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1 The mean ergodic theorem.

Let T be a linear transformation on a normed vector space V which is such that

1. There is some constant c such that

�Tnv� ≤ c�v�

for all v ∈ V and all positive integers n.

2. For some fixed w ∈ V the sequence of vectors

Snw :=
1

n

�
w + Tw + · · ·+ T (n−1)w

�

possesses a subsequence which converges to some ŵ ∈ V .

Theorem 1.1. The mean ergodic theorem. Tŵ = ŵ and the (full) sequence
Snw converges to ŵ.

The purpose of the next few problems is to give a proof of this theorem.

1. Let (I − T )V denote the space of all vectors z of the form z = (I − Tv).
Show that if z = (I − T )v then Snz → 0. Conclude that Tŵ = ŵ.

2

1. Let (I − T )V denote the space of all vectors of the form v − Tv. Show that
if z = (I − T )v then Snz → 0. Conclude that Tŵ = ŵ.

2
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2. Show that the space of all z such that Snz → 0 is a closed subspace.
Consequently every z ∈ (I − T )V (the closure of (I − T )V ) satisfies Snz → 0.

3. Show that z − Snz ∈ (I − T )V for any z ∈ V and any positive integer n.
Conclude that (I − T )V consists precisely of those z ∈ V for which Snz → 0.

Now T
n
w = T

n
ŵ + T

n(w − ŵ) so

Snw = ŵ + Sn(w − ŵ).

By assumption the subsequence Snj w → ŵ so w−Snj w → w−ŵ. By problem 3,
w−Snj w ∈ (I−T )V and hence (w− ŵ) ∈ (I − T )V and therefore Sn(w− ŵ) =
Snw − ŵ → 0 which is the conclusion of the mean ergodic theorem. ✷

We can weaken hypothesis 2 to

“2weak: For some fixed w ∈ V the sequence of vectors

Snw :=
1
n

�
w + Tw + · · · + T

(n−1)
w

�

possesses a subsequence which converges weakly to some ŵ ∈ V ,”

if we assume that V is a Banach space and draw the same conclusion. Recall:
a sequence yn ∈ V “converges weakly to y” means that for any continuous
function � on V we have �(yn) → �(y). Indeed, we can argue as before to
conclude that �(Tŵ − ŵ) = 0 for any continuous function �. Hence, by the
Hahn-Banach theorem, Tŵ = ŵ. We can also prove that w − ŵ ∈ (I − T )V
as follows: If (w − ŵ) �∈ (I − T )V then by Hahn-Banach there would exist
some continuous linear function � vanishing on (I − T )V with �(w − ŵ) �= 0.
But w − Snj w ∈ (I − T )V and �(w − Snj w) → �(w − ŵ) by hypothesis, a
contradiction. ✷

The unit ball in a Hilbert space H is weakly compact. Indeed, if � is continu-
ous linear function on H, then by the Riesz representation theorem, � is given by
scalar product with some element φ of H and by the Cauchy-Schwarz inequality,

|(w, φ)| ≤ �w��φ� ≤ �φ�

so � maps the unit ball in H onto the closed disk of radius �φ� in C.
So if T is an operator on H which satisfies �Tw� ≤ �w� for all w in H, then

2weak is satisfied for any w ∈ H. In particular, we have

Theorem 1.2. [Mean ergodic theorem, usual form.] Let U be a unitary

operator on a Hilbert space H. The for any w ∈ H the sequence

Snw =
1
n

�
w + Uw + · · · + U

(n−1)
w

�

converges to an element ŵ which satisfies Uŵ = ŵ.
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We will use the first statement given above (using hypotheses 1. and 2.) for
getting Haar measure on a compact group.

2 Haar measure on totally bounded groups.

2.1 Compact groups, totally bounded groups.

A topological group is a topological space G which is also a group such that
the multiplication map G × G → G (sending (a, b) �→ ab) and the inverse map
G → G (sending a �→ a

−1) are continuous. In a topological group, if Uα form
a fundamental system of neighborhoods of the identity element e, then the
translates aUα form a fundamental system of neighborhoods of a.

If the group is compact (as a topological space) and separable (so that
there is a countable family of fundamental neighborhoods Ui of the identity),
then for each i we can find finitely many elements gi,1 . . . , gi,j(i) such that
gi,1Ui, . . . , gij(i)Ui cover G. A group with this property will be called totally

bounded. From now on we assume that G is totally bounded.
Let V be the space of uniformly continuous functions on G, and put the sup

norm on V , i.e. define
�f� := sup

g∈G

|f(g)|.

(If G is compact then any continuous function is uniformly continuous.) Take the
elements gi,k that enter into the definition of total boundedness and renumber
them into a single sequence {gi} which is clearly dense in G. Define the operator
T on V by

(Tf)(g) :=
∞�

k=1

1
2k

f(g−1

k
g).

If |f(a)−f(b)| < � whenever a
−1

b ∈ U where U is some neighborhood of e, then
(g−1

k
a)−1(g−1

k
b) = a

−1
b so

|Tf(a)− Tf(b)| < �

and hence T maps V into itself and clearly �Tf� ≤ �f� and so �Tn
f� ≤ �f�.

Recalling the definition of Sn from the preceding section, we see that Snf(g) =�
aif(hig) for some sequence of numbers ai > 0 with

�
i
ai = 1 and elements

hi ∈ G. So the same argument we just gave shows that |Snf(a) − Snf(b)| < �
if a

−1
b ∈ U . Since G possesses a dense sequence of elements, we can choose a

subsequence nj so that Snj f(h) converges at each element of of the subsequence,
and hence everywhere by what we have just proved. So we conclude from the
mean ergodic theorem that for each f ∈ V the sequence Snf converges to an
element f̂ which satisfies

T f̂ = f̂ .

4. Show that f̂ is a constant. [Hint: Let M = sup
g∈G

f(g). If f̂ is not a
constant, there is an � > 0, an h ∈ G and a neighborhood U of the origin such
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that f̂(g) < M − � for all g with gh−1 ∈ U . A finite number of giU will
cover G. Conclude that supg∈G T f̂(g) < M − �

2N for some sufficiently large N .

