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The inversion formula.
The Hille-Yosida theorem.

The spectral theorem, functional calculus form.
m The Dynkin-Hellfer-Sjostrand formula.
m The existence of almost holomorphic extensions.

The key points of the last four lectures.
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In today's lecture we cover three big ticket items:

m The Hille-Yosida theorem which gives a necessary and
sufficient condition for an operator A to generate an
equibounded semi-group.

m The second half of Stone's theorem which asserts that if H is
a self-adjoint operator on a Hilbert space then iH generates a
one parameter group of unitary transformations
U(t) = e, —co < t < 0.

m A functional calculus version of the spectral theorem which
asserts that we have a map from suitable class of functions on
the real line to bounded operators, f — f(H) where H is a
self-adjoint operator. This map is an algebra homomorphism
and sends f to f(A)*. We will derive this version of the
spectral theorem from Stone's theorem.
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The inversion formula.

| will begin, however, with an application of of the inversion
formula for the Laplace transform.

In the preceding lecture we started with an equibounded one
parameter semigroup T, defined its infinitesimal generator, A and
found that the resolvent of A was given by the Laplace transform

R(z, A) = / e Todt
0

when Rez > 0.

In the lecture before that, we obtained, in the case that A is
sectorial, an “inversion formula” expressing T; in terms of the
resolvent:

1
Tt = _/etzR(Z,A)dZ.

27i Jr
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The inversion formula.

The contour T in the integral [ e®R(z, A)dz could be taken as a
large circle centered at the origin in case A was bounded. For A
sectorial we “opened up” the circle with rays extending to the left,
and had no trouble with the convergence of the contour integral.

But for non-sectorial operators, such as unbounded skew adjoint
operators whose spectrum lies on the imaginary axis, the best we
can hope for in an inversion formula is to take [ to be a vertical
line to the right of the imaginary axis, i.e. a line of the form
Rez=c>0.
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The inversion formula.

We will find that such an inversion formula exists, but that there
are some subtleties. First of all, we will only be able to find an
“inversion formula” for Tyx, x € D(A). This will be a “strong
integral”, i.e. an integral in B of R(z, A)x rather than a uniform
integral (in the space of operators) as in the sectorial case. Also, it
won't be an honest improper integral, but rather a “Cauchy
principal value”.
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The inversion formula.

Suppose that T; be an equibounded semi-group on a Banach
space with generator A. We know that when Rez > 0, the
resolvent of A is given by the Laplace transform

R(z,A):/ e “ T.dt.
0

We also know that for x € D(A) the function t — Tix is
differentiable with bounded derivative T:Ax. So we may apply our
inversion formula for the Laplace transform (proved in Lecture 6)
to conclude that for t > 0 we have

1 ~Cc+ioco

Tix = — e”' R(z, A)xdz

2mi c—ioco

where the contour integral is taken as a Cauchy principal value.
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The Hille-Yosida theorem.

Introduction to the Hille-Yosida theorem.

We continue the study of an equibounded semigroup T; with
infinitesimal generator A on a Frechet space F where we know that
the resolvent R(z, A) for Re z > 0 is given by

[e.o]
R(Z,A)x:/ e “ Tyxdt.
0

This formula shows that R(z, A)x is continuous in z. The
resolvent equation

R(z,A) — R(w,A) = (w — z)R(z, A)R(w, A)

then shows that R(z, A)x is complex differentiable in z with
derivative —R(z, A)?x.
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The Hille-Yosida theorem.

