
Problem Set 4.

Generalized functions.

Math 212a

Sept. 30, 2014, Due Oct. 1

Problem set 3

Math 212a

October 2, 2008 due Oct. 15

The purpose of this exercise set, which is mainly computational, is to give
you some experience with the ideas associated to generalized functions.

Recall that in our study of the Fourier transform we introduced the space S
consisting of all functions on R which have derivatives of all order which vanish
rapidly at infinity, and that on this space we have a countable family of norms

�f�m,n := �xmDnf��,

where m and n are non-negative integers. Convergence in S means convergence
with respect to all of these norms. So a linear function � on this space is
continuous if |�(fk)| � 0 whenever �fk�m,n � 0 for every m and n. We let S �

denote this dual space, the space of continuous linear functions on S.
For example, consider the “Heaviside function”

H(x) :=

�
1 for x > 0
0 for x � 0

.

This function does not belong to S, but it defines a continuous linear function
on S by

�H, f� =

� �

��
f(x)H(x)dx =

� �

0
f(x)dx.

Of course, any element of S certainly defines a linear function on S by the same
procedure, the linear function associated to g � S is just the Hilbert space scalar
product

f �� (f, g) =

� �

��
f(x)g(x)dx.

This also works for any g � L2(R), but H �� L2(R). From the Riesz representa-
tion theorem we thus know that the linear function given by H is not continuous
with respect to the L2 norm, but it is continuous relative to the topology given
above by the countable family of norms � �m,n.
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1 Di�erentiation of generalized functions.

The operation of di⌅erentiation

d

dx
: S  S, f � f 0 =

d

dx
f

is a continuous linear operator. Hence it has a well defined transpose
✓

d

dx

◆⇤
: S 0  S 0

⌧✓
d

dx

◆⇤
�, f

�
:=

⌧
�,

✓
d

dx

◆
f

�
.

For example, if we consider the linear function associated to an element g of S,
transpose is given by

f � (f 0, g) =
Z

f 0(x)g(x)dx = �
Z

f(x)g0(x)dx = �(f, g0)

by integration by parts. Thus the transpose of
�

d
dx

�
when applied to the linear

function associated to g � S is the linear function associated to �g0 � S. This
suggests making the following definition: We define

✓
d

dx

◆
: S 0  S 0

by ✓
d

dx

◆
:= �

✓
d

dx

◆⇤
.

For example,
⌧✓

d

dx

◆
H, f

�
= �⇣H, f 0⌘ = �

Z 1

0

f 0(x)dx = f(0).
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So if we define the Dirac delta “function” � = �
0

� S 0 by

⇣�, f⌘ := f(0)

We have
d

dx
H = �. (1)

We have learned how to di⌅erentiate discontinuous functions! When Heaviside
wrote down formulas like this at the beginning of the twentieth century he was
derided by mathematicians. When Dirac did the same, mathematicians were
puzzled, but a bit more respectful because of Dirac’s fantastic achievements in
physics. The advent of theorems like the Riesz representation theorem gave rise
to the idea that we might want to think of a function as a functional, i.e. as a
linear function on a suitable space of functions. The choices of the appropriate
spaces of “test functions” such as S (there are others which are convenient for
di⌅erent purposes) with their topologies and the whole subject of “generalized
functions” or “distributions” was developed by Laurent Schwartz around 1950.

1. What is the k-th derivative of the Dirac delta function?

We may generalize the Heaviside function by considering the function

x⇤
+

:=
⇢

x⇤ for x > 0
0 for x ⌃ 0 . (2)

As a function of x, this is defined for all complex values of ⇧ by the rule

x⇤ = e⇤ log x.

For ⇧ = 0 we get H(x). For Re⇧ > �1 the integral
Z 1

0

f(x)x⇤
+

dx

converges for all f � S and so x⇤
+

defines a continuous linear function on S. (I am
following the standard convention here and not using a complex conjugation;
equally well, just consider ⇧ real.) So for these values of ⇧, we can consider
x⇤

+

as defined by (2) as an element of S 0. We never have any trouble with the
convergence of the above integral at infinity. But we have convergence problems
at 0 when Re ⇧ ⌃ �1. We will therefore have to modify the definition (2) for
these values of ⇧.