It follows immediately from the definition that

1. The map f �→ f̂ is linear.

2. If 1 denotes the function which is identically 1 then 1̂ = 1.

3. If f(g) ≥ 0∀g ∈ G then f̂(g) ≥ 0.

4. If rh : V → V is the map given by (rh(f))(g) = f(gh) then T ◦ rh = rh ◦T
and hence �rhf = rhf̂ = f̂ since f̂ is constant.

that f̂(g) < M� for all g with gh−1 ∈ U . A finite number of the giU will cover
G. Conclude that supg∈G T f̂(g) < M − �

2N for some sufficiently large N .]

It follows immediately from the definition that

1. The map f �→ f̂ is linear.

2. If 1 denotes the function which is identically 1, then 1 = 1.

3. If f(g) ≥ 0 for all g ∈ G then f̂(g) ≥ 0.

4. If rh : V → V is the map given by (rhf)(g) = f(gh) then T ◦ rh = rh ◦ T
and hence rhf = rhf̂ = f̂ since f̂ is a constant.

Items 1 and 3 say that the the map f �→ f̂ has the properties of an integral, so
we will write �

f(g)dg

instead of f̂ . Item 2 says that the total volume of G is one. Item 4 says that
�
(rhf)(g)dg =

�
f(g)dg

It follows from our construction that for any fixed f ∈ V and and fixed
� > 0 we can find a sequence of real numbers ai ≥ 0 with

�
ak = 1 and group

elements hi such that

sup
g∈G

����
�

akf(h
−1
k g)−

�
f(g)dg

���� < �. (1)

Now we could have started our whole procedure with a map T̃ V → V given by

(T̃ f)(g) =
� 1

2k
f(gpk)

for a suitable dense sequence pk of elements of G. The arguments would have
gone just as before, and we would have ended up with an integral

� ∗
which

would satisfy 1,2 and 3 with 4 replaced by
� ∗

�hf(g)dg =

� ∗
f(g)dg where (�hf)(g) = f(h−1g)

and with (1) replaced by

sup
g∈G

����
�

bkf(gqk)−
� ∗

f(g)dg

���� < �. (2)

5. Show that (1) and (2) imply that
�
=

� ∗
. In other words,

�
satisfies

�
�hf(g)dg =

�
f(g)dg.

5
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6. Show that any integral
� � which satisfies 1-4 must equal

�
. In other words,

properties 1-4 uniquely characterize
�

. [Hint: use (2).]

It follows from this characterization that
�

G

f(g−1)dg =
�

G

f(g)dg.

3 Representations.

Let G be a topological group and V a topological (complex) vector space. By
a representation of G on V we will mean a continuous homomorphism of G

into End(V ), the space of continuous linear maps of V into itself, which sends
the identity element e of G into the identity transformamtion I of V . Here
End(V ) is endowed with one of its suitable topologies, and the choice of such
a topology will affect the definition of what we mean by a representation. If
V is a finite dimensional, there is only one reasonable definition, the topology
given by identifying End(V ) with the set of all n×n matrices (using a choice of
basis) and then identifying the set of n×n matrices with C2n, if V is a complex
vector space (as we will be assuming) or with R2n if V is a real vector space.
The topology is clearly independent of the basis.

If necessary, we will denote a representation by a letter, such as R, so the
image of an element g ∈ G is R(g) ∈ End(V ) and the action of R(g) on v ∈ V

is R(g)v. Frequently, when R is fixed or understood, we will write g · v or even
more simply gv instead of R(g)v. So we have

(gh)v = g(hv) and ev = v.

If we fix v, we obtain a map fv : G → V given by

fv(g) := gv.

Then the preceding equations translate into

fv(e) = v

and
(�hfv)(g) = fv(h−1

g) = (h−1
g)v = h

−1
fv(g),

i.e.
�hfv = h

−1 ◦ fv.

3.1 Averaging over the group.

fv is a continuous function of g and so we can integrate it over G to obtain
�

G

fv(g)dg.
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Then
h
−1

��

G

fv(g)dg

�
=

�

G

(�hfv)(g)dg =
�

G

fv(g)dg.

In other words (replacing h by h
−1) the vector w ∈ V given by

w =
�

G

fv(g)dg =
�

G

gvdg

is invariant under the action of G, i.e. satisfies

hw = w ∀ h ∈ G.

In words, averaging over the group produces an invariant element.

3.1.1 Maschke’s theorem.

Let V be a (finite dimensional complex) vector space, and let Q = Q(V ) be the
complex vector space of sesquilinear forms on V . That is, an element q ∈ Q is a
rule which assigns to every pair of vectors v, w ∈ V a complex number q(v, w)
subject to the rules

• q(v, w) is linear in v for fixed w and

• q(w, v) = q(v, w).

Suppose we are given a representation of G on V . Define RQ(g) acting on Q by

[RQ(g)q](v, w) = q(g−1
v, g

−1
w).

7.

• Show that RQ is a representation of G on Q.

• Show that if q is positive definite, i.e. satisfies q(v, v) > 0 for all v �= 0
then so is

�
G

RQ(g)qdg.

• Conclude that for any finite dimensional representation of G there exists
an invariant Hilbert space structure on V , i.e. a Hilbert space scalar
product ( , ) such that

(gv, gw) = (v, w) ∀g ∈ G, v,w ∈ V.

• Conclude that every finite dimensional representation (of a compact group)
is completely reducible in the sense that if W ⊂ V is an invariant subspace
(meaning that if w ∈ W then gw ∈ W for all g ∈ G) then W possesses an
invariant complement.

7



3.1.2 Averaging a linear map between two representation spaces.

Let RV be a representation of G on a vector space V , and let RW be a repre-
sentation of G on a vector space W . Consider the space Hom(V,W ) of all linear
maps from V to W . Define a representation of G on Hom(V,W ) by

[RHom(V,W )(g)T ](v) =
�
RW (g) ◦ T ◦ (RV (g−1)

�
(v).

(You should check for yourselves that this is indeed a representation.) You can
see that the notation is getting cumbersome. It is neater (if less precise) to write

g : T �→ gTg
−1

.

