The Complex