Notice that for Re ⇧ > 0 we have

d

dx
(x⇤

+

) = ⇧x⇤�1

+

(3)

both as functions and as elements of S 0.
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2. Compute the derivative d
dx (x⇤

+

) for �1 < Re ⇧ < 0. In fact, show that

⇣(x⇤
+

)0, f⌘ =
Z 1

0

⇧x⇤�1[f(x)� f(0)]dx.

[Hint: Write
R1
0

x⇤f 0(x)dx as lim�!0

R1
� x⇤f 0(x)dx and do an integration by

parts with f 0(x)dx = du, u = f(x) + C, and v = x⇤. Choose C appropriately
so as to be able to evaluate the limit.]

Notice that the function f(x)�f(0) will not belong to the space S if f(0) �= 0.
What makes the above integral converge at infinity is that x⇤�1 vanishes rapidly
enough at infinity if Re ⇧ < 0.

This suggests the following strategy: For Re ⇧ > �1 we have
Z

1

0

x⇤dx =
1

⇧+ 1
.

So we can write

⇣x⇤
+

, f⌘ =
Z

1

0

x⇤
+

[f(x)� f(0)]dx +
Z 1

1

x⇤f(x)dx +
f(0)
⇧+ 1

. (4)

Notice that the right hand side of this equation makes sense for all ⇧ such that
Re ⇧ > �2 with the exception of the single point ⇧ = �1. (In the language of
complex variable theory we would say that x⇤

+

is a meromorphic function of ⇧
with a pole at �1 with residue �.) We will therefore take the right hand side of
(4) as a new definition of x⇤

+

valid for all ⇧ �= �1 such that Re ⇧ > �2.

3. Show that in the range �2 < Re ⇧ < �1 we can write the above expression
as Z 1

0

x⇤[f(x)� f(0)]dx.

Conclude that we can write the result of Problem 2 as asserting the validity of
(3) on the range Re ⇧ > �1.

4. Obtain a formula for x⇤
+

which extends its range into the region

Re ⇧ > �n� 1, ⇧ �= �1,�2, · · · ,�n

for any positive integer n, and obtain a simpler formula valid on the range
�n � 1 < Re ⇧ < �n to conclude the validity of (3) on the strip �n < Re
⇧ < �n + 1.

2 Weak convergence.

A sequence {�n} of continuous linear functions on a topological vector space is
said to converge weakly to a limit � if, for every fixed f � V we have

⇣�n, f⌘  ⇣�, f⌘.
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2.1 Di�erentiating under the limit.

Let {�n} be a weakly convergent sequence of elements of S 0. By definition, this
means that there is an � � S 0 such that for every f � S

⇣�n, f⌘  ⇣�, f⌘.

But then
�0n  �0

as well, since by definition

⇣�0n, f⌘ = �⇣�n, f 0⌘  �⇣�, f 0⌘ = ⇣�0, f⌘.

Similarly, if we have a series �
1

+�
2

+· · · of generalized functions which converges
in this weak sense, we may di⌅erentiate term by term to obtain the derivative
of the sum.

For example, let h be a piecewise smooth function which is periodic of period
2⌃. Its Fourier series converges at all points, and hence (by say the dominated
convergence theorem) it converges as a series in the weak topology of S 0. We
know (from Gibbs!) that

sin x +
1
2

sin 2x +
1
3

sin 3x + · · · =
1
2
(⌃ � x) 0 < x < 2⌃

and periodic of period 2⌃ on R.

5. Di⌅erentiate this formula and conclude that

· · · + e�2ix + e�ix + 1 + eix + e2ix + · · · = 2⌃
1X

�1
�(x� 2⌃n).

and from this conclude the Poisson summation formula.