To say that T is invariant under this action is the same as saying that T inter-

twines the two action is the sense that

g ◦ T = T ◦ g

or more formally as
Rw(g) ◦ T = T ◦RV (g)

for all g ∈ G. The space of T which satisfy this equation is denoted by
HomG(V,W ).

If we start with any S ∈ Hom(V,W ) and average, i.e. set

T =
�

G

g ◦ S ◦ g
−1

dg

then T ∈ HomG(V,W ).

3.1.3 Schur’s lemma.

We say that a representation RV is irreducible (or using more sloppy language
that V is irreducible) if there is no non-trivial subspace V1 of V invariant under
G, i.e. if V1 an invariant subspace then either V1 = {0} or V1 = V .

We say that to representations RV and RW are equivalent and write RV ∼
RW if there is an isomorphism T ∈ HomG(V,W ).

Theorem 3.1. [Schur’s lemma.] If RV and RW are irreducible finite dimen-

sional representations then

• If RV �∼ RW then HomG(V,W ) = {0}.

• HomG(V, V ) consists of all scalar multiples of the identity I.

Proof.

• Suppose that 0 �= T ∈ HomG(V,W ). Then the kernel N(T ) = {v ∈
V |Tv = 0} is an invariant subspace of V and so it is either all of V , in
which case T = 0 or it is {0} in which case T is injective. The image of
T is an invariant subspace of W which is therefore either {0} in which
case T = 0 or is all of W so that T is an isomorphism, contrary to the
hypothesis.

8



• Since V is a finite dimensional, any T
�

Hom(V, V ) has an eigenvalue, λ
which means that T − λI has a non-zero kernel. By the first part this
implies that T − λI = 0.

3.1.4 Orthogonality of the matrix elements of inequivalent finite di-

mensional representations.

Let us combine the results of the previous three sections: Let RV and RW be
inequivalent finite dimensional representations.

8. Show that for any S ∈ Hom(V,W ) we have
�

G

RW (g) ◦ S ◦RV (g−1)dg = 0.

Choose bases of V and W so that relative to these bases we can write
RV , RW , and S as matrices:

RV (g) = (rV ij(g)), RW (g) = (rWk�(g)), S = (s�i).

Then Problem 8 says that

�

�i

�

G

rWk,�(g)s�irV,ij(g−1)dg = 0.

Since this is true for all (s�i) we conclude that for all i, j, k, �

�

G

rWk,�(g)rV ij(g−1)dg = 0.

Suppose that we choose our bases of V and W to be orthonormal bases relative
to scalar products which are invariant under G. Then the matrices (rV ij(g) and
rWk�(g) are unitary. In particular, rV ij(g−1) = (rV ij(g))∗ = (rV ji(g)). So the
previous equation reads

�

G

(rWk�(g)rV ji(g)dg = 0.

Let us put the scalar product

(f1, f2) :=
�

G

f(g)f2(g)dg

on the space of continuous functions on G. Then we can write

(rW,k�, rV,ij) = 0.

9



9. Show that when we take V = W and use an orthonormal basis relative to
an invariant scalar product then (rV ij , rV k�) =

�
G

rV,ij(g)rV,k�(g)dg = 0 unless
i = k and j = �.

10. What is (rV ij , rV ij)? [Hint: Use the fact that if T =
�

G
RV (g)SRV (g−1)dg

then trT = trS.]

3.1.5 Characters and their orthogonality relations.

Let r = RV be a representation of G on a finite dimensional space. The char-

acter of this representation is the function χr on G given by

χr(a) = tr r(a).

So in terms of matrices,
χr(a) =

�

i

rii(a).

If we take a = e, so that r(e) is the identity operator we see that

r(e) = dim V.

For any two linear transformations on a finite dimensional vector space we have
trAB = trBA so if B is invertible, trBAB

−1 = trA. So it follows that

χ(bab
−1) = χ(a)

if χ is the character of any finite dimensional representation. Also, if we put an
invariant scalar product on V so that r(g−1) = r(g)∗ we see that

χ(a−1) = χ(a).

If V = V1 ⊕ V2 is a decomposition of V into invariant subspaces, then

χr = χr1 + χr2

in the obvious notation.
If r and s are inequivalent finite dimensional representations the it follows

from Problem 8 and its consequences that

(χr
, χs) = 0.

On the other hand, if r and s are equivalent representations, the χr = χs.
In words: two equivalent (finite dimensional) representations have the same
character.

If r is an irreducible representation then it follows from Problem 10 that

(χr
, χr) = 1.

10



Let r be a representation of G on some finite dimensional vector space V which
is not necessarily irreducible. Decompose V into a direct sum of irreducible
representations. Let φ be the character of r, and χi the character of ri, the i-th
irreducible component. So

φ = χ1 + · · · + χk.

Let s be some particular finite dimensional irreducible representation of G and
χ its character. Then

(φ, χ) = (χ1, χ) + · · · + (χk, χ).

Each term on the right is zero or one according to whether ri �∼ s or ri ∼ s. Thus
(φ, χ) is the number of terms in the decomposition of s which are equivalent to
s. In particular, this number does not depend on the particular decomposition
of s into irreducibles, and it follows also that two representations with the same
character are equivalent. The character charactrizes the representation - hence
its name.

Suppose we do the decomposition of s as above, but now collect together all
the terms with the same character so that, with mildly different notation,

φ = m1χ1 + · · · + mpχp

where the χi are inequivalent (hence orthogonal) irreducible characters. Then

(φ, φ) = m
2

1
+ · · · + m

2

p
.

It follows that the character

φ is the character of an irreducible representation if and only if (φ, φ) = 1.

3.1.6 The irreducible representations of a direct product.

Let G and H be compact groups and G × H their direct product as groups
and as topological spaces. So G × H is again a compact group. If RV is a
representation of G and SW a representation of H then we get a representation
RV ⊗ SW on V ⊗W where

(RV ⊗ SW )(g, h) = RV (g)⊗ SW (h).

Assume that V and W are finite dimensional. If χ is the character of RV and φ
is the character of SW then χφ is the character of RV ⊗ SW , where, of course,

(χφ)(g, h) = χ(g)φ(h).