It then follows that R(z, A)x has complex derivatives of all orders
given by
d"R(z, A)x
dz"
On the other hand, differentiating the integral formula for the
resolvent n times gives

= (=1)"n!R(z, A)""x.

n o0
d"R(z, A)x _ / e 7 (— )" Toxdt
dZn 0

where differentiation under the integral sign is justified by the fact
that the T; are equicontinuous in t.
Putting the previous two equations together gives

n+1 o)
(zR(z.A)"x = Z / =77 Tyxclt.
n:Jo
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The Hille-Yosida theorem.

n+1 0o
(zR(z, A))"x = Z— / e~ " Toxdlt.
n! 0

This implies that for any semi-norm p we have
Zn+1

o
— / e “t"sup p( Ttx)dt‘ = sup p( T:x)
nJo >0 >0

0 n!
e Atdt = ——
o - Zn+1°

Since the T; are equibounded by hypothesis, we conclude

p((zR(z,A))"x) <

since

Proposition

The family of operators {(zR(z, A))"} is equibounded in Re z > 0
and n=0,1,2,....
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Statement of the Hille-Yosida theorem.

Theorem

[Hille -Yosida.] Let A be an operator with dense domain D(A),
and such that the resolvents

R(n,A) = (nl — A)7!

exist and are bounded operators forn=1,2,.... Then A is the
infinitesimal generator of a uniquely determined equibounded
semigroup if and only if the operators

{(/—ntA)™m}

are equibounded in m=0,1,2... andn=1,2,....
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The Hille-Yosida theorem.

|dea of the proof

If A is the infinitesimal generator of an equibounded semi-group
then we know that the {(/ — n=1A)~™} are equibounded by virtue
of the preceding proposition. So we must prove the converse. Our
proof of the converse will be in several stages.

The idea of the proof is to construct bounded operators J, so that
we can form the semigroup s — exp sJn via the exponential series
and use these semi-groups to construct approximations to the
desired semi-group generated by A.

So we begin by constructing the J,.
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The Hille-Yosida theorem.

The definition of J,.

Set
Jn=(—=n"tA)"

so J, = n(nl — A)~! and so for x € D(A) we have
In(nl — A)x = nx

or
InAx = n(J, — I)x.

Similarly (nl — A)J, = nl so AJ, = n(J, —1). Thus we have

Adpx = JpAx = n(J, — )x ¥V x € D(A). (1)
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The Hille-Yosida theorem.

Since the J,, are bounded, we can construct the one parameter
semi-group s — exp(sJ,) via the exponential series. Set s = nt.
We can then form e~ " exp(ntJ,) which we can write as
exp(tn(J, — 1)) = exp(tAJ,) by virtue of (1). We expect from

lim sR(s)x=x VxeF

S—00
that
lim Jpx=x V xeF. (2)
n—oo
This then suggests that the limit of the exp(tAJ,) be the desired
semi-group.
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The Hille-Yosida theorem.

Proof that lim, . J,x=x V xé€F. (2).

We first prove it for x € D(A). For such x we have

(Jn — Ix = n71J,Ax by (1) and this approaches zero since the J,
are equibounded. But since D(A) is dense in F and the J, are
equibounded we conclude that (2) holds for all x e F. O
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The Hille-Yosida theorem.

Defining the approximating semi-groups.

Now define
T = exp(tAdy) = exp(nt(Jp — 1)) = e " exp(ntJy).

We know from our study of the exponential series that

p(exp(ntd,)x) < Z kl p(J¥x) < e™Kq(x)

which implies that
P(T{"x) < Kq(x). (3)

Thus the family of operators {Tt(")} is equibounded for all t > 0
and n=1,2,....
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The Hille-Yosida theorem.

The {T } converge as n — oo uniformly on each
compact interval of t.

The J, commute with one another by their definition, and hence
Jn commutes with Tt(m). By the semi-group property we have

%Tt(m)x = Adn T x = T Adx

SO

t t
T x—T{Mx = / js(T( T ) xds = / T (Adp—Adm) TE xds.
0 0

Applying the semi-norm p and using the equiboundedness we see
that
p(Tx — TEMx) < Ktq((Jn — Jm)Ax).
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The Hille-Yosida theorem.

p(T{"x = TEx) < Ktq((Jn — Im)AX).

