Weierstrass g function, because the Riemann
surface can be identified with a smooth cubic complex curve of P,. For this
reason, the argument does not work for the Jacobian elliptic sine function.
The two advantages of the Weierstrass approach over the Jacobi approach
are actually not unrelated.

Indefinite Integral Formulation of Addition Theorem for . Historically,
the addition formula was first derived for the arc-length of the lemniscate by
Giulio Carlo Fagnano in 1750. It is a formula relating the radial coordinates
of two points on a lemniscate (defined by r? = cos(26) in polar coordinates)
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such that the value of the arc-length function s(rg) for one point r = ry is
twice that for the arc-length function s(r1) at another point r = rq if

2ri\/1 — 1t

2= 1—|—7“‘1l

From this, Euler in 1761 obtained the following addition theorem for the
arc-length of the lemniscate.

uv1 — vt +ov1 —ut
w:

1+ u?v?

when  s(w) = s(u) + s(v).

This helps to pave the way to the addition theorem of the Jacobian elliptic
sine function.

A full discussion of the proof of Fagnano’s additional formula for arc-
length of the the lemniscate is given in the Appendix A.

Since the arc-length function is a definite integral from some initial point
to a variable point (which is the upper limit of the integral), historically
before Abel’s inversion the addition formula was written as ws in terms of
wy and wy when the sum of two definite integrals with upper limits w; and
wy is equal to the definite integral with upper limit ws. Whenever we have
an addition formula for a function defined as the inverse of an indefinite
integral, there is a corresponding formulation in terms of the sum of two
definite integrals being equal to one definite integral with relation among the
three upper limits.

—_

Suppose we have an addition theorem f(z1 + 22) = Z(f(21), f(22)) for a
function w = f(z) whose inverse function is defined by an indefinite integral
w) = | sza ®(¢)d¢. We can rewrite it in terms of the defining integrals
as

w1 wa =(w1,w2)
/ (C)d¢ + / (()d¢ = (C)dc
¢

=a =a C:a

when wy; = f(z1) and wy = f(22), because the above equation simply states

that
FHw) 4+ fHws) =21+ 2= (f(z1 + 22))
= [N E (=), f(z2)) = £ (E(wr, w)) .
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Such a derivation was already mentioned in the lectures notes on elliptic
functions in Jacobi’s approach. In the case of the addition theorem for the
Weierstrass p function, the formulation in terms of indefinite integrals is

¢ d¢ L dc
_l’_
/CZ"O VAC = 92C — g5 /<=oo V4G — g2C — g3
B /577+411 <\/4§392§g3ér\’/4n392n93> dC
(oo VACG — g — g5

because when we let £ = p(w;) and n = p(ws), we have

O )+ (n) =wi +wy =g (plwr +ws))

p(wr) — p(wy)

2
o (VA8 — g€ — g5 — VAP — gan — g3
= § ?7+4< s >

TO BE CONTINUED ...