The direct product of the Haar measures of G and H is an (and hence the)
invariant measure on G×H with total volume one. By Fubini’s theorem,

(χφ, χφ)G×H = (χ, χ)G · (φ, φ)H

11



in the obvious notation. So if RV is an irreducible representation of G and SW is
an irreducible representation of H then RV ⊗SW is an irreducible representation
of G×H.

For the proof of the Peter-Weyl theorem we will need the converse of this
result. Namely

Proposition 3.1. Any finite dimensional irreducible representation r of G ×
H on a vector space Z is of the form RV ⊗ SW where RV is an irreducible

representation of G and SW is an irreducible representation of H.

Proof. Consider the restriction of r to the group G, considered as the subgroup
G×{e2} ⊂ G×H where e2 is the identity element of H. The space Z decomposes
into a finite direct sum of irreducible subspaces

Z = V1 ⊕ · · ·⊕ Vk

under G. I claim that all the Vi are equivalent to one another as representation
spaces of G. Indeed, let Z1 be the sum of all G invariant spaces U for which
HomG(V1, U) = {0}. Thus Z1 is the maximal such subspace., and is clearly G

invariant. I claim that it is also H invariant. Indeed,

r(e1,h)r(g,e2)= r(g,h) = r(g,e2)r(e1,h).

Let us write this more succinctly (but more sloppily) as

rgrh = rhrg.

So
rh ◦ T ∈ HomG(V1, rhU) ⇐⇒ T ∈ HomG(V1, U).

So Z1 is G×H invariant, and since Z1∩V1 = {0} and V1 �= {0}, the irreducibility
of r implies that Z1 = {0}. Thus all the Vi are equivalent as representations of
G. Let V := V1.

Let W := HomG(V1, Z). Schur’s lemma tells us that dim W = k. Also, we
have an action of H on W given by

hT := rh ◦ T.

We have the “evaluation map” ev : V ×W → Z determined by

v ⊗ T �→ Tv.

Under this map

(gv)⊗ (hT ) �→ rh(Trgv) = rh(rgTv) = rgrh(Tv) = r(g,h)ev(v ⊗ w).

In other words, ev is a G×H equivariant map. It is clearly not zero, so its image
must be all of Z. If the representation of H on W had a non-trivial invariant
subspace W1, then the image of V ⊗W1 under ev would be a non-trivial invariant
subspace of Z. So the representation of G×H on V ⊗W is irreducible, hence
ev must be an isomorphism.

12



3.2 The regular representation.

Let us complete the space of (uniformly) continuous functions on G with respect
to the scalar product ( , ) and call this space L2(G). The group G acts on the
space of (uniformly) continuous function of G by

G : f �→ �gf where (�gf)(h) = f(g−1
h).

As usual we will sometimes write gf instead of �g(f). We have

(�gf1, �gf2) =
�

G

�gf1(h)lgf2(h)dh =
�

G

f1(h)f2(h)dh = (f1, f2).

In short
(gf1, gf2) = (f1, f2).

So the representation of G on the space of (uniformly) continuous functions
extends to a unitary representation of G on L2(G). This representation (which is
infinite dimensional unless G if finite) is known as the regular representation.

3.2.1 Representative functions and matrix elements of finite dimen-

sional representations.

A (uniformly) continuous function f is called a representative function if the
space spanned by all the �gf, g ∈ G is finite dimensional. For example, let RV

be a finite dimensional representation and (rij(h)) = rV,ij(h)) the matrix of RV

relative a basis of V . Then the equation

rij(g−1
h) =

�

jk

rij(g−1)rjk(h)

tells us that the set of functions �grij lies in the finite dimensional space of
functions spanned by all the rk�. In other words, any linear combination of the
matrix elements of a finite dimensional representation (considered as a function
on G) is a representative function. We will now establish the converse:

Proposition 3.2. Any representative function is a linear combination of the

matrix elements of a finite dimensional representation (considered as functions

on G).

Proof. Let f be a representative function, and let

f1 := g1f, . . . , fn := gnf

be a maximal set of linearly independent elements among the gf, g ∈ G. Then

gf =
n�

i=1

hi(g)fi

13



where the hi are (uniformly) continuous functions on G. Replacing g by g
−1 in

the above equation gives

f(gu) = (g−1
f)(u) =

�
hi(g−1)fi(u), ∀ u ∈ G.

This shows that the set of functions g �→ f(gu) also spans a finite dimensional
space.

Consider the function f̌ given by f̌(a) = f(a−1). Then f̌ is again a repre-
sentative function. Let W be the finite dimensional space spanned by the gf ,
so that the fi form a basis of W . then

gfj = (ggj)f =
�

i

hi(ggj)fi

so that the values hi(ggj) are the matrix elements of the representation of G on
W relative to the basis {fi}. But

f̌(g) = f(g−1) = f(g−1
e) =

�
hi(ggj)fi(e).

The fi(e) are constants, and the functions g �→ hi(ggj) are matrix elements of
a finite dimensional representation. This shows that f̌ is a linear combination
of matrix elements. But (f̌)ˇ= f . So if we started with f̌ we conclude that f is
linear combination of matrix elements of a finite dimensional representation.

Since every finite dimensional representation is a (finite) direct sum of finite
dimensional irreducible representations, we conclude that every representative
function is a finite linear combination of matrix elements of finite dimensional
irreducible representations.

3.2.2 An irreducible closed invariant subspace of L2(G) is finite di-

mensional.

We say that a closed invariant subspace W of L2(G) is irreducible if it possesses
no closed proper invariant subspace; that is no closed invariant subspace other
that itself of {0}. We want to prove the assertion in the title of this subsection.
We will use our spectral theorem for compact self-adjoint operators.

Proof. Let f be a unit vector in L2(G). Consider the function kf defined on
G×G by

kf (a, b) :=
�

H

f(ga)f(gb)dg.

Since f ∈ L2(G) it is easy to check that kf is a continuous function on G×G.
Let Pf denote orthogonal projection onto the line spanned by f , so

Pfv = (v, f)f, ∀v ∈ L2(G).

14



Let Kf denote the operator

Kf :=
�

G

g
−1

Pfgdg.

