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The semi-group generated by an operator

In today's lecture | want to discuss the semi-group generated by an
operator A, that is the semi-group

t— et

| will start with the simplest case of a bounded operator, and then
generalize.

Over the course of this and the next two lectures | hope to cover
the Hille-Yosida theorem on semigroups, derive Stone's theorem on
unitary one parameter groups on a Hilbert space (a theorem which
lies at the foundations of quantum mechanics) and the spectral
theorem for (possibly) unbounded self-adjoint operators on a
Hilbert space.
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The power series expansion of e* when A is bounded.
m The resolvent from the semi-group.

m The semigroup from the resolvent.

m The two resolvent identities.

Unbounded operators, their resolvents and their spectra.

Sectorial operators.

m Definition of a sectorial operator.

m Definition of e* when A is sectorial.

m The semi-group property.

m Bounds on et

m The derivatives of e, its holomorphic charcter.
m The limit of e”* as t — 0.

m The resolvent as the Laplace transform of the semigroup.
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The power series expansion of e when A is bounded.

e”A when A is bounded

Suppose that A is a bounded operator on a Banach space. For
example, any linear operator on a finite dimensional space. Then
the series

etA — 7Ak

converges for any t. (We will concentrate on t real, and eventually
on t > 0 when we get to more general cases.) Convergence is
guaranteed as a result of the convergence of the usual exponential
series in one variable. (There are serious problems with this
definition from the point of view of numerical implementation
which we will not discuss here.)
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The power series expansion of e when A is bounded.

Identities of e when A is bounded

The standard proof using the binomial formula shows that

e(s+t)A _ esA . etA'

Also, the standard proof for the usual exponential series shows that
the operator valued function t +— e is differentiable (in the
uniform topology) and that

da
dt
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The power series expansion of e when A is bounded.

The resolvent set and the resolvent.

A point z € C is said to belong to the resolvent set of A if the
operator zI — A has a bounded (two sided) inverse. Then this
inverse is called the resolvent of A and is denoted by R(z, A). So
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The power series expansion of e when A is bounded.

The series for the resolvent when |z| > || Al

R(z,A) == (zI — A)~L.

For example, if z # 0 we have zI — A= z(I — z71A). If |z| > ||A|l
the geometric series

| +z YA+ 22424+ 27343+ ...

converges to (I — z71A)~1. So all z satisfying |z| > ||A|| belong to
the resolvent set of A and for such z we have the convergent series
expansion

R(z, A=z U +z2A+2z3A 42743 ...
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The power series expansion of e when A is bounded.

The spectrum

Of course, in finite dimensions, A € C is by definition an eigenvalue
of A if and only if the operator A/ — A is not invertible. So in finite
dimensions the resolvent set of A consists of all complex numbers
which are not eigenvalues.

In general, we will define the spectrum to be the complement of
the resolvent set.
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The power series expansion of e when A is bounded.
e0

The resolvent from the semi-group.

The resolvent from the semi-group.

Suppose that Rez > ||A|| so that z belongs to the resolvent set of
A and also the function

t i e 2t

is integrable over (0,00). We have

(zI — A)/ e fetdt = / (zl — A)e tE At
0 0

_ _/Ooojt (e*f(Z’*fU) dt = 1.
So
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The power series expansion of e when A is bounded.

oe

The resolvent from the semi-group.

R(z./A):/ e “tetdt.
Jo

In words: for Rez > ||A|| the resolvent is the Laplace transform
of the one parameter group.

If we differentiate both sides of the above equation n times with
respect to z we find that

n!

1 o
R(z, A)™! = / t"e “teAdt.
0
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The power series expansion of e when A is bounded.

@00

The semigroup from the resolvent.

The semigroup from the resolvent.

Let I' be a circle of radius > ||A|| centered at the origin. The claim
is that

1
et — ,/e”R()\,A)d)\.
r

27
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The power series expansion of e when A is bounded. Unbounded operators, their resolvents and their spectra. S

The semigroup from the resolvent.

From the power series expansion of the resolvent, the contour
integral is

o

1
27” Z/)\”)\k“dA Z Z Ak /)\”kld/\

By the Cauchy integral formula, 5= [- A""%"1dX\ = 0 unless n = k
in which case the integral is 1. So the above expression becomes

o
n! ’

n=0

Ol
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The power series expansion of e when A is bounded.

ooe

The semigroup from the resolvent.

