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CHAPTER FOUR

Solutions for Section 4.1

Skill Refresher

S1. We have 6% = 0.06.
S2. We have 0.6% = 0.006.
S3. We have 0.0012% = 0.12%.

S4. We have 1.23% = 123%.
Exercises

1. Yes. Writing the function as

we havea =2and b =1/2.
2. Yes. Writing the function as

we have a = =4 and b = 1/3.
3. Yes. Writing the function as
j =3 = 1@ = 1@y = Loy
T4 T4 T4 T4
wehavea =1/4and b =9.
4. Yes. Writing the function as

m(t) = (2-3) =2%.(3")° =8.3% = 8(3%) = 8(27),

we have a = 8 and b = 27.
5. No. The base must be a constant.
6. Yes. Writing the function as

JE) =23 =23 =6,

we have a = 1 and b = 6.

7. Yes. Writing the function as
O(r) =83 =80/ = (81/7) =2,

we have a = 1 and b = 2.

8. No. The two terms cannot be combined into the form 5.

9. Yes. Writing the function as

k=55 =5(5)-

1

3
we have a = 1/3 and b =2/3.

10. We have a = 1750, b =1.593,and r = b —1 =0.593 = 59.3%.

11. Wehave a =34.3,b=0.788,and r=b—1=0.788 — 1 = —0.212 = -21.2%.

12. Since Q = 79.2(1.002)", we have a = 79.2, b = 1.002, and r = b — 1 = 0.002 = 0.2%.

13. We can rewrite this as
0 = 0.0022(2.317)
= 0.0022(0.0811),
soa=0.0022, »=0.0811,and r = b — 1 = —-0.9189 = —91.89%.
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The annual growth factor is 14 the growth rate, so we have 1.03.
The decennial growth factor (growth factor per 10 years) is 1+ the growth per decade: 1.28.
The daily growth factor is 1+ the daily growth. Since the mine’s resources are shrinking, the growth is —0.01, giving 0.99.

The growth factor per century is 14 the growth per century. Since the forest is shrinking, the growth is negative, so we
subtract 0.80, giving 0.20.

To match formula and graph, we keep in mind the effect on the graph of the parameters a and b in y = ab'.
If a > 0 and b > 1, then the function is positive and increasing.
If a > 0and 0 < b < 1, then the function is positive and decreasing.
If a < 0 and b > 1, then the function is negative and decreasing.
If a < 0and 0 < b < 1, then the function is negative and increasing.

(@ y=0.8.Soa=1and b = 0.8. Since a > 0and 0 < b < 1, we want a graph that is positive and decreasing. The
graph in (ii) satisfies the conditions.

(b) y=5@3).Soa=>5andb = 3. The graph in (i) is both positive and increasing.

(¢) y=-6(1.03)".Soa =—6and b = 1.03. Here, a < 0 and b > 1, so we need a graph which is negative and decreasing.
The graph in (iv) satisfies these conditions.

(d) y = 15(3)~". Since (3)~" = (3)~1* = (371y = (é)f, this formula can also be written y = 15(§)f. a=15and b = ; A
graph that is both positive and decreasing is the one in (ii).

() y=—-4(098).Soa = —4and b = 0.98. Since a < 0 and 0 < b < 1, we want a graph which is both negative and
increasing. The graph in (iii) satisfies these conditions.

(f) y = 82(0.8)7. Since (0.8)™ = ()™ = (55)™" = ((55)™) = () = (1.25)' this formula can also be written as
y = 82(1.25)". So a = 82 and b = 1.25. A graph which is both positive and increasing is the one in (i).

Problems

19.

20.

21.

22,

23.

24.

25.

(a) The formula f(f) = ab' represents exponential growth if the base b > 1 and exponential decay if 0 < b < 1. Towns
(1), (ii), and (iv) are growing and towns (iii), (v), and (vi) are shrinking.

(b) Town (iv) is growing the fastest since its growth factor of 1.185 is the largest. Since 1.185 = 1 + 0.185, it is growing
at a rate of 18.5% per year.

(¢) Town (v) is shrinking the fastest since its growth factor of 0.78 is the smallest. Since 0.78 = 1 — 0.22, it is shrinking
at a rate of 22% per year.

(d) In the exponential function f(f) = ab', the parameter a gives the value of the function when ¢ = 0. We see that town
(iii) has the largest initial population (2500) and town (ii) has the smallest initial population (600).

Since, after one year, 3% of the investment is added on to the original amount, we know that its value is 103% of what it
had been a year earlier. Therefore, the growth factor is 1.03.
So, after one year, V' = 100,000(1.03)
After two years, ¥ = 100,000(1.03)(1.03) = 100,000(1.03)*
After three years, ¥ = 100,000(1.03)(1.03)(1.03) = 100,000(1.03)* = $109,272.70

If an investment decreases by 5% each year, we know that only 95% remains at the end of the first year. After 2 years
there will be 95% of 95%, or 0.95% left. After 4 years, there will be 0.95* ~ 0.81451 or 81.451% of the investment left; it
therefore decreases by about 18.549% altogether.

We have a = 2500 and b = 1.0325, so r = b — 1 = 0.0325 = 3.25%. Thus, the starting value is $2500 and the percent
growth rate is 3.25%.

(a) Since the initial amount is 2000 and the growth rate is 5% per year, the formula is Q = 2000(1.05)".
(b) Att = 10, we have O = 2000(1.05)'° = 3257.789.

(a) Since the initial amount is 35 and the quantity is decreasing at rate of 8% per year, the formula is O = 35(1 —0.08)"
35(0.92)".

(b) Atz = 10, we have Q = 35(0.92)'° = 15.204.

(a) Since the initial amount is 112.8 and the quantity is decreasing at a rate of 23.4% per year, the formula is Q
112.8(1 — 0.234)" = 112.8(0.766)".

(b) Att = 10, we have Q = 112.8(0.766)'° = 7.845.
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(a) Since the initial amount is 5.35 and the growth rate is 0.8% per year, the formula is Q = 5.35(1.008)".

(b) Att = 10, we have Q = 5.35(1.008)!° = 5.794.

(a) Since the initial amount is 5 and the growth rate is 100% per year, the formula is Q = 5(1 + 1) = 5(2)".

(b) At? =10, we have Q = 5(2)'° = 5120.

(a) Since the initial amount is 0.2 and the quantity is decreasing at a rate of 0.5% per year, the formula is O = 0.2(1 —
0.005)" = 0.2(0.995)".

(b) Att =10, we have Q = 0.2(0.995)'° = 0.190.

The population is growing at a rate of 1.9% per year. So, at the end of each year, the population is 100% + 1.9% = 101.9%
of what it had been the previous year. The growth factor is 1.019. If P is the population of this country, in millions, and ¢
is the number of years since 2014, then, after one year,
P =70(1.019).
After two years, P = 70(1.019)(1.019) = 70(1.019)>
After three years, P = 70(1.019)(1.019)(1.019) = 70(1.019)°
After t years, P =70(1.019)(1.019)...(1.019) = 70(1.019)'
. /

g

¢ times

In year ¢ = 0, there are one million organisms, which we take as our initial value. Our growth factor is 0.98, for a decay of
2% per year. Thus:
O = 1,000,000(0.98)".

If it decays at 5.626% per year, its growth factor is 1 —0.05626 = 0.94374. So, with 7 in years and an initial amount of 726
grams, we have:
0 =726(0.94374)".

We graph it on a graphing calculator or with a computer to obtain the graph in Figure 4.1.

O (grams
of tritium
remaining)

726 | O =726(0.94374)
600

400
200

20 40 60 80 100

1 (years)

Figure 4.1

(a) We assume that the price of a movie ticket increases at the rate of 1.5% per year. This means that the price is rising
exponentially, so a formula for p is of the form p = ab’. We have @ = 10 and b = 1 + r = 1.015. Thus, a formula for
pis

p = 10(1.015)".

(b) In 20 years (¢ = 20) we have p = 10(1.015)*° ~ 13.47. Thus, in 20 years, movie tickets will cost about $13.50 if the

inflation rate remains at 1.5%.

(a) We have C = Cy(1 — )" = 100(1 — 0.16)' = 100(0.84)', so
C = 100(0.84)".

(b) Att =35, we have C = 100(0.84)° = 41.821 mg

(a) Since the initial size is 142 and the size is shrinking at a rate of 4.4% per year, the formula is .S = 142(1 — 0.044)" =
142(0.956)".

(b) Att =13, we have S = 142(0.956)'* = 79.112. The glacier is predicted to be less than 80 acres by the year 2020, at
about 79.112 acres.

(¢) Att = 3, we have S = 142(0.956)° = 124.069. The glacier lost about 142 — 124 = 18 acres of ice during this
three-year period.
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Since each filter removes 85% of the remaining impurities, the rate of change of the impurity level is r = —0.85 per filter.
Thus, the growth factoris B =14 r =1 —0.85 = 0.15. This means that each time the water is passed through a filter, the
impurity level L is multiplied by a factor of 0.15. This makes sense, because if each filter removes 85% of the impurities,
it will leave behind 15% of the impurities. We see that a formula for L is

L =420(0.15)",
because after being passed through  filters, the impurity level will have been multiplied by a factor of 0.15 a total of n

times.

To find a formula for f(n), we start with the number of people infected in 2014, namely P,. In 2015, only 80% as many
people, or 0.8 P, were infected. In 2016, again only 80% as many people were infected, which means that 80% of 0.8 P,
people, or 0.8(0.8 P,) people, were infected. Continuing this line of reasoning, we can write

f©0) = F,

f() = (0.80) P, = (0.8)1P0
——
one 20%
reduction

£(2) = (0.80)(0.80) P, = (0.8)*P,
——

two 20%

reductions

f(3) = (0.80)(0.80)(0.80) P, = (0.8)’P,.
—_——

three 20% reductions

and so on, so that n years after 2014 we have

f(n) = (0.80)(0.80) --- (0.80) P, = (0.8)"F,.

g

n 20% reductions

We see from its formula that f(n) is an exponential function, because it is of the form f(n) = ab", witha = Pyand b = 0.8.
The graph of y = f(n) = P,(0.8)", for n > 0, is given in Figure 4.2. Beginning at the P-axis, the curve decreases sharply
at first toward the horizontal axis, but then levels off so that its descent is less rapid.

Figure 4.2 shows that the prevalence of the virus in the population drops quickly at first, and that it eventually levels off
and approaches zero. The curve has this shape because in the early years of the vaccination program, there was a relatively
large number of infected people. In later years, due to the success of the vaccine, the infection became increasingly rare.
Thus, in the early years, a 20% drop in the infected population represented a larger number of people than a 20% drop in
later years.

P (number infected)
150

y=f(n
1 1 L L L n (years
2 4 6 8 1o elapsed)

Figure 4.2: The graph of f(n) = Py(0.8)" forn >0
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Let D(t) be the difference between the oven’s temperature and the yam’s temperature, which is given by an exponential
function D(r) = ab'. The initial temperature difference is 300°F — 0°F = 300°F, so a = 300. The temperature difference
decreases by 3% per minute, so b = 1 — 0.03 = 0.97. Thus,

D(t) = 300(0.97)".
If the yam’s temperature is represented by Y (¢), then the temperature difference is given by
D(t) =300 - Y (1),

s0, solving for Y (¢), we have
Y (1) = 300 — D(v),
giving
Y (t) = 300 — 300(0.97)".
(a) Atatime t years after 2012, the population P in millions is P = 38.04(1.0213)".
In 2030, we have t = 18, so
P =38.04(1.021)'® = 55.297 million.
Between 2012 and 2030,
Increase = 55.297 — 38.04 = 17.257 million.
In 2048, we have t = 36, so
P = 38.048(1.021)*® = 80.384 million.
Between 2030 and 2048,
Increase = 80.384 — 55.297 = 25.086 million.
(b) The increase between 2030 and 2048 is expected to be larger than the increase between 2012 and 2030 because the
exponential function is concave up. Both increases are over 18-year periods, but since the graph of the function bends
upward, the increase in the later time period is larger.

(a) In 2015, we have
World PV market installations = 2826(1.62)% = 134,057.857 megawatts,

and
Japan PV market installations = 230(0.77)% = 28.422 megawatts.
(b) In 2007, the proportion of world market installations in Japan was 230/2826 = 0.081, or about 8.1%. In 2015, we
estimate that the proportion is 28.4/134,057.9 = 0.00021, or approximately 0.02%.

(a) Since the initial population is 1.22 and the growth rate is 1.28% per year, the formula is P = 1.22(1.0128)".

(b) Att =2, we have P = 1.22(1.0128)> = 1.25. Att = 7, we have P = 1.22(1.0128)" = 1.33. This model predicts that
the population of India will be 1.25 billion in the year 2015 and 1.33 billion in the year 2020.

(c) Since the population is 1.28 billion and is growing at a rate of 1.28% per year, we expect the population to grow by
1.22(0.0128) = 0.015616 billion people during the year, or a rate of about 15.616 million people per year.

(d) Since there are 60 - 24 - 365 = 525,600 minutes in a year, we see that 15.616 million people per year is an average

increase of
15,616,000

525,600

For f(x) = 3* on the interval 1 < x < 2 we have

= 29.71 people per minute.

2)-fd 2 _ 3l -
Rateofchange:f(z) {()=3 13 =913=6.

For g(x) = (%) on the interval 1 < x < 2 we have

82)—g) _ <%>2 B <%>]

1
R f ch = = = = —
ate of change 1 1 1

O | —
W=

For h(x) = 5* on the interval 1 < x < 2 we have

2) — h(1 2 _ 5l -
Rate of change =h(2) ?()25 15 =25] 5=20.
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44. For k(x) = (%) on the interval 1 < x <2 we have

wi—
N
o

—
W=

N

2=

|

W=
—

W

N

k(2) — k(1) (
Rate of ch = = = =257 25 25
ate of change 1 1 1 25 25 25

45. (a) (i) On theinterval 0 < x < 1 we have

S = f(0) =21—20 _2-1_

Rate of change = 1.
1-0 1 1
(i) On theinterval 1 < x <2 we have
2)—-fA 22l —
Rate of change = /@ =7 _2r-2 42 =2.
2-1 1 1
(iii) On the interval 2 < x < 3 we have
fB-f2) 22-22 8-4
ate of change ) 1 7
(iv) On the interval 3 < x < 4 we have
4 - 13 423 -
Rate of change = ACPAC) = 22 = 16-8 =8.

4-3 1 1

(b) The rate of change is increasing by a factor of 2 over consecutive intervals. This means for the interval 19 < x < 20,
we expect a rate of change of 219 = 524,288 since the interval 19 < x < 20 is 19 intervals past 0 < x < 1. Checking,
we get, as predicted,

20) — (1 20 _ 519 _
Rate of change = 2 2()) {; 2 =2 1 2 1’048’5761 524,288 = 524,288.

46. (a) We have:

A te of ch f R R(1)—R(
ver?r%en:azgé)g Eo %r(l)%eoo = % = 34.27 — 24.48 = 9.79 billions per year,

and
Average rate of change of R R(2) — R(1)
from 2010 to 2011 =751

(b) The calculations shows that Amazon’s annual revenue increased each year from 2009 to 2011. Thus, R(?) is an in-
creasing exponential function, and its graph is concave up.

=47.98 — 34.27 = 13.71 billions per year.

47. (a) Since R(?)is an increasing exponential function, its yearly average rate of change increases as time passes. This means
the yearly average change in annual revenue is smallest between 2010 and 2011, and greatest between 2013 and 2014.
Thus:

(>iii) < (1) < (ii)
(b) The fact that Amazon’s revenue continues to increase after 2011 tells us that R(?) is increasing after 2011. The fact

that the average rate of change in Amazon’s annual revenue shrinks each year after 2014 tells us that the graph is
concave down after 2014.

48. We have

y = 5(0.5)/3
=5 ((0.5)% )’
=5 ( y 0.5)’,

soa=5and b= (0.5)1/3) = 1/0.5.
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49. We have

y = 5(0.5)/3
=5 (21
=5.273"
=5 (41/2)*%4
= 5.4*%",

soa=5k=-1/6.

207

50. (a) Since N is growing by 4% per year, we know that N is an exponential function of # with growth factor 1 +0.04 = 1.04.

Since N = 17 when ¢ = 0, we have
N = 174(1.04)".

(b) In the year 2015, we have t = 3 and
N = 17(1.04)* = 19.123 million passengers.
In the year 2009, we have t = —3 and

N = 17(1.04)73 ~ 15.113 million passengers.

51. We have
60
0 =0
-1
- 60, (2#)
5
1 t
=12 (2—m )
= 12(0.940)",
so a=12
b = 0.940.

52. (a) The initial dose equals the amount of drug in the body when ¢ = 0. We have A(0) = 25(0.85)° = 25(1) = 25 mg.

(b) According to the formula,
A(0) = 25(0.85)° =25

A(1) = 25(0.85)" = 25(0.85)
A(2) = 25(0.85)* = 25(0.85)(0.85)

After each hour, the amount of the drug in the body is the amount at the end of the previous hour multiplied by 0.85.
In other words, the amount remaining is 85% of what it had been an hour ago. So, 15% of the drug has left in that

time.
(¢) After 10 hours, t = 10. A(10) = 4.922 mg.

(d) Using trial and error, substitute integral values of 7 into A(r) = 25(0.85)" to determine the smallest value of ¢ for which
A(?) < 1. We find that # = 20 is the best choice. So, after 20 hours there will be less than one milligram in the body.

53. (a) Since N(0) gives the number of teams remaining in the tournament after no rounds have been played, we have N (0) =

64. After 1 round, half of the original 64 teams remain in the competition, so

1
N(1) = 64 (—) .
(1) =64 (5
After 2 rounds, half of these teams remain, so

N(Q) = 64 (

)(3):

N —
N —
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And, after r rounds, the original pool of 64 teams has been halved r times, so that

vo-s(3) () (3)

Pool halved r times
giving
] r
Ne =64 (5) -
(r) >
The graph of y = N(r) is given in Figure 4.3. The domain of N is 0 < r < 6, for r an integer. A curve has been
dashed in to help you see the overall shape of the function.

y
64 @
\
\
48 F\
\
\
2+ .
\
\
N\
16 - 0\\
| | \\\\*‘.-1 r
1 2 3 4 5 6

Figure 4.3: The graph of y = N(r) = 64 - (%)

(b) There is a winner when there is only one team left, Connecticut. So, N(r) = 1.
64(1)
2

(3) - &

1

1_1
2 T 64
2" =64
r==6.

You can solve 2" = 64 either by taking successive powers of 2 until you get to 64 or by substituting values for r until
you get the one that works.
Connecticut won after winning 6 rounds.
54. (a) The amount of forest lost is 2.17% of 4077 million, or 0.0217 - 4077 = 88.4709 ~ 88.471 million hectares.

(b) The amount of world forest cover in 2000 is the amount in 1990 minus the amount lost, or 4077 — 88.4709 =
3988.5291 ~ 3988.529 million hectares.

(c) Let f(¢) represent the number of million hectares of natural forest in the world ¢ years after 1990. Since f(0) = 4077
and we are assuming exponential decay, we have f () = 4077b' for some base b. Since 2.17% decayed over a 10-year
period, we know that 1 — 0.0217 = 0.9783 was the growth factor for the 10-year period. We have

b'" = 0.9783
b = (0.9783)!/1°.

The formula is f(t) = 4077 ((0.9783)]/“’)7 ~ 4077(0.9978)".

(d) The annual growth factor is 0.9978 = 1 —0.0022 so the world forest cover decreased at a rate of 0.22% per year during
the years 1990 — 2000.

(e) The annual growth factor is 1 — 0.0018 = 0.9982. We calculated that there were approximately 3988.529 million
hectares of forest in the year 2000. So, our formula is f(f) = 3988.529(0.9982)". When we substitute 5 for r we get
f(5) = 3988.529(0.9982)° =~ 3952.761 million hectares.
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(a) Since

New population = 1.134 - (old population)
= 113.4% of old population
= 100% of old population + 13.4% of old population,
so the town has increased in size by 13.4%.
(b) Let b be the annual growth factor. Then since 1.134 is the two-year growth factor,
b =1.134

b= V1.134 ~ 1.06489.

With this result, we know that after one year the town is 106.489% of its size from the previous year. Thus, this town
grew at an annual rate of 6.489%.