Then for any v, w ∈ L2(G) we have

(Kfv, w) =
�

G

(g−1
Pfgv, w)dg

=
�

G

(Pfgv, gw)dg

=
�

G

(gv, f)(f, gw)dg.

Suppose that v and w are (uniformly) continuous functions. Then
�

G

(gv, f)(f, gw)dg =
�

G

�
v(g−1

a)f(a)da

�

G

f(b)w(g−1b)db

�
dg

=
�

G

�
v(g−1

a)f(a)da

�

G

f(gb)w(b)db

�
dg

=
�

G

�

G

kf (a, b)v(a)w(b)dadb

=
��

G

kf (a, ·)v(a)da,w

�
.

In other words, Kf is given by the integral operator

Kfv =
�

G

kf (a, ·)v(a)da

and this is valid therefore for all v ∈ L2(G). Since Kf has the continuous
integral kernel kf , it carries any bounded set in L2(G) into an equicontinuous
set:

|(Kfv)(b1)− (Kfv)(b2)| ≤ �v�2 sup
a∈G

|kf (a, b1)− kf (a, b2)|.

Hence Kf is compact. (In fact, any integral operator whose integral kernel is in
L2(G×G) is compact as we shall see in a later lecture.)

Since Pf is self-adjoint, so is Kf . If f ∈ W where W is an invariant subspace
then Pf : L2(G) → W and hence so does g

−1
Pfg and hence so does Kf . Now

(pf (gf), (gf) ≥ 0

for all g, is continuous in g, and is = 1 when g = e so

(Kff, f) > 0.

Thus Kf �= 0.
So Kf is a non-zero compact self-adjoint operator. It has a finite dimensional

eigenspace corresponding to a non-zero eigenvalue. By construction, if Kfw =
λw, then Kfgw = gg

−1
Kfgw = g(Kfw) = λgw so this eigenspace in invariant

under the action of G. Hence, by the assumed irreducibility of W , it must
coincide with W .
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3.3 Statement of the Peter-Weyl theorem.

Theorem 3.2.

1. The representative functions are dense in L2(G).

2. L2(G) decomposes into a Hilbert space direct sum of irreducible represen-

tations of G each of which is finite dimensional.

3. Every irreducible representation of G is finite dimensional.

4. Each irreducible representation of G occurs in L2(G) with a multiplicity

equal to its dimension.

5. Any unitary representation of G on any separable Hilbert space decom-

poses into a Hilbert space direct sum of (finite dimensional) irreducible

representations.

We have proved a special case of 3.

3.4 Proofs.

3.4.1 Proof of 2.

Let Ui be a fundamental system of neighborhoods of e and let fi ≥ 0 be a
(uniformly) continuous function with fi(e) > 0 and supp (fi) ⊂ Ui. Multiplying
fi by a suitable positive constant, we may assume that

�
fi(g)dg = 1.

Thus the fi form a “sequence of approximations to the delta function”. For any
(uniformly) continuous function f , and any representation R of G, let us define
the operator

R(f) :=
�

G

f(g)R(g)dg.

In particular, let us take R to be the regular representation and set

Ri = �((fi)) =
�

G

fi(a)�gdg.

Then

(Riv)(b) =
�

G

fi(a)v(a−1
b)da =

�

G

fi(ab
−1)v(a−1)da =

�

G

fi(ba−1)v(a)da..

Thus Ri is an integral operator with integral kernel

hi(a, b) = fi(ba−1)

and so is compact.
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On the other hand, Riv → v as i →∞. Indeed,

�Riv − v� =
����
�

G

fi(a)(av − v)da

����

≤
�

G

fi(a)�av − v�dg

which approaches zero since
�

G
fi(a)da = 1 and av → v as a → e. The operator

Ri is compact and

R
∗
i

=
�

G

fi(a)(a∗)da =
�

G

fi(a)a−1
da.

So if we also choose fi so that fi(a−1) = fi(a) then Ri is a self-adjoint compact
operator.

Decompose
L2(G) = H0,i ⊕

�

j

Hj,i

(Hilbert space direct sum) where H0,i is the zero eigenspace of Ri and Hj,i are
the non-zero eigenspaces, so that the Hj,i are finite dimensional for j ≥ 1.

Lemma 3.1. L2(G) is the closure of the sum
�

i

�
j≥1

Hj,i.

Proof. If v is orthogonal to this subspace, then v ∈
�

H0,i so Riv = 0 for all i.
But Riv → v as i →∞ so v = 0

For each j and i, let Wj,i denote the intersection of all the closed invari-
ant subspaces of L2(G) which contain Hj,i. It is a closed invariant subspace
containing Hj,i and hence is the minimal such subspace.

Lemma 3.2. Any closed non-zero invariant subspace of Wj,i has a non-zero

intersection with Hj,i.

Proof. Suppose U is a closed invariant subspace of Wj,i whose intersection with
Hj,i is zero. Then the orthogonal complement of U in Wj,i would be a closed
invariant subspace of Wj,i containing Hj,i and hence must coincide with Wj,i

by the minimality of Wj,i. Hence U = {0}.

Consider all the intersections U ∩Hj,i as U ranges over all closed invariant
subspaces. Since Hj,i is finite dimensional, the spaces U ∩Hj,i are all finite di-
mensional and by the lemma, non-zero. Pick one such subspace H

1

i,j
of minimal

dimension, and now set
W

1

j,i
:=

�
U

where U now ranges over all closed invariant subspaces satisfying

U ⊂ Wj,i and U ∩Hj,i = H
1

j,i
.

Thus W
1

j,i
is the smallest closed invariant subspace of Wj,i whose intersection

with Hj,i is H
1

j,i
.
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Lemma 3.3. W
1

j,i
is irreducible.

Proof. Any proper closed invariant subspace of W
1

j,i
would have to intersect H

1

j,i

in a proper subspace of H
1

j,i
contradicting our choice of H

1

j,i
.

We have found one finite dimensional irreducible subspace of L2(G).
Let us now replace Hj,i by Hj,i ∩ (H1

j,i
)⊥ and Wj,i by Wj,i ∩ (W 1

j,i
)⊥ in the

above argument. Proceeding as before, we will find a collection H
1

j,i
, H

2

j,i
, . . .

of mutually orthogonal subspaces of Hj,i and a collection of W
1

j,i
, W

2

j,i
, . . . of

irreducible mutually orthogonal subspaces with W
k

j,i
∩ Hj,i = H

k

j,i
. Since Hj,i

is finite dimensional, there will be only finitely many such subspaces H
k

j,i
and

W
k

j,i
.