If we integrate the equation

1
e = _— / e R(\, A)dA
27TI r

by parts we obtain

1
te = — [ e”R(\, A)d\.
¢ 27ri/re (A4

More generally, integrating by parts n times gives

t" a1 tA n+1
—e=_—— [ e"R(\A)"d\
n! 2mi Jr
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The power series expansion of e when A is bounded.

@00000

The two resolvent identities.

The first resolvent identity.

If z and w both belong to the resolvent set of A, then we can
multiply the equation

zZl —A=wl— A+ (z—w)l
on the left by R(z, A) and on the right by R(w, A) to obtain
R(w,A) = R(z,A) + (z — w)R(z, A)R(w, A)

which is known as the first resolvent identity and dates back to
the 19th century. We will make much use of this identity.
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The power series expansion of e when A is bounded.

0O@0000

The two resolvent identities.

The second resolvent identity.

The first resolvent identity relates the resolvents of a single
operator A at two different points in its resolvent set. The second
resolvent identity, which also dates back to the 19th century
relates the resolvents of two different operators at a point which
belongs to the resolvent set of both:
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The power series expansion of e when A is bounded.

00@000

The two resolvent identities.

Let ¢ and % be invertible operators. Clearly

Yv=0¢+Y(¢ -y e

Let A and B be two operators (at the moment both bounded) and
let z belong to the resolvent set of both A and B. Apply the above
equation to ¢ = R(z, A) and ¢y = R(z, B) so as to get the second
resolvent identity

R(z,B) = R(z,A) + R(z, B)(B — A)R(z, A).
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The power series expansion of e when A is bounded.

[e]e]e] le]e}

The two resolvent identities.

e’ . eB +£ eA*B in general.

If A and B are bounded operators, then it is not true in general
that e - eB = A8 Indeed, the two sides agree up to terms
which are linear in A and B, but the quadratic terms on the left
are 3 [A% + 2AB + B?| while the quadratic terms on the right are
% [A2 + AB+ BA+ 82}. These do not agree unless AB = BA.
So it is not true in general that

B—A) A

eB:e( e .

Indeed, the Campbell-Baker-Hausdorff formula gives a rather
complicated formula for the operator C such that e = e€ . eA.

However consider the following idea of Kantorovitz;
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The power series expansion of e when A is bounded.

0000e0

The two resolvent identities.

Define

Xo:=1, Xy =B—A, X, :=B?>—-2BA+ A2,
and, in general,
X, =B"—nB" A+ <’2’> B"2A% 4 ... £ A" (1)
In other words, X, looks like the binomial expansion of (B — A)"
with all the B’s moved to the left and all the A’s to the right.

Then, claim:

1
eth = </ + tXy + §t2X2 + - ) et (2)
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The power series expansion of e when A is bounded. Unbounded operators, their resolvents and their spectra. Se

O0000e

The two resolvent identities.

To prove:

1
etB = </ + tX1 + §t2X2 + - > e (2)

Proof.

If A and B commute, this is simply the assertion that

etB = et(B=A)etA Byt in trying to verify (2) all the A’s lie to the
right of all the B’s, and we never move an A past a B, so (2) is
true in general. []
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Unbounded operators, their resolvents and their spectra.

Unbounded operators

Up until now we have dealt with bounded operators. But we are
interested in partial differential operators such as the heat operator
which (at least when acting on a fixed Banach space) are
unbounded. So we must discuss unbounded operators.

We will find that for certain types of operators (sectorial operators
- see later for the definition) the above discussion about the
semi-group generated by an operator goes through with minor
modification in the statements and a good bit of work in the
proofs. But for more general unbounded operators (as in the
Hille-Yosida theorem, which | plan to discuss later) we will have to
do major reworking.
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Unbounded operators, their resolvents and their spectra.

The direct sum of two Banach spaces

Let B and C be Banach spaces. We make B @ C into a Banach
space via
[, ¥} = [Ix[] + Iy -

Here we are using {x, y} to denote the ordered pair of elements

x € B and y € C so as to avoid any conflict with our notation for
scalar product in a Hilbert space. So {x,y} is just another way of
writing x @ y.
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Unbounded operators, their resolvents and their spectra.

Linear operators and their graphs.

A subspace
rceBeC

will be called a graph (more precisely a graph of a linear
transformation) if

{0,y}el = y=0.

Another way of saying the same thing is

{X;)/l} el and {Xa}/2} el = y1i=)y2.