From (2) which tells us that the J,Ax — Ax this implies that the
Tt(")x converge (uniformly in every compact interval of t) for

x € D(A), and hence since D(A) is dense and the Tt(") are
equicontinuous for all x € F. The limiting family of operators T;
are equicontinuous and form a semi-group because the Tt(") have
this property.

We still need to prove that the infinitesimal generator of this
semi-group is A. Let us temporarily denote the infinitesimal
generator of T; by B. So we want to prove that A= B.
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The Hille-Yosida theorem.

Let x € D(A). We know that
p(T{"x) < Kq(x).  (3).

We claim that
lim T AJ,x = T,Ax (4)

n—o0

uniformly in in any compact interval of t. Indeed, for any
semi-norm p we have

p(TeAx — T ALx) < p(TeAx — TV Ax) + p(TE Ax — T Adyx)
< p((Te = T{M)A0) + Ka(Ax — JpAx)

where we have used (3) to get from the second line to the third.

The second term on the right tends to zero as n — oo and we have

already proved that the first term converges to zero uniformly on
every compact interval of t. This establishes (4)
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The Hille-Yosida theorem.

Now
—x = i (), _
Tix—x = nll_)rr;O(Tt X — X)
t
= lim / T AJyxds
n—o0 0

t
- /(Iim T AJ,x)ds
0

n—oo

t
= / TsAxds
0

where the passage of the limit under the integral sign is justified by
the uniform convergence in t on compact sets. It follows from

Tix —x = fot TsAxds that x is in the domain of the infinitesimal
operator B of T; and that Bx = Ax. So B is an extension of A in
the sense that D(B) D D(A) and Bx = Ax on D(A).
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The Hille-Yosida theorem.

B is an extension of A in the sense that D(B) D D(A) and

Bx = Ax on D(A).

But since B is the infinitesimal generator of an equibounded
semi-group, we know that (/ — B) maps D(B) onto F bijectively,
and we are assuming that (/ — A) maps D(A) onto F bijectively.
Hence D(A) = D(B).

This concludes the proof of the Hille-Yosida theorem.
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The Hille-Yosida theorem.

The case of a Banach space.

In case F is a Banach space, so there is a single norm p = || ||, the
hypotheses of the theorem read: D(A) is dense in F, the resolvents
R(n, A) exist for all integers n =1,2,... and there is a constant K

independent of n and m such that

[l =nPA)™™|<K Vn=1,2,..., m=1,2,.... (5)
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The Hille-Yosida theorem.

Contraction semigroups.

In particular, if A satisfies
I(r=n"tA) Y <1 (6)

condition (5) is satisfied, and such an A then generates a
semi-group. Under this stronger hypothesis we can draw a stronger
conclusion: In (3) we now have p=¢g = -] and K = 1. Since
limp—oo T{'x = T¢x we see that under the hypothesis (6) we can
conclude that

T <1 Vt>0.

A semi-group T; satisfying this condition is called a contraction
semi-group.
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The Hille-Yosida theorem.

The other half of Stone’s theorem.

We have already given a direct proof that if S is a self-adjoint
operator on a Hilbert space then the resolvent exists for all
non-real z and satisfies

IR ) < G

This implies (6) for A =S and —iS giving us a proof of the
existence of U(t) = exp(iSt) for any self-adjoint operator S, a
proof which is independent of the spectral theorem.
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The Hille-Yosida theorem.

We have
qd
dt
and U(0) =1/, so

(U(B)U(2)") = U(t)(A+ AT)U(t)" =0

uu(e) = 1.
Thus the operators U(t) are unitary for all t

A similar argument show that U(t)U(—t) = /. We conclude that
the U(t) form a one parameter group of unitary operators.
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The spectral theorem, functional calculus form.

The functional calculus for functions in S.

Recall that the Fourier inversion formula for functions f whose
Fourier transform f belongs to L; (say for f € S, for example) says

that 1
f(x) = — f(t)e™dt.