Let

v(x, t) :=
1

2
✓
⌃t

exp
✓
�x2

4t

◆
, t > 0

6. Show that ✓
↵

↵t
� ↵2

↵x2

◆
v ⇧ 0

and
lim
t!0

v(x, t) = �

in the sense of generalized functions.
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3 Extending the domain of definition.

We may define the support of a generalized function � � S 0 as follows: We say
that � vanishes on an open set U if ⇣�, f⌘ = 0 for all f with supp(f) � U . It is
not hard to verify that there is a maximal open set with this property, and the
support of � is defined to be the complement of this set. Put contrapositively,
what this says if that x � supp � if for every neighborhood U of x there is an
f � S with supp (f) � U such that ⇣�, f⌘ �= 0.

For example, the generalized functions x⇤
+

all have their support on the set
of non-negative real numbers.

Suppose that we have a function f which does not necessarily belong to S,
but which has the property that there is a function � which is identically one
in a neighborhood of supp(�) and such that

�f � S.

We could then define
⇣�, f⌘ := ⇣�,�f⌘

and this definition will not depend on �. For example, the function e�x does
not belong to S because of the blow up at �↵. But nevertheless we may apply
the x⇤

+

to it. In fact Euler’s Gamma function defined by

�(⇧) =
Z 1

0

x⇤�1e�xdx

can be thought of as applying the generalized function x⇤�1

+

to the function e�x

which is valid even though e�x �� S. The results of Problem 4 can be thought
of as a generalization of the “analytic continuation of the Gamma function”.

4 Other test spaces.

Up until now, we defined a generalized function to be a continuous linear func-
tion on the Schwartz space S, and denoted the space of generalized functions by
S 0. For various reasons (especially when we want to extend the theory to mani-
folds) it is convenient to study other spaces of “test functions” and “generalized
functions”.

Let D denote the space of infinitely di⌅erentiable functions each of which
vanishes outside a compact set K (which may depend on the function). A
sequence fn � D is said to converge to an f � D if there is a fixed compact
set K such that supp fn � K for all n, and then such that the fn converge to
f uniformly, together with uniform convergence of all the derivatives. Then D0
consists of all linear functions which are continuous relative to this notion of
convergence.

We should really write D(R) if we are thinking of functions of one real
variable, but we could equally well consider functions of n variables, in which
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case we would write D(Rn) or write D(V ) where V is any finite dimensional
vector space.

For example, if ⇥ denotes the Laplacian on R3 (or Rn), then one way of
writing Green’s theorem is

Z

G
f⇥�dx =

Z

G
(⇥f)�dx +

Z

⇧G

✓
f
↵�

↵n
� ↵f

↵n
�

◆
dS (5)

where f and � are smooth functions, G is a region with smooth (or piecewise
smooth) boundary ↵G, where dS denotes the surface measure on the boundary
and ↵/↵n denotes normal derivative. If we take both f and � to be in D, and
take G so large that both supp f and supp� lie in the interior of G, so that
there are no boundary terms, then (5) becomes

⇣⇥f,�⌘ = ⇣f, ⇥�⌘. (6)

For a generalized function f we take this as the definition of ⇥f . In other
words, ⇥f is defined to be that generalized function given by

⇣⇥f,�⌘ := ⇣f,⇥�⌘ ✏� � D. (7)

Let us illustrate this definition when f is not an element of D: Let g be a
smooth function, and let G be a domain with smooth boundary as in (5). Let

f = 1Gg.

As a function, f is equal to g inside G and is zero outside G, and so the definition
of f as a generalized function is

⇣f, ⌘ :=
Z

G
g dx, ✏  � D.

Then this definition and (5) say that ⇥f is the sum of the function (⇥g)1G

plus two other terms supported on the boundary:

⇣⇥f,�⌘ =
Z

G
(⇥g)�dx +

Z

⇧G
g
↵�

↵n
dS �

Z

⇧G

↵g

↵n
�dS. (8)

In classical electrostatics these terms supported on the boundary are thought
of as a distribution of electric charges and dipole moments on the boundary. For
this reason Schwartz used the term “distribution” to denote an element of D0.