In other words, if {x,y} €T then y is determined by x.
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Unbounded operators, their resolvents and their spectra.

The domain and the map of a graph.

Let D(I') denote the set of all
x € B such that thereis a y € C with {x,y} €T.

Then D(T) is a linear subspace of B, but, and this is very
important, D(I') is not necessarily a closed subspace. We have a
linear map

T(N): D)= C, Tx=y where {x,y}eTl.
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Unbounded operators, their resolvents and their spectra.

The graph of a linear transformation.

Equally well, we could start with the linear transformation:
Suppose we are given a (not necessarily closed) subspace
D(T) C B and a linear transformation

T:D(T)— C.
We can then consider its graph ['(T) C B @ C which consists of all

{x, Tx}, xe€ D(T).
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Unbounded operators, their resolvents and their spectra.

Thus the notion of a graph, and the notion of a linear
transformation defined only on a subspace of B are logically
equivalent. When we start with T (as usually will be the case) we
will write D(T) for the domain of T and ['(T) for the
corresponding graph.

There is a certain amount of abuse of language here, in that when
we write T, we mean to include D(T) and hence ['(T) as part of
the definition.
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Unbounded operators, their resolvents and their spectra.

Closed linear transformations.

A linear transformation is said to be closed if its graph is a closed
subspace of B & C.

Let us disentangle what this says for the operator T. It says that if
fo € D(T) then

fp—f and Tf, g = feD(T) and Tf =g.

This is a much weaker requirement than continuity. Continuity of
T would say that f, — f alone would imply that Tf, converges to
Tf. Closedness says that if we know that both

f, converges and g, = Tf, converges to g

then f =limf, liesin D(T) and Tf = g.
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Unbounded operators, their resolvents and their spectra.

Avoiding the closed graph theorem

It is here that we run up against a famous theorem - the closed
graph theorem - which says that if T is defined on all of a Banach
space B and has a closed graph, then T must be bounded.

So if we are considering operators which are not bounded, we have
to deal with operators whose domain is not all of B.
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Unbounded operators, their resolvents and their spectra.

The resolvent, the resolvent set, and the specturm.

Let T : B — B be an operator with domain D = D(T). A
complex number z is said to belong to the resolvent set of T if
the operator

zl — T
maps D onto all of B and has a two sided bounded inverse. As
before, we denote this bounded inverse by R(z, T) or R,(T) or
simply by R, if T is understood. So

R(z,T):= (2l — T)"! maps B — D(T)
and is bounded. R(z, T) is called the resolvent of T at the

complex number z. The complement of the resolvent set is called
the spectrum of T and is denoted by Spec(T).
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eries expansion of e’ ' when A is bounded. Unbounded operators, their resolvents and their spectra. S

The spectrum is a closed subset of C.

The set Spec(T) is a closed subset of C. In fact, if z ¢ Spec(T)
and c := ||R(z, T)|| then the spectrum does not intersect the disk

{weC||(w-2)| <ct}

For w in this disk ~ R(w, T) =Y °(—(w — 2))"R(z, T)"*! and
so is an analytic operator valued function of w. Differentiating this
series term by term shows that

d _ 2
ER(Z, T)=—-R(z, T)~.
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Unbounded operators, their resolvents and their spectra.

Proof, part 1.

The series given in the theorem certainly converges in operator
norm to a bounded operator for w in the disk. For a fixed w in the
disk, let C denote the operator which is the sum of the series.
Then

C=R(z, T)—(w—2z)R(z, T)C.

This shows that C maps B to D(T) and has kernel equal to the
kernel of R(z, T) which is {0}. So C is a bounded injective
operator mapping B into D.
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Unbounded operators, their resolvents and their spectra.

Also
C=R(z,T)—(w—2)CR(z,T)

which shows that the image of R(z, T) is contained in the image
of C and so the image of C is all of D.
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Unbounded operators, their resolvents and their spectra.

Proof, part 2.

o0

C:=) (~(w—2)"R(z, T)™,

0

If feDand g=(zl — T)f then f = R(z, T)g and so
Cg =f — (w — z)Cf and hence

Clzf = Tf)=f—(w—2z)Cf

or
C(-Tf)=f—wCf so C(wl—T)f=f

showing that C is a left inverse for w/ — T.
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Unbounded operators, their resolvents and their spectra.