So far we have dealt with a fixed j and i. Let us now see what happens
when we replace (j, i) with (s, r):

Lemma 3.4. Suppose that the spaces W
k

j,i
and W

�
s,r

are not orthogonal. Then

W
�
s,r
⊂ Wj,i.

Proof. If W
k

j,i
and W

�
s,r

are not orthogonal, then the operator of orthogonal
projection onto W

k

j,i
is non-trivial when restricted to W

�
s,r

. But this operator
commutes with action of G, and since W

k

j,i
and W

�
s,r

are irreducible, Schur’s
lemma tells us that these irreducible representations are equivalent. Therefore
the operator R(fi) =

�
G

fi(a)ada has the same eigenvalue on these two sub-
spaces, and so W

�
s,r

has non-zero intersection with Hj,i, and being irreducible,
must be contained in any closed invariant subspace containing Hj,i.

Let us relabel the Wj,i as W1, W2, etc., and set

U1 = W1, U2 = W2 ∩ U
⊥
1

, . . . , Uj+1 = Wj ∩ (U1 ⊕ · · ·⊕ Uj)⊥, . . . .

Thus each Uj is the direct sum of finitely many irreducibles (which we know to
be finite dimensional) and

W1 + · · · + Wj = U1 ⊕ · · ·⊕ Uj .

By Lemma 3.1 we conclude that L2(G) is the Hilbert space direct sum of the
Uj which completes the proof of part 2 of the Peter-Weyl theorem.

As a corollary to the proof observe that there can only finitely many ir-
reducible subspaces of a given type. Indeed, on equivalent irreducibles the
operators Ri must have the same eigenvalues, and so correspond to the same
Hj,i. Statement 4 in the Peter-Weyl theorem (which we have yet to prove) gives
precise information as to how many times a given irreducible occurs in L2(G).

3.4.2 An extension of the argument used in the proof of Part 2 of

the Peter-Weyl theorem.

Let G be a topological group and dg a left invariant measure on G. Let r be a
unitary representation of G on some Hilbert space. For any continuous function

18



f of compact support on G we can form the operator

Rf =
�

G

f(g)r(g)dg.

We will say that the representation r is completely continuous if each of the
operators Rf is a compact operator. An examination of the argument given
above shows that it proves

Proposition 3.3. Let r be a completely continuous representation of the topo-

logical group G on a Hlbert space H. Then H decomposes into a Hilbert space

direct sum of finite dimensional irreducible subspaces where there are only finitely

many irreducible subpaces in any given equivalence class of irreducible represen-

tations.

The importance of this extension for us is the fact that if W is a closed
invariant subspace of an H as in the proposition, then the restriction of r to W

is again completely continuous.

3.4.3 The action of G×G on L2(G).

Back to the case where G is a compact group: We have a map

θ : L2(G) → L2(G×G), (θf)(a, b) := f(ab
−1).

Notice that

�θf�2
G×G

=
�

G

�

G

|f(ab
−1)|2dadb =

�

G

|f(a)|2da = �f�2
G

.

In other words, θ is an isometry.
Also

θ(�gf)(a, b) = f(g−1
ab
−1) = �(g,e)(θf)(a, b).

In other words, if we regard G as the subgroup of G×G consisting of all (g, e)
then the map θ intertwines the action of G with the action of G× {e}.

If F is a function on G×G which satisfies F (ag, bg) = F (a, b) for all g ∈ G,
then taking g = b

−1 we see that F (a, b) = F (ab
−1

, e). So if F ∈ L2(G × G)
is invariant under the right action of the diagonal subgroup ∆ = {g, g} ⊂
G × G, the F = θf where f(c) = F (c, e). The converse is obvious. So we can
characterize the image of θ as being the subspace of L2(G × G) consisting of
vectors which are invariant under the right action of the diagonal subgroup G.

Now it is a fundamental principle of mathematics that (whenever the asso-
ciative law holds) right action commutes with left action. In our case this says
that

�
�(c,d)

�
r(g,g)F

��
(a, b) = F (c−1

ag, d
−1

bg) = (r(g,g)(�(c,d)F ))(a, b).

This shows that the image of θ is an invariant subspace of L2(G×G) under the
(left) action of G×G, i.e. under the regular representation of G×G.
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So by Proposition 3.3 we know that L2(G) (identified with its image under
θ) decomposes into a direct sum of irreductibles under G×G each occurring a
finite number of times, and each finite dimensional.

Proposition 3.4. Every finite dimensional irreducible representation of G×G

that occurs in the decomposition of L2(G) into irreducibles under G×G occurs

exactly once.

Proof. Let W1 and W2 be two irreducible subspaces of L2(G) under G×G which
define equivalent representations. Let u1, . . . , un and v1, . . . , vn be bases of W1

and W2 such that G×G has the same unitary matrix representation relative to
these bases. Let

F (a, b) :=
�

i

ui(a)vi(b).

Then

F (g−1
ah, g

−1
bh) =

�

i

ui(h−1
ag)vi(g−1bh)

=




�

j

rij(g, h)rij(g, h)




�

i

ui(a)vi(b)

= F (a, b)

since the matrix (rij) is unitary. Taking h = e = b and a = g we obtain
�

i

ui(g)vi(e) = F (g, e) = F (e, g−1) =
�

i

ui(e)vi(g−1) =
�

i

ui(e)v̌i(g).

If we set
v =

�

i

ui(e)vi ∈ W2

the preceding equation implies that v̌ ∈ W1. The space of functions of the form
v̌, V ∈ W2 is invariant under the action of G×G and hence must coincide with
W1. If we take W2 = W1 in the above argument, we see that ǔ ∈ W1 if and only
if u ∈ W1. So we have proved that every irreducible representation that occurs
in the decomposition of the representation of G × G on L2(G) occurs exactly
once.