Let r be the percentage by which the substance decays each year. Every year we multiply the amount of radioactive
substance by 1 —r to determine the new amount. If a is the amount of the substance on hand originally, we know that after
five years, there have been five yearly decreases, by a factor of 1 — r. Since we know that there will be 60% of a, or 0.6a,
remaining after five years (because 40% of the original amount will have decayed), we know that

a- (1—ry = 0.6a.
——

five annual decreases

by a factor of 1 — r
Dividing both sides by a, we have (1 — r)’> = 0.6, which means that
1= r=(0.6)5 ~0.9029
SO
r~0.09712 = 9.712%.

Each year the substance decays by 9.712%.

(@) (i) The monthly payment on $1000 each month at 4% for a loan period of 15 years is $7.40. For $60,000, the payment
would be $7.40 x 60 = $444 per month.
(ii) The monthly payment on $1000 each month at 4% for a loan period of 30 years is $4.77. For $60,000, the payment
would be $4.77 x 60 = $286.20 per month.
(iii) The monthly payment on $1000 each month at 6% for a loan period of 15 years is $8.44. For $60,000, the payment
would be $8.44 x 60 = $506.40 per month.
(b) As calculated in part (a)-(i), the monthly payment on a $60,000 loan at 4% for 15 years would be $444 per month.
In part (a)-(iii) we showed that the the monthly payment on a $60,000 loan at 6% for 15 years would be $506.40 per
month. So taking the loan out at 4% rather that 6% would save the difference:

Amount saved = $506.40 — $444 = $62.40 per month
Since there are 15 X 12 = 180 months in 15 years,
Total amount saved = $62.40 per month X 180 months = $11,232.

(¢) In part (a)-(i) we found the monthly payment on an 4% mortgage of $60,000 for 15 years to be $444. The total amount

paid over 15 years is then
$444 per month x 180 months = $79,920.

In part (a)-(ii) we found the monthly payment on an 4% mortgage of $60,000 for 30 years to be $286.20. The
total amount paid over 30 years is then

286.20 per month X 360 months = $103,032.
The amount saved by taking the mortgage over a shorter period of time is the difference:

$103,032 — $79,920 = $23,112.
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58. (a)

Table 4.1
Month | Balance | Interest | Minimum payment

0 $2000.00 | $30.00 $50.00
1 $1980.00 | $29.70 $49.50
2 $1960.20 | $29.40 $49.01
3 $1940.59 | $29.11 $48.51
4 $1921.19 | $28.82 $48.03
5 $1901.98 | $28.53 $47.55
6 $1882.96 | $28.24 $47.07
7 $1864.13 | $27.96 $46.60
8 $1845.49 | $27.68 $46.14
9 $1827.03 | $27.41 $45.68
10 $1808.76 | $27.13 $45.22
11 $1790.67 | $26.86 $44.77
12 $1772.76

(b) After one year, your unpaid balance is $1772.76. You have paid off $2000 — $1772.76 = $227.24. The interest you
have paid is the sum of the middle column: $340.84
59. Each time we make a tri-fold, we triple the number of layers of paper, N (x). So N (x) = 3*, where x is the number of folds
we make. After 20 folds, the letter would have 3?° (almost 3.5 billion!) layers. To find out how high our letter would be,
we divide the number of layers by the number of sheets in one inch. So the height, A, is

3%0sheets

= ——— =~ 23,245,229.34 inches.
150 sheets/inch

Since there are 12 inches in a foot and 5280 feet in a mile, this gives

h ~ 2324522934 in( 11t ) ( 1 mile )
12in/ \5280 1t

~ 366.875 miles.

60. We have
f(n) =1000-27573
=1000-2772"3
~ 1000 -y
21/4 (2 )’
b
SO
1000
= i = 84089
b=0.7071.

The value of a tells us that a sheet of AO paper is 840.896 m wide. The value of b tells us that the width decreases by a
factor of 0.7071, or by 29.29%, for each higher-numbered sheet in the series.

61. We have
f+2) 1000271
S 1000-27575
1000 277 27

SIS

C 1000 51 oo
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63.

64.
65.
66.

67.

68.
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=25 .25
— 05545
=2"1=0.5.

This means a sheet two numbers higher in the series is half as wide. For instance, a sheet of A3 is half as wide as a sheet
of Al.

Using the formula for slope, we have

fO) = f) _4b° —4p' _ 4b(b* = 1)
5-1 4 4

Slope = =b(b* - 1).

e The y-intercept of g is above the y-intercept of f, so a, > a,.
e The half-life of f is 7,,. For instance,

) =a,
f(ty) = ay - 270/ = a, 27l = 0.5q,
fQzy) = a, - 2720/ = g, .27 = 0.25a,,

etc. We see that the value of f(#) drops by a factor of 0.5 each time ¢ increases by 7,. By a similar argument, the
half-life of g is ;. Since the graph of f lies above the graph of g at the left end of the range shown, but below the
graph of g at the right end, this means f decreases more rapidly than g. We conclude that f has a shorter half-life (so
that it decreases faster), which means 7, > 7.

The vertical intercept of a,(b,)" is greater than that of a,(b,)’, so a; > a,.
The graph a,(b,)" climbs faster than that of a,(b,), so b, > b,.

The value of #, goes down. To see this, notice that as a, increases, the vertical intercept of ay(b,)" goes up, so the point
of intersection moves to the left. In other words, as g, increases, the graph of a,(b,)" “catches up” to the graph of a,(b,)’
earlier. If g rises as high as a,, the value of 7, drops to 0, because the two graphs intersect at the vertical axis. If a rises
higher than a,, the value of ¢, becomes negative, because the two graphs intersect to the left of the y-axis.

The value of 7, decreases. To see that, notice that if b, is decreased, the graph of a,(b,) climbs more slowly, and eventually
(if b, falls below 1) begins to fall. Thus the point of intersection moves to the left, so #, goes down. However, since the
graph of a,(b,)" intersects the vertical axis above the graph of a,(b,)', #, remains positive no matter how small b, becomes,
so long as b; > 0. (Recall that the base of an exponential function must be positive.)

(a) We have
Total revenue = No. households X Rate per household
SO R=NXr.
(b) We have
Total revenue
Average revenue = ——————
No. students
SO A= R = M
P P
(¢) We have
Noow =N +Q2%)N = 1.02N
Fpew =1+ (3%)r = 1.03r
(d) We have

Ry, = Ny X Froy = (1.02N)(1.03r)
= 1.0506N r = 1.0506R.

Thus, R increased by 5.06%, or by just over 5%.
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(e) We have

P, = P+(8%)P =108P
Rn W
Anew = I,_e

new

_ 1.0506R
~1.08P

= (0.9728) (%) ~ (97.3%)A,

so the average revenue fell by 2.7%, despite the fact that the tax rate and the tax base both grew.

Solutions for Section 4.2

Skill Refresher

S1. We have b* - b° = p**+0 = p!0.
S2. We have 8g3 - (—4g)? = 8g> - 16g? = 128g°+? = 128g°.

S3. We have
8% _ 18 o b
6a3b* 6 & b
— 3a10—3b6—(—4)
=3d"b"°.
S4. We have

(2a3b2)3 23a3'3b2‘3)
(4ab=*? ~ 16a2b~*2
8a°h°
16a2b-8
a9—2b6—(—8)
2
a7b14
2

S5. We have f(0) = 5.6(1.043)° = 5.6 and f(3) = 5.6(1.043)3 = 6.354.
S6. We have g(0) = 12,837(0.84)° = 12,837 and g(3) = 12,837(0.84)> = 7608.541
S7. We have

4x3 =20
xX*=5

x = (33 =1.710.

S8. We have
5
= =125
1
x*=1/25

x=+(1/25)2 = +1/5 = +0.2.
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S9. We have
A—lxs =7
3
x> =525
x = (5.25)/° = 1.393.
S10. We have
Vax3 =5
2x3% =5
X =25
x = (2.5)%3 = 1.842.
Exercises

1. The formula P, = 200 + 1.3¢ for City A shows that its population is growing linearly. In year ¢ = 0, the city has 200,000
people and the population grows by 1.3 thousand people, or 1,300 people, each year.

The formulas for cities B, C, and D show that these populations are changing exponentially. Since P, = 270(1.021)',
City B starts with 270,000 people and grows at an annual rate of 2.1%. Similarly, City C starts with 150,000 people and
grows at 4.5% annually.

Since P, = 600(0.978), City D starts with 600,000 people, but its population decreases at a rate of 2.2% per year.
We find the annual percent rate by taking b = 0.978 = 1 + r, which gives r = —0.022 = —2.2%. So City D starts out with
more people than the other three but is shrinking.

Figure 4.4 gives the graphs of the three exponential populations. Notice that the P-intercepts of the graphs correspond
to the initial populations (when ¢ = 0) of the towns. Although the graph of P, starts below the graph of Py, it eventually
catches up and rises above the graph of P, because City C is growing faster than City B.

population (1000s)

1000
| Pe = 150(1.045)

P, = 270(1.021)
500

Pj, = 600(0.978)

t (years)
10 20 30
Figure 4.4: The graphs of the three exponentially
changing populations

2. (a) The population is decreasing linearly, with a slope of —100 people/year, so P = 5000 — 100z.
(b) The population is decreasing exponentially with “growth” factor 1 — 0.08 = 0.92, so P = 5000(1 — 0.08)" =
5000(0.92)".

3. (a) Since the rate of change is constant, the formula is the linear function p = 2.50 + 0.03¢.
(b) Since the rate of change is constant, the formula is the linear function p = 2.50 — 0.07z.
(c) Since the percent rate of change is constant, the formula is the exponential function p = 2.50(1.02)".
(d) Since the percent rate of change is constant, the formula is the exponential function p = 2.50(0.96)".

4. An exponential function should be used, because an exponential function grows by a constant percentage and a linear
function grows by a constant absolute amount.
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5. (a) See Table 4.2.

Table 4.2
t 0 1 2 3 4 5
7@ | 1000 | 1200 | 1440 | 1728 | 2073.6 | 2488.32
(b) We have
S _ 1200 _ 5
F() 1000
f(2) 1440 _19
F() 1200
S _ 1728
() T 1440 ~
/@& _ 20736 _
73 1728 '

S(5) _ 248832 _

F@ ~ 2073.6

(c) All of the ratios of successive terms are 1.2. This makes sense because we have

£(0) = 1000

(1) = 1000 - 1.2

£(2)=1000-12-12
£(3)=1000-12-12-1.2

and so on. Each term is the previous term multiplied by 1.2. It follows that the ratio of successive terms will always
be the growth factor, which is 1.2 in this case.

6. (a) If a function is linear, then the differences in successive function values will be constant. If a function is exponential,
the ratios of successive function values will remain constant. Now

F(1) = £(0) = 13.75 — 12.5 = 1.25

while

£©2) = f(1) = 15.125 — 13.75 = 1.375.

Thus, f(x) is not linear. On the other hand,

and

1.1

f() 1375 _
)~ 125
fQ2) _ 1525 _
F() " 1375

Checking the rest of the data, we see that the ratios of differences remains constant, so f(x) is exponential.

(b

~

We know that f is exponential, so

for some constants a and b. We know that f(0) = 12.5, so

Thus,

f(x) = ab”
12.5 = f(0)
12.5 = ab®

12.5 = a(1).

a=125.
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We also know

13.75 = f(1)
13.75 = 12.5b.
Thus,
p=13T5 .
12.5
As a result,

f(x) =12.5(1.1)".
The graph of f(x) is shown in Figure 4.5.

30
25
20
15
10 -

2 4 6 8 10

Figure 4.5

7. (a) If a function is linear, then the differences in successive function values will be constant. If a function is exponential,
the ratios of successive function values will remain constant. Now

g)—g0)=2-0=2

and
g2 —g()=4-2=2.
Checking the rest of the data, we see that the differences remain constant, so g(x) is linear.
(b) We know that g(x) is linear, so it must be of the form
g(x)=b+ mx

where m is the slope and b is the y-intercept. Since at x = 0, g(0) = 0, we know that the y-intercept is 0, so b = 0.
Using the points (0, 0) and (1, 2), the slope is

\9)

me2=0_»
1-0
Thus,

g(x) =0+ 2x =2x.
The graph of y = g(x) is shown in Figure 4.6.

20

——— X
2 4 6 8 10

Figure 4.6
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8. (a

(b)

9. (a)

If a function is linear, then the differences in successive function values will be constant. If a function is exponential,
the ratios of successive function values will remain constant. Now

h(1)— h(0) = 12.6 — 14 = —1.4

while
h(2)—h(1)=11.34 —12.6 = —1.26.

Thus, A(x) is not linear. On the other hand,

H _

=09
h(0)

h2) 1134
Wb = 136 = 0.9.

Checking the rest of the data, we see that the ratio of differences remains constant, so 4(x) is exponential.
We know that A(x) is exponential, so
h(x) = ab”*,

for some constants @ and b. We know that 2(0) = 14, so

14 = h(0)

14 = abt’

14 = a(1).
Thus, a = 14. Also

12.6 = h(1)

12.6 = 14b.
Thus,

b= 12.6 =0.9.
14

So, we have h(x) = 14(0.9)*. The graph of A(x) is shown in Figure 4.7.

y

14

12 \

10

8 |-

6 -

4

e
1 1 1 1 X
1 2 3 4
Figure 4.7

If a function is linear, then the differences in successive function values will be constant. If a function is exponential,
the ratios of successive function values will remain constant. Now

i(1)—i(0) = 14— 18 = —4

and
i(2)—i(1)=10—- 14 = —4.

Checking the rest of the data, we see that the differences remain constant, so i(x) is linear.
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(b) We know that i(x) is linear, so it must be of the form
i(x) = b+ mx,

where m is the slope and b is the y-intercept. Since at x = 0, i(0) = 18, we know that the y-intercept is 18, so b = 18.
Also, we know that at x = 1, i(1) = 14, we have

i =b+m-1
14=18+m
m=—4.

Thus, i(x) = 18 — 4x. The graph of i(x) is shown in Figure 4.8.

y
18
10 1
5L
1 1 1 1 X
1 2 3 4
Figure 4.8

10. We have g(10) = 50 and g(30) = 25. Using the ratio method, we have

ab® _ g(30)
ab!®  g(10)
25
P = 2
50
1/20
b= (%) ~ 0.965936.

Now we can solve for a:

a(0.965936)'° = 50
50

4= — ___ ~70711.
(0.965936)10

so O =70.711(0.966)".
11. We have f(x) = ab*. Using our two points, we have
f(=8) = ab™® =200

and
£(30) = ab® = 580.

Taking ratios, we have

580 _ ab3° _ b3g

200~ ab®
580 1
22 = 8,
200

This gives
b= ()" ~ 1.0284.
(200)
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We now solve for a. We know that f(30) = 580 and f(x) = a(1.0284)*, so we have

£(30) = a(1.0284)*
580 = a(1.0284)%

0= 580
1.028430
~ 250.4.
Thus, f(x) = 250.4(1.0284)*.
12. Since f is exponential, f(x) = ab*. We know that
2
) =ab* ==
f@)=a 5
and
f(=3) =ab™? = 54,
SO
% = ab’ =p
54 ab-3 ’
s L
243

1/5
SEO
243 3

)x. Since f(2) = % and £(2) = a(})2, we have

“(

Thus, f(x) =a (

W | =
W | =
Q Vvl vw
I I
N ol ol

Thus, f(x) = 2 (;) .
13. We know that f(x) = ab*. Taking the ratio of f(2) to f(—1) we have

@ _ 121 ap
()~ 27 7 ab!

1 3
=b
(27)?
o L
272
1.1
b= (ﬁ)s
Thus, b = é Therefore, f(x) = g(é)x'
Using the fact that f(—1) = 27, we have
1 -1
fh=a(3) =a-9=27

which means a = 3. Thus,
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Let the equation of the exponential curve be Q = ab'. Since this curve passes through the points (-1, 2), (1, 0.3), we have

2 =ab™!
03 =ab' =ab
So,
03 _ ab _
2 ab! ’

that is, b> = 0.15, thus b = 1/0.15 ~ 0.3873 because b is positive. Since 2 = ab™!, we have a = 2b = 2-0.3873 = 0.7746,
and the equation of the exponential curve is
0 =0.7746 - (0.3873)".

We use y = ab®. Since y = 10 when x = 0, we have y = 10b*. We use the point (3, 20) to find the base b:

y = 10b*
20 = 106°

=2

b =23 =1.260.

The formula is
y = 10(1.260)*.

We use y = ab®. Since y = 50 when x = 0, we have y = 50b*. We use the point (5, 20) to find the base b:

y = 50b*
20 = 500°
» =04

b =0.4'5 =0.833.

The formula is
y = 50(0.833)".

Since the function is exponential, we know y = ab*. We also know that (0, 1/2) and (3, 1/54) are on the graph of this

function, so 1/2 = ab® and 1/54 = ab’. The first equation implies that @ = 1/2. Substituting this value in the second
equation gives 1/54 = (1/2)b* or b* = 1/27,0r b= 1/3. Thus, y = % (%) .
Since this function is exponential, we know y = ab*. We also know that (=2, 8/9) and (2,9/2) are on the graph of this

function, so

8 _
2 =ab>?
9
and 9
2
= =ab".
2
From these two equations, we can say that
9
2 ab?
8 7 agb?
9

Since (9/2)/(8/9) =9/2-9/8 = 81/16, we can rewrite this equation to be

8L _ s
16

Jf81_ VB 3

Keeping in mind that b > 0, we get

b= :
16~ 16 2
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Substituting b = 3/2 in ab®> = 9/2, we get

9 _a3p?
p =Gy =ge
3 9 4 4
2
:—:—-—:—:2_
“T9T27972
4

Thus, y = 2(3/2)".

The formula for this function must be of the form y = ab*. We know that (-2, 400) and (1, 0.4) are points on the graph of
this function, so

400 = ab™?
and
0.4 = ab'.
This leads us to
04 _ av'
400 ab?
0.001 = b*
b=0.1.
Substituting this value into 0.4 = ab', we get
0.4 = a(0.1)
a=4.

So our formula for this function is y = 4(0.1)*. Since 0.1 = 10~! we can also write y = 4(1071)* = 4(10)7>.

The graph contains the points (40, 80) and (120, 20). Using the ratio method, we have

ab _ 20
ab® "~ 80
b0 = @
80

1/80
b= (%) = 0.98282.

Now we can solve for a:

a(0.98282)* = 80
. 80 B
(0.98282)40

so y = 160(0.983)*.

Let f be the function whose graph is shown. Were f exponential, it would increase by equal factors on equal intervals.
However, we see that

SO _1_,,
f(%) 5
SO _30_,q
f3) 11

On these equal intervals, the value of f does not increase by equal factors, so f is not exponential.

We see that the output doubles from 7 to 14, then from 14 to 28, each time the input rises by 2. So this function could be
exponential. We have:

fG3) _ 14
fa 1
ab®

ab!
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Solving for a, we have

Thus,

=4.9497(1.4142)".

Since g is exponential, we have g(r) = ab'. Taking ratios, we see that

g(35) _ab*s _ 0.1
g23)  abk?3 04

= p'?2=025
SO b = (0.25)"/12
=0.315.

Finding a, we see that

2(3.5) = a(0.315)*° = 0.1
0= 0.1
0.31533
=5.17.

SO

Thus, g(r) = 5.7(0.315)". Checking our answer, we see that

2(2.3) = 5.7(0.315)>*
=04,
as required.
Since f is exponential, we have f(¢) = ab'. Taking ratios, we see that

fA7 _ ab7 46
f(=5) " ab5 " 22

b*? =2.091
SO b =12.091"?
= 1.034.

Finding a, we see that

F(17) = a(1.034)"7 = 46

a= 30
T 1.0347
= 26.015.

Thus, f(f) = 26.015(1.034)". Checking our answer, we see that

SO

£(=5) = 26.015(1.034)"
= 2201,

which (allowing for rounding) is correct.

m
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25. (a) The function A is linear because equal spacing between successive input values (Ax = 3) results in equal spacing
between successive output values (Ah = 1.47). On the other hand, the function f is exponential because ratios of
successive rounded output values equal 1.10.

(b) Since f is exponential, we know that f(x) = ab*, and we must figure out the values of the constants a and b. From
our given information, we have f(0) = 2.23, which yields

a=ab®=223.
Also, since f(3) = 2.45, we have

2.23h* = 2.45

1/3
b= (2.45 )
2.23

= 1.10'7
=1.03,

so our final answer is f(x) = 2.23((1.10)'/3)* = 2.23(1.10)*/ = 2.23(1.03)*.
26. (a) On the interval 2 < x < 8 we have

— 2 _
Rate of change of f(x) = f(8§ 5( ) = 4.299 G 1.728 = 2.5671 =0.4285

and
8)— g2 -
Rate of change of g(x) = &( ; i( ) = 2088 5 1.464 = 3'(;24 = 0.604.