A similar argument shows that it is a right inverse. So we have
proved that the series converges to the resolvent proving that the

resolvent set is open and hence that the spectrum is closed. The
rest of the theorem is immediate. [

The two resolvent identities follow just as in the bounded case.
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Unbounded operators, their resolvents and their spectra.

Lemma

If T : B— B is an operator on a Banach space whose spectrum is
not the entire plane then T is closed.




Assume that R = R(z, T) exists for some z. Suppose that f, is a
sequence of elements in the domain of T with f, — f and
Tf, — g. Set hn = (2l — T)f, so

h, — zf — g.

Then R(zf — g) = lim Rh, =limf,, = f. Since R maps B to the
domain of T this shows that f lies in this domain. Multiplying
R(zf —g) =1 by zI — T gives

zf —g=zf — Tf

showing that Tf = g. Ol
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Unbounded operators, their resolvents and their spectra.

The adjoint of a densely defined linear operator.

Suppose that we have a linear operator T : D(T) — C and let us
make the hypothesis that

D(T) is dense in B.

Any element of B* is then completely determined by its restriction
to D(T). Now consider

N(mn*cc aeB*
defined by
{,m} eT(T) < {, Tx)y=(mx) VxeD(T). (3)
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Unbounded operators, their resolvents and their spectra.

The adjoint of a densely defined linear operator.

(¢, Tx) = (m,x) ¥V x e D(T). (3)

Since m is determined by its restriction to D(T), we see that

I =T(T*) is indeed a graph. (It is easy to check that it is a

linear subspace of C* @ B*.) In other words we have defined a
linear transformation

T* = T(N(T)")

whose domain consists of all £ € C* such that there exists an
m € B* for which (¢, Tx) = (m,x) ¥V x & D(T).
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Unbounded operators, their resolvents and their spectra.

The adjoint of a linear transformation is closed.

If £, — £ and m, — m then the definition of convergence in these
spaces implies that for any x € D(T) we have

(€, Tx) = lim(€,, Tx) = lim(mp, x) = (m, x).

If we let x range over all of D(T) we conclude that ' is a closed
subspace of C* @ B*. In other words we have proved

Theorem

If T: D(T)— C is a linear transformation whose domain D(T) is
dense in B, it has a well defined adjoint T* whose graph is given
by (3). Furthermore T* is a closed operator.
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Sectorial operators

Most of the material for the rest of today’s lecture (including the
figures) is taken from:

Analytic Semigroups and Reaction-Diffusion Problems
Internet Seminar 2004 - 2005
by
Luca Lorenzi, Alessandra Lunardi, Giorgio Metafune, Diego Pallara

and from

Introduzione ai problemi parabolici nonlineari

by
Alessandra Lunardi

via the internet.
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Sectorial operators
[ ]

Definition of a sectorial operator.

Sectorial operators.

A closed operator A is called sectorial if its resolvent set contains
a sector S of the form

S={NeC|A#0,|arg\| < 6,0 >7/2}.

More precisely, we will assume that there is a positive constant M

such that
[(M = A) Y| < M, A€ S.
A
For example, we have seen that the spectrum of the Laplacian
A = —A on a compact manifold is discrete, lies along the negative

real axis and tends to —oo. Hence A is sectorial.
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Sectorial operators
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Definition of e when A is sectorial.

Definition of e when A is sectorial.

Recall that in the case of a bounded operator A, the exponential
series for e converges, and if I is a circle of radius > ||A|l
centered at the origin, we proved that
1
e = ./et’\R()\,A)d)\.
27 r
For sectorial operators we will define e by a contour integral of

e R(\, A) over a modified contour. | think that the idea of doing
this goes back to Dunford.

Here is the picture of the proposed contour, where we have
“opened up” the circle by two branches going off diagonally to the
left:
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Sectorial operators

O®000000000O!

Definition of e when A is sectorial.

w+r

Vrp T W

Shlomo Sternb
2121407 Semigroups



Sectorial operators

O0®00000000O!

Definition of e when A is sectorial.

In the figure, we have slightly generalized the notion of a sectorial
operator to allow for some positive spectrum, so we assume that
the resolvent set contains the set

Sow i ={A € CIA # w,|arg(A —w)| < 6}

where w € R and 0 € (7/2, 7). We also assume that

IR(A Al <

M
|/\_w’ /\65970_,

for some positive constant M. We let ~, , be the curve
A el JargM)=n,[Al =2 r} U{A € C] [arg Al <, |A[ = r}.