Remark. In the course of that above proof, we had occasion, starting with
the function v, to introduce the function g �→ v(g−1). So let us introduce the
notation ṽ for this function. In other words, we define

ṽ(g) := v(g−1).

Remember that we introduced this notation in Lecture 5 (on the Fourier trans-
form) in conjunction with Plancherel’s theorem.
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We will now show that every finite dimensional irreducible representation of
G gives rise to an irreducible occurring in the decomposition of the representa-
tion of G × G on L2(G) . Suppose that we have an irreducible representation
RV on a finite dimensional space. Let R

�
V

be the representation of G on the
dual space V

∗ given by
R

�
V

(g) :=
�
RV (g−1)

�∗
.

There can not be a non-trivial invariant subspace of V
∗ under this representa-

tion, since its null space would be a non-trivial invariant subspace of V . So the
representation R

�
V

is irreducible, and hence the representation

RV ⊗R
�
V

of G×G on V ⊗ V
∗

is irreducible.
Given u⊗ v

∗ ∈ V ⊗ V
∗ define the function fu⊗v∗ on G by

fu⊗v∗(g) := v
∗(gu).

This clearly extends to a linear map

V ⊗ V
∗ → L2(G).

Now

f
(RV (g)×R

�
V (h))(u⊗v∗)(a) = fgu⊗h∗−1v∗(a) = v

∗(h−1
agu) = fu⊗v∗(h−1

ag).

In other words, the map that we have constructed from V ⊗ V
∗ → L2(G) is

equivariant (and non-zero).
So each V ⊗ V

∗ occurs exactly once in the decomposition of L2(G) under
G×G.

We will have completed the proof of item 4 in the Peter-Weyl theorem if we
could prove that these are all the irreducibles which occur in the decomposition
of L2(G) under G × G. By Proposition 3.1, we know that any irreducible
representation of G×G is of the form RV ⊗RW where RV and RW are irreducible
reprsentations of G. We must show that if such a representation occurs in the
decomposition of L2(G), then we must have RW = R

�
V

. We can certainly write
RW = R

�
Y

for some irreducible representation RY of G, so we must prove that
RY is (equivalent to) RV . Now V ⊗Y

∗ = Hom(Y, V ) (as representations of G).
By Schur’s lemma, we must have Y ∼ V if there is a non-zero element of this
space invariant under all (g, g) ∈ G×G. So we will be done once we prove

Lemma 3.5. Let Z be an irreducible subspace of L2(G). Then there exists an

element of Z invariant under the action of all (g, g) ∈ G×G.

Proof. Let z1, . . . , zn be an orthonormal basis of Z and define the map B :
G×G → Z by

B(a, b) := z1(ab−1)z1 + · · · + zn(ab−1)zn.
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Then
B(ha, gb) = z1(hab−1g−1)z1 + · · · + zn(ab−1g−1)zn. (∗)

But
zj(hab

−1
g
−1) =

�
rij(h−1

, g
−1)zi(ab

−1)

where (rij) is the matrix of the representation of G×G on W , and this matrix
is unitary, so the above equation becomes

B(ha, gb) = ((h, g)B)(a, b).

Now B does not map all of G × G into 0, so this last equation implies that
B(e, e) �= 0. But then taking a = b = e and h = g in (*) shows that B(e, e) is
invariant under all (g, g). This completes the proof of the lemma, and with it
the proof of part 4 of the Peter-Weyl theorem.

It is easy to see that the fu⊗v∗ are precisely the matrix elements for the
representation of G on V ⊗ V

∗ if we take u to be part of a basis of V and
v
∗ to be part of a basis of V

∗. Thus the irreducible subspaces of L2(G) con-
sist precisely of the representative functions for the various irreducible finite
dimensional representations of G. This proves 1.

Statement 3 is a consequence of Statement 5. So we must prove 5. Before
doing so, let us state:

3.4.4 The analogue of Parseval’s relation.

For each irreducible representation r
k occurring in the decomposition of L2(G)

choose an orthonormal basis. We then know that matrix elements r
k

ij
form an

orthogonal basis of L2(G) and that (rk

ij
, r

k

ij
) = 1/nk where nk is the dimension

of the corresponding vector space. So if we set

c
k

ij
(f) := (f, r

k

ij
)

and
s

k

ij
:= n

1
2
k
r

k

ij

then the s
k

ij
form an orthonormal basis of L2(G) so we have the expansion

f =
�

k,i,j

n
1
2
k
c
k

ij
s

k

ij

and hence “Parseval’s relation”

�f�2
2

=
�

k

nk




�

ij

|ck

ij
(f)|2



 .
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3.4.5 Convolution.

For any pair of continuous functions f1 and f2 on G, define their convolution

f1 � f2 by

(f1 � f2)(a) :=
�

G

f1(ag
−1)f2(g)dg.

If r is any unitary representation of G and f is a continuous function define the
operator rf by

rf :=
�

G

f(a)r(a)da.

11. Show that rf1 ◦ rf2 = rf1�f2 .

12. Let r be a unitary representation of G. Show that

(rf )∗ = r
f̃
.

Let r
k be an irreducible finite dimensional representation of G and (rk

ij
) its

matrix relative to an orthonormal basis. We have

tr r
k

f
(rk

f
)∗ =

�

ij

�

G

f(z)rk

ij
(a)

�

G

f(b)rij(b)db

=
�

ij

|ck

ij
(f)|2.

Since �f�2 = �f�2 we can write our Parseval relation as

�f�2
2

=
�

k

nk tr r
k

f
(rk

f
)∗ =

�

k

nk tr r
k

f̃�f

by Problem 12.
Let r

1 and r
2 be irreducible finite dimensional representations of G. Then

taking the convolution of their matrix elements gives

(r1

ij
� r

2

k�)(g) =
�

p

r
1

ip
(g)

�

G

r
1

pj
(b−1)r2

k�(b)db.

If r
1 �∼ r

2 all these last integrals vanish.
If r

1 = r
2 = rV (say) then these integrals vanish unless j = k and p = � in

which case the integral equals 1/n where n = dimV . So

χi � χj = 0 if r
i �∼ r

j

while for any irreducible, finite dimensional representation with character χ we
have

χi � χi =
1

χi(e)
χi

.
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To get feeling for the operators rf let us consider the case where G = T, the
unit circle, and its regular representation r , i.e. acting on L2(T) (using additive
notation by)

c : f → cf, (cf)(x) = f(x− c).