If we replace x by H and write U(t) instead of e
that we define

itH this suggests

F(H) = \/12? /R F(t)U(t)dt. (7)

We want to check that this assignment f +— f(H) has the
properties that we would expect from a functional calculus.
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The spectral theorem, functional calculus form.

Checking that (fg)(H) = f(H)g(H).

To check this we use fact that the Fourier transform takes
multiplication into convolution, i.e. that (fg)=fxg so

(fg)(H) = //f (t — 5)&(s)U(t)dsdt

:;//f(r)g(s)U(r—i—s)drds
//f( )U(s)drds
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The spectral theorem, functional calculus form.

Checking that the map f ~ f(H) sends f + (f(H))*.

For the standard Fourier transform we know that the Fourier
transform of f is given by

Substituting this into the right hand side of (7) gives

F(—t)U(t)dt F(—t)U*(—t)dt

“ v,

= (\/%/Rf(—tw(—t)dt)*
= (f(H))"

7

by making the change of variables s = —t.
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The spectral theorem, functional calculus form.

Checking that [|F(H)]| < [|||s.

Let ||f]|co denote the sup norm of f, and let ¢ > ||f||s. Define g
by

g(s) :=c—/c> = [f(s)>.
So g is a real element of S and
g’ = c2—2c\/m+c2— |2
= 2cg—ff
so
ff—2cg+g> = 0.
So by our previous results,

f(H)*f(H) — cg(H) — cg(H)" + g(H)"g(H) = 0.
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The spectral theorem, functional calculus form.

f(H)"f(H) — cg(H) — cg(H)" + g(H)"g(H) = 0

F(H)*f(H) + (c — g(H))*(c — g(H)) = ¢*.

So for any v € §) we have
IFCH)VIP < IFH)VIP + (e — g(F)VI? = [Iv?

proving that
I < oo (8)
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The spectral theorem, functional calculus form.

Enlarging the functional calculus to continuous functions
vanishing at infinity.

The inequality
IF(H)] < lIf]lo (8)

allows us to extend the functional calculus to all continuous
functions vanishing at infinity. Indeed if f is an element of Ly so
that its inverse Fourier transform f is continuous and vanishes at
infinity (by Riemann-Lebesgue) we can approximate f in the || - ||
norm by elements of S and so the formula (7) applies to f.

We will denote the space of continuous functions vanishing at
infinity by Go(R).
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The spectral theorem, functional calculus form.

Checking that (7) is non-trivial and unique.

| claim that we know from the preceding lectures that for z not
real the function r, given by

has the property that
r,(H) = R(z,H) = (zI — H)™!

is given by an integral of the type (7). Indeed, suppose, for
example, that z = a — ib, b > 0 so that w = iz has positive real
part. We know that for A = iH,

R(w, A) — /OOO e U(t)dt.
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The spectral theorem, functional calculus form.

Now )
i

1
R(z,H) = iR(w,iH) and =

zZ—X iz — Ix
so

1
R(z,H) = — i o0y U(t)dt = ry(H
(2oH) = = [ iVame 10 U0} = ()
where 1jg ) is the indicator function of [0,00), i.e. 1[g o)(x) =0
for x < 0 and =1 for x > 0. A similar argument works for z with
positive imaginary part.

The proof of our formula for the resolvent of the infinitesimal
generator of an equibounded semigroup involved some heavy lifting
but not the spectral theorem. This shows that (7), is not trivial.
Once we know that r,(H) = R(z, H) the Stone-Weierstrass
theorem gives uniqueness.
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The spectral theorem, functional calculus form.
900000000000

The Dynkin-Hellfer-Sjéstrand formula.

There is a formula due to Dynkin, Hellfer and Sjéstrand for f(H)
when f is a C* function of compact support which is very useful
for applications. It depends on the concept of an almost
holomorphic extension which | will now explain.