The curve in the figure is the curve v, ; shifted by w.
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Sectorial operators

[e]o]e] lelele]elele]e]e]

Definition of e when A is sectorial.

For each t > 0 we define

1407 Semigroups.



Sectorial operators

[e]o]e]e] lele]elele]e]e]

Definition of e when A is sectorial.

We must show that:

m This is well defined, i.e. that the integral converges and
defines a bounded operator.

m This has the properties we expect of the exponential, e.g.
eAet = e(sTA and AketA = e Ak (when defined).

m The definition is independent of the choice of r and 7.

m This coincides with the old definition when A is bounded.
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Sectorial operators

[e]o]e]e]e] le]elele]e]e]

Definition of e when A is sectorial.

The integral converges.

The integral breaks up into three pieces given by

ewt

2mi

(_ /OO e(pcosnfipsinn)tR(w _|_pefi17?A)efindp
r
n - . .
+/ e(rcosa+lr5|na)tR(w+ re’o‘,A)ire’adoz
-n

+/oo e(pcosn-i-ipsinn)tR(w +pei7’,A)e’”dp> .
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Sectorial operators

[e]o]e]e]o]e] lolelele]e]

Definition of e when A is sectorial.

The middle integral causes no convergence problems. For the first
and third terms, we know that ||R(w + pe™™, A)|| is bounded by
M/r and cosn < 0 so there is no trouble with these integrals.

We now show that the integral is independent of the choice of r
and 7: For this choose a different r’,n’ and consider the region D
lying between the two curves 7, , +w and 7,y +w lying between
them and the cutoff regions D, := D N {|z — w| < n} for n € N.
See the figure on the next slide.
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Sectorial operators

[e]o]e]e]o]ele] lelelele]

Definition of e when A is sectorial.

Yoty F W

Yoy + W
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Sectorial operators

[e]o]e]e]o]ele]e] Jeolele]

Definition of e when A is sectorial.

The function A — et*R(\, A) is holomorphic on the domain D,
and hence its integral over 0D, vanishes. The integral over the
pieces of the circle |[A — w| = n lying on the boundary tend to zero
by the estimate we gave above, namely that over these integrals
the term cos « is negative. This proves that the definition of et/
does not depend on the choice of r and 7.

If Ais a bounded operator, we choose r > ||A|| and let n — .
The same argument shows that the integral tends to the integral
over the circle, as the two radial integrals will tend to terms which
cancel one another. So the new definition coincides with the old
one for bounded operators.

We define €4 = /.
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Sectorial operators

000000000 @O0

Definition of e when A is sectorial.

We now prove:

Proposition

For all t >0, e*A: X — Dom(A) and for x € Dom(A)

Aetx = e Ax.

For this purpose, we first prove a lemma about closed operators A:
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expansion of e when A is bounded

Unbounded operators, their resolvents and their spectra. Sectorial operators

00000000080

Definition of e when A is sectorial.

Lemma

Let | = (a, b) with —oo < a < b < 400 and f : | = Dom(A) be a
function which is Riemann integrable, and such that the function
A +— Af()) is also Riemann integrable. Then

// F(\)dA € Dom(A) and A / A = / AF(A)dA.

l l
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Sectorial operators

00000000000 e!

Definition of e when A is sectorial.

Proof of the lemma.

First suppose that / is bounded. Then the assertion S € Dom(A)
is true by linearity where S is a Riemann approximating sum
S=> f(mj)(A\j — Xi—1)  as is the assertion

AS =Y Af(mi)(A\i — Ai1).
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Sectorial operators

000000000000

Definition of e when A is sectorial.

Proof of the lemma, 2.

By assumption S — [, f(A\)dX and AS — [, Af(A)d\. The fact
that A is closed then implies that

/ /

/ F(\)dA € Dom(A) and A / FO)A = / AF(A)dA.
I
The non-bounded case follows by the same argument since the

convergence of the integrals means that
Ji =1m Jbounded intervals- O
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Sectorial operators

000000000000

Definition of e when A is sectorial.

Proof of the proposition.

Replacing A by A — w/ we may assume that w = 0 to simplify the
notation. Take f(\) = e!*R(\, A)x in the lemma: the resolvent
maps the entire Banach space X into Dom(A) and hence the
lemma implies that e*x € Dom(A) for any x € X and that

Aethx = L / e AR(\, A)xd\.
2mi Yrm

Now by the definition of the resolvent, (A — A)R(A\, A) =] so

AR(X,A) = AR(M\, A) — I. By Cauchy, fw et*d\ =0, so

Aethx — L / AP R(\, A)xd\.
2mi ~

rnn
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Sectorial operators

000000000000

Definition of e when A is sectorial.