On the interval 8 < x < 11 we have

11) — -
Rate of change of f(x) = A 11) g(g) _ I8 34'299 = 3'1331 =1.044

and
g(1)—g®) 6.9-5088 1.812

11-8 3 3
(b) g(x) is linear since its rate of change is constant, so f(x) must be exponential.

Rate of change of g(x) = = 0.604.

27. Note that in the table, the x-values are evenly spaced with Ax = 5.

e Taking ratios, we see that on equally spaced intervals, f appears to decrease by a constant factor:

) =859 0.90
o 773

T _ 096 _ 99

F(10) ~ 773

£(20) _ 626 _ 0.90.

7(15) ~ 69.6

This is the hallmark of an exponential function.
e Taking differences, we see that on equally spaced intervals, /& appears to decrease by a constant amount:

h(5) — h(0) = 36.6 —37.3 = —0.7
h(10) — h(5) = 35.9 — 36.6 = —0.7
h(15) — h(10) = 35.2 = 35.9 = —0.7
h(20) — h(15) = 34.5 - 35.2 = —0.7.

This is the hallmark of a linear function.
e Taking differences, we see that g does not change by a constant factor. For instance,

g(5) _ 409 _

=—=091
g(0) 448
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sUD)_ 368 _ 99
¢5) 409
80 _ 325 _ g8
(10) ~ 3638
800 _ 280 _ 46
g15) 325 T

Nor, however, does g change by a constant amount:

g(5) — g(0) = 40.9 — 44.8 = -3.9

2(10) — g(5) = 36.8 — 40.9 = —4.1
g(15) — g(10) = 32.5 - 36.8 = —4.3
2(20) — g(15) =28 —=32.5 = —45.

This means g is neither exponential nor linear.

Problems

28. If a function is linear, then the rate of change is constant. For O(?),

8.70 —7.51 —0.17.
10-3
and
9.39 - 8.7 — 017,
14 —-10

So this function appears to be very close to linear. Thus, O(t) = b + mt where m = 0.17 as shown above. We solve for b
by using the point (3,7.51).
o) =b+0.17t
7.51 = b+0.17(3)
751-051=0b
b="1.

Therefore, Q(r) =7+ 0.171.
29. Testing the rates of change for R(¢), we find that

2.61 —2.32 = 0.0725
9-5
and
3.12-2.61 — 0,085,
15-9

so we know that R(7) is not linear. If R(?) is exponential, then R(¢) = ab’, and

R(5) = a(b)y’ =2.32

and
RO9) = a(b)9 =2.61.
So
RO) _ at’ _ 261
R(5) ab’ 2.32
v _ 261
b3 2.32
b= E
2.32
b= (28 1030,

2.32
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Since

R(15) = a(b)® = 3.12
R(15) _ab"® _ 3.12

RO) ~ at® ~ 2.6l
3.12
bo=2
2.61
1
b= ﬂ)ﬁ ~ 1.030.
2.61

Since the growth factor, b, is constant, we know that R(#) could be an exponential function and that R(t) = ab'. Taking the
ratios of R(5) and R(9), we have

RO) _ap _ 261
R(S) ab® 232
b =1.125
b = 1.030.
So R(?) = a(1.030)". We now solve for a by using R(5) = 2.32,
R(5) = a(1.030)°
2.32 = a(1.030)°

a= 2.32 ~ 2.001.
1.030°
Thus, R(r) = 2.001(1.030)".
Testing rates of change for S(¢), we find that
6.72-435 _ 0.339
12-5
and 10.02 — 6.72
——= = =(.825.
16 —12

Since the rates of change are not the same we know that .S(7) is not linear.
Testing for a possible constant growth factor we see that

S(12) _ab? _ 672

S(5)  ab> 435
p = &72

435

b~ 1.064

and
S(16) _ ab'® _ 10.02
S(12) ~ ab2 T 6.72

y _ 10.02
6.72
b~ 1.105.

Since the growth factors are different, S(#) is not an exponential function.
For the linear function, we first find the slope:
A _
Slope = 2Y = 13220 _
Ax 5-0
The vertical intercept is 20 so the linear function is y = 20 + 11x.
The vertical intercept is 20, so the exponential function is y = 20(a)*. We substitute the point (5, 75) to find a:

75 = 20(a)’
375=a
a= 375" =1.303.

The exponential function is y = 20(1.303)~.
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32. We have p = f(x) = ab*. From the figure, we see that the starting value is a = 20 and that the graph contains the point
(10, 40). We have

f(10) = 40
206" = 40
b =2
p = 21/10
= 1.0718,

so p = 20(1.0718)*.
We have g = g(x) = ab*, g(10) = 40, and g(15) = 20. Using the ratio method, we have

ab® _ 5015
ab® ~ g(10)
p =2
40
b <@>1/5
40

= (0.5)'/° = 0.8706.
Now we can solve for a:

a((0.5)'°)1° = 40
40
a=
(0.5
= 160.

so ¢ = 160(0.8706)*.

33. One approach is to graph both functions and to see where the graph of p(x) is below the graph of g(x). From Figure 4.9,
we see that p(x) intersects g(x) in two places: namely, at x & —1.69 and x = 2. We notice that p(x) is above g(x) between
these two points and below g(x) outside the segment defined by these two points. Hence p(x) < g(x) for x < —1.69 and
for x > 2.

6+ q(x)

p(x)

Figure 4.9

34. By graphing both functions in a window centered at the origin we get Figure 4.10 with graphs of f and g for -1 < x <1
and —1 < y < 2. We see an intersection point to the left of the origin. So g(x) < f(x) for x > x,. Using a computer or
graphing calculator, it can be found as x, ~ —0.587.
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feo 7 7 g(x) [
-2 500
g(x)

(xl,yl)

=

T-1 X2 10
Figure 4.10: Graph for -1 < x < 1, Figure 4.11: Graph for 0 < x < 10,

-1<y<2 0 <y<500

To the left of our viewing window there can be no more intersections because f(x) will get more and more negative
while g(x) remains positive. So for x < —1, we must have f(x) < 0 < g(x). Since an exponential function will eventually
grow greater than any linear function, there must be another intersection point to the right of our first viewing window.

See Figure 4.11. We find g(x) < f(x) for x < x,, where x, can be found, using a computer or a graphing calculator, to be
x, ~ 4911.

Thus, g(x) < f(x) for x; < x < x,, that is, the approximate interval

—0.587 < x < 4.911.

35. (a) Since this function is exponential, its formula is of the form f(¢) = ab’, so
f(3) =ab’
f(8) = ab®.
From the graph, we know that
f(3) = 2000
f(8) = 5000.
So

[®) _ ab® _ 5000
F3)  ab® "~ 2000
5

b = 5= 2.5
(bS)]/S — (25)1/5
b =1.20112.

We now know that f(r) = a(1.20112)". Using either of the pairs of values on the graph, we can find a. In this case,
we use f(3) = 2000. According to the formula,

f(3) = a(1.20112)°
2000 = a(1.20112)
2000

a=——— ~1154.160.
(1.20112)3

The formula we want is f(t) = 1154.160(1.20112)" or P = 1154.160(1.20112)".



36.

37.

38.
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(b) The initial value of the account occurs when ¢t = 0.
£(0) = 1154.160(1.20112)° = 1154.160(1) = $1154.16.

(¢) The value of b, the growth factor, is related to the growth rate, r, by

b=1+r.
We know that b = 1.20112, so
120112 =1+r
0.20112 = r

Thus, in percentage terms, the annual interest rate is 20.112%.

We use an exponential function of the form P = ab'. Since P = 1046 when ¢ = 0, we use P = 1046b" for some base b.
Since P = 338 when t = 5, we have

P = 1046b'
338 = 10465°
b = 338 _ 0.3231
1046

b = (0.3231)'/° = 0.798.
An exponential formula for global production of CFCs as a function of #, the number of years since 1989 is
P =1046(0.798)".

Since 0.798 = 1 — 0.202, CFC production was decreasing at a rate of 20.2% per year during this time period.

(a) Since, for # < 0, we know that the voltage is a constant 80 volts, V' (t) = 80 on that interval.
For t > 0, we know that v(f) is an exponential function, so V() = ab'. According to this formula, V(0) =
ab® = a(1) = a. According to the graph, V' (0) = 80. From these two facts, we know that a = 80, so V(1) = 805'. If
V' (10) = 80b'° and V' (10) = 15 (from the graph), then

805" = 15
blO — E
80
L 15, L
b]O 0 = (—)10
®) (80)
b ~ 0.8459

so that V'(¢) = 80(0.8459)" on this interval. Combining the two pieces, we have

V() = 80 fort <0
~ | 80(0.8459) fort > 0.

(b) Using a computer or graphing calculator, we can find the intersection of the line y = 0.1 with y = 80(0.8459)". We
find t & 39.933 seconds.

(a) Under Penalty A, the total fine is $1 million for August 2 and $10 million for each day after August 2 . By August 31,
the fine had been increasing for 29 days so the total fine would be 1 + 10(29) = $291 million.

Under the Penalty B, the penalty on August 2 is 1 cent. On August 3, it is 1(2) cents; on August 4, it is 1(2)(2)
cents; on August 5, it is 1(2)(2)(2) cents. By August 31, the fine has doubled 29 times, so the total fine is (1) - (2)%
cents, which is 536,870,912 cents or $5,368,709.12 or, approximately, $5.37 million.

(b) If 7 represents the number of days after August 2, then the total fine under Penalty A would be $1 million plus the
number of days after August 2 times $10 million, or A(f) = 1 + 10 - ¢ million dollars = (1 + 10£)10° dollars. The
total fine under Penalty B would be 1 cent doubled each day after August 2, so B(t) = 1(2)(2)(2)...(2) cents or

————

t times
B(t) = 1-(2) cents, or B(t) = (0.01)2" dollars.

(c) We plot A(r) = (1+10£)10° and B(f) = (0.01)2' on the same set of axes and observe that they intersect at # ~ 35.032
days. Another possible approach is to find values of A(r) and B(¢) for different values of #, narrowing in on the value
for which they are most nearly equal.
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39. (a) Weuse N = b+ mt. Since N = 191 when ¢ = 0, we have b = 191. We find the slope:
_ AN 210-191 _

=— = =1.9.
At 10-0
The formula is
N =191+ 1.9z
(b) Weuse N = ab'. Since N = 191 when ¢ = 0, we have a = 191. We find the base b using the fact that N = 210 when
t=10:
N = 19184
210 = 191"
b0 = 219 1 9995
191

b = (1.0995)"/1° = 1.0095.

The formula is
N = 191(1.0095)".
40. (a) Assuming linear growth, we see that between 2003 and 2013,
30,094 — 24,071 _ 6023
2013 -2003 10

This means that, on average, tuition grew by $602.30 per year between 2003 and 2013. Now we assume that tuition
continues to grow linearly at this rate. Letting # = 0 stand for 2003, we see that 2023 is year t = 20:

Tuition growth rate = = 602.3.

Average cost of tuition = 24,071 +602.30(20) = $36,117.

(b) Assuming exponential growth, we see that between 2003 and 2013,

30,094

— = 1.2502.
24,071

Tuition growth factor =

This means tuition grew by 25.02% between 2003 and 2013. Let b stand for the average annual growth factor for this
10-year period. Then

b0 = 1.2502
b = (1.2502)/1° = 1.02258.

Thus, on average, tuition grew by 2.258% per year between 2003 and 2013. Now we assume tuition will continue to
grow at this rate. Again letting # = 0 stand for 2003, we see that in year 2023, we have 7 = 20, and

Average cost of tuition = 24,071(1.02258)% = 37,621.84.

41. We let W represent the winning time and ¢ represent the number of years since 1994.

(a) To find the linear function, we first find the slope:

AW 40981 — 43.45
Slope = 2 _ 40981 =434 154
oPe =T 16-0

The vertical intercept is 43.45 so the linear function is W = 43.45 — 0.154¢. The predicted winning time in 2018 is
W =43.45 — 0.154(24) = 39.754 seconds.
(b) The time at t = 0 is 43.45, so the exponential function is W = 43.45(a)’. We use the fact that W = 40.981 when
t =16 to find a:
40.981 = 43.45(a)'®
0.943176 = a'®
a = (0.943176)"/'% = 0.99635.

The exponential function is W = 43.45(0.99635). The predicted winning time in 2018 is W = 43.45(0.99635)** =
39.799 seconds.
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42. (a) We have
Stope = A2 2 17003500 _ g
At 10-0
The vertical intercept is 3500 so the function is P = 3500 — 180z. The rate of change is —180 fish per year. The
population has been shrinking by about 180 fish each year.

(b) The vertical intercept is 3500, so the exponential function is P = 3500(a)’. We substitute the point at # = 10 to find a:

1700 = 3500(a)'"°

1700 _ 0
3500
1/10
- (1199) = 0.930
3500

The function is P = 3500(0.930)". The population has been shrinking by about 7% per year.
(¢) See Figure 4.12.

P(0,3500)
3000
2000 (10, 1700)
1000
. . . t
5 10 15
Figure 4.12

43. We lett represent the number of years since 2000. To see if world cocoa production is linear, we look at differences between
successive values. Since 3.875 —3.1 = 0.775 and 4.844 — 3.875 = 0.969, we see that world cocoa production is not linear.

To see if it is exponential, we look at ratios of successive terms:
3.875 4.844

— =125, =1.250, —/—= =
3.1 > 3.875 50 4.844

6.055 7.568
=125 —— =1.250.
6.055

Since ratios of successive terms are constant (up to round-off error), we see that world cocoa production is exponential
with base 1.25. Production at # = 0 is 3.1 million tons, so we have

World cocoa production = 3.1(1.25)".
To see if production in the Ivory Coast is linear, we look at successive differences:
1.34-13=0.04, 138-1.34=0.04; 142-138=0.04, 1.46-1.42=0.04.

Since successive differences are constant, production is linear with slope 0.04. Production at ¢ = 0 is 1.3 million tons, so
we have
Ivory Coast cocoa production = 1.3 + 0.04¢.

44. (a) We know that at 10°C the relative humidity is 100%. Therefore, the point (10, 100) is on the graph. For every 10°C
increase in temperature, the relative humidity decreases by about a factor of 2. So at 20°C the relative humidity is
50%, at 30°C the relative humidity is 25%, and so on. See Figure 4.13.
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(b)

(c)

45. (a)
(b)

(c)

46. (a)

relative humidity (%)

100 |-
80 -
60 -
40 |-
20 -

10 20 30 40 50

T, temperature (°C)
Figure 4.13

The total amount of water in the air does not change as the temperature changes. At 10°C, the relative humidity is
100% and the air is completely saturated with water. At 20°C, the relative humidity is 50% and the air contains the
same total amount of water as before. Thus, the maximum amount of water that air can hold must be twice as much
at 20° C as at 10°C.

As the temperature increases, the relative humidity continues to decrease while the amount of water in the air
remains constant. Thus, the maximum amount of water that the air can hold continues to increase with temperature.
Since the humidity decreases by the same factor for equal increases in temperature, we use an exponential function.
Let f(T) be the relative humidity of this air mass at temperature T°C. Then we have f(T) = ab”, where f(10) = 100
and f(20) = 50. Substituting the values into the formula, we have:

ab'® = 100
ab®® = 50.

Dividing the second equation by the first equation to eliminate a yields

po =1 S0 b=<l)
2 2

1/10

Thus, f(T) = a(1/2)"/'°. Since
1

f(10>=100=a(%)]°”°=a(1) _

a
2 2’

we have a = 200. Therefore,
T/10

F(T) =200 (%)

Since the rate of change is constant, the increase is linear.
Life expectancy is increasing at a constant rate of 3 months, or 0.25 years, each year. The slope is 0.25. When ¢ = 11
we have L = 78.7. We use the point-slope form to find the linear function:

L—-787=025t-11)

L —78.7=0.25t-2.75

L =0.25t +75.95.

When t = 50, we have L = 0.25(50) + 75.95 = 88.35. It the rate of increase continues, babies born in 2050 will have
a life expectancy of 88.45 years.
We want N = f(t) so we have

AN  300—84 216
Slope = =~ = 5000~ 1900 ~ 22 ~ 018

Since N = 84 when ¢ = 0, the vertical intercept is 84 and the linear formula is
N =84 +9.818t.

The slope is 9.818. The number of asthma sufferers has increased, on average, by 9.818 million people per year during
this period.



(b)

(c)

47. (a)

(b)
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Since N = 84 when t = 0, we have the exponential function N = 845" for some base b. Since N = 300 when 7 = 22,
we have
N = 84b'
300 = 84b™

p2 =30 _ 35794
84

b = (3.5714)'/?* = 1.0596.

The exponential formula is
N = 84(1.0596)".

The growth factor is 1.0596. The number of asthma sufferers has increased, on average, by 5.96% per year during this
period.
In the year 2020, we have ¢t = 30. Using the linear formula, the predicted number in 2020 is

N = 84 4+ 9.818(30) = 378.54 million asthma sufferers.
Using the exponential formula, the predicted number in 2020 is

N = 84(1.0596)*° = 477.021 million asthma sufferers.

For the population to decrease linearly, it must change by the same amount over each one-year period. If P, represents
the original population, then it decreases by 10% P, each year. So after one year, the remaining population is P =
Py —0.1P, = 0.9P,. After two years the remaining population is P = 0.9P) — 0.1, = 0.8 F,. At the end of ten years
there is no population remaining. See Figure 4.14.

P

Py P
0
0.5P, 05,
0.35P,

|

T t (years) ! t
10 10
Figure 4.14 Figure 4.15

In this case the population also decreases each year, but not by the same amount. After one year the population
remaining is the same as in the linear case:

P =Py —-0.1P =09P,.
However, after two years, the population remaining is
P =0.9P)—0.1(0.9P)) = 0.9P,(1 — 0.1) = P,(0.9).
In general, after ¢ years the remaining population is given by
P = P,(0.9)
and after 10 years there is a population remaining of
P = Py(0.9)'° = 0.35P, = 35%P,.

In other words, an exponential decrease of 10% a year leaves 35% of the original population after 10 years. See
Figure 4.15.
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48. (a)

(b)

49. (a)

(b)

Solutions for Section 4.3

For a linear model, we assume that the population increases by the same amount every year. Since it grew by 4.14%
in the first year, the town had a population increase of 0.0414(20,000) = 828 people in one year. According to a linear
model, the population in 2010 would be 20,000+ 10 - 828 = 28,280. Using an exponential model, we assume that the
population increases by the same percent every year, so the population in 2010 would be 20,000+ (1.0414)'° = 30,006.
Clearly the exponential model is a better fit.

Assuming exponential growth at 4.14% a year, the formula for the population is

P(t) =20,000(1.0414)".
Assuming linear growth at 250 per year, the population in 2013 would be
18,500 + 250 - 10 = 21,000.

Using the population after one year, we find that the percent rate would be 250/18,500 ~ 0.013514 = 1.351% per
year, so after 10 years the population would be

18,500(1.013514)'° ~ 21,158.

The town’s growth is poorly modeled by both linear and exponential functions.
We do not have enough information to make even an educated guess about a formula.

Exercises
1. The function could not be exponential because it first decreases and then increases.
2. The function could be exponential with b > 1.
3. The function could be exponential with 0 < b < 1.
4. The function could not be exponential because it both increases and decreases.
5. (a) See Table 4.3.
Table 4.3
x 31 -2|-1]0)1]2]3
foluslmalizli|2]4]s
(b) For large negative values of x, f(x) is close to the x-axis. But for large positive values of x, f(x) climbs rapidly away

from the x-axis. As x gets larger, y grows more and more rapidly. See Figure 4.16.

Figure 4.16
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6. (a) See Table 4.4.

Table 4.4

X =31 -21-1]10] 1 2 3
fx) | 8 4 2 1| 12] 14|18

(b) For large positive values of x, f(x) is close to the x-axis. But for large negative values of x, f(x) climbs rapidly away
from the x-axis. See Figure 4.17.

