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Abstract. We give a simple counterexample to the plausible conjecture that
Adams-type maps of ring spectra are stable under composition. We then show
that over a ﬁeld, this failure is quite extreme, as any map to an E∞ -k-algebra
is a transﬁnite composition of Adams-type maps.

The Adams spectral sequence is a fundamental tool in stable homotopy theory
which, given a map A → B of ring spectra, lets us compute the homotopy groups of
A in terms of information living over B. Unfortunately, the E2 -page of the Adams
spectral sequence can be diﬃcult to identify in general. The standard additional
assumption which makes the E2 -page computable in terms of homological algebra
is that the map A → B is ﬂat in one of the senses below.
Deﬁnition 1. We say a map A → B of E1 -rings is
(1) Adams-type if we can write B  lim Bα as a ﬁltered colimit of perfect A−→
modules with the property that π∗ (B ⊗A Bα ) is projective as a π∗ B-module,
1
(2) descent-ﬂat if π∗ (B ⊗A B) is ﬂat as a left π∗ B-module.
If A → B is descent-ﬂat, then for any pair M , N of A-modules such that π∗ (B⊗A
N ) is projective π∗ B-module, the associated Adams spectral sequence computing
homotopy classes of A-module maps from M to N has signature
Exts,t
(π∗ B, π∗ (B⊗A B)) (π∗ (B ⊗A N ), π∗ (B ⊗A M )) =⇒ [N, M ]A .
If A → B is furthermore Adams-type, then one can construct an Adams spectral
sequence with the above signature with no projectivity assumption on π∗ (B ⊗A N ),
as in the work of Devinatz [Dev97, §1].
As both of the above notions are a form of ﬂatness, it is natural to expect
that they are stable under composition, and the authors of this note have spent
considerable amount of time trying to show that this is indeed the case. To our
surprise, this is very far from being true; our ﬁrst result is the following simple
counterexample.
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1 In older literature, what we call descent-ﬂat is often simply referred to as ﬂat. We avoid the
latter term as it is also often used to refer to maps such that π∗ A → π∗ B is ﬂat, a much stronger
condition than the one we work with.
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Theorem 2. Both of the maps S → MU and MU → Z are Adams-type, but the
composite S → Z is not even descent-ﬂat. In particular, neither Adams-type nor
descent-ﬂat maps of E∞ -ring spectra are stable under composition.
Proof. It is well-known that S → MU is Adams-type [Ada74, 13.4(iv)]. Similarly,
Z∗ Z is known to contain torsion elements in positive degrees and so is not ﬂat over
Z∗ [Car56], hence S → Z is not descent-ﬂat.
To see that MU → Z is Adams-type, note that if we write MU∗  Z[b1 , b2 , . . .]
for some choice of generators bi , then
Z = colim
n

MU


MU/bi

1≤i≤n

in MU-modules. We claim this is the needed expression of Z as a ﬁltered colimit.
To see this, note that we have an equivalence
Z ⊗MU MU/bi  Z/bi  Z ⊕ Σ|bi |+1 Z
as bi vanishes in Z and hence for each n we have
Z ⊗MU

MU

1≤i≤n

MU/bi 

Z


Z ⊕ Σ|bi |+1 Z

1≤i≤n

which is a perfect Z-module whose homotopy groups form a ﬁnitely generated free
abelian group, as needed.

The counterexample of Theorem 2 was contrary to our expectations, and led
us to ask which maps of ring spectra can be written as compositions (perhaps
inﬁnite) of Adams-type maps. In Theorem 6 we show that, surprisingly, any map
of E∞ -rings whose target admits a structure of an E∞ -algebra over a ﬁeld has this
property.
Lemma 3. Let R → R be a map of E2 -algebras. If A is an E1 -R-algebra such that
the unit R → A is of Adams-type, then so is R → R ⊗R A.
Proof. We start with an observation about the Adams-type condition: If B → C
is a map of E1 -algebras, and M is a B-module, then π∗ (C ⊗B M ) is projective as a
π∗ C-module iﬀ the C-module C ⊗B M is a retract of a sum of suspensions of copies
of C. We call a B-module which satisﬁes this condition C-projective.
Now we prove the lemma. Write A as a ﬁltered colimit A  colim Aα of Aprojective R-modules. Then R ⊗A R  colim R ⊗R Aα is a ﬁltered colimit with
the required property, as
(R ⊗R A) ⊗R (R ⊗R Aα )  R ⊗R (A ⊗R Aα )
which implies that R ⊗R Aα is (R ⊗R A)-projective.