We have shown that

1
AeAx = — / e AR(\, A)xd\
27i ),

M

1
= [ Xe®R(\ A)xd\.

2mi Yrm

For x € Dom(A) we have R(\, A)Ax = AR(\, A)x so the first
equation above shows that for x € Dom(A)

Aethx = e Ax. [

We continue with the assumption that t > 0.
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Sectorial operators

000000000000

Definition of e when A is sectorial.

We know that e*x € Dom(A) for any x € X and if x € Dom(A)
then AefAx = e Ax = 2 [, Ae*R(A, A)xd.

2mi

The lemma applied to the function f()) := Ae!*R(\, A)x tells us
that Ae””x belongs to Dom(A). In other words, e*x belongs to
Dom(A2?) and furthermore

1
A2ethx = — / AXeMR(\, A)xd\.
2mi Yr,n

If x € Dom(A) we can move the A past the R(\, A) to conclude
that
A’etx = Ae™ Ax.
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Sectorial operators

000000000000

Definition of e when A is sectorial.

If x € Dom(A) we can move the A past the R(\, A) to conclude
that

AZex = Ae" Ax.
If we assume in addition that x € Dom(A?) so that (by definition)
Ax € Dom(A) we can apply the proposition to Ax and conclude

that
A2etAX — etAA2X
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(e]o]e]e]o]e]e]

Definition of e when A is sectorial.

Continuing in this way we conclude

Theorem

If t > 0 then e"*x € Dom(AK) for all positive integers k, and all
x € X. If x € Dom(AK) then

AketAx — etApky,
Furthermore

AketA = 21// MeBAR(X, A)d .
i
Yr

M
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Sectorial operators

[ Jolelele}

The semi-group property.

The first resolvent identity.

Recall that this says that for A and  in the resolvent set of A we
have:
R(X, A) = R(p, A) = (1 = A)R(A, A)R(p, A).
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series expansion of e’ ' when A is bounded. Unbounded operators, their resolvents and their spectra. Sectorial operat:

The semi-group property.

Proof.
Since (ul — A)R(p, A) = I and (A — A)R(A, A) = | we have

R A) = [AR(AA) — AR(\, A)R(1, A).
Subtract the second equation from the first and use the fact that

the resolvents commute to give the first resolvent identity.
O]
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Sectorial operators

[e]e] lele}

The semi-group property.

We are going to use the first resolvent identity in the form

R(A, A) — R(u, A)
w—A

RO A)R(, A) = it A

together with the Cauchy integral formula to prove that

etAesA _ e(t+5)A.

For this purpose we write

1
eSA = 2/ e"SR(u,A)du
TSy,
rm

1
eh = — / eMR(\, A)d\
2mi Yrm

where 7' € (n,7/2).
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Sectorial operators

[e]o]e] e}

The semi-group property.

sAetA —
< 1 )2 1 us At
— / / ——ee™R(N, A)dudA
2mi Ve Doy B A
( 1 >2 1 us At
-\ 5= / / ——ele™R(u, A)dAdp.
27 Vot e BT A
(The order of integration is irrelevant due to the exponential
convergence.) The 2nd integral, where we first integrate over the
interior curve, vanishes by Cauchy's theorem, as the integrand is
holomorphic. See the right hand figure on the next slide. Cauchy's

integral formula applied to the inner integrand of the first integral
where we integrate over the outer curve first, gives,

So e

— [ eMeMR(\ A)dA =eTDA O
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Sectorial operators

The semi-group property.
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Bounds on e™".

Proposition

There is a constant My such that

||etAH < Moe“’t.

Once again, for the proof we may assume that w = 0. Also
remember that we may replace r by r’ in the contour over which
we integrate. In particular, we may replace r by r/t in the contour
for e, in particular for s = t. We make the change of variables

& = A\t and obtain:
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Bounds on e,

s i/ 65R<§,A)%:i./ egR(é,A) ds
27 o t t 211 e t t

1 +o0o o pein ein +oco o pe—in e—in

— — PETR| — —dp — PERR A d
27ri(/re (t’)tp/re (t7 ¢
n i X
+/ eTemR(&,A)iremd—a).
—n t t

1 [ [t dp 1 (7"
HetA” <= {/ ]Wepcosnl + 7/ Mercosada} .
T |/, p o 2),
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Sectorial operators

[e]e] le]e}

Bounds on e,

Estimating Ae”

Recall that ||R(A — w, A)|| < P w| is part of our assumption, and
that AR(A, A) = AR(A, A) — [ so on the path 7, , we have

IAR(A, A)|| < M +1.