Figure 4.17

7. Let f(x) = (1.1)*, g(x) = (1.2)*, and h(x) = (1.25)*. We note that for x = 0,

Sx)=g(x)=h(x)=1;
so all three graphs have the same y-intercept. On the other hand, for x = 1,
fHy=1.1, gl)=12, and h(l) =125,
so0 < f(1) < g(1) < A(1). For x =2,
f2)=121, g2)=144, and h(2)=1.5625,
s0 0 < f(2) < g(2) < h(2). In general, for x > 0,
0< f(x) < g(x) < h(x).

This suggests that the graph of f(x) lies below the graph of g(x), which in turn lies below the graph of A(x), and that all
lie above the x-axis. Alternately, you can consider 1.1, 1.2, and 1.25 as growth factors to conclude h(x) = (1.25)* is the
top function, g(x) = (1.2)* is in the middle, f(x) is at the bottom.

. Let f(x) = (0.7)%, g(x) = (0.8), and h(x) = (0.85)*. We note that for x = 0,
f(x)=g(x)=h(x) =1

On the other hand, f(1) = 0.7, g(1) = 0.8, and h(1) = 0.85, while f(2) = 0.49, g(2) = 0.64, and h(2) = 0.7225; so
0 < f(x) < g(x) < h(x).

So the graph of f(x) lies below the graph of g(x), which in turn lies below the graph of A(x).
Alternately, you can consider 0.7, 0.8, and 0.85 as growth factors (decaying). The f(x) = (0.7)* will be the lowest
graph because it is decaying the fastest. The h(x) = (0.85)* will be the top graph because it decays the least.

. Yes, the graphs will cross. The graph of g(x) has a smaller y-intercept but increases faster and will eventually overtake the
graph of f(x).
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No, the graphs will not cross. The graph of g(x) has a larger y-intercept and increases faster so it will always be higher
than the graph of f(x).

No, the graphs will not cross. The graph of f(x) has a larger y-intercept and is increasing while the graph of g(x) starts
lower and is decreasing.

Yes, the graphs will cross. The graph of f(x) has a larger y-intercept and is decreasing while the graph of g(x) starts lower
and is increasing.

No, the graphs will not cross. Both functions are decreasing but the graph of f(x) has a larger y-intercept and is decreasing
at a slower rate than g(x), so it will always be above the graph of g(x).

Yes, the graphs will cross. Both functions are decreasing. The graph of f(x) has a larger y-intercept and is decreasing at
a faster rate than g(x) so it will eventually cross the graph of g(x).

(a) It appears that the volume is about 13 ft* at t = 5.
(b) It appears that when the volume is 20 ft?, we have ¢ = 3.2 weeks.

For all x, the graph of g(x) is two units higher than the graph of f(x), while the graph of A(x) is 3 units lower than the
graph of f(x). See Figure 4.18.

gx)=4"+2
f(x)=4*

h(x) =4 -3
— /
x

=2

Figure 4.18

The graph of g(x) is shifted four units to the left of f(x), and the graph of A(x) is shifted two units to the right of f(x).

y y

y

3 3 3

2 2

1 1 1

| | | 1 X L L | | x | | ) | X
2-10 12 3 4 —5-4-3-2-10 1 L 2 3 4 5 6
x x+4 -

Figure 4.19: f(x) = (%) Figure 4.20: g(x) = (%) Figure 4.21: h(x) = (%)

Graphing y = 46(1.1)* and tracing along the graph on a calculator gives us an answer of x = 7.158. See Figure 4.22.

Figure 4.22
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19. Graphing p = 22(0.87)¢ and tracing along the graph on a calculator gives us an answer of g = 5.662. See Figure 4.23.

p = 22(0.87)

10 f-——————=

[

[

[

\
5.662

Figure 4.23

20. We solve for m to see m = 4.25(2.3)". Graphing m = 4.25(2.3)" and tracing along the graph on a calculator gives us an
answer of w = 1.246. See Figure 4.24.

m = 4.25(2.3)%

1.246

Figure 4.24

21. Solve for P to obtain P = 7(0.6)". Graphing P = 7(0.6)" and tracing along the graph on a calculator gives us an answer of
t = 2.452. See Figure 4.25.

P =7(0.6)

|

|

|
2452

Figure 4.25

Problems

22. (a) All the graphs in Figure 4.26 are increasing and concave up. As the value of a increases, the graphs become steeper,
but they are all going in the same general direction.
(b) Except when a = 1, the graphs in Figure 4.27 are all concave up. However, some are increasing (when a > 1), some
are decreasing (when 0 < a < 1), and one is a constant function (when a = 1).
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y=3.52)*
y P4 y
y=452y" —% 67 2(4)*
y=2502)* 2(0.5) —
57 51 23)*
4/ y =20 4
y y= 1(2)){ 2(075)X E— 3 2(2)x
. 2(1 )X
I y= 10 I+
i T 1 1 1 = x 1 i 1 1 1 T — X
-4 -3 =2 —l1 | 1 2 3 4 -4 -3 -2 -1 | 1 2 3 4
Figure 4.26 Figure 4.27

23. Increasing: b> 1,a>00r0<b<1,a<0;
Decreasing: 0 <b< 1l,a>0o0rb>1,a<0;
The function is concave up fora > 0,0 < b < lorb > 1.

24. The domain is all possible z-values, so
Domain: all 7-values.

The range is all possible Q-values. Since Q must be positive,

Range: all Q > 0.

25. Since y = awhent = 0iny = ab', a is the y-intercept. Thus, the function with the greatest y-intercept, D, has the largest a.

26. Since y = awhent =01in y = al, a is the y-intercept. Thus, the two functions with the same y-intercept, A and B, have
the same a.

27. The function with the smallest b should be the one that is decreasing the fastest. We note that D approaches zero faster
than the others, so D has the smallest b.

28. The function with the largest b should be the one that is increasing the fastest. We note that A increases faster than the
others, so A has the largest b.

29. As t approaches —oo, the value of ab’ approaches zero for any a, so the horizontal asymptote is y = 0 (the f-axis).
30. Ast approaches oo, the value of ab" approaches zero for any a, so the horizontal asymptote is y = 0 (the r-axis).

31. A possible graph is shown in Figure 4.28.

Figure 4.28

32. A possible graph is shown in Figure 4.29.

=

Figure 4.29
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33. A possible graph is shown in Figure 4.30. There are many possible answers.

Figure 4.30

34. As x — oo, we know that 3(0.9)* — 0 since it exponentially decays to zero. Therefore, as x — oo, we have f(x) =
5+43(0.9)* = 54 0 = 5. This function has a horizontal asymptote at 5. We can also see this graphically in Figure 4.31.

Figure 4.31

35. (a) All constants are positive.
(b) The constant b is definitely between O and 1, because y = a - b* represents a decreasing function.
(¢) In addition to b, the constants a, ¢, p could be between 0 and 1.
(d) Since the curves y = a- b* and y = ¢ - d* cross on the y-axis, we must have a = c.
(e) The values of a and p are not equal as curves cross y axis at different points. The values of b and d and, likewise, b
and g cannot be equal because in each case, one graph climbs while the other falls. However, d and ¢ could be equal.

36. (a) If
H(t) = 68 +93(0.91)’
then H(t + 15) = 68 +93(0.91)"+> = 68 + 93(0.91)"+"
and  H@®) + 15 = (68 +93(.91)") + 15 = 83 + 93(0.91)'

(b) H()
175 H@+15
140 F / HO)
105
70 - N
H(t + 15)
35 -

1 1 1 1 1 1 1
10 20 30 40 50 60 70

Figure 4.32



238 Chapter Four /SOLUTIONS

(¢c) H(t+ 15) is the function H (¢) shifted 15 units to the left. This function could describe the temperature of the cup of
coffee if it had been brought to class fifteen minutes earlier. H () + 15 is the function H (¢) shifted upward 15 units,
or 15° F. This function could describe the temperature of the coffee if it had been brought into a warmer classroom.

(d) Ast gets very large, both H (¢ + 15) and H (¢) approach a final temperature of 68°F. In contrast, H(¢) + 15 approaches
68°F + 15°F = 83°F.

37. Asrincreases, the graph of y = a(1+r)' rises more steeply, so the point of intersection moves to the left and down. However,
no matter how steep the graph becomes, the point of intersection remains above and to the right of the y-intercept of the

second curve, or the point (0, b). Thus, the value of y, decreases but does not reach b.

38. As aincreases, the y-intercept of the curve rises, and the point of intersection shifts down and to the left. Thus y, decreases.
If a becomes larger than b, the point of intersection shifts to the left side of the y-axis, and the value of y, continues to
decrease. However, y, will not decrease to 0, as the point of intersection will always fall above the x-axis.

39. (a) The growth factor is 1 —0.0083 = 0.9917 and the initial population is 6.92, so we have
P =6.92(0.9917)".

(b) In 2030, the value of t = 2030 — 2014 = 16, so we have P = 6.92(0.9917)!° = 6.06. If the current trend continues,
the population of Bulgaria is predicted to be 6.06 million in the year 2030.

(¢) We have
Percent change = % =-0.124 = —12.42%.
The percent drop over this period is expected to be 12.42%.
(d) See Figure 4.33. We see that t = 65.8 when P = 4. The population is expected to be 4 million in approximately the

year 2014 + 65.8 = 2079.8, that is, the year 2079.

P

[

[

[

\

\

\

[

\
65.8

Figure 4.33

40. (a) f(0) = 1000(1.04)° = 1000, which means there are 1000 people in year 0.
£(10) = 1000(1.04)'° ~ 1480.244, which means there are 1480.244 people in year 10.
(b) For the first 10 years, use 0 < ¢t < 10,0 < P < 1500. See Figure 4.34. For the first 50 years, use 0 < ¢ < 50,
0 < P < 8000. See Figure 4.35.

P P
1500 | (10, 1480) 8000 |-
(50,7107)
6000
1000 ¢
4000
500 =
2000 P = 2500
L L t L L L L L t
5 10 10 20 30 40 50
Figure 4.34 Figure 4.35

(c) The graph of P = f(¢) and P = 2500 intersect at t ~ 23.362. Thus, about 23.362 years after ¢ = 0, the population
will be 2500.
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41. The function, when entered as y = 1.04"5x, is interpreted as y = (1.04%)x = 1.217x. This function’s graph is a straight

line in all windows. Parentheses must be used to ensure that x is in the exponent.

42. (a) Since the number of cases is reduced by 10% each year, there are 90% as many cases in one year as in the previous one.
So, after one year there are 90% of 10000 or 10000(0.90) cases, while after two years, there are 10000(0.90)(0.90) =
10000(0.90)? cases. In general, the number of cases after ¢ years is y = (10000)(0.9)".

(b) Setting r = 5, we obtain the number of cases 5 years from now:

y = (10000) - (0.9)° = 5904.9 ~ 5905 cases.

(c¢) Plotting y = (10000) - (0.9)" and approximating the value of ¢ for which y = 1000, we obtain ¢ ~ 21.854 years.

43. (a) For each kilometer above sea level, the atmospheric pressure is 86%(= 100% — 14%) of the pressure one kilometer
lower. If P represents the number of millibars of pressure and 4 represents the number of kilometers above sea level,
Table 4.5 leads to the formula P = 1013(0.86)". So, at 50 km, P = 1013(0.86)*° = 0.538 millibars.

Table 4.5
h|P
0 | 1013
1 | 1013(0.86) = 871.18
2 | 871.18(0.86) = 1013(0.86)(0.86) = 1013(0.86)>
3 | 1013(0.86)% - (0.86) = 1013(0.86)°
4 | 1013(0.86)*
h | 1013(0.86)"

(b) If we graph the function P = 1013(0.86)", we can find the value of & for which P = 900. One approach is to see
where it intersects the line P = 900. Doing so, you will see that at an altitude of 2 ~ 0.784 km, the atmospheric
pressure will have dropped to 900 millibars.

44. (a) Since the population grows exponentially, it can be described by P = ab’, where P is the number of rabbits and ¢
is the number of years which have passed. We know that a represents the initial number of rabbits, so a = 10 and
P = 10b'. After 5 years, there are 340 rabbits so

340 = 100’
34 = p
(bS)]/S — 34]/5

b~ 2.024.

From this, we know that P = 10(2.024)".
(b) We want to find  when P = 1000. Using a graph of P = 10(2.024)", we see that P = 1000 when ¢ = 6.53 years.

45. (a) See Figure 4.36.

T T T T T 1 X
2 é\t
—1+

2+

Figure 4.36
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(b)
(c)

(@)

(e)
46. (a)

(b)

The range of this function is all real numbers less than one —i.e. f(x) < 1.

The y-intercept occurs at (0, 0). This point is also an x-intercept. To solve for other x-intercepts we must attempt to
solve f(x) = O for each of the two remaining parts of f. In the first case, we know that the function f(x) = 2* has
no x-intercepts, as there is no value of x for which 2* is equal to zero. In the last case, for x > 0, we set f(x) = 0 and
solve for x:

0=1—%x
—x=1
x=2

Hence x = 2 is another x-intercept of f.
As x gets large, the function is defined by f(x) = 1 —1/2x. To determine what happens to f as x — +o0, find values
of f for very large values of x. For example,

£(100) = 1 — %(100) =—49,  £(10000) = 1 — %(10000) = —4999

and  £(1,000,000) =1 — %(1,000,000) = —499,999.
As x becomes larger, f(x) becomes more and more negative. A way to write this is:
As x = 400, f(x) > —c0.

As x gets very negative, the function is defined by f(x) = 2*.
Choosing very negative values of x, we get f(—100) = 2719 = 1/2!% and f(—1000) = 271000 = /21000 Ag x
becomes more negative the function values get closer to zero. We write

As x - —o0, f(x)— 0.

Increasing for x < 0, decreasing for x > 0.

After the first hour all C values are measured at a common 2-hour interval, so we can estimate b by looking at the
ratio of successive concentrations after the = 0 concentration, namely,

T _07. 2~0714 32207, %2 ~0714.

7 35 2.
10 7 5 35

These are nearly equal, the average being approximately 0.707, so b*> ~ 0.707 and b ~ 0.841. Using the data point
(0, 12) we estimate @ = 12. This gives C = 12 (0.841)". Figure 4.37 shows these data plotted against time with this
exponential function, which seems in good agreement.

C (mg/l)

b—t—"_—1—L ¢(hours)
2 4 6 8 10

Figure 4.37: Drug concentration
versus time with exponential fit

One algorithm used by a calculator or computer gives the exponential regression function as
C = 11.914(0.840)'

Other algorithms may give different formulas. This function is very similar to the answer to part (a).
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(a) See Figure 4.38. The points appear to represent a function that is increasing and concave up so it makes sense to model
these data with an exponential function.

w
50,000 +

40,000 |- o
30,000
20,000 - o

10,000 - [
o ©

Figure 4.38

(b) One algorithm used by a calculator or computer gives the exponential regression function as
W = 4710(1.306)

Other algorithms may give different formulas.
(c) Since the base of this exponential function is 1.306, the global wind-energy-generating capacity was increasing at a
rate of about 30.6% per year during this period.

Since the difference in temperatures decays exponentially, first we find a formula describing that difference over time. Let
D(t) represent the difference between the temperature of the brick and the temperature of the room.

When the brick comes out of the kiln, the difference between its temperature and room temperature is 350° — 70° =
280°. This difference will decay at the constant rate of 3% per minute. Therefore, a formula for D(z) is

D(r) = 280(0.97)".
Since D(7) is the difference between the brick’s temperature, H (), and room temperature, 70°, we have

D(t) = H(t) - 70.
Add 70 to both sides of the equation so that

H(t) = D(t) + 70,
Since D(¢) = 280(0.97)",

H (r) = 280(0.97)" + 70.
This function, H(?), is not exponential because it is not of the form y = ab*. However, since D(t) = 280(0.97)" is

exponential, and since

H(t) = D(t) + 70,
H (1) is a transformation of an exponential function. The graph of H(¢) is the graph of D(¢) shifted upward by 70. Fig-
ures 4.39 and 4.40 give the graphs of D(¢) and H (¢) for the first 4 hours, or 240 minutes, after the brick is removed from
the kiln—that is, for 0 < ¢ < 240. As you can see, the brick cools off rapidly at first, and then levels off toward 70°, or

room temperature, where the graph of H (¢) has a horizontal asymptote. Notice that, by shifting the graph of D(¢) upward
by 70, the horizontal asymptote is also shifted, resulting in the asymptote at T = 70 for H (¢).

D, temperature difference °F H, temperature °F
350
280 ¢ 350 ¢

D(t) = 280(0.97)" H(t) = D(t) + 70 = 280(0.97)" + 70

280

Horizontal asymptoteat H = 70
70—

1, minutes 1, minutes

60 120 180 240 60 120 180 240

Figure 4.39 Figure 4.40
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49. (a) Figure 4.41 shows the three populations. From this graph, the three models seem to be in good agreement. Models
1 and 3 are indistinguishable; model 2 appears to rise a little faster. However, notice that we cannot see the behavior
beyond 50 months because our function values go beyond the top of the viewing window.

(b) Figure 4.42 shows the population differences. The graph of y = f,(x)— f,(x) = 3(1.21)* —3(1.2)* grows very rapidly,
especially after 40 months. The graph of y = f3(x) — f,(x) = 3.01(1.2)* — 3(1.2)" is hardly visible on this scale.

(¢) Models 1 and 3 are in good agreement, but model 2 predicts a much larger mussel population than does model 1 after
only 50 months. We can come to at least two conclusions. First, even small differences in the base of an exponential
function can be highly significant, while differences in initial values are not as significant. Second, although two
exponential curves can look very similar, they can actually be making very different predictions as time increases.

mussels (1000’s)

40 |
30 | _
mussels (1000’s) 20 y =)= [)
40 | y=f3(0) - f1(x)
560 [[ fix)and f3x) 10| / A
30 —_— =1 x (months)
10 20 30 40\50 60
20 -10
-20 L
10
-30 _
I L 1 1 1 X (months) 4 y= f3(X) - fz(X)
10 20 30 40 50 60 —40 1
Figure 4.41 Figure 4.42
50. The value of bis lessthan 1,500 < b < 1.
51. A possible graph is shown in Figure 4.43.
5
X
Figure 4.43
52. A possible graph is shown in Figure 4.44.
2
X
-1
Figure 4.44

53. It appears in the graph that
@ lim f(x) =S5
(b) lim f(x) =-3.

Of course, we need to be sure that we are seeing all the important features of the graph in order to have confidence in these
estimates.
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54. It appears in the graph that
(a) liIP f(x)=—oc0
(b) lim f(x) = —c0.

Of course, we need to be sure that we are seeing all the important features of the graph in order to have confidence in these
estimates.

Solutions for Section 4.4

Exercises

1. Let b be the effective annual growth factor. Since the amount in the account at time 7 is given by 10005, we set 100056
equal to 3500 and solve for b:

10006" = 3500
b¥ =35
b= (3.5 =1.0871.

The effective annual yield over the 15-year period was 8.71% per year.

2. (a) The nominal interest rate is 8%, so the interest rate per month is 0.08/12. Therefore, at the end of 3 years, or 36
months,
0.08\*
Balance = $1000 (1 + 7) = $1270.24.

(b) There are 52 weeks in a year, so the interest rate per week is 0.08/52. At the end of 52 X 3 = 156 weeks,

156
Balance = $1000 (1 n %) = $1271.01.

(c) Assuming no leap years, the interest rate per day is 0.08/365. At the end of 3 x 365 days,

0.08

3365
— = $1271.22.
365 > 3

Balance = $1000 (1 n

3. (a) Suppose $1 is put in the account. The interest rate per month is 0.08/12. At the end of a year,

12
Balance = (1+ %) = $1.08300,
which is 108.3% of the original amount. So the effective annual yield is 8.300%.

(b) With weekly compounding, the interest rate per week is 0.08/52. At the end of a year,

52
Balance = (1 + %) — $1.08322,

which is 108.322% of the original amount. So the effective annual yield is 8.322%.
(c) Assuming it is not a leap year, the interest rate per day is 0.08/365. At the end of a year,
0.08

365
Balance = (1 —> = $1.08328,
alance + 365 $

which is 108.328% of the original amount. So the effective annual yield is 8.328%.

4. If P is the initial amount, the amount after 20 years is P(1.05)%° = P(2.653). Since 2.653 = 1 + 1.653, the investment has
increased by 165.3% over the 20-year period.
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. If P is the initial amount, the amount after 8 years is 0.5P. To find the effective annual yield, we set Pb® equal to 0.5P
and solve for b:

=05
b= (0.5 =0917.