In three dimensions, consider the function 1/r (where r is the distance from
the origin). Since the function 1/r is integrable in three dimensions at the origin,
it defines an element of S 0 and of D0 and so we can use (7) to define ⇥(1/r).
The function 1/r is smooth away from the origin, and (by direct computation)
satisfies ⇥(1/r) = 0 there as a function. But 1/r is not a smooth function on
all of R3. So we must use (7).
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7. Show that

⇥
✓

1
r

◆
= �4⌃�,

where here � denotes the delta function in three dimensions, the rule which
assigns to any test function its value at the origin. [Hint: Apply (5) to the region
consisting of ⇥ ⌃ r ⌃ R where R is chosen so large that supp� is contained in
the open ball of radius R so that there are no terms coming from the outer
boundary r = R. Compute the terms coming from the inner boundary and let
⇥ 0.]

5 Cauchy principal value.

Back to one dimension temporarily. The function x � 1/x is not locally inte-
grable in one dimension, but we do have log(|x|)0 = 1/x at all x �= 0 and log |x|
is locally integrable and so defines a generalized function. We may therefore try
to define a generalized function by taking the derivative of log |x| in the sense
of generalized functions.

8. Show that (log |x|)0 = pv
�

1

x

�
where

⇣pv
✓

1
x

◆
,�⌘ =

Z 1

0

�(x)� �(�x)
x

dx.

The symbol “pv” stands for principal value, a notion that was introduced by
Cauchy. Also compute the second derivative of log |x|.

6 Anti-derivatives of elements of D⌦.
We want to study the di⌅erential equation

g0 = f. (9)

Here f is an element of D0 and we look for a g � D0 which satisfies this equation
(and di⌅erentiation is in the sense of generalized functions). We first examine
the simplest case where f = 0:

9. Show that if U � D0 has derivative zero, then U is a constant, i.e. show
that ⇣U,�⌘ = C

R
R �dx. [Hint: let D

0

denote the set of all  � D such thatR
R  dx = 0. First show that U vanishes on D

0

. Then choose an element ⌅ � D
with

R
R ⌅dx = 1. Write every � � D as � =  + a⌅ where a =

R
R �dx.]

We can use a similar idea to show that a solution of (9) exists for a general
f � D0. Indeed, (9) says that

�⇣g,�0⌘ = ⇣f,�⌘ ✏ � � D. (10)
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This defines g on the set of all  � D which are derivatives (in the usual sense)
of elements of D. But these are the elements of D

0

. So we wish to extend g
(which is defined by (10) on D

0

) so as to be defined on all of D. Choose ⌅ as in
Problem 9 and write a general � � D as

� = a⌅ + �
0

, a =
Z

R
�dx.

The map
� � �

0

is a continuous linear map, call it ⌃, from D to D
0

which is the identity map
when restricted to D

0

. So we can think of it as a “projection” from D to D
0

.
(Of course, it depends on the choice of ⌅ so we should (but won’t) write ⌃⇥.)
Then define

⇣g,�⌘ := ⇣g,⌃(�)⌘ = ⇣g,�
0

⌘.
Now g is defined on all of D and, by construction, (10) is satisfied. Problem 6
now implies that the solution g of (9) is unique up to “adding a constant”.

10. Use the preceding discussion to show the following: Suppose that g is a
continuous function whose derivative in the sense of generalized functions is
a continuous function. I.e. assume that �

R
R g�0dx =: ⇣g0,�⌘ =

R
R f�dx =:

⇣f,�⌘ where f is a continuous function. Show that g is in fact continuously
di⌅erentiable as a function and that g0 = f in the usual sense.

