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Plan for Today

Sum of angles and double angles.

Presentations.

Composition of functions.
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Trigonometric Identities

Cosines and sums of angles

Exact values of trig functions are hard to compute, in general.

We
have been successful in finding sin(θ), cos(θ), tan(θ), etc., exactly,
only if θ is a multiple of π

6 (or 30◦), or if θ is a multiple of π
4 (or

45◦). Is it possible to extend our ability to find exact values of trig
functions, based on those that we do know how to compute? For
example, can we use the fact that we know that cos(60◦) = 1

2 and

cos(45◦) =
√
2
2 to find cos(105◦)? Or cos(15◦)? The answer is

’yes’, but we need to do some work!
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Trigonometric Identities

Cosines and sums of angles

Draw a unit circle, and two angles in it; ∠α in the first
quadrant and ∠− β, in the fourth quadrant.

Let P and Q be
the points of intersection of the unit circle and the terminal
sides of α and −β, respectively. Draw the chord PQ.

If O is the origin, how large is the angle in the triangle OPQ,
opposite to the side PQ? α + β.

What are the coordinates of the points P and Q, in terms of
the angles mentioned? P = (cosα, sinα) and
Q = (cos(−β), sin(−β)) = (cos(β),− sin(β)).

Find the distance PQ using the distance formula.

D =
√

(cosβ − cosα)2 + (− sinβ − sinα)2

Find the distance PQ using the Law of Cosines.
D =

√
2− 2 cos(α + β).
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Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β.

cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).

cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦)

=

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦

= 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2

=
√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).

cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦))

=
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦)

=

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦

= 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2

=
√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Cosines and sums of angles

Using the fact that the expressions for D have to be equal,
find an expression for cos(α + β) in terms of trig functions of
α and β. cos(α + β) = cosα cosβ − sinα sinβ.

Find the exact value of cos(105◦).
cos(105◦) = cos(60◦ + 45◦) =

cos 60◦ cos 45◦ − sin 60◦ sin 45◦ = 1
2

√
2
2 −

√
3
2

√
2
2 =

√
2−
√
6

4 .

Find the exact value of cos(15◦).
cos(15◦) = cos (60◦ + (−45◦)) =
cos 60◦ cos(−45◦)− sin 60◦ sin(−45◦) =

cos 60◦ cos 45◦ + sin 60◦ sin 45◦ = 1
2

√
2
2 +

√
3
2

√
2
2 =

√
2+
√
6

4 .

Math S-Ar Lecture 20



Trigonometric Identities

Using the addition formula for cosines, we can get one for sines by
using identities based on horizontal shifts.

Addition Formulas

cos(α + β) = cosα cosβ − sinα sinβ.

sin(α + β) = sinα cosβ + sinβ cosα.

Setting α = β in the above two statements, we get

Double Angle Formulas

cos(2α) = cos2(α)− sin2(α).

sin(2α) = 2 sinα cosα.
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Trigonometric Identities

Using the identities

Solve sin 2t =
√

2 sin(t + π/2) for 0 ≤ t < 2π.
Use the double-angle formula for sine to replace sin 2t by
2 sin t cos t. We also replace sin(t + π/2) by cos t, giving
2 sin t cos t =

√
2 cos t. Next we write the equation as

2 sin t cos t −
√

2 cos t = 0 and factor the left side to get
cos t(2 sin t −

√
2) = 0, so cos t = 0 or 2 sin t −

√
2 = 0.

The solutions of cos t = 0 are t = π/2 and t = 3π/2.
The solutions to 2 sin t −

√
2 = 0 are t = π/4 and t = 3π/4.
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Composition of Functions

The basics

If f and g are some two functions, how exactly would we
compute f (g(2))? Please explain in plain English.

Put 2 into g , compute the output, g(2), then feed that
output as input into f . Compute the output of f .

If you represent f and g separately by “function machine”
pictures, how can you draw a “function machine” picture for a
new function h where h(t) = f (g(t))? Whiteboard. A serial
connection.

Why would anyone ever want to combine functions in this
way? Can you think of a specific example? Of a general
situation? Useful when one quantity depends on another
quantity, which, in turn, depends on yet another quantity.

Now let’s say f (t) = t2 + 1 and g(t) = 3t − 2. Compute
f (g(t)) and g(f (t)). How do they compare? What can you
conclude in general? They are not the same, so order matters!
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Composition of Functions

The basics

If f and g are some two functions, how exactly would we
compute f (g(2))? Please explain in plain English.
Put 2 into g , compute the output, g(2), then feed that
output as input into f . Compute the output of f .
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pictures, how can you draw a “function machine” picture for a
new function h where h(t) = f (g(t))? Whiteboard. A serial
connection.
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Composition of Functions

Using the identities

Let f (x) = 12− 4x , g(x) = 1
x , and h(x) =

√
x − 4. Find the

domain of the functions:

g(f (x)) All reals x such that x 6= 3.

h(f (x)) All reals x such that x ≤ 2.
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