If χn(x) = e
inx then

(rχnf) =
1
2π

�

T
e
inc

f(x− c)dc = e
inx

1
2π

e
−inu

f(u)du

by the change of variables u = x− c. In other words, the operator rχn projects
f onto the one dimensional space spanned by χn.

13. Let r be a unitary representation of a compact group G on a Hilbert space
H. Let

Pχ := χ(e)Rχ

where χ is the character of a finite dimensional irreducible representation of G.
Show that Pχ is a projection operator. [Hint: use Problem 11 and the above
formula for χ � χ.]

Let r be a unitary representation of a compact group G on a Hilbert space
H, and let

Pi = χi(e)rχi

as the χi range over all the finite dimensional irreducible representations of G. I
propose to show that the sum of all of these projections is the identity operator.
Since we know that PiPj = 0 if i �= j, this amounts to showing that

Proposition 3.5. If v ∈ H is such that Piv = 0 for all i, then v = 0.

Proof. Suppose that Piv = 0 for all i. Define the function f by

f(g) := (v, rgv)H.

Then f is continuous and

(f � χi)(a) =
�

G

(v, χi(b)rab−1v)Hdb

=
1

χi(e)
(v, raPiv)H = 0.

So
f � χi ≡ 0

for all i. Hence
f̃ � f � χi = 0

for all i. Now for any function φ and any finite dimensional (irreducible) repre-
sentation r

i = (ri

k�) we have

(ri

φ)kk = φ � r
i

kk
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and hence
φ � χi = tr r

i

φ.

Applied to φ := f̃ � f this tells us that

tr r
i

(f̃�f)
= 0

for all i. Our last version of Parseval’s relation, namely

�f�2
2

=
�

k

nk tr r
k

f̃�f
,

tells us that �f� = 0. But f is continuous, so this implies that f(e) = 0, so
(v, v)H = f(e) = 0 and hence v = 0 as was to be proved.

To complete the proof of the Peter-Weyl theorem, it suffices to show that if
v = Piv for some i, then v lies in a finite dimensional subspace of H.

Let v = Piv and let W be the space spanned by all the vectors rav. Let
ni be the dimension of the space of the irreducible representation r

i. In other
words ni = χi(e).

Proposition 3.6. dim W ≤ n
2

i
.

Proof. It suffices to show that any collection of more than n
2

i
vectors of the form

raiv must be linearly dependent, i.e. that the matrix
�
(rakv, raj v)H

�

is singular. Recalling our definition of the function f given by f(b) = (v, rav)H,
the k, j entry of the above matrix is f(a−1

k
aj). So it will more that enough to

prove that the functions
fj(g) := f(gaj)

are linearly dependent if there are more that n
2

i
values of j. Now we have

already verified that
nif(b) = f � χi(b)

so

f(ga) = ni

�

G

f(gab
−1χ(b−1)db

= ni

�

G

f(gab)χ(b)db

= ni

�

G

f(b)χi(a−1
g
−1

b)db

is a linear combination of the functions r
i

jk
and there are only n

2

i
linearly inde-

pendent such functions. This proves te proposition, and with it completes the
proof of the Peter-Weyl theorem.
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3.5 The representative functions are dense among the con-
tinuous functions in the uniform topology.

Recall that we proved in class (via a convolution argument) or in Problem set 5
(via Fejér’s theorem) that every continuous function on T can be approximated
in the uniform topology by a trigonometric polynomial (but not necessarily by
its Fourier series). The convolution argument wins here as follows:

Let r denote the regular representation. Let h be a continuous function on
G so that

(rhv)(a) =

�

G
v(g−1a)h(g)dg

for any continuous function v. In particular, by Cauchy-Schwarz,

sup
a∈G

|(rhv)(a)| ≤ �h�2�v�2.

On the other hand, suppose that f is (uniformly) continuous. Let us choose a
neighborhood U of e such that

|f(x)− f(y)| < �

2
∀ x, y with xy−1 ∈ U

and choose h to be a non-negative continuous function with support in U and
with

�
G h(g)dg = 1. Then

sup
a∈G

|(rh(f))(a)− a| < �

2
.

Now the operator rh preserves each of the subspaces Vi⊗V ∗
i as i ranges over the

irreducible representations of G, and hence any finite direct sum of such spaces.
So if p belongs to such a space so does rhp. Now choose p (by Peter-Weyl) so
that

�f − p�2 ≤ �

2�h�2
.

Then

sup
a∈G

|f(a)− (rhp)(a)| ≤ sup
a∈G

(|f(a)− (rhf)(a)|+ |(rh(f − p))(a)|)

≤ �

2
+ �f − p�2�h�2

≤ �. ✷

Here is an amusing consequence:

Proposition 3.7. A compact group is commutative if and only if all its irre-
ducible represenations are one dimensional.

Proof. If G is compact, we know that all its irreducible representations are
finite dimensional. If it is commutative, Schur’s lemma implies that any finite
dimensional irreducible representation is one dimensional.
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Recall that we proved in class via Fejer’s theorem that every continuous funtion
on the circle can be approximated in the uniform topology by a trigonometric
polynomial (but not necessarily by its Fourier series). We will now prove an
analogous result for the representative functions on a compact group.
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that
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.

Then
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|f(a)− (rhp)(a)| ≤ sup
a∈G

(|f(a)− (rhf)(a)|+ |(rh(f − p))(a)|)

≤ �
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Here is an amusing consequence:

Proposition 3.7. A compact group is commutative if and only if all its irre-
ducible represenations are one dimensional.

Proof. If G is compact, we know that all its irreducible representations are
finite dimensional. If it is commutative, Schur’s lemma implies that any finite
dimensional irreducible representation is one dimensional.
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If all irreducibles are one dimensional, then any representative function f

must satisfy f(ab) = f(ba). But if G is not commutative, i.e. ab �= ba for some
a, b ∈ G, then we can find a continuous function f with f(ab) �= f(ba) so f can
not be approximated by representative functions.
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