7 The tensor product of two generalized func-
tions.

Let X and Y be two finite dimensional vector spaces over the real numbers, so
that X ⇥ Y = X ⇤ Y is again a finite dimensional vector space over the real
number. We will write the typical point of X⇥Y as (x, y). We can consider the
space D(X⇥Y ) which consists of all infinitely di⌅erentiable functions of compact
of compact support on X ⇥ Y . We can also consider the space D(X) ⌅ D(Y )
which consists of all finite linear combinations of expressions of the form � 
where � � D(X) and  � D(Y ). Any such expression defines a function on
X ⇥ Y by the rule

(� )(x, y) = �(x) (y),

so we have an injection

D(X)⌅D(Y ) � D(X ⇥ Y )

which allows us to think of D(X) ⌅ D(Y ) as a subspace of D(X ⇥ Y ). The
Stone-Weierstrass theorem, or the original Weierstrass approximation theorem
guarantees that D(X)⌅D(Y ) is dense in D(X ⇥ Y ).

Now let f � D0(X) and g � D0(Y ) be generalized functions. Let � �
D(X ⇥ Y ). For each fixed x, the function �(x, ·) : y � �(x, y) belongs to
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D(Y ) and so we can apply g to it to obtain the function x � ⇣g,�(x, ·)⌘. This
is a function of x, and the continuity properties of g imply that this function
belongs to D(X). We then may apply f to the function x � ⇣g,�(x, ·)⌘ to
obtain a number. The notation is getting cumbersome, so we will shorten it
and write the final result as

⇣f, ⇣g,�⌘⌘.

We then define f ⌅ g to be this generalized function. In other words we define
f ⌅ g � D0(X ⇥ Y ) by

⇣f ⌅ g,�⌘ = ⇣f, ⇣g,�⌘⌘. (11)

If � = ⌥ ⌅ ⇤ where ⌥ � D(X) and ⇤ � D(Y ) then it is clear from the definition
that

⇣f ⌅ g, ⌥⇤⌘ = ⇣f, ⌥⌘⇣g, ⇤⌘.

This shows that on functions of the form ⌥⇤ it would not have made any di⌅er-
ence in the definition of f ⌅ g had we done things in the reverse order, i.e. first
apply f to the function x � �(x, y) and then apply g to the resulting function
of y. But since D(X)⌅D(Y ) is dense in D(X ⇥ Y ) it follows that doing things
in the reverse order yields the same answer on all of D(X ⇥ Y ). This is a sort
of “generalized function version” of Fubini’s theorem.

Similarly, if we have three vector spaces X,Y and Z and f � D(X), g �
D(Y ), h � D(Z) we can form f ⌅ (g ⌅ h) and (f ⌅ g)⌅ h and verify that they
give the same element of D(X ⇥ Y ⇥ Z).

It is easy to check directly from the definition that

supp(f ⌅ g) = supp(f)⇥ supp(g)

as a subset of X ⇥ Y .
Suppose that X = Y = Z, and to fix the ideas (and hopefully to get the

powers of 2⌃ right, although I am not all that optimistic) that they all equal R.
If f and g were elements of S we defined their convolution f ⌦ g as

(f ⌦ g)(u) =
1✓
2⌃

Z

R
f(x)g(u� x)ds.

If we think of this as a generalized function and apply it to � we get

1✓
2⌃

Z

R

Z

R
f(x)g(u� x)dx�(u)du =

1✓
2⌃

Z

R

Z

R
f(x)g(y)�(x + y)dxdy.

Therefore we would like to define the convolution f ⌦ g of any two elements of
D0(R) by

⇣f ⌦ g,�⌘ =
1✓
2⌃
⇣f ⌅ g,�(x + y)⌘ (12)

Here � � D(R) and �(x + y) denotes the function of two variables given by
(x, y) � �(x + y). The trouble is that �(x + y) does not have compact support
as a function of two variables. Indeed it is constant on any “anti-diagonal” line
x + y = a. So the supp�(x + y) is the anti-diagonal strip consisting of all (x, y)

10



such that x+y � supp(�). So we can not use (12) in general. But by our earlier
remarks on extending the domain of definition, we can use this definition if we
know that supp(f) ⇥ supp(g) intersects every anti-diagonal strip (of bounded
width) in a compact set.