Corollary 4. Adams-type maps of E∞ -ring spectra are stable under pushouts.
Lemma 5. Let A → B be a map of E1 -rings such that either π∗ A or π∗ B is a
graded skew-ﬁeld (that is, every non-zero homogeneous element is invertible). Then
A → B is Adams-type.
Proof. Suppose that the ﬁrst condition holds. Then, every A-module is a direct
sum of shifts of A, and hence for any way to write B  lim Bα as a ﬁltered colimit
−→
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of perfect A-modules, B ⊗A Bα is a ﬁnite direct sum of shifts of B and hence
π∗ (B ⊗A Bα ) is a free B∗ -module.
Similarly, if π∗ B is a graded skew-ﬁeld, then the perfect B-modules B ⊗A Bα
are also ﬁnite sums of shifts of B, as needed.

Theorem 6. Let f : A → B be a map of E∞ -rings such that B admits a structure
of an E∞ -algebra over a ﬁeld k. Then f can be factored as transﬁnite composite of
Adams-type maps.
Proof. We have a canonical factorization
A → k ⊗ A → B,
where the second arrow is a map of E∞ -k-algebras. The ﬁrst arrow is a base-change
of S → k and hence is a Adams-type by a combination of Corollary 4 and Lemma 5.
It follows that to prove the result we can assume that A → B is a morphism of
E∞ -k-algebras.
Let k{xn } denote the free E∞ -k-algebra on a variable of degree |xn | = n. Let
G denote the set of maps in : k → k{xn } together with the maps pn : k{xn } → k
determined by xn → 0. As a consequence of Lemma 5, all of the in and pn are
Adams-type, as either the source or target is a ﬁeld. By the small object argument,
the given map A → B can be factored as
A → B → B
where B  → B has the right lifting property with respect to the maps in G, and
A → B  is a transﬁnite composition of maps Aα → Aα+1 which ﬁt into pushout
squares
S
Aα

f

T


Aα+1

where f ∈ G. Each such map is Adams-type by Corollary 4, and it follows that
A → B  is a transﬁnite composite of such maps. On the other hand, one may
observe that the right lifting property with respect to in implies surjectivity on
πn (−) and the right lifting property with respect to pn implies injectivity on πn (−),

therefore B  → B is an equivalence.
Remark 7. By using a more careful argument, where we also allow pushouts along
maps k{S} → k and k → k{S} for S a (graded) set of generators, one can show
that in the context of Theorem 6 the given map factors as an ω-indexed composite
of Adams-type maps.
We believe the above two results show that the somewhat unexplored theory of
Adams-type ring spectra still has a few surprises up its sleeve. To further emphasize
this point, we share with the reader a few natural questions which we believe are
open.
(1) Does there exist a descent-ﬂat map A → B which is not Adams-type?2
2 If we had to guess, we expect that a descent-ﬂat map of ring spectra which is not Adams-type
does indeed exist, although we couldn’t ﬁnd one. A curious variant of this question (which we
also do not know the answer to) would be to ask if exists a descent-ﬂat map A → B such that the
associated homology theory π∗ (B ⊗A −) : Mod(A) → Comodπ∗ (B⊗A B) is adapted in the sense
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(2) Is every map of E1 -algebras (over the sphere) a transﬁnite composite of
Adams-type maps? Is it true for every map of E∞ -algebras?
(3) Let A → B be an Adams-type map and M be an A-module such that
π∗ (B ⊗A M ) is a ﬂat B∗ -module. Can we write M  lim Mα as a ﬁltered
−→
colimit of perfect A-modules such that π∗ (B ⊗A Mα ) is a projective B∗ module?
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of [PP21, Deﬁnition 2.19], which is not Adams-type? In other words, does possessing a modiﬁed
Adams spectral sequence based on π∗ (B ⊗A B)-comodules characterize Adams-type maps?