Hence

0 n
HAetAH < M2+1 [2/ eptcosndp+r/ ertcosada:| .
™ , _y
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Sectorial operators

Bounds on e,

0 n
HAetA” < M2+1 [2/ eptcosndp+r/ ertcosada:| .
T r —n

Let r — 0. The second integral disappears. In the first integral,
make the change of variable p — s = t| cosn|p. We get

1A < ey Jo~ e ds so

M+1 M

JAe*| < =M
mt| cosn| t
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Sectorial operators

A

Bounds on e,

M+1 M
JAet) < = — ZL
mt| cosn| t

Now e** maps X — Dom(A) and for every x € Dom(A) we have
AetAx = e"AAx hence

(Aex?)k = AketA v k€ N.
So applying the above inequality we obtain:

M
| Akt g?[ where My := (kMy)¥.
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Sectorial operators

The derivatives of etA, its holomorphic charcter.

The derivatives of e for t > 0.

| will continue with the harmless assumption that w = 0.
Differentiating the definition
1
e = / e R(\, A)dA.
2mi ),
rn
under the integral sign we see that for t > 0 we have

d tA 1 tA
LetA — A R(A, A)dA
drt 2mL eTR(, A)dA,

rn

and this is equal to Ae”? as we have already seen. So for t > 0 we

have
d

dt

Shlomo Sternberg
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Sectorial operators

The derivatives of etA, its holomorphic charcter.

Iterating the formula

gives
d*
i oA — pkotA

for t > 0. So t — e is C* as a map from R* to bounded
operators on X and its derivatives are given as above.

In fact, it extends to a holomorphic function in a wedge about the
positive x-axis as we shall now see.
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Sectorial operators

The derivatives of etA, its holomorphic charcter.

The holomorphic character of e®.

The exponent in the integral along the rays in

1
— / e R(\, A)d\.
27i )y,

r,mn

where \ = pe' and z = |z|e'T is
plz|e’MT) = plz|(cos(n + ) + isin(n + 7).

So as long as cos(n + 7) < 0, which is the same as |7| < n— J this
integral converges, and we can differentiate under the integral sign.
So if 0 is the angle that enters into the sectorial character of A, we
see that the function z — e?* defined by the above integral for

some |n| < 6 is holomorphic as a function of z for arg(z) < 6 — 3.
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Sectorial operators

©000000000

The limit of e as t — 0.

The limit of e”x as t — 0 for x € Dom(A).

Let x € Dom(A), choose R 5 ¢ > w so that § is in the resolvent
set of A, and choose 0 < r < £ —w. Let y :=&x — Ax so that
x = R(&, A)y. Then by the first resolvent identity
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Sectorial operators

O®00000000

The limit of e as t — 0.

fhr = AR Ay = - / RN, A)R(E, A)y dA
2mi Yr,ptw
S L] e, L e,
27 Syt E— A 27 Syt E— A
_ L 6t>\my d,
271 | S E— A

as the second integral vanishes by the Cauchy integral formula as &
is outside the region to the left of the curve of integration. The
term  R()\,€)/(€ — \) in the first integral is of order |\|~2 for
large A so we can pass to the limit t — 0 under the integral sign
to obtain

1 1
lim et :/ —— R(\, A)yd\.
t—|>r8+e X = oni rtw &~ A (A, A)y
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Sectorial operators

0O0®0000000

The limit of e as t — 0.

We have shown that

. tA 1 1
Now we can cut off the radial pieces of the integral at |\ —w| =n
and close up the curve via the circular arc |\ — w| = n going from
arg(A — w) = n to arg(A — w) = —n. On this circular arc the
integrand is of order |A\| =2 so this portion of the integral goes to
zero as n — oco. The point £ is in the interior of the closed curve.
Taking into account that the curve is oriented clockwise rather
that counter clockwise, the Cauchy integral formula tells us that
the integral equals R(&, A)y = x. So we have proved that

tA

im e”'x = x
t—0+

for x € Dom(A).
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Sectorial operators

0O00@000000

The limit of e as t — 0.