Since 0.917 = 1 — 0.083, the investment has decreased by an effective annual rate of —8.3% per year.

(a)
(b)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)

(c)

(a)
(b)

(c)

(a)
(b)

(c)

(a)
(b)

(c)

B = B,(1.013)! = By(1.013), so the effective annual rate is 1.3%.
12
B =B, (1 + %) ~ B,(1.0131), so the effective annual rate is approximately 1.31%.
If the interest is compounded annually, there will be $500 - 1.01 = $505 after one year.
If the interest is compounded weekly, after one year, there will be $500 - (1 + 0.01/52)>2 = $505.02.

If the interest is compounded every minute, after one year, there will be $500 - (1 + 0.01/525,600)°>%% = $505.03.

If the interest is compounded annually, there will be $500 - 1.03 = $515 after one year.
If the interest is compounded weekly, there will be 500 - (1 +0.03/52)>> = $515.22 after one year.
If the interest is compounded every minute, there will be 500 - (1 + 0.03/525,600)°>%%% = $515.23 after one year.

If the interest is compounded annually, there will be $500 - 1.05 = $525 after one year.
If the interest is compounded weekly, there will be 500 - (1 + 0.05/52)32 = $525.62 after one year.
If the interest is compounded every minute, there will be 500 - (1 + 0.05/525,600)°>%% = $525.64 after one year.

If the interest is compounded annually, there will be $500 - 1.08 = $540 after one year.
If the interest is compounded weekly, there will be 500 - (1 +0.08/52)>> = $541.61 after one year.
If the interest is compounded every minute, there will be 500 - (1 + 0.08/525,600)°>%% = $541.64 after one year.

The nominal rate is the stated annual interest without compounding, thus 1%.

The effective annual rate for an account paying 1% compounded annually is 1%.
The nominal rate is the stated annual interest without compounding, thus 1%.

With quarterly compounding, there are four interest payments per year, each of which is 1/4 = 0.25%. Over the
course of the year, this occurs four times, giving an effective annual rate of 1.0025* = 1.01004, which is 1.004%.
The nominal rate is the stated annual interest without compounding, thus 1%.

With daily compounding, there are 365 interest payments per year, each of which is (1/365)%. Over the course
of the year, this occurs 365 times, giving an effective annual rate of (1 + 0.01/365)*% = 1.01005, which is 1.005%.

The nominal rate is the stated annual interest without compounding, thus 100%.

The effective annual rate for an account paying 1% compounded annually is 100%.
The nominal rate is the stated annual interest without compounding, thus 100%.

With quarterly compounding, there are four interest payments per year, each of which is 100/4 = 25%. Over the
course of the year, this occurs four times, giving an effective annual rate of 1.25% = 2.44141, which is 144.141%.
The nominal rate is the stated annual interest without compounding, thus 100%.

With daily compounding, there are 365 interest payments per year, each of which is (100/365)%. Over the course
of the year, this occurs 365 times, giving an effective annual rate of (1 + 1/365)*% = 2.71457, which is 171.457%.

The nominal rate is the stated annual interest without compounding, thus 3%.

The effective annual rate for an account paying 1% compounded annually is 3%.
The nominal rate is the stated annual interest without compounding, thus 3%.

With quarterly compounding, there are four interest payments per year, each of which is 3/4 = 0.75%. Over the
course of the year, this occurs four times, giving an effective annual rate of 1.0075* = 1.03034, which is 3.034%.
The nominal rate is the stated annual interest without compounding, thus 3%.

With daily compounding, there are 365 interest payments per year, each of which is (3/365)%. Over the course
of the year, this occurs 365 times, giving an effective annual rate of (1 + 0.03/365)% = 1.03045, which is 3.045%.

The nominal rate is the stated annual interest without compounding, thus 6%.

The effective annual rate for an account paying 1% compounded annually is 6%.
The nominal rate is the stated annual interest without compounding, thus 6%.

With quarterly compounding, there are four interest payments per year, each of which is 6/4 = 1.5%. Over the
course of the year, this occurs four times, giving an effective annual rate of 1.015* = 1.06136, which is 6.136%.
The nominal rate is the stated annual interest without compounding, thus 6%.

With daily compounding, there are 365 interest payments per year, each of which is (6/365)%. Over the course
of the year, this occurs 365 times, giving an effective annual rate of (1 + 0.06/365)*® = 1.06183, which is 6.183%.
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Problems

15. If the annual growth factor is b, then we know that, at the end of 5 years, the investment will have grown by a factor of b°.

But we are told that it has grown by 30%, so it is 130% of its original size. So

b’ =1.30

b= 1305 ~ 1.05387.
Since the investment is 105.387% as large as it had been the previous year, we know that it is growing by about 5.387%
each year.

16. Let b represent the growth factor, since the investment decreases, b < 1. If we start with an investment of P,, then after 12
years, there will be P,b'? left. But we know that since the investment has decreased by 60% there will be 40% remaining
after 12 years. Therefore,

Pyb'* = P,0.40
b'* =0.40
b = (0.40)/12 = 0.92648.
This tells us that the value of the investment will be 92.648% of its value the previous year, or that the value of the investment
decreases by approximately 7.352% each year, assuming a constant percent decay rate.

17. If the investment is growing by 3% per year, we know that, at the end of one year, the investment will be worth 103% of
what it had been the previous year. At the end of two years, it will be 103% of 103% = (1.03)? as large. At the end of 10
years, it will have grown by a factor of (1.03)!°, or 1.34392. The investment will be 134.392% of what it had been, so we
know that it will have increased by 34.392%. Since (1.03)'° ~ 1.34392, it increases by 34.392%.

18. Let r represent the nominal annual rate. Since the interest is compounded quarterly, the investment earns i each quarter.

2
So, at the end of the first quarter, the investment is 850 (1 + i ), and at the end of the second quarter is 850 (1 + i) .By

40
the end of 40 quarters (which is 10 years), it is 850 (1 + i) . But we are told that the value after 10 years is $1,000, so

r 40
1000 = 850<1+ Z>

1000 _ (1 5)“0
850 4
@ _ (1 + £>4O
17 ~ 4
1
20\ %0 r
- =14+ =
(7)) =1+4
M
1.00407 ~ 1+ =
*3

,
0.00407 ~ -
4

r~ 0.01628.

We see that the nominal interest rate is 1.628%.

19. (a) Let x be the amount of money you will need. Then, at 5% annual interest, compounded annually, after 6 years you
will have the following dollar amount:
x (140.05)° = x(1.05)°.
If this needs to equal $25,000, then we have
x(1.05)¢ = 25,000

25,000
X =
(1.05)%

(b) At 5% annual interest, compounded monthly, after 6 years, or 6 - 12 = 72 months, you will have the following dollar

amount: n
0.05
1+ —) .
X ( 12

~ $18,655.38.
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(c)

(@)

20. (a)

21.

(b)

®
(i)

(iii)

If this needs to equal $25,000, then we have
72
x(1+ @) = 25,000
12

= % ~ $18,532.00.
a+-)

At 5% annual interest, compounded daily, after 6 years, or 6 - 365 = 2190 days, you will have the following dollar

amount:

2190
< (14 %) = x(1.000136986)2'".

If this needs to equal $25,000, then we have

x(1.000136986)*'° = 25,000
25,000

X = —(1.000136986)2190 ~ $18,520.84.

The effective yield on an account increases with the number of times of compounding. So, as the number of times
increases, the amount of money you need to begin with in order to end up with 25,000 in 6 years decreases.

The effective annual rate is the rate at which the account is actually increasing in one year. According to the formula,
M = M(1.07763), at the end of one year you have M = 1.07763 M, or 1.07763 times what you had the previous
year. The account is 107.763% larger than it had been previously; that is, it increased by 7.763%. Thus the effective
rate being paid on this account each year is about 7.763%.

Since the money is being compounded each month, one way to find the nominal annual rate is to determine the rate
being paid each month. In ¢ years there are 12¢ months, and so, if b is the monthly growth factor, our formula becomes

M = M0b12l - Mo(bl2),.
Thus, equating the two expressions for M, we see that
My(b") = My(1.07763)".

Dividing both sides by M|, yields
(b = (1.07763)'.

Taking the ' root of both sides, we have
b'? = 1.07763

which means that
b = (1.07763)"/'? = 1.00625.

Thus, this account earns 0.625% interest every month, which amounts to a nominal interest rate of about 12(0.625%) =
7.5%.
Alternatively, this problem can be solved without using the monthly growth factor explicitly, but by solving for
r in the following equation:
r

121
M (1 + E) = M (1.07763)".

Dividing by M and taking the " root of both sides gives r = 7.5% as before.
Equation (b). Since the growth factor is 1.12, or 112%, the annual interest rate is 12%.

Equation (a). An account earning at least 1% monthly will have a monthly growth factor of at least 1.01, which means
that the annual (12-month) growth factor will be at least

(1.0)'2 = 1.1268.

Thus, an account earning at least 1% monthly will earn at least 12.68% yearly. The only account that earns this much
interest is account (a).

Equation (c). An account earning 12% annually compounded semi-annually will earn 6% twice yearly. In ¢ years, there
are 2t half-years.
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(iv) Equations (b), (c) and (d). An account that earns 3% each quarter ends up with a yearly growth factor of (1.03)* =
1.1255. This corresponds to an annual percentage rate of 12.55%. Accounts (b), (c) and (d) earn less than this. Check
this by determining the growth factor in each case.

(v) Equations (a) and (e). An account that earns 6% every 6 months will have a growth factor, after 1 year, of (1+0.06)*> =
1.1236, which is equivalent to a 12.36% annual interest rate, compounded annually. Account (a), earning 20% each
year, earns more than 6% twice each year, or 12.36% annually. Account (e), which earns 3% each quarter, earns
(1.03)? = 1.0609, or 6.09% every 6 months, which is greater than 6%.

22. (a) The investment is initially worth $1500, and it grows in value by 7.7% each year.
(b) The investment is initially worth $9500, but it loses value by 5.5% each year.
(¢) The investment is initially worth $1000, and it triples in value once every five years.
(d) The investment is initially worth $500, and it earns 4% annual interest, compounded monthly.

Solutions for Section 4.5

Skill Refresher

S1. We have ¢*7 = 1.073.
S2. We have 10e™%'* = 8.694.

S3. We have % = 1.433.
/e

S4. We have e* = 3480.202.
S5. We have f(0) =2.3¢3® =23 and f(4) = 2.3¢%3® = 7.636.
S6. We have g(0) = 4.2¢70120 = 4.2 and g(4) = 4.2¢7012% = 2,599,
S7. We have h(0) = 153 + 8.6e%® = 153 + 8.6 = 161.6 and h(4) = 153 + 8.6e"$® = 153 + 48.027 = 202.027.
S8. We have k(0) = 289 — 4.7¢=000180) = 289 — 4.7 = 284.3 and k(4) = 289 — 4.7¢700018% = 289 — 4.666 = 284.334.
S9. Writing the function as
1) = (3e°'°4’)3 = 330043 = 97012
we have a = 27 and k = 0.12.
S10. Writing the function as
g(z) — 5e7z . e4z .3e% = (5 . 3)e7z+4z+z — ]58122,
we have a = 15 and k = 12.
S11. To convert to the form Q = ae*, we use the property that e™*" = e - ¢". Thus, we have Q = ¢’ - e™* = 1,096.633¢7%.
S12. To convert to the form Q = ae*, we first use the property that (e”)" = ™",

0 = \e3+6

(e3+67)1/2

3
Next we use the property that e™*" = e™ . ¢". Thus, we have Q = e2 ™ = ¢3/2 . ¢3 = 4.482¢%.

S13. Writing the function as

0.2x
Te T o2x -05x _ ! e 03x

Ve V3 V3

m(x) =

=7 —

we have a = 7 and k 0.3.
S14. Writing the function as

N ¢ af 3t 4 @20 e

P(1) = (2 e5’) =2 <e3 ) = 16¢*3) = 167",

we have a = 16 and k = 20/3.
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S15. Writing the function as

o= ) 1

— _1 p08r=0.15r) _ L oesr
60151~ @015 6 6

e,

we have a = 1/6 and k = 0.65.
Exercises

1. We know that e ~ 2.71828, so 2 < e < 3. Since e lies between 2 and 3, the graph of y = e* lies between the graphs of
y = 2% and y = 3*. Since 3* increases faster than 2%, the correct matching is shown in Figure 4.45.

y 3xX X 2%

Figure 4.45

2. Using the formula y = ab*, each of the functions has the same value for b, but different values for a and thus different
y-intercepts.
When x = 0, the y-intercept for y = e* is 1 since e” = 1.
When x = 0, the y-intercept for y = 2¢* is 2 since ¢’ = 1 and 2(1) = 2.
When x = 0, the y-intercept for y = 3e¢* is 3 since ¢” = 1 and 3(1) = 3.
Therefore, y = e* is the bottom graph, above it is y = 2e*, and the top graph is y = 3e*.

3. The functions given in (a) and (c) represent exponential decay while the functions given in (b) and (d) represent exponential
growth. Thus, (a) and (c) correspond to (III) and (IV) while (b) and (d) correspond to (I) and (II). The function in (d) grows
by 20% per time unit while the function in (b) grows by 5% per time unit. Since (d) is growing faster, formula (d) must
correspond to graph (I) while formula (b) corresponds to graph (II). Graphs (III) and (IV) correspond to the exponential
decay formulas, with graph (IV) decaying at a more rapid rate. Thus formula (a) corresponds to graph (III) and formula
(c) corresponds to graph (IV). We have:

(@) (I
(b) (ID
(¢) IV)
@ @O

4. We know that e®* grows faster than ¢*?*' (because a 30% continuous growth rate is faster than a 25% continuous growth
rate). Similarly (1.25)" grows faster than (1.2)" (because a 25% annual growth rate is faster than a 20% annual growth rate).
In addition, a 25% continuous growth rate is faster than a 25% annual growth rate.
Thus (1.2)'=(c) is (IV); (1.25)'=(b) is (III); e*>*=(a) is (II); e*¥=(d) is ().
5. Calculating the equivalent continuous rates, we find e** = 1.568, e"4” = 1.600, ¢*> = 1.649. Thus the functions to be
matched are

(@ (1.5~ (b) (1.568)* () (1.6)* d (1.649)"
So (a) is (IV), (b) is (II1), (c) is (I), (d) is (I).
6. y = e is an increasing exponential function, since e > 1. Therefore, it rises when read from left to right. It matches g(x).
If we rewrite the function y = e™ as y = (e™!)*, we can see that in the formula y = ab*, we have a = 1 and b = e~ .
Since 0 < e~! < 1, this graph has a positive y-intercept and falls when read from left to right. Thus its graph is f(x).

In the function y = —e*, we have a = —1. Thus, the vertical intercept is y = —1. The graph of A(x) has a negative
y-intercept.
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7. Since y = e* is the only increasing function in the list, (a) corresponds to (I).
The other three functions all decrease as x increases, and y = e™ = 1/e* decreases slowest while y = e™3 = 1/e*
decreases fastest. Thus (b) corresponds to (II), and (c) corresponds to (III), and (d) corresponds to (IV).

8. (a) We see that Q, = 50
(b) Since the exponent is positive, the quantity is increasing.
(c) The growth rate is 105% per unit time, so the quantity is more than doubling every time unit.
(d) Yes, the growth rate is continuous.
9. (a) Weseethat Q, =2.7

(b) Since the base is less than one, the quantity is decreasing.
(c) Since the base is 0.12 = 1 — 0.88, the decay rate is 88% per unit time.
(d) No, the growth rate is not continuous.

10. (a) We see that Q, = 0.01
(b) Since the exponent is negative, the quantity is decreasing.
(c) The decay rate is 20% per unit time.
(d) Yes, the growth rate is continuous.

11. (a) We see that Q, = 158
(b) Since the base is greater than one, the quantity is increasing.
(c) Since the base is 1.137 = 1 + 0.137, the growth rate is 13.7% per unit time.
(d) No, the growth rate is not continuous.

12. (a) We see that Q, = 25
(b) Since the exponent is positive, the quantity is increasing.
(c) The growth rate is 3.2% per unit time.
(d) Yes, the growth rate is continuous.

13. (a) Weseethat Q, =1
(b) Since the base is greater than one, the quantity is increasing.
(c) Since the base is 2 = 1 + 1, the growth rate is 100% per unit time. The quantity is doubling every time unit.
(d) No, the growth rate is not continuous.

14. (a) Since V2 =1.414... and e = 2.718 ..., we have

\/§<e<3,

SO
(\/5)22 < 22 < 322

(b) Note 3722 = 1/3%2. Thus, since

22 < 322,
we know that
1 1
022 > 322’
which gives
3722 £ p22

Problems

15. (a) Since the growth rate is not continuous, we have Q = 8(1.12)". At = 10 we have Q = 8(1.12)!° = 24.847.
(b) Since the growth rate is continuous,we have Q = 8¢%'%. Att = 10 we have Q = 81210 = 26.561. As we expect,
the results are similar for continuous and not-continuous assumptions, but slightly larger if we assume a continuous
growth rate.

16. (a) Since the growth rate is not continuous, we have Q = 100(1.05)". At = 10 we have Q = 100(1.05)'° = 162.889.
(b) Since the growth rate is continuous,we have O = 100e°%!, At 7 = 10 we have QO = 100e"519 = 164.872. As
we expect, the results are similar for continuous and not-continuous assumptions, but slightly larger if we assume a
continuous growth rate.
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. (a)
(b)

. (a)
(b)
(c)
(d)
(e)
()

(a)

(b)

(a)

(b)

(c)

(a)

(b)

Since the decay rate is not continuous, we have Q = 500(0.93)". At # = 10 we have QO = 500(0.93)!° = 241.991.
Since the decay rate is continuous, we have Q = 5007, At t = 10 we have Q = 500e~%710 = 248293, As
we expect, the results are similar for continuous and not-continuous assumptions, but slightly larger if we assume a
continuous decay rate.

The population starts at 200 and grows by 2.8% per year.

The population starts at 50 and shrinks at a continuous rate of 17% per year.
The population starts at 1000 and shrinks by 11% per year.

The population starts at 600 and grows at a continuous rate of 20% per year.
The population starts at 2000 and shrinks by 300 animals per year.

The population starts at 600 and grows by 50 animals per year.

(i) The population, P, in millions, is given by P = 3.2(1.02)", so a century later
P =3.2(1.02)" = 23,183 million.

(ii) The population, P, in millions, is given by P = 3.2¢%%%, so a century later
P =3.2e"%20% = 23,645 million.

Since "2 = 1.0202 ... the growth factor in part (ii) is larger than the growth factor of 1.02 in part (i). Thus we expect
the answer to part (ii) to be larger.

The number of residents, P, in the town after ¢ years is given by
P = 10,000¢".
Substituting ¢t = 5 into our population formula, we obtain
P =10,000e"" = 12,214.028,

so the population after 5 years is about 12,214.
Since
10,000¢*%* = 10,000(e™*)" = 10,000(1.0408)",

the annual growth rate is 1.0408 — 1 = 0.0408, or 4.08%.
Using P = Pye* where P, = 25,000 and k = 7.5%, we have

P(t) = 25,000e%07,
We first need to find the growth factor so will rewrite
P = 25,000e"97" = 25,000("97)" ~ 25,000(1.07788)".

At the end of a year, the population is 107.788% of what it had been at the end of the previous year. This corresponds
to an increase of approximately 7.788%. This is greater than 7.5% because the rate of 7.5% per year is being applied
to larger and larger amounts. In one instant, the population is growing at a rate of 7.5% per year. In the next instant, it
grows again at a rate of 7.5% a year, but 7.5% of a slightly larger number. The fact that the population is increasing in
tiny increments continuously results in an actual increase greater than the 7.5% increase that would result from one
single jump of 7.5% at the end of the year.

If the population is growing or shrinking at a constant rate of m people per year, the formula is linear. Since the vertical

intercept is 3000, we have P = 3000 + m¢.

If the population is growing or shrinking at a constant percent rate of r percent per year, the formula is exponential in the
form P = a(1 + r)'. Since the vertical intercept is 3000, we have P = 3000(1 + r)".

If the population is growing or shrinking at a constant continuous percent rate of k percent per year, the formula is expo-
nential in the form P = ae*'. Since the vertical intercept is 3000, we have P = 3000e*’.