Shlomo Sternberg

21221409 Sem ps, lll. The Spectral Theor:



The spectral theorem, functional calculus form.
0Oe0000000000

The Dynkin-Hellfer-Sjéstrand formula.

A variant of the Cauchy integral formula.

| begin with a variant of the Cauchy integral formula for a C*
function g of compact support on C:

1o 1
T )Jc0zZ z—w

dxdy = —g(w). (9)

As with the usual Cauchy formula, (9) is a consequence of Stokes’
theorem. Before proving it, let me explain (remind you of?) some
notation:

In the (x, y)-plane we define the (C-valued) linear differential forms
dz := dx + idy, dz:= dx — idy so that

dzZ N\ dz = 2idx A\ dy

and the left hand side of (9) can be written as
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The spectral theorem, functional calculus form

00@000000000

The Dynkin-Hellfer-Sjéstrand formula.

1 0 1
— é dz A dz.
2wi Jc 0z z—w

: g ._1(0 : 0 ;
In this integral % := 5 (87 + IW)' | will also use the notation d

for %.
Any holomorphic function h of z (in particular any rational
function) sat|sf|es =0. We define 2 5z = 1 (aax ’8y) Then
you can check that for any function F we have

OF OF

dF = Eder gd
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The Dynkin-Hellfer-Sjéstrand formula.

Since % ( L ) = 0 the the left hand side of (9) is

1
— d( & dz).
2mi Jo zZ—w

We can now prove (9):

Proof.

The integral on the left is the limit of the integral over C \ Ds
where Dy is a disk of radius § centered at w. Since g has compact
support, we can apply Stokes’ theorem to the the integral over

C\ Dy to get
1 1 27 i0
-5 £(2) dz = —— M&dﬂ — —g(w).
27 Jops Z — W 2w Jo 0
[]
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The spectral theorem, functional calculus form.
[e]e]ele] Telelelelelo]e)

The Dynkin-Hellfer-Sjéstrand formula.

Almost holomorphic extensions.

Given f € (3°(R), an almost holomorphic extension of f is a
function f € C§°(C) such that f(x + i0) = f(x) with the property
that

of ) N

55X )| < Culyl

for all N € N. It is easy to show that almost holomorphic
extensions exist. In order not to interrupt the flow of ideas, | will
postpone the construction of almost holomorphic extensions to the
end of this lecture.
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The spectral theorem, functional calculus form.
[e]e]elele] lelelelelo]e)

The Dynkin-Hellfer-Sjéstrand formula.

If w is a real number we can apply our Cauchy style formula to
to conclude that

1 [+ 1
f(w) = —/8f dxdy.
T e z—w
Since df vanishes to infinite order in y along the real axis, there is
no trouble in the convergence of this integral. Indeed, we can
differentiate under the integral sign with respect to w and get

FIN(w) = ! gfimdxdy.

T Jc  (z—w)
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The spectral theorem, functional calculus form.
000000800000

The Dynkin-Hellfer-Sjéstrand formula.

From our functional calculus we know that the operator
corresponding to 1/(z — w) is R(z, H). So we conclude that

f(H) = —% / OfR(z, H)dxdy. (10)

This is the Dynkin-Hellfer-Sjostrand formula.

We also have the formula

1

mf(”)(H) = —% /81?/?(2, H)n+1dxd)/~ (11)
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The Dynkin-Hellfer-Sjéstrand formula.

As a consequence of the Dynkin-Hellfer-Sjostrand formula we have
the following result:

If supp(f) N Spec(H) = 0 then f(H) = 0.

Proof.

It is enough to prove this result for f € C5°(R). In particular, we

may assume that R(z, H) exists (and is holomorphic as a function
of z) on supp(f). So we may apply Stokes' theorem to conclude

that |
f(H)=—= / fR(z,H)dz =0
™ Jr
if we choose I so that £ vanishes on T. OJ
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The spectral theorem, functional calculus form.
000000008000

The Dynkin-Hellfer-Sjéstrand formula.