We have proved that

lim e#x = x
t—0+

for x € Dom(A).

We also know that ||e*|| is bounded for 0 < t < 1 by a constant
independent of t, so it follows from the above that

Proposition

If x € Dom(A) then
lim ex = x
t—0t
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Sectorial operators

0O000@00000

The limit of e as t — 0.

Conversely, suppose that lim,_,o+ e"x = y. We know that

eAx € Dom(A) so y € Dom(A). For any ¢ in the resolvent set of
A we know that R(§, A) is a bounded operator which maps all of
X into Dom(A). So

R(&,A)y = R(&,A) lim ex = lim e R(£, A)x = R(£, A)x.

t—0t t—0t

So y = x.
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00000000

The limit of e as t — 0.

For every x € X and t > 0
5 e”xds € Dom(A) and
A fot eAxds = eAx — x.
If, in addition, the function s — Ae*Ax is integrable on (0, €)
for some € > 0 then

t
ex — x = / Ae*xds.
0

for any t > 0.

Remark. The highlighted step 2 will be very important for us.
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Sectorial operators

0O00000e000

The limit of e as t — 0.

Proof of 1.

Choose ¢ in the resolvent set of A. For any € € (0, t)
t t
/ eAxds = / (€1 — A)R(&, A)e™ xds
€ € . . d
= ¢ / R(¢, A)e™ xds — / E[R(E,A)e“‘x]ds

= ¢R(&,A) /t exds — e R(&, A)x + e““R(€, A)x.

Since R(§, A)x € Dom(A), the limit of the the last term as ¢ — 0
is R(£, A)x. So
t

t exds = ER(E,A) | exds — e™R(€, A)x + R(€, A)x.

A
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2121407 Semigroups.




Sectorial operators

0000000800

The limit of e as t — 0.

Proof of 1, continued, proof of 2 and 3.

We have proved that

/ t e xds = ER(&, A) / t e xds — e R(&, A)x + R(&, A)x.
0 0

Since R(&,A) maps X into Dom(A), we have proved 1.
If we apply £/ — A to both sides of the above equations we get

(€1 — A) /0 t eAxds = ¢ /0 t eAxds — (e"x — x)

which after rearranging the terms says that
Afot e xds = e"x — x which is 2. Under the integrability
hypothesis we may move the A inside the integral which.is 3. [
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The limit of e as t — 0.

If x € Dom(A) and Ax € Dom(A) then

1
lim ~[e"x — x] = Ax.
t—0t+ t
Conversely, if the limit of the left hand side exists, call it z, then
x € Dom(A) and Ax = z,

Proof. By statement 3 of the preceding Proposition, we may write
the left hand side of the equation in our proposition as

%fot eAAxdx. Since the function s — e¥*Ax is continuous, we
can apply the fundamental theorem of the calculus to conclude
that the limit is indeed Ax.
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Sectorial operators

O00000000e

The limit of e as t — 0.

Conversely: If the limit exists, then eAx — x so both x and z
belong to Dom(A). For any £ in the resolvent set of A we have

R(&,A)z = lim R(E, )1( Ax —x)= lim = (g, A)A /OetAxdx

t—0+ t—0+ t

= (ERI6A) 1) i [ et = €R(E A x.

0

This shows that x € Dom(A). If we apply £/ — A to both sides of
this equation we get

z=¢&x— (&l — A)x

o)
z=Ax. O
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Sectorial operators

The resolvent as the Laplace transform of the semigroup.

Recall the formula A fot e*Axds = e x — x. Replace Aby A— M/
for A > 0 to obtain

t
e Mex — x = (A— )\I)/ e exds.
0

tA

Letting t — oo gives (since e is uniformly bounded in t > 0)

0

Applying R(\, A) to this equation gives

R(\, A) = / e Metdt,
0

This was proved for real positive A. But by analytic continuation
it is true for all A in the sector S.
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Sectorial operators

The resolvent as the Laplace transform of the semigroup.

Summary:
The power series expansion of et when A is bounded.
m The resolvent from the semi-group.
m The semigroup from the resolvent.
m The two resolvent identities.
Unbounded operators, their resolvents and their spectra.
Sectorial operators.
m Definition of a sectorial operator.
m Definition of e”* when A is sectorial.
m The semi-group property.
= Bounds on et
m The derivatives of e, its holomorphic charcter.
m The limit of e”* as t — 0.
m The resolvent as the Laplace transform of thessemigroup.
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