This will happen, for example, if

• Either f of g has compact support. For then supp(f ⌅ g) will lie in a
horizontal or a vertical strip, which then meets any anti-diagonal strip of
bounded width in a compact set. Or

• supp(f) � [a,↵) and supp(g) � [b,↵) for then supp(f ⌅ g) is contain in
the (infinite) rectangle [a,↵) ⇥ [b,↵) which also intersects any bounded
anti-diagonal strip in a compact set.

As an illustration of the first case, consider what happens if we take f = �.
Then

⇣� ⌦ g,�⌘ =
1✓
2⌃
⇣� ⌅ g,�(x + y)⌘ =

1✓
2⌃
⇣g, ⇣�,�(x + y)⌘⌘ =

1✓
2⌃
⇣g,�⌘.

In other words,
(
✓

2⌃�) ⌦ g = g

for any g � D0(R). Convolution with the element
✓

2⌃� is the identity operator.
Similarly, we can define the convolution of two generalized function in n di-

mensions, the unfortunate factor 1p
2⌅

(which was determined by our conventions
for the Fourier transform) being replaced by the factor 1

(2⌅)

n/2 . The second suf-
ficient condition for the definition of the convolution is replaced by the condition
that supp(f) and supp(g) are both contained in the same type of “orthant”, for
example in the “first quadrant” (or any translate thereof) in two variables.

Let D be any di⌅erential operator with constant coe⇧cients. Define D⇤ to
be the formal adjoint of D obtained by integration by parts and ignoring the
boundary terms. So, for example, if D is a homogeneous di⌅erential operator
of order k, then D⇤ = (�1)kD. For instance ⇥⇤ = ⇥ for the Laplacian. The
operator D is then defined on generalized functions by

⇣Df,�⌘ := ⇣f, D⇤�⌘.

11. Show that
D(f ⌦ g) = (Df) ⌦ g = f ⌦Dg

whenever f ⌦ g is defined. In particular, in three dimensions, if f is any gener-
alized function then

u =
⇣ c

r

⌘
⌦ f

is a solution to
⇥u = f

where (I hope) c = �
p

⌅
2

.
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8 The wave equation in one dimension.

The convolution, where it is defined, is a continuous function of its variable.
For example if ft is a family of generalized functions (say of compact support)
which depend di⌅erentiably on a parameter t, then ft ⌦ g depends di⌅erentiably
on t and we have

d

dt
(ft ⌦ g) =

d

dt
ft ⌦ g.

For example, consider the function F = 1

2

1C where C is the “ forward cone”
|x| ⌃ t in the (x, t) plane. Let Ft(x) = F (x, t). So

Ft(x) =
1
2

if |x| ⌃ t

and equals zero otherwise. For each fixed t this is a function of x which we
can consider as a generalized function of x, and hence apply d

dx to it. By abuse
of language we will denote this operation by ⇧

⇧xF . On the other hand, we can
di⌅erentiate Ft with respect to t to get a generalized function again depending
on t. By abuse of language we will denote this operation by ⇧

⇧t .

9. Verify that for t > 0

↵F

↵x
=

1
2
�(x + t)� 1

2
�(x� t)

↵2F

↵x2

=
1
2
�0(x + t)� 1

2
�0(x� t)

↵F

↵t
=

1
2
�(x + t) +

1
2
�(x� t)

↵2F

↵t2
=

1
2
�0(x + t)� 1

2
�0(x� t).

From the second and fourth equation we get

↵2F

↵t2
=
↵F

↵x2

which says that F is a solution of the wave equation. From its definition we
have Ft  0 as t  0 in the sense of generalized functions. From the third
equation we get

lim
t!0

↵F

↵t
= �(x).

So if we set E =
✓

2⌃F so as to cancel the stupid factor of 1/
✓

2⌃ which is our
convention for convolution, we see that

w = E ⌦ v

is the solution to the wave equation

↵2w

↵t2
=
↵2w

↵x2
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with the initial conditions

w(x, 0) = 0,
↵w

↵t
(x, 0) = v.