To summarize:

Let Co(R) denote the space of continuous functions on R which
vanish at +oo and with the sup norm || - ||oo-

Theorem

If H is a self-adjoint operator on a Hilbert space §) then there
exists a unique linear map

f s F(H)

from Co(R) to bounded operators on ) such that:
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00

The Dynkin-Hellfer-Sjéstrand formula.

I ——
The map f +— f(H) is an algebra homomorphism,
f(H) = f(H)",
IFCEI < [ floo,
If w is a complex number with non-zero imaginary part and
rw(x) = (w — x)~! then

rw(H) = R(w, H)

If the support of f is disjoint from the spectrum of H then
f(H)=0.
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The spectral theorem, functional calculus form.
000000000080

The Dynkin-Hellfer-Sjéstrand formula.

In order to get the full spectral theorem we will have to extend this
functional calculus from Cy(R) to a larger class of functions, for
example to the class of bounded continuous functions or even to
the class of bounded Borel measurable functions once we learn
what these are.

For example, for each real number t we might want to consider the
function x — ™ and so use our functional calculus to construct
e We have already constructed this one parameter group of
unitary transformations directly.

| will postpone the discussion of this extension until after we have
studied measure theory, and a version of the Riesz representation
theorem will come to our rescue.
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The spectral theorem, functional calculus form.

00000000000 e

The Dynkin-Hellfer-Sjéstrand formula.

But a key step will be the following elementary monotonicity fact:

Proposition

If f € Go(R) is a non-negative real valued function, then f(H) > 0.

Since f is real valued, so that f = f we know that f(H) is
self-adjoint. The assertion f(H) > 0 means that for all
vesn, (fF(H)v,v)>0.

Proof.
Since f > 0, we can write f = gg with g € Cp(R). Then

(f(H)v,v) = (g(H)"g(H)v,v) = (g(H)v,g(H)v) > 0.

Ol
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The spectral theorem, functional calculus form.

900000000

The existence of almost holomorphic extensions.

We now turn to the existence of almost holomorphic extensions, an
idea due to Hormander. We follow the discussion in
Dimassi-Sjostrand. The key idea (as is frequent in this course) will
be integration by parts:

Before proceeding to the full proof of the existence of almost
holomorphic extensions, let me prove a baby version which is
enough to get the Dynkin-Hellfer-Sjostrand formula. Recall in the
proof of this formula we use the fact that R(z, H) has a singularity
of order Imz~1 as we approach the x-axis. So if f is an extension
of f such that df vanishes to third order (or higher) there is no

trouble with the integral in the Dynkin-Hellfer-Sjostrand formula.
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The spectral theorem, functional calculus form.

O@0000000

The existence of almost holomorphic extensions.

A baby version of the Dynkin-Hellfer-Sjostrand formula.

Let ¢ be a smooth function of support in [-2, 2] such that p =1
on [-1,1] and let o(x,y) = ¢(y/(1 + x?). Thus o, and o, vanish
identically in some neighborhood of the x-axis. Let

Fle) = (760 + FO0) + 370U+ 50 ) ol

Clearly the restriction of f to the x-axis is f. In computing df the
terms involving the expression in parentheses will be 1/2x

00+ F/G) + 57 + g PG )

—f'(x) — f"(x)(iy) — %f'"(x)("Y)2'
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The spectral theorem, functional calculus form.

00@000000

The existence of almost holomorphic extensions.

Since do = 0 in a neighborhood of the x-axis we see that near the
x-axis we have

Y 1 iv (iy)3
giving us our desired result.

Shlomo Sternberg

212a1409 Sem ups, Ill. The Spectral The



The spectral theorem, functional calculus form.

000e00000

The existence of almost holomorphic extensions.