We have:

(a) P = 3000 + 200¢.
(b) P =3000(1.06)".
(¢) P =3000e"0,
(d) P = 3000 - 50¢.
(e) P =300000.96)".

®

P = 3000e%.
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(a) Since P(#) has continuous growth, its formula will be P(f) = Pye"’. Since P, is the initial population, which is 22,000,
and k represents the continuous growth rate of 7.1%, our formula is

P(t) = 22,0007,

(b) While, at any given instant, the population is growing at a rate of 7.1% a year, the effect of compounding is to give us an
actual increase of more than 7.1%. To find that increase, we first need to find the growth factor, or b. Rewriting P(f) =
22,000¢%%71 in the form P = 220005" will help us accomplish this. Thus, P(r) = 22,000(e*"")" ~ 22,000(1.07358)'.
Alternatively, we can equate the two formulas and solve for b:

22,000¢"!" = 22,0000'
071 = ' (dividing both sides by 22,000)
e®7! = p  (taking the " root of both sides).
Using your calculator, you can find that b & 1.07358. Either way, we see that at the end of the year, the population

is 107.358% of what it had been at the end of the previous year, and so the population increases by approximately
7.358% each year.

Let P, represent the initial population of City A. Then the population, P, of City A after ¢ years is given by
P = Pye" = Py(e") = Py(1.1618)".
Therefore, the annual growth rate of City A is given by 1.1618 — 1 = 0.1618, or 16.18%. Therefore, City A is growing

faster than City B.

(a) First, we note that after ¢ hours, the population, P, of the colony is given by P = 1002 . Substituting 4 for ¢ in this
equation, we obtain
P =100e"#% = 271.828.

Therefore, there are about 272 bacteria in the colony after 4 hours.
(b) Since
P = 100e%" = 100(e**)" = 100(1.2840)',

the hourly growth rate of the colony is 1.2840 — 1 = 0.2840. Therefore, the colony grows by 28.4% each hour.

e All three investments begin (in year ¢ = 0) with $1000.

o The investment V' = 1000e"!!> earns interest at a continuous annual rate of 11.5%.
o The investment V' = 1000 - 2'/° doubles in value every 6 years.

e The investment V' = 1000(1.122)" grows by 12.2% every year.

A formula for the investment’s value is V = 7000e%%5% . After 7 years, we have

V = 700097
= $10,073.52.
(a) At the end of 100 years,
B = 1200e"%1% = 24.102.64 dollars.
(b) Tracing along a graph of B = 1200¢%%% until B = 50000 gives t ~ 124.323 years.
(a) For an annual interest rate of 2%, the balance B after 10 years is
B =5000(1.02)"" = 6094.97 dollars.

(b) For a continuous interest rate of 2% per year, the balance B after 10 years is

B = 5000e"%21° = 6107.01 dollars.

The continuous growth rate is k = 0.19 = 19% per year. To calculate the effective annual yield, we rewrite the function in
the form Q = 5500e*!”* = 55004". Thus,
b=e"" =1.20925,
Writing
0O = 5500(1.209250)"
indicates that the effective annual yield is 20.925% per year.
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31. Tracing along a graph of ¥ = 1000e"%* until V' = 3000 gives ¢ ~ 54.931 years. See Figure 4.46.

V)

3000 F——————————————— V = 100002

2000

1000

54

t (years)

Figure 4.46

32. We want to know when V' = 1074. Tracing along the graph of V' = 537e%%"> gives t ~ 46.210 years. See Figure 4.47.

- 0.015¢
1074 V =537e

537

1 (years)

Figure 4.47

33. With continuous compounding, the interest earns interest during the year, so the balance grows faster with continuous
compounding than with annual compounding. Curve A corresponds to continuous compounding and curve B corresponds
to annual compounding. The initial amount in both cases is the vertical intercept, $500.

34. The value of the deposit is given by
V = 5000e"".

To find the effective annual rate, we use the fact that e*0%% = (292) to rewrite the function as

V = 5000(e"?)".
Since €% = 1.0202, we have
V = 5000(1.0202)".

This tells us that the effective annual rate is 2.02%.
35. We have

V = 500067 continuous rate is 6.75%
=500 ( e0.0675)’
= 500(1.06983)',
so a =500
b = 1.06983
r =6.983%.
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4

36. (a) (i) B=B,(1+- ~ B,(1.03034), so the APR is approximately 3.034%.

(iii) B= B, ,(1.03045), so the APR is approximately 3.045%.

(
(ii) B=B0<1+
<1+

12
) ,(1.03042), so the APR is approximately 3.042%.

365
(iv) B =B, <1+ ) ~ B,(1.03045), so the APR is approximately 3.045%.

(b) "% ~ 1.03045. No matter how often we compound interest, we’ll never get more than ~ 3.045% APR.

37. Since €93 = 1.0544, the effective annual yield of the account paying 5.3% interest compounded continuously is 5.44%.
Since this is less than the effective annual yield of 5.5% from the 5.5% compounded annually, we see that the account
paying 5.5% interest compounded annually is slightly better.

(o8]
o —=lo o
38N|wl\>| ";|w

38. (a) Forinvestment A, we have

0.135 )365(2)

P =875(1 = §1146.16.
1+ 265 $

For investment B,
P = 1000(*%7?) = $1143.39.

For investment C,

=1050(1 + %)12@

= $1148.69.

(b) A comparison of final balances does not reflect the fact that the initial investment amounts are different. One way
to take initial amounts into consideration is to look at the overall growth in the account. Comparing final balance to
initial deposit for each account we find

Investment A: 1146.16 ~ 1.31
875
1143.39
I t t B: ~ 1.143
nvestmen 000
Investment C: 1148.69 ~ 1.093.
1050

Thus, in the two-year period Investment A has grown by approximately 31%, followed by Investment B (14.3%)

and finally Investment C (9.3%). From best to worst, we have A, B, C.
[Note: Comparing the effective annual rates for each account would be a more efficient way to solve the problem

and would give the same result.]

39. To see which investment is best after 1 year, we compute the effective annual yield:
For Bank A, P = P,(1 + "02)*6*” ~ 1.0202P,

For Bank B, P = Py(1 + °f221)12<1> ~ 1.0212,

For Bank C, P = Py(e"2%(1) ~ 1.02071 P,
Therefore, the best investment is with Bank B, followed by Bank C and then Bank A.

40. After 5 years, the first investment is worth:

0. 05 )12(5)

1000(1 + —— $1283.36.

After 5 years, the second investment is worth:

1100e°%) = $1343.54.

After 5 years, the second investment is worth more.
After 10 years, the first investment is worth:

0. 05)12(1())

1000(1 + $1647.01.

After 10 years, the second investment is worth:

1100e°%409 = $1641.01.

After 10 years, the first investment is worth slightly more.
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41. The balance in the first bank is 10,000(1.05)% = $14,774.55. The balance in the second bank is 10,000e*%® = $14,918.25.
The bank with continuously compounded interest has a balance $143.70 higher.

42. (a) The $1000 investment is represented by graph A and the $1500 investment is represented by graph B.
(b) Figure 4.48 shows a graph of the two functions A = 1000¢°%% and B = 1500(1.06)'. We use a graphing calculator to
estimate the point of intersection at ¢ = 18.66. The two investments will be equal after about 18.66 years.

B = 1500(1.06)"

5000

A = 100008
| | | t
10 20 30
Figure 4.48

43. (a) We have G = 145.8¢0",

(b) Since e*%!M =1,0523, we see that the GDP increases by 5.23% each year.
(¢) We have G = 145.8(1.0523)".

(d) The two functions G = 145.8¢%%'" and G = 145.8(1.0523)" are shown in Figure 4.49. One lies exactly on top of the
other because the two formulas have the same graph. They are two different representations of the same function.
G

400

200

1 1 t
10 20

Figure 4.49

44. Since the graphs of ae** and be'™ have the same vertical intercept, we know a = b. Since their common intercept is above
the vertical intercept of e, we know a = b > 1.
Since ae** increases as x increases, we know k > 0. But ae** increases more slowly than e*, s0 0 < k < 1.

Since be'* decreases as x increases, we know [ < 0.

45. (a) Since poultry production is increasing at a constant continuous percent rate, we use the exponential formula P = ae'.
Since P = 106 when t = 0, we have a = 106. Since k = 0.018, we have

P =106e""""".

(b) When ¢ =5, we have P = 106e%%8® = 115.98. In the year 2018, the formula predicts that world poultry production
will be about 116 million tons.

(c) A graph of P = 106e°°"¥ is given in Figure 4.50. We see that when P = 120 we have ¢ = 6.9. We expect production
to be 120 million tons late in the year 2019.
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120

106

Figure 4.50

(a) First, we note that after # days, the number of people, P, who are infected is given by P = 10e*%. After a week has
passed, ¢ will equal 7, so we substitute 7 for ¢ in our formula to obtain

P =107 = 666.863.

Therefore, after a week, there will be about 667 people infected.
(b) Since
P = 10e"% = 100(e™®)" = 100(1.8221)",

the daily growth rate of the number of people infected is 1.8221 — 1 = 0.8221, or about 82.2%.
(a) The substance decays according to the formula

A = 507014,

(b) Att = 10, we have A = 50¢e~01419 = 12,330 mg.
(c) We see in Figure 4.51 that A = 5 at approximately # = 16.45, which corresponds to the year 2025.

A(mg)
50

. t (years)
16.45

Figure 4.51

Since Thulium-171 has an annual decay rate of 30.3%, we know that 69.7% of a given sample of the substance will remain
after t = 1 year. On the other hand, given a sample of O, grams of Cesium-134, the amount remaining after a year is

0 = Q,e "M = 0.7146Q,),

or about 71.5% of the original sample. Therefore, the Thulium-171 decays faster.

(a) Let p, be the price of an item at the beginning of 2000. At the beginning of 2001, its price will be 103.4% of that
initial price or 1.034p,. At the beginning of 2002, its price will be 102.8% of the price from the year before, that is:

Price beginning 2002 = (1.028)(1.034py).
By the beginning of 2003, the price will be 101.6% of its price the previous year.

Price beginning 2003 = 1.016(price beginning 2002)
= 1.016(1.028)(1.034p,).
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(b)

(c)

Continuing this process,

(Price beginning 2005) = (1.027)(1.023)(1.016)(1.028)(1.034)p,
~ 1.135p,.

So, the cost at the beginning of 2005 is 113.5% of the cost at the beginning of 2000 and the total percent increase is
13.5%.

If r is the average inflation rate for this time period, then b = 1+ r is the factor by which the population on the average
grows each year. Using this average growth factor, if the price of an item is initially p,, at the end of a year its value
would be pyb, at the end of two years it would be (pyb)b = p,b?*, and at the end of five years pyb>. According to the
answer in part (a), the price at the end of five years is 1.135p,,. So

pob® = 1.135p,
b’ = 1.135
b= (1.135)!/5 ~ 1.026.
If b = 1.026, then r = 0.026 or 2.6%, the average annual inflation rate.
We assume that the average rate of 2.6% inflation for 2000 through 2004 holds through the beginning of 2010. So, on

average, the price of the shower curtain is 102.6% of what it was the previous year for ten years. Then the price of the
shower curtain would be 20(1.026)'° ~ $25.85.

50. To find the fee for six hours, we convert 6 hours to years: (6)-(1 year/365 days)-(1 day/24 hours)= S - years.

(365)(24)
Since the interest is being compounded continuously, the total amount of money is given by P = P,e*’, where, in this

case, k = 0.20 is the continuous annual rate and 7 is the number of years. So

6

P = 200,000,000¢°>* 56538 = 200,027,399.14

The value of the money at the end of the six hours was $200,027,399.14, so the fee for that time was $27,399.14.

51. (a) A calculator or computer gives the values in Table 4.6. We see that the values of (1 + 1/n)" increase as n increases.

(b)

(c)

Table 4.6

n 1+ 1/n)"
1000 2.7169239
10,000 2.7181459
100,000 | 2.7182682
1,000,000 | 2.7182805

Extending Table 4.6 gives Table 4.7. Since, correct to 6 decimal places, e = 2.718282, we need approximately n = 107
to achieve an estimate for e that is correct to 6 decimal places.

Table 4.7
n (14 1/n)" | Correct to 6 decimal places
10° | 2.71826824 2.718268
106 | 2.71828047 2.718280
107 | 2.71828169 2.718282
108 | 2.71828179 2.718282

Using most calculators, when n = 10'% the computed value of (1 + 1/n)" is 1. The reason is that calculators use only
a limited number of decimal places, so the calculator finds that 1 + 1/10'® = 1.

52. (a) The sum is 2.708333333.

(b)
(c)

(d)

The sum of 1+ 1 + = + —— + —— + —— + —— is 2.718055556.

2.718281828 is the calculator’s internal value for e. The sum of the first five terms has two digits correct, while the
sum of the first seven terms has four digits correct.

One approach to finding the number of terms needed to approximate e is to keep a running sum. We already have the
total for seven terms displayed, so we can add the eighth term, Wt and compare the result with 2.718281828.
Repeat this process until you get the required degree of accuracy. Using this process, we discover that 13 terms are

required.
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Solutions for Chapter 4 Review

lim e = 0.

X—00

lim 5¢%97" = 0.
1—=—00
lim2 -3¢ %) =2-3.0=2.

1—00

lim 2¢7%1"*6 = oo,
1——00
The values of a and k are both positive.

SOLUTIONS to Review Problems For Chapter Four
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Exercises

1. For a 10% increase, we multiply by 1.10 to obtain 500 - 1.10 = 550.

2. For a 100% increase, we multiply by 1 + 1.00 = 2 to obtain 500 - 2 = 1000.

3. For a 1% decrease, we multiply by 1 — 0.01 = 0.99 to obtain 500 - 0.99 = 495.

4. For a 42% decrease, we multiply by 1 — 0.42 = 0.58 to obtain 500 - 0.58 = 290.

5. For a 42% increase, we multiply by 1.42 to obtain 500 - 1.42 = 710. For a 42% decrease, we multiply by 1 — 0.42 = 0.58
to obtain 710 - 0.58 = 411.8.

6. For a 42% decrease, we multiply by 1 — 0.42 = 0.58 to obtain 500 - 0.58 = 290. For a 42% increase, we multiply by 1.42
to obtain 290 - 1.42 = 411.8.

7. The starting value is a = 2200. The growth rate is r = —=3.2% = —0.032, s0 b = 1 +r = 0.968. We have P = 2200(0.968)".

8. In the exponential formula f(f) = ab', the parameter a represents the vertical intercept. All the formulas given have
graphs that intersect the vertical axis at 10, 20, or 30. We see that formulas (a) and (b) intersect the vertical axis at 10 and
correspond (in some order) to graphs I and III.

Formula (c) intersects the vertical axis at 20 and must be graph II. Formulas (d), (e), and (f) intersect the vertical axis
at 30, and correspond (in some order) to graphs IV, V, and VI. The parameter b in the exponential formula f(f) = ab'
gives the growth factor. Since the growth factor for formula (b), 1.5, is greater than the growth factor for formula (a), 1.2,
formula (a) must correspond to graph III while formula (b) corresponds to graph I.

Formula (f) represents exponential growth (and thus must correspond to graph IV), while formulas (e) and (f) represent
exponential decay. Since formula (d) decays at a more rapid rate (15% per unit time compared to 5% per unit time) than
formula (e), formula (d) corresponds to graph VI and formula (e) corresponds to graph V. We have:

(a) I
() I
(c) I
d) VI
(e) V
® v
9. The percent of change is given by

Percent of change =

So in these two cases,

Percent of change from 10 to 12 =

Percent of change from 100 to 102 =

Amount of change

Old amount

12 -10

- 100%.
-100% = 20%
102100 ;009 = 29

100
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To use the ratio method we must have the y-values given at equally spaced x-values, which they are not. However, some
of them are spaced 1 apart, namely, 1 and 2; 4 and 5; and 8 and 9. Thus, we can use these values, and consider

@ f6) JAS))

—, ——< and —.

S f4) AL

f@_ S _ O _1

f) T f@ T f®) 4

@ _fe_r®_,
F @ f®
s0b= All. Using f(1) = 4096 we find 4096 = ab = a (%) .50 = 16,384, Thus, f(x) = 16,384 (%) .

We find

With f(x) = ab* we also have

The average rate of change of this function appears to be constant, and thus it could be linear. Taking any pair of data points,
Ap/Ar = 3. So the slope of this linear function should be 3. Using the form p(r) = b + mr, we solve for b, substituting in
the point (1, 13) (any point will work):

p(r)y=b+3r
13=b6+3-1
b =10.

Therefore, p(r) = 10 + 3r.

The table could represent an exponential function. For every change in x of 3, there is a 10% increase in g(x). We note that
there is a 21% increase in g(x) when Ax = 6, which is the same (1.1 = 1.21). Using the ratio method, we find b in the
form g(x) = ab*.

4©) _ 10 _,
q6) 100
and
@_a_bg_[f
q6)  abt

Thus, #* = 1.1, and b = V/1.1 ~ 1.03228. We solve for a by substituting x = 6 and g(x) = 100 into the equation
q(x) = a(1.03228)":
a-1.03228° = 100
a= 19 86446
1.03228¢

Thus, g(x) = 82.6446 - 1.03228~.

This cannot be linear, since A f(x)/Ax is not constant, nor can it be exponential, since between x = 15 and x = 12, we see
that f(x) doubles while Ax = 3. Between x = 15 and x = 16, we see that f(x) doubles while Ax = 1, so the percentage
increase is not constant. Thus, the function is neither.

14. This table could represent an exponential function, since for every At of 1, the value of g(¢) halves. This means that b in
the form g(r) = ab’ must be % = 0.5. We can solve for a by substituting in (1, 512) (or any other point):
512=4a-0.5'
512=a-05
1024 = a.
Thus, a possible formula to describe the data in the table is g(¢) = 1024 - 0.5".
Problems
15. In 2014, the cost of tickets will be 1.05 times their cost in 2013, (i.e. 5% greater). Thus, the price in 2014 is 1.05 - $126 =

$132.30. The price in 2015 is then 1.05 - $132.30 = $138.92, and so forth. See Table 4.8.
Table 4.8

Year 2013 | 2014 2015 2016 2017
Cost ($) | 126 | 132.30 | 138.92 | 145.87 | 153.15




16.

17.

18.

19.

20.

21.
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(a) If gallium-67 decays at the rate of 1.48% each hour, then 98.52% remains at the end of each hour. The growth factor is
0.9852. Since the initial quantity is 100, we have f(¢) = 100(0.9852)", where f (f) represents the number of milligrams
of gallium-67 remaining after # hours.

(b) After 24 hours, we have t = 24 and

£(24) = 100(0.9852)** = 69.92 mg gallium-67 remaining.
After 1 week, or 7 - 24 = 168 hours, we have

£(168) = 100(0.9852)'%® = 8.17 mg gallium-67 remaining.

(a) B = B,(1.042)! = B,(1.042), so the effective annual rate is 4.2%.

12
(b) B=B, (1 + %) ~ B,(1.0428), so the effective annual rate is approximately 4.28%.

(¢) B = Bye"*V ~ B (1.0429), so the effective annual rate is approximately 4.29%.

If a function is linear and the x-values are equally spaced, you get from one y-value to the next by adding (or subtracting)
the same amount each time. On the other hand, if the function is exponential and the x-values are evenly spaced, you get
from one y-value to the next by multiplying by the same factor each time.

Since A(x) = ab*, h(0) = ab® = a(1) = a. We are given h(0) = 3, so a = 3. If h(x) = 3b*, then h(1) = 3b' = 3b. But we
are told that A(1) = 15, so 3b = 15 and b = 5. Therefore h(x) = 3(5)*.

Since f(x) = ab*, £(3) = ab® and f(—2) = ab2. Since we know that f(3) = —2 and f(—2) = —12, we can say

and

Forming ratios, we have

i =25 1L 1 _ (15 Thi
Smce32—2,32—25 —(2).Thlstellsusthat

Thus, our formula is f(x) = a(%)". Use f(3) = a(%)3 and f(3) = —% to get

azr =-3

a(3) = -

3
8
3
8
3
8
3

o @I

Therefore f(x) = —3(%)".

Since g(x) = ab*, we can say that g(%) = ab'/? and g(i) = ab'/*. Since we know that g(%) =4and g(i) =24/2, we can
conclude that
ab'? =4=72?

and
ab't =242 =2.212 =232,
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Forming ratios, we have

ab'/? 22

abl/t ~ 232

b]/4 — 2]/2
(b]/4)4 — (21/2)4
b=2"=4.

