Addition and Multiplication of Series

Addition of Series

Theorem
If> an=Aand > b, = B then > (an+ b,) = A+ B and for any
c, >, cap = cA.
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Cauchy Product

Definition
Given > a, and ) b, we put

n
= akbnik
k=0

we call > ¢, the Cauchy product of > a, and ) by,

The definition is motivated by the fact that
Zanz Zb (a0 +arz+axz® 4 )(bo+brz+byz> +---)

= agbo + (aob1 + a1bo)z + (aoby + a1by + axbg)z* +

:C0+C12+C222+"':ch2n
n=0
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Divergent Product

> = (-1)" 1 1 1
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If >°57 5 cn is the product of > 77 a, with itself then
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Divergent Product Continued

Since
2 2 2
(n—k—l—l)(k-i—l):(g—f-l) —(%—k) g(g+1)
we have N
el 2 2(n+1)
n T2 n+2

So ¢, doesn't converge to 0
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Results on Products

Theorem
Suppose

(a) >°92, an converges absolutely.
(b) X gan=A

(c) %, b, =8B

(d) Ch = ZZ:O akb,,_k.

then

i c, = AB
n=0
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Cauchy Products

Theorem
If the series Y an, > b, and > ¢, converges to A, B, C and
Cn = agbp, + -+ + apbg then C = AB



Rearrangements

Rearrangement

Definition
Let {k,} be a sequence in which every positive integer appears
once and only once (i.e. it is a bijection from N to N). Putting

/
a, = dk,
we say that > al is a rearrangement of > ap,.

If {s,} and {s,} are the sequence of partial sums of > a, and
> a), then {s,} and {s,} consist of completely different numbers.



Rearrangements

Rearrangement

Theorem

Let > a, be a series of real numbers which converges, but not
absolutely. Suppose

—o<a<f<oo

Then there exists a rearrangement > al, with partial sums s|, such
that

lim infs, =« lim sups, =/
n—oo

n—oo
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Absolute Convergence and Rearrangement

Theorem

Suppose > a, is a series of complex numbers which converges
absolutely. Then every rearrangement of a, converges and they
all converge to the same value.
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