
Addition and Multiplication of Series
Rearrangements

Addition of Series

Theorem
If
∑

an = A and
∑

bn = B then
∑

(an + bn) = A + B and for any
c,
∑

can = cA.
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Cauchy Product

Definition
Given

∑
an and

∑
bn we put

cn =
n∑

k=0

akbn+k

we call
∑

cn the Cauchy product of
∑

an and
∑

bn

The definition is motivated by the fact that
∞∑

n=0

anz
n ·
∞∑

n=0

bnz
n = (a0 +a1z +a2z

2 + · · · )(b0 +b1z +b2z
2 + · · · )

= a0b0 + (a0b1 + a1b0)z + (a0b2 + a1b1 + a2b0)z2 + · · ·

= c0 + c1z + c2z
2 + · · · =

∞∑
n=0

cnz
n

Then setting z = 1 we get the product.
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Divergent Product

Example
Let

∞∑
n=0

an =
∞∑

n=0

(−1)n

√
n + 1

= 1− 1√
2

+
1√
3
− 1√

4
+ · · ·

If
∑∞

n=0 cn is the product of
∑∞

n=0 an with itself then

∞∑
n=0

cn = 1−
(

1√
2

+
1√
2

)
+

(
1√
3

+
1√

2
√

2
+

1√
3

)
−
(

1√
4

+
1√

2
√

3
+

1√
3
√

2
+

1√
4

)
+· · ·

So

cn = (−1)n
n∑

k=0

1√
(n − k + 1)(k + 1)
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Divergent Product Continued

Since

(n − k + 1)(k + 1) =
(n

2
+ 1
)2
−
(n

2
− k
)2
≤
(n

2
+ 1
)2

we have

|cn| ≥
n∑

k=0

2

n + 2
=

2(n + 1)

n + 2

So cn doesn’t converge to 0
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Results on Products

Theorem
Suppose

(a)
∑∞

n=0 an converges absolutely.

(b)
∑∞

n=0 an = A

(c)
∑∞

n=0 bn = B

(d) cn =
∑n

k=0 akbn−k .

then
∞∑

n=0

cn = AB
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Cauchy Products

Theorem
If the series

∑
an,
∑

bn and
∑

cn converges to A,B,C and
cn = a0bn + · · ·+ anb0 then C = AB
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Rearrangement

Definition
Let {kn} be a sequence in which every positive integer appears
once and only once (i.e. it is a bijection from N to N). Putting

a′n = akn

we say that
∑

a′n is a rearrangement of
∑

an.

If {sn} and {s ′n} are the sequence of partial sums of
∑

an and∑
a′n then {sn} and {s ′n} consist of completely different numbers.
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Rearrangement

Theorem
Let

∑
an be a series of real numbers which converges, but not

absolutely. Suppose

−∞ ≤ α ≤ β ≤ ∞

Then there exists a rearrangement
∑

a′n with partial sums s ′n such
that

lim
n→∞

inf s ′n = α lim
n→∞

sup s ′n = β
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Absolute Convergence and Rearrangement

Theorem
Suppose

∑
an is a series of complex numbers which converges

absolutely. Then every rearrangement of
∑

an converges and they
all converge to the same value.
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