Now we know that g(x) = a(4)*, so g(%) = a(4)'/? = 2a. Since we also know that g(%) =4, we can say

20 =4
a=2.
Therefore g(x) = 2(4)~.
22. Since g(x) = ab* and g(0) = 5, we have a = 5, so
g(x) = 5b*.
Now g(—2) = 10 means that
5672 = 10.
Solving for b gives
5
» =10
l = b2
2
b= L =0.707.
V2

So g(x) = 5(0.707)".

23. If g is exponential, then g(x) = ab*, so
g1 ) =ab"" =6

and
2(2.5) = ab®> = 4.

We use ratios to see

ab> _ 4 _ 823
ab'? 6 g(1.7)
bO.S — i — z
6 3
2.1
b= (5)0-8 = 0.6024.

Thus, our formula becomes
g(x) = a(0.6024)*.

We can use one of our data points to solve for a. For example,
2(1.7) = a(0.6024)'7 =6
6

¢ 0.602417
~ 14.20.

Thus, g(x) = 14.20(0.6024)~.
24. We use the exponential formula f(x) = ab*. Since f(1) = 4 and f(3) = d, we have

ab' =4 and ab’=d.



Dividing these two equations, we have

Now we cancel and solve for b in terms of d.
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To find a in terms of d, we use the fact that f(1) = 4:

Substituting for b gives

Thus, we have

ab’ _d
ab' 4’
=2
4
dOAS
b= —.
2
ab' =4
0.5
@ (%) =4
8
a = W
f(x) = ab”

(8 (a7
- (W) 2
8 dO.Sx

= 3=x , 405(=1)

25. (a) If f is linear, then f(x) = b + mx, where m, the slope, is given by:

Ay _j@-fey 20—
&y _

155

B
2)-(=3) 5 K

Using the fact that f(2) = 20 and substituting the known values for m, we write

which gives

So, f(x) = %x+ 4;_9

20 = b+ m(2)
/31
20 = b+ (?)(2)

31
20=b+=—

4

31 49
b=20- 2 =22,

4 4

261

(b) If f is exponential, then f(x) = ab*. We know that f(2) = ab® and f(2) = 20. We also know that f(=3) = ab™> and

F(=3) = Z So

S ab 20

NCONNTENN

b5=20><§=32
b=2.
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Thus, f(x) = a(2)*. Solve for a by using f(2) = 20 and (with b = 2), £(2) = a(2)>.

20 = a(2)?
20 = 4a
a=>5.

Thus, £(x) = 5(2)".

26. If the function is exponential, its formula is of the form y = ab*. Since (0, 1) is on the graph,

27.

28.

y = ab*

1 =ab°
Since b° =1,

1 =a(l)

a=1.
Since (2, 100) is on the graph and a = 1,

y = ab*

100 = (1)5?
b* = 100

b=10or b=-10

b = —10 is excluded, since b must be greater than zero. Therefore, y = 1(10)* or y = 10* is a possible formula for
this function.

The formula for an exponential function is of the form y = ab*. Since (0, 1) is on the graph,

y = ab*
1 =ab’.
Since »° = 1,
1 =a(l)
a=1.
Since (4, 1/16) is on the graph and a = 1,
y = ab*
1
— = 1(h)*
6 ()
b= L
16
Since 2 -2 -2 -2 =16, we know that (1/2) - (1/2)-(1/2)-(1/2) = 1/16, so
b=1.
2
(Although b = —1/2 is also a solution, it is rejected since b must be greater than zero.) Therefore y = (1/2)* is a possible

formula for this function.
Since the function is exponential, we know that y = ab*. Since (0, 1.2) is on the graph, we know 1.2 = ab’, and that
a = 1.2. To find b, we use point (2, 4.8) which gives
4.8 = 1.2(b)
4 = p?
b =2, since b > 0.

Thus, y = 1.2(2)* is a possible formula for this function.
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29. The formula is of the form y = ab*. Since the points (—1,1/15) and (2,9/5) are on the graph,
= ab™!

ab’.

wio o=

Taking the ratio of the second equation to the first, we obtain

9/5 _ ab?
1/15 ab™!
27=p
b=3.

Substituting this value of b into % = ab™! gives
1 -1
— =a(3
15 =43
1 1
— =—g
15 3
a= i -3
15
a=1
5

Therefore y = é(S)" is a possible formula for this function.

30. Since the function is exponential, we know that y = ab*. The points (—2,45/4) and (1, 10/3) are on the graph, so

E = ab™?
4
? = ab'

Taking the ratio of the second equation to the first one, we have

10/3  ap!
45/4 "~ ab?’
i 10,4 _ 10 4 _ 8
Since ?/7 — 3 s
i =p
27 ’

Since 8 = 2% and 27 = 3°, we know that % = i—; = (%)3, SO

3

S

25 _
(37 =

b =

[SSIR )

Substituting this value of b into the second equation gives

o_,2
3703
2 10
2,= 0
3 3
a=>5.

)1

2X
Thus, =5(-).
us, y 3

263
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31. Since the function is exponential, we know that y = ab*. Since the points (—1,2.5) and (1, 1.6) are on the graph, we know
that
2.5 =a(b™)
1.6 = a(b").

Dividing the second equation by the first and canceling a gives

1.6 _ a-b
25 a-b!
Lo _pren =y,
2.5
Solving for b and using the fact that b > 0 gives
b= L6 _ 0.8
25

Substituting b = 0.8 in the equation 1.6 = a(b') = a(0.8) and solving for a gives
a= L6 =2
0.8
Thus, y = 2(0.8)" is a possible formula for this function.
32. Assuming f is linear, we have f () = b + mt where f(5) = 22 and f(25) = 6. This gives

_fQ25)-f05) _ 6-22
To25-5 7 20

-0.8.

Solving for b, we have
f(5) =b—-(0.8)5
b= f(5)+(0.8)5 =22+ (0.8)5 = 26,

so f(t) =26 —0.8t.
Assuming g is exponential, we have g(f) = ab’, where g(5) = 22 and g(25) = 6. Using the ratio method, we have

ab _ g(25)
ab’ g(%)
6
=5
2
6 1\ 1/20
b= (i) = 0.9371.

Now solve for a:

a(0.9371)° = 22
22

4= —25_ —30.443.
(0.9371)5

so g(t) = 30.443(0.9371)".
33. (a) If P is linear, then P(t) = b+ mt and

o AP _ PU3)-P() _375-321 _ 054 _ 9
T A 13-7 7 13-7 6 ~ 7

So P(t) = b+ 0.09¢ and P(7) = b+ 0.09(7). We can use this and the fact that P(7) = 3.21 to say that

321 = b+0.09(7)
321 =b+0.63
2.58 = b.

So P(t) = 2.58 + 0.09¢. The slope is 0.09 million people per year. This tells us that, if its growth is linear, the country
grows by 0.09(1,000,000) = 90,000 people every year.



(b) If P is exponential, P(f) = ab'. So

and

We can say that
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P(7) = ab’ =321

P(13) = ab" = 3.75.

PA3) _ ab® _ 375
P(7)  ab’ 321

B = ﬁ
3.21
CORAES (ﬁ)w
3.21
b = 1.026.

Thus, P(t) = a(1.026)". To find a, note that

P(7) = a(1.026)" =3.21
3.21

- = 2.68.
@= Tooey ~ 208

265

We have P(t) = 2.68(1.026)". Since b = 1.026 is the growth factor, the country’s population grows by about 2.6% per

year, assuming exponential growth.

34. (a) P =100+ 10¢.
(b) P =100(1.10).
(c) See Figure 4.52.

100

P = 100(1.10.

P =100 + 10z

Figure 4.52

35. Since N = 10 when t = 0, we use N = 105" for some base b. Since N = 20000 when ¢ = 62, we have

N = 10b
20000 = 1056%
20000
b? = === = 2000
10

b = (2000)/%? = 1.13.

An exponential formula for the brown tree snake population is

N =10(1.13)".

The population has been growing by about 13% per year.
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36. (a)

(b)

(c)

37. (a)

(b)
(c)
(d)

Take 2013 to be the time t = 0 where ¢ is measured in years. If V' is the value, and V" and ¢ are related exponentially,
then
V =ab'.

If V' =74,935 at time ¢t = 0, then a = 74,935, so
V = (74,935)b'.

We find b by calculating another point that would be on the graph of V. If the car depreciates 42% during its first 5
years, then its value when t = 5 is 58% of the initial price. This is (0.58)($74,935) = $43,462.30. So we have the data
point (5, 43462.30). To find b:

43,462.30 = (74,935)p°
0.58 = b°
b = (0.58)'7°.

So the exponential formula relating price and time is:
V = (74,935)(0.58)'/°) ~ (74,935)(0.8968)".
If the depreciation is linear, then the value of the car at time 7 is
V=b+mt

where b is the value at time ¢ = O (the year 2013). So b = 74,935. We already calculated the value of the car after 5
years to be (0.54)($74,935) = $43,462.30 Since V' = 43,462.30 when ¢ = 5, and b = 74,935, we have

43,462.30 = 74,935 + 5m,
—31472.7 = 5m
—6294.54 = m.

So V =74,935 — 6294.541.
Using the exponential model, the value of the car after 4 years would be:

V = (74,935)((0.58)'/°)* ~ $48,464.90.
Using the linear model, the value would be:
V =74,935 — (6294.54)(4) = $49,756.8.

So the linear model would result in a higher resale price and would therefore be preferable.
To see if an exponential function fits the data well, we can look at ratios of successive terms. Giving each ratio to two
decimal places, we have

128.4 1 140.8 158.7 182.1 207.9

TR o R VT N £ A TV R B
Since the ratios are all similar, an exponential function approximates this data using an average growth factor (or base)
of 1.138. Since S = 109.5 when 7 = 0, an exponential function to model these data is .S = 109.5(1.138)".
The number of cell phone subscribers in the United States was growing at a rate of approximately 13.8% per year
during this period.
Using the model S = 109.5(1.138)" with ¢ = 6 for 2006, we find S ~ 237.8. The model is a reasonable fit with the
2006 data.
Using the model S = 109.5(1.138)" with 7 = 10 for 2010, we find S =~ 398.9. which is greater than the population in
the United States. The model does not fit the 2010 data; growth has slowed.
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38. Let Q be the quantity after ¢ years, Q be the initial amount, and b be the annual growth rate. Thus Q = Q,b'.

(a) If O doubles in size every 7 years, we have
2Qo = Q0b7
b =2
b =27 =1.10409,
so Q grows by 10.409% per year.
(b) If QO triples in size every 11 years, we have
3Q0 — Qobll
b]l — 3
b= (3" =1.10503,
so Q grows by 10.503% per year.
(c) If QO grows by 3% per month, since 127 is the number of months in 7 years, we have
0 = Q,(1.03)"™
= 0,(1.03"2) = Q,(1.42576)',
so the quantity grows by 42.576% per year.
(d) In years there are 12¢ months. Thus, the number of 5-month periods in 127 months is 12¢/5. So, if O grows by 18%
every 5 months, we have
0 = Q,(1.18)*
= Q,(1.18"2/°) = 0,(1.48770)".
Thus, Q grows by 48.770% per year.
39. A possible graph is shown in Figure 4.53.

Figure 4.53

40. A possible graph is shown in Figure 4.54.

/_2% '

Figure 4.54
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41. According to Figure 4.55, f seems to approach its horizontal asymptote, y = 0, faster. To convince yourself, compare

values of f and g for very large values of x.

g(x)=1/x
=3

Figure 4.55

42. We see in Figure 4.56 that this function has a horizontal asymptote of y = 8.

\

Figure 4.56

43. We see in Figure 4.57 that this function has a horizontal asymptote of y = 2.

Figure 4.57

44. (a) The investment is initially worth $2500 and decreases in value at a 4.34% annual rate, compounded continuously.
(b) The investment is initially worth $4000 and grows by 0.5% twelve times a year. Notice that this means the investment

earns 6% annual interest, compounded monthly,

(c) The investment is initially worth $8000 and loses half (50%) of its value every 14 years.

(d) The investment is worth $5000 in year ¢ = 10 and grows by $250 every year.

45. (a) This population initially numbers 5200, and it grows in size by 11.8% every year.
(b) This population initially numbers 4600. There are 12¢ months in ¢ years, which means the population grows by a factor
1.01 twelve times each year, or once every month. In other words, this population grows by 1% every month.
(c) This population initially numbers 3800. It decreases by one-half (50%) every twelve years.
(d) This population initially numbers 8000. It grows at a continuous annual rate of 7.78%.
(e) Note that, unlike the other functions, this is a linear function in point-slope form. It tells us that this population numbers

1675 in year t = 30 and that it falls by 25 members every year.
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46. To match formula and graph, we keep in mind the effect on the graph of the parameters a and b in y = ab'.
If a > 0 and b > 1, then the function is positive and increasing.
If a > 0and 0 < b < 1, then the function is positive and decreasing.
If a < 0and b > 1, then the function is negative and decreasing.
If a < 0and 0 < b < 1, then the function is negative and increasing.
(@) y=283e7,s0a=283and b =e¢"'. Sincea > 0and 0 < b < 1, we want a graph which is positive and decreasing.
The graph in (ii) satisfies this condition.
(b) y=12.5¢",s0a=2.5and b =e. Since a > 0 and b > 1, we want a graph which is positive and increasing, such as (i).
(¢) y=—4de’,s0a=—-4and b =e!. Since a < 0and 0 < b < 1, we want a graph which is negative and increasing,
such as (iii).
47. (a) In this account, the initial balance in the account is $1100 and the effective yield is 5 percent each year.
(b) In this account, the initial balance in the account is $1500 and the effective yield is approximately 5.13%, because
%% ~ 1.0513.
48. (a) Accion’s interest rate = (1150 — 1000)/1000 = 0.15 = 15%.
(b) Payment to loan shark = 1000 + 22% - 1000 = $1220.
(¢) The one from Accion, since the interest rate is lower.

49. Writing the function as

)

7e® - \/E i (zex)fl — 7 \/E 27! e((ux—x—4x) — 7\/26)(
10

px) = 10¢% 20

we have a = % and k = 1.
50. Here, v, the independent variable, is not in the exponent, so this cannot be an exponential function—it must be linear. We
will write it in the form r(v) = b + mu:

r(v) = vj* —4tj* + kvj*
=~ (" + k),
—— N——
b m
so b= —4tj*,m= j"“ + kj"*.

51. Here, w, the independent variable, is in the exponent, so this can’t be a linear function—it must be exponential. We will
write it in the form s(w) = ab®:

s(w) = vj* —4tj* + kvj*
=w-—-4t+kv)y- j“ ,
S—— S

a bw

soa=v—4t+ kv, b=j.
52. We have

g)y=+f-fA-1)
=V f()- J:(OI)
where f(1) =1000-27372
= 1000 - 274
= 594.604
and  £(0) = 100027973
= 1000 - 2°!/*
— 840.896

so  g(1) = 1/594.605(840.896)

= 707.107.

This tells us that B, paper is 707.107 mm wide.
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54.

55.
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We have g(n) = m where
f(n) = 1000 - 2°
=1000-2"
and  f(n—1) = 1000 -
= 1000 -
= 1000 -
= 1000 -
= 1000 -
= 1000 -
= 100027 - 273
so fn)-fn—1) = (1000-2-%2-%) (1000-2% -2-%)
= 1000 - 1000 - 273 - 2% . 273 . 275
= 1,000,000 - 27"

This means

gm = Vfm - fn—1
= 4/1,000,000 - 2-"
= /1,000,000v/-2
= 1000 (27"
= 1000 - 270>
= 1000 (27°%)"
= 1000(0.7071)".

Much as two points determine a straight line, two points determine a single exponential function. To see why, imagine
letting (x,, y,) be the first point and (x,, y,) the second. We see that on the interval from x, to x,, the growth factor is
¥1/¥,- In order for the functions to both be exponential, they would grow by this same factor on equally spaced intervals
from x, to x,, X, to x5, and so on. In short, a pair of points establishes a fixed starting position and growth factor, much as
a pair of points establishes a fixed starting position and growth rate for a linear function.

In this particular case, we see that both f and g double from y = 20 to y = 40 for a growth factor of 2 on the interval
from x = 4 to x = 8. It follows that, in order for both functions to be exponential, they must double from y = 40 to y = 80
on the interval from x = 8 to x = 12. However, we see from the figure that the graphs pass through two different points at
x = 12, so at most one of them can be exponential, provided it passes through the point (12, 80).

Answers will vary, but they should mention that f(x) is increasing and g(x) is decreasing, that they have the same domain,

range, and horizontal asymptote. Some may see that g(x) is a reflection of f(x) about the y-axis whenever b = 1/a. Graphs
might resemble the following:

|
T T T T T T T
—4 -3 -2-1 1 2 3 4

Figure 4.58
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. The y-intercept of f is greater than that of g, so a > c.

. In (a), we see that the graph of g starts out below the graph of f. In (c), we see that at some point, the lower graph rises to
intersect the higher graph, which tells us that g grows faster than f. This means that d > b.

. In (a), we can see the y-intercept of f, which starts above g. The graph of g leaves the window in (a) to the right, not at
the top, so the values of g are less than the values of f throughout the interval 0 < x < x,. Thus, the point of intersection
is to the right of x|, so x, is the smallest of these three values. The x-value of the point of intersection of the graphs in (b)
is closer to x; than the x-value of the point of intersection in (c) is to x,. Thus x; < x,, so we have x; < x; < X,.

e f matches (ii) and (iv).
e g matches (i) and (iii)
. (a) Since the human population is growing by a certain percent each year, it can be described by the formula P = ab’. If
t is the number of years since 1953, then a represents the population in 1953. If the growth rate is 3%, then each year
the population is multiplied by the growth factor 1.03, so b = 1.03. Thus,

P = a(1.03)".
We know that in 2013 (¢ = 60) the population was 19.3 million, so

19,300,000 = a(1.03)*
_ 19,300,000

035 ~ 3,275,849.

Therefore in 1953, the population of humans in Florida was about 3.3 million people.
(b) In 1953 (¢ = 0), the bear population was 11,000, so @ = 11, 000. The population has been decreasing at a rate of 6%
a year, so the growth rate is 100% — 6% = 94% or 0.94. Thus, the growth function for black bears is

P = (11,000)(0.94)".

In 2000, t = 47, so
P = (11,000)(0.94)*" ~ 600.

(¢) To find the year t when the bear population would be 100, we set P equal to 100 in the equation found in part (b) and
¥ pop q q p
get an equation involving :

P = (11,000)(0.94)'
100 = (11000)(0.94)"
100 0.0y
11000
0.00909 = (0.94)'.

By looking at the intersection of the graphs P = 0.00909 and P = (0.94)', or by trial and error, we find that 7 = 75.967
years. Our model predicts that in 76 years from 1953, which is the year 2029, the population of black bears would fall
below 100.

(d) Assuming, the bear population is growing by a certain percent each year, it can be described by the formula P = ab'.
If  is the number of years since 2000, then a represents the population in 2000. From part (b), a = 600, so P = 6005’.
In 2012 (¢t = 12) the population was 3000, so to find b, we set P equal to 3000 and solve for b:

P = 6000
3000 = 60052
3000 _ i

6

5=0b"

h=5%

b ~ 1.1435

According to this model, the population has been increasing at a rate of about 14% a year.
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61. (a) 8+ f(X) — X

/ L x

-3 3

(b) The point (0, 1) is on the graph. So is (0.01, 1.00696). Taking 22— 2"

, we get an estimate for the slope of 0.696. We

may zoom in still further to find that (0.001, 1.000693) is on thezgraplll. Using this and the point (0, 1) we would get a
slope of 0.693. Zooming in still further we find that the slope stabilizes at around 0.693; so, to two digits of accuracy,
the slope is 0.69.

(¢) Using the same method as in part (b), we find that the slope is = 1.10.

(d) We might suppose that the slope of the tangent line at x = 0 increases as b increases. Trying a few values, we see that
this is the case. Then we can find the correct b by trial and error: b = 2.5 has slope around 0.916, b = 3 has slope
around 1.1, so 2.5 < b < 3. Trying b = 2.75 we get a slope of 1.011, just a little too high. b = 2.7 gives a slope of
0.993, just a little too low. b = 2.72 gives a slope of 1.0006, which is as good as we can do by giving b to two decimal
places. Thus b = 2.72.