The full almost holomorphic extension theorem

Let f € C°(R), o € C§°(R), with ¢ =1 on Supp(f), and
x € CS°(R) with x =1 near 0. Define

i) = 0 [ ety (ree)as

where f is the Fourier transform of f. By the Fourier inversion
formula y
fir = f. (12)
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The spectral theorem, functional calculus form.

0O000@0000

The existence of almost holomorphic extensions.

F(x+iy): M (ye)F(€)dE, Fr=f.

e
With 0 := 3(0x + i0,) we have

i ()

OF = 3o [ N (v) + X (veD)eF()de
+;“’J(§ g (yE) (€)d§+;lf(ﬁ) | e

502 [emaneic) §+1Wr)/ e\ (y€)F(€)d.

Shlomo Sternberg
212a1409 Semigroups, Ill. The Spectral Theorem.



The spectral theorem, functional calculus form.

[e]e]e]e]e] le]e]e]

The existence of almost holomorphic extensions.

a7 _ T0O) [ iterine LX) [ icting ey
07 = 5520 [ e yaeieaer; 0 [ iy
Define

n(t) = Ny (b).

We can insert and extract a factor of yV in the first integral above
and write this first integral as

i Y(x)
yNEE

and so get a bound on this first integral of the form

e T\ N (yE)ENTLF(€)de

Culy M IENTHF(E)I -
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The spectral theorem, functional calculus form.

0O00000e00

The existence of almost holomorphic extensions.

o7 = 1200 [ e (yf)ff(f)dgw'(r) [ e

For the second integral we put in the expression of f as the Fourier
transform of f to get

;1/]2:)// i(x—r+iy)¢ yf) (r)drd§

Now ' = 0 on Supp(f) so x — r # 0 on Supp(¥)'(x)f(r)) so this
becomes

/ i(x—r+iy)¢ (yf)
(X)//Dg (e > Py f(r)drd¢. (%)
Here | am using the notation D := %% for any variable s.
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The spectral theorem, functional calculus form.

[e]e]e]elo]ele] Jo]

The existence of almost holomorphic extensions.

Integration by parts turns (x) into

// itrrive X 0y grge

X—r+iy

Since X'(v¢) = yNeNxn(v€) the double integral becomes

// i(x— r—i-ly)f N XN(.yg)y f( )drd{
(- rtiv)
Inserting and extracting a factor of (¢ 4 i)? this becomes

=y" / / (=D, (Do) (&) (ﬁNEYfl{ny) F(r)

1
€+ 5 drd§.
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The spectral theorem, functional calculus form.

0O0000000e

The existence of almost holomorphic extensions.

Integration by parts again brings the derivatives over to the the
f . .

term % and shows that the second integral is also O(|y|V).

So we have proved that

9F(2)| < Cu|imz|V. (13)

Thus for any f € C§°(R) we have produced an “almost

holomorphic” extension fof f. [
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The key points of the last four |

The key ideas and logic of the last four lectures

m Facts about the Fourier transform. In particular the Fourier
inversion formula.

m The infinitesimal generator of a(n equicontinuous
equibounded) semigroup.

m The resolvent of the infinitesimal generator is the Laplace
transform of the semigroup.

m The Hille-Yosida theorem.

m Stone's theorem about one parameter groups of unitary
transformations on a Hilbert space, a special case of the
Hille-Yosida theorem.

m The spectrum of a self-adjoint operator is real.

m The spectral theorem, functional calculus form, for continuous
functions vanishing at infinity, via Stone's theorem and the

Fourier inversion formula.
Shlomo Sternberg

212a1409 Semigroups, Ill. The Spectral Theorem.



	The inversion formula.
	The Hille-Yosida theorem.
	The spectral theorem, functional calculus form.
	The Dynkin-Hellfer-Sjöstrand formula.
	The existence of almost holomorphic extensions.

	The key points of the last four lectures.