This is true for any generalized function v. If v is actually a locally integrable
function then this reads

w =
Z 1

�1
F (s, t)v(x� s)ds =

1
2

Z t

�t
v(x� s)ds

or

w(x, t) =
1
2

Z x+t

x�t
v(r)dr.

For the sake of completeness we should record here how D’Alembert used this
formula to find the solution of the wave equation with general initial conditions

u(x, 0) = u
0

(x),
↵u

↵t
(x, 0) = u

1

(x).

First solve the wave equation with the initial conditions w(x, 0) = 0 and
⇧w
⇧ (x, 0) = u

0

(x) so

w(x, t) =
1
2

Z x+t

x�t
u

0

(r)dr.

The derivative with respect to t of any solution of the wave equation is again a
solution of the wave equation. So

f(x.t) :=
↵w

↵t
(x, t) =

1
2
[u

0

(x + t) + u
0

(x� t)]

is a solution of the wave equation with initial conditions

f(x, 0) = u
0

(x),
↵f

↵t
(x, 0) =

1
2
[u0

0

(x)� u0
0

(x)] = 0.

So subtracting f and applying the preceding result gives D’Alembert’s formula

u(x, t) =
1
2
[u

0

(x + t) + u
0

(x� t)] +
1
2

Z x+t

x�t
u

1

(r)dr.

9 Fractional integration.

In this section I want to use the results you obtained above to explain the
concept of “integration to fractional order” which goes back, I believe to Abel.
This seems to have disappeared from the curriculum, but used to be in the
standard calculus texts, see for example Courant’s “Di⌅erential and Integral
Calculus”. In the 1936 English translation it appears on page 339 of volume II.
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In this section I will drop the factor 1/
✓

2⌃ in the definition of convolution,
in order to conform to the conventions of this subject. So

f ⌦ g(x) =
Z

R
f(x� u)g(u)du

in this section.

Cauchy’s formula

gn(x) :=
Z x

0

Z xn�1

0

· · ·
Z x1

0

g(x)dxdx
1

· · · dxn�1

=
1

(n� 1)!

Z x

0

g(t)(x� t)n�1dt

reduces the calculation of the n-fold primitive of a function g defined for x ⌥ 0
to a single integral. We can write this formula as

gn = g ⌦
xn�1

+

�(n)

which suggests an immediate generalization with n replaced by an arbitrary
complex number z. So let us define

⇤z :=
xz�1

+

�(z)
.

This is a well defined generalized function defined for all z, holomorphic in its
dependence on z, and supported on the non-negative real axis. For example,
recall that ⇤

1

is the Heaviside function,

⇤
0

= �, ⇤�1

= �0, ⇤�2

= �00, etc..

Then for any generalized function g supported on [0,↵) we define

gz := g ⌦ ⇤z.

Then for g an ordinary function and z = n we obtain Cauchy’s formula as above,
while

g
0

= g, g�1

= g0

and so on.
The key identity satisfied satisfied by ⇤z is

⇤z ⌦ ⇤w = ⇤z+w. (13)

To prove this, observe that since ⇤z depends holomorphically on z, it is enough
to prove this for Rez > 0 and Rew > 0 since it then follows for all z and w by
analytic continuation. This then reduces to the computation of an integral, in
fact one due to Euler. Here are the details:

xz�1

+

�(z)
⌦

xw�1

+

�(w)
(x) =

1
�(z)�(w)

Z x

0

tz�1(x� t)w�1dt.
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So we need to show that
Z x

0

tz�1(x� t)w�1dt =
�(z)�(w)
�(z + w)

xz+w�1

+

.

Make the change of variables t = xs in the integral which then becomes

xz+w�1

Z
1

0

sz�1(1� s)w�1ds.

But, according to Euler,

B(z, w) :=
Z

1

0

sz�1(1� s)w�1ds =
�(z)�(w)
�(z + w)

2.
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