In fact, the slope is exactly 1 when b =e =2.718 ....

62. (a) One algorithm used by a calculator or computer gives the exponential regression function as
S =16.6(1.423)

Other algorithms may give different formulas.
(b) See Figure 4.59. The exponential function appears to fit the points reasonably well.

S
500 -

300

100

< I | | | L t(years
2 4 6 3 10 since 1994)

Figure 4.59

(c) Since the base of this exponential function is 1.423, sales have been increasing at a rate of about 42.3% per year during
this period.
(d) Using ¢ = 16, we have .S = 16.6(1.423)'® = 4692 million sales.

63. We have V' = ae” where a = 12,000 and k& = 0.042, so V' = 12,000e%04%
64. We have p(20) = 300 and p(50) = 40. Using the ratio method, we have

ab® _ p(50)
ab® ~ p(20)
0 = 40

300

1/30
(%) ~ 0.935.
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Now we can solve for a:

1730 20
()" s
300

((40/300)!/30)*
= 1149.4641,

a =

so Q = 1149.4641(0.935)". We can also write this in the form Q = ae*’ where

k =1Inb = —-0.06716.

At x = 50,

y = 5000740 = 1432.5240.
At x = 150,

y = 50001940 = 117.5887.

We have ¢(50) = 1432.524 and ¢(150) = 117.5887. This gives y = b + mx where

_q(150) — q(50) _ 117.5887 — 1432.524

= —13.1.
150 - 50 100

Solving for b, we have

q(50) = b — 13.1(50)
b = q(50) + 13.1(50)
= 1432.524 + 13.1(50)
= 2090,

soy = —13.1x 4+ 2090.
The starting value is a = 2500, and the continuous growth rate is k = 0.042, so V' = 2500e"%4,

We let B represent the balance in the account after ¢ years.
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(a) Ifinterestis compounded annually, we have B = 5000(1.04)". After ten years, the amount in the account is 5000(1.04)!°

$7401.22.

(b) If interest is compounded continuously, we have B = 5000e"%#. After ten years, the amount in the account is
5000e°%410 = §7459.12. As expected, the account contains more money if the interest is compounded continuously.

We have a = 12,000. This tells us that in year t+ = 0 the population begins with 12,000 members. The constant k =

—0.122 = —12.2%. This tells us that the population is decreasing at a continuous annual rate of 12.2%. We have b
= ¢7%122 = 0.8851. This is the annual growth factor; since it is less than 1, we know the population is decreasing. The

k
e
constant r = b — 1 = —0.1149 = —11.49%. This tells us that the population decreases by 11.49% each year.

(a) See Figure 4.60.

2.5

10

Figure 4.60

(b) The y values are increasing.
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(c) The values of (1 + 1/x)* appear to approach a limiting value as x gets larger.
(d) Figures 4.61 and 4.62 show y = (1 +1/x)* for | < x < 100 and 1 < x < 1000, respectively. We see y appears to
approach a limiting value of slightly above 2.5.

2.5 2.5

100 1000

Figure 4.61 Figure 4.62

(e) The graphs of y = (1 + 1/x)* and y = e are indistinguishable in Figure 4.63, suggesting that (1 + 1/x)* approaches
e as x gets larger. However, a graph cannot tell us that (1 + 1/x)* approaches e exactly as x gets larger—only that
(14 1/x)* gets very close to e.

(f) Table 4.9 shows that the value of (1 + 1/x)* agrees with e = 2.718281828 ~ 2.7183 for x = 50,000 and above.

p Table 4.9

X (14 1/x)* | Correct to 4 decimal places

10,000 | 2.718146 2.7181

20,000 | 2.718214 2.7182

30,000 | 2.718237 2.7182

= x 40,000 | 2.718248 2.7182

10,000 50,000 | 2.718255 2.7183

Figure 4.63 60,000 | 2.718262 2.7183

70. (a) The data points are approximately as shown in Table 4.10. This results in a = 15.269 and b =~ 1.122, so E(t) =
15.269(1.122)".

Table 4.10

t (years) 0 1 2 3 4 5 6 7 8 9110 | 11 | 12
E(t) (thousands) | 22 | 18 | 20 [ 20 | 22 | 22 | 19 | 30 | 45 | 42 | 62 | 60 | 65

(b) In 1997 we have t = 17 so E(17) = 15.269(1.122)'7 ~ 108,066.

(¢) The model is probably not a good predictor of emigration in the year 2010 because Hong Kong was transferred to
Chinese rule in 1997. Thus, conditions which affect emigration in 2010 may be markedly different than they were in
the period from 1989 to 1992, for which data is given. In 2000, emigration was about 12,000.

71. (a) Because the time intervals are equally spaced at# = 1 units apart, we can estimate b by looking at the ratio of successive

populations, namely,

0.901 1.078 1.285

—— ~1.193, — ~1.196, —/—— ~1.192.

0.755 0.901 1.078
These are nearly equal, the average being approximately 1.194, so b ~ 1.194. Using the data point (0,0.755) we
estimate @ = 0.755. Figure 4.64 shows the population data as well as the function P = 0.755 (1.194)', where ¢ is the

number of 5-year intervals since 1975.
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0.9

0.7

A | | Lt (number of 5-year
1 2 3 intervals since 1975)

Figure 4.64: Actual and theoretical population
of Botswana

(b) To find when the population doubles, we need to find the time t when P = 2 - 0.755, that is, when
2-0.755 = 0.755(1.194)",
2 =(1.194)".
By using a calculator to compute (1.194)" for ¢ = 1, 2, 3, and so on, we find
(1.194)* ~ 2.03.

(Recall that ¢ is measured in 5-year intervals.) This means the population doubles about every 5 - 4 = 20 years.
Continuing in this way we see that
0.755 (1.194)** ~ 219.8.
Thus, according to this model, about 5 - 32 = 160 years from 1975, or 2135, the population of Botswana will exceed
the 1975 population of the United States.
72. Figure 4.65 shows three different values of b, labeled b,, b,, b5, and the corresponding values of 7, labeled ¢, 1,, ;. As you
can see from the figure, as b is decreased, the point of intersection shifts to the left, so the 7-coordinate decreases. (Note
that if b is decreased to O or to a negative number, there is no point of intersection, and the value of #, is undefined.)

Figure 4.65

73. Figure 4.66 shows three different values of r, labeled r,, r,, r5, and the corresponding values of 7, labeled 7, 1,, ;. As you
can see from the figure, as r is increased, the point of intersection shifts to the left, so the #-coordinate decreases.

- a(l+r3)

ca(l +ry)

a(l +r)
Bl + s)'

I3 I 1

Figure 4.66
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74. (a) See Figure 4.67.

y
60000
Male
40000 F Female
20000
L
[

1 1 1 1
t
1970 1980 1990 1000 2010

Figure 4.67

(b) For females, W (1960) = ae”® = a = 1261. Using trial and error, we find a value for b = 0.0679 which approximates
values in the table. So a possible formula for the median income of women is W () = 1261¢00679¢-1960),
For males, W (1950) = ae®® = a = 4080. A possible value for b is 0.0500. These values give us the formula for
median income of men of W), (f) = 4080e%0500¢~1960)

(¢) Through the year 2010, women’s incomes trail behind those of men. See Figure 4.68. However Figure 4.69 shows
women’s incomes eventually overtake men’s.

y y
60000 3000000
40000 - 2000000
20000 1000000
W(t)
1 1 1 1 1 t 1 1 1 1 t
1970 1980 1990 2000 2010 2030 2050 2070 2090
Figure 4.68 Figure 4.69

(d) The graph over a larger interval predicts a more promising outlook for equality in incomes. If we look carefully at
each formula, Wy (t) = 1261e%06790-190) and W, (f) = 4080030001960 " we observe that women should ultimately
catch up with, and even surpass, the income of men. The justification for this is the fact that the exponent in W/, is
larger than the exponent in W), so W}, increases more quickly than W),. See Figure 4.69.

The graph suggests that women will earn approximately the same amount as men in about the year 2026.

(e) The trends observed may not continue into the future, so the model may not apply. Thus these predictions are not
reliable.

75. (a) Since f is an exponential function, we can write f(x) = ab*, where a and b are constants. Since the blood alcohol
level of a non-drinker is zero, we know that f(0) = p,. Since f(x) = ab*,

fO=ab’=a-1=a,
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and so @ = p, and f(x) = p,b*. With a BAC of 0.15, the probability of an accident is 25p,, so
£(0.15) = 25p,.
From the formula we know that £(0.15) = p,b*', so

pob™" = 25p,
515 = 25
(bOAIS)l/OAIS — 251/015

b~ 2,087,372,982.

Thus, f(x) = p(2,087,372,982)*.
(b) Since
f(x) = py(2,087,372,982)",
using our formula, we see that f(0.1) = p,(2,087,372,982)"! ~ 8.55p,. This means that a legally intoxicated person

is about 8.55 times as likely as a nondrinker to be involved in a single-car accident.
(c) If the probability of an accident is only three times the probability for a non-drinker, then we need to find the value of

x for which
f(x) = 3p,.
Since
f(x) = py(2,087,372,982)",
we have
D0(2,087,372,982)" = 3p,
and

2,087,372,982* = 3.
Using a calculator or computer, we find that x ~ 0.051. This is about half the BAC currently used in the legal definition.
The wavelength of red light is 4 = 650 nm, and its absorption coefficient is x#(650) = 0.0034. We have

TA(ZOO) — efy(650)-200
— 670.0034(200)

= 0.50606,

so about 50.7% of red light is transmitted.
The wavelength of blue light is A = 475 nm, and its absorption coefficient is u(475) = 0.000114. We have

TA(ZOO) — e*;¢(475)<200
— e—0.0001]4(200)

= 0.97746,

so about 97.7% of blue light is transmitted.
We have lim 257(0.93)* = 0.

X—00

We have lim 5.3¢7'% = 0.

t—co

We have lim (15 —5¢¥)=15-5-0= 15.

X—=—c0

We have lim (21(1.2)" +5.1) = 21(0) + 5.1 = 5.1.
t—=—co

We have lim (7.2 — 2¢¥) = —co.

X—00

We have lim (5¢77* + 1.5) = .

X——00
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A possible graph is shown in Figure 4.70.

y
X
=7
Figure 4.70
A possible graph is shown in Figure 4.71.
X
Figure 4.71

STRENGTHEN YOUR UNDERSTANDING

True. If the constant rate is  then the formula is f(f) = a - (1 + r)". The function decreases when 0 < 1 + r < 1 and
increases when 1 4+ r > 1.

2. True. The exponential function formula f(f) = a - b" shows that the independent variable, t, is in the exponent.

3. True. This fits the general exponential form y = a - b with a = 40 and b = 1.05.

4. False. When x increases from 1 to 2, the value of y doubles, but when x increase from 4 to 5, the value of y does not

® AW

10.

11.
12.

13.
14.

15.
16.

double.

False. The annual growth factor would be 1.04, so .S = S,(1.04)".

False. Evaluate f(2) = 4(2)* = 16.

True. The growth factor is 2/5, which is less than 1, so the function values are decreasing.

True. Evaluate Q = f(3) = 1000(0.5)* = 1000/8 = 125. Since f is decreasing, there is no second value of ¢ where
0=f@=3.
True. The initial value means the value of Q whent =0,50 Q= f(0)=a- =a-1=a.

True. Using two data points, the parameters a and b can be found for the general linear function y = b + ax. In addition,
new a and b can be calculated from the same data points for the exponential function y = ab*.

False. The correct formula is P = 1000(1 — 0.10)" or P = 1000(0.90)".

True. The exponential function increases over intervals of length 1 by multiplication by a constant greater than 1, so it
increases at an increasing rate. A linear function grows at a constant rate.

False. This is the formula of a linear function.

False. Suppose the initial population is 1 million, then P = f(¢) = 1(1.5)" and f(2) = 2.25, so the population has increased
from 1 million to 2.25 million, which is more than 100%.

True. The graph crosses the Q-axis when ¢ = 0, and there Q = ab’ = a.

False. For example, the graph of Q = 2(0.5)" falls as we read from left to right because b = 0.5 and 0 < b < 1.
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True. The irrational number e = 2.71828 --- has this as a good approximation.

True. As the x values get large the values of f(x) gets close to k.

False. The graph of y = a - b* is concave up when a > 0 but is concave down when a < 0.
False. The quantity is given by O = 110(1 — 0.03)" = 110(0.97)" grams.

True. The initial value is 200 and the growth factor is 1.04.

False. Since 0.2 = 20%, we see the given formula is for 20% continuous growth.

False. Since —0.90 = —90%, we see the given formula is for 90% continuous decay.
False. Since for t = 5, we have Q = 3¢°2° = 3e = 8.15.

True. Since k is the continuous growth rate and negative, Q is decreasing.

True. You will earn interest on the interest of each previous month.

False. The formula is nearly correct but 6% should be in its decimal form of 0.06:

3.4
B=500<1+#> .

True. The formula is correct for the continuous compounding calculation.
True. The interest from any quarter is compounded in subsequent quarters.

False. The rate makes a difference. It is better to invest at 10% annually than 5% continuously.
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False. For a 5% nominal rate, no matter how many times the interest is compounded, the earnings can never exceed the

continuous rate of 5%. In twenty years, the investment cannot grow in value above $10,000e%920 = $27,183.

False. The rule of 70 estimates that it takes 70/5.5 or about 13 years. You can also find that in 18 years your investment

would be worth $1000e(*03918 = $2691.

e .

AN

10.
11.

12.

13.

14.
15.

(=57 = (=5)(=5) =25

112 =11-11 =121

10 =10-10-10 - 10 = 10,000
(=D = (=D(=1) - (=) = =1

S =572=5=5

0 1055 =10°=10-10-10 = 1,000

olc\»—-

8 AN
=
|

(o)}

T

IS

|

(o))

(=3

|

—

Since 7—12 is the same as 7%, we obtain 7 - 7 or 49.

7
Since the base of 2 is the same in both numerator and denominator, we have % =2"3=2%0r2-2-2-2o0rl6.

In this example, a negative base is raised to an odd power. The answer will thus be negative. Therefore (—1)* = —1.

The order of operations tells us we have to square 11 first (giving 121), then take the negative. Thus —11> = — (1 12) =

—121.
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First we see that 5° = 1. Then (50)3 =1 =1
The order of operations tells us to find 10 and then multiply by 2.1. Therefore (2.1) (103) = (2.1)(1,000) = 2, 100.
161/2 = 2412 =22 = 4
1674 = 29\/* = 21 -9
1634 = (2434 =23 = 8
16574 = (24y/* =25 = 32
16572 = (2492 = 210 = 1024
100°/2 = (\/W)5 10° = 100,000
First we see within the radical that (—4)?> = 16. Therefore \/m = \/E =4.
Exponentiation is done first, with the result that (—1)* = —1. Therefore (—1)3 \/% = (—1)\/% = (=1)(6) = —

Since the exponent is %, we can write (0.04)!/2 = 1/0.04 = 0.2.

We can obtain the answer to (—8)*? in two different ways: either by finding the cube root of (—8)* yielding 1/(—=8)? =

2
V/64 = 4, or by finding the square of v/—8 yielding (\3/ —8) =(=22=4

3-1 -1 _ 1
3 3
32— Lt 1 __ 1 _ 1 _ 1
33/2 (3312 QN2 9-3)172 91/2.31/2 33
2571 =1
25
952 = L2 _ L

-1/3

1 1\'? N\ 27
For this example, we have (ﬁ) = (27)"/3 = 3. This is because (ﬁ) = ((E) ) = (T) =3.

The cube root of 0.125 is 0.5. Therefore (0.125)!/3 = 1/0.125 = 0.5.
\/; = (M2 = x4 = 2

VS = (0812 = y¥2 =yt

m = (P2 = (WH)/2 - (242 = w2 A2 = 22

W — (x5 . y4)1/2 = x52. y4/2 — x5/2y2

VA9uw® = (49u)'/2 = 4912 . w02 = TP

m = (25x324)1/2 = 251/2 . 32 . 742 = 5x3/2 22

V2 =2 =1 = Il

\/7 = (P2 = 32
\/,.7 = (2= 2= 2
V64sT = (6457)1/2 = 64112 . 72 = 5712
\/W = 50172 . (xH)1/2. (012
=50'2x2)?
= (5. 2)1/2 2.3

=251/ .12 2.3

= 5\/Ex2y3
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/48u10U12y5 — (48)1/2 . (u]())]/l . (U12)]/2 . (yS)]/Z
— (16 . 3)1/2u5uﬁy5/2
— 161/2 . 31/2 . U5U6y5/2

= 4\/§u506y5/2

\/63213 V3 \/6st5 V3 = \/36s3 88
— (36)1/2 . (33)1/2 . (28)1/2 . (U8)1/2

— 6S3/214U4

2
<S 16xt2> = S2(V16x2) = 2 - 16x7% = 165%x7>
Ve = (ezx)% = 62x<% = e~

_ _\2 _ _ _ _ A* A3
GABY! (2B = (3 A B (a0 B = A A

Since we are multiplying numbers with the same base, e, we need only add the exponents. Thus, e - ¢3 - e! = ef'+4,

First we write the radical exponentially. Therefore, \/m + 22 + m)*>? = (m + 2)'/2(2 + m)*/? or (m + 2)'/? - (m + 2)*/2.
Then since the base is the same and we are multiplying, we simply add the exponents, or (m +2)'/2(m + 2)*/% = (m + 2)?.
2y
2 0\2 _ 4L €T
yle) =yt =

() a
an+l3n+l — an+lfn3n+lfn — al . 31 =3q

an3r

4, -t 11 ab
(@) = T = =y

a b ab

First we divide within the larger parentheses. Therefore,

(35(2b +1)

2
72+ 1) ) = (526 +1"") = (s@2b+ 1)’

Then we expand to obtain
25(2b + 1.

(=307 = (V=32 = (-2 = -8

=325 = —(V/32) =~ = -8

—625%/* = —(1/625)* = —(5)* = —125

(—=625)3/* = (V/=625)*. Since /=625 is not a real number, (—625)** is undefined.
(=1728)*3 = (V/=1728)* = (=12)* = 20,736

-3/2 _ -3 _ -3 _ 13_L
6472 = (Vour* = 8) _<8) C 512

—64%% = —(1/64)* = —(8)> = =512
(—64)*/? = (\/—64)>. Since \/—64 is not a real number, (—64)*/? is undefined.
815/4 = (v/81)° = 3° = 243.
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65. We have
Tx* = 20x7
x 20
x2 7
x? =20/7
x = +(20/7)"? = +£1.690.
66. We have

2(x +2)* =100

(x+2)* =50
x+2 = (50)'3 =3.684.
x = 1.684.

67. The point of intersection occurs where the curves have the same x and y values. We set the two formulas equal and solve:

0.8x* = 5x2
x*_ 5
X2 08
x> =625

x =(6.25)"* =25.
The x coordinate of the point of intersection is 2.5. We use either formula to find the y-coordinate:
y =5(2.5)% = 31.25,

or
y = 0.8(2.5)* = 31.25.
The coordinates of the point of intersection are (2.5, 31.25).

68. The point of intersection occurs where the curves have the same x and y values. We set the two formulas equal and solve:

2x* = 100y/x

> _ 100
x127 2
x** =50

x = (50)*° = 4.78176.
The x coordinate of the point of intersection is about 4.782. We use either formula to find the y-coordinate:

y =100V4.78176 = 218.672,

or
y=2(4.78176)° = 218.672.

The coordinates of the point of intersection are (4.782,218.672).
69. False
70. False
71. True
72. True
73. True
74. False
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75. We have
2* =35
=57
=02r.0
= s,
SOX =r+s.
76. We have
2 =140
=5.7-4
=0r.ps.n2
= orese2,
sox=r+s+2.
77. We have
5=32
Q% =25
Qax _ 95

ax =15

78. We have

79. We have
25% = 64
()" =64
57 =64
29" =64
22ax — 26

2ax =6
3

x==.

a
80. We have

14* =16

Q-7 =16

(2-2)" =16

(2b+l)x =16

o(b+D)x _

(b+1)x =4
4

Ther
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81. We have
=1
(za)x — 2[)
2ax — 2[)
ax=b
b
x=-.
a
82.
0.4* =49
) -7
5
(2-5)' =7

(2 (za)—l)x — 72
Qe =7
(2—a+1)x _ (21;)2

2(1—a)x — 22[)
(1—-ax=2b
2b
X =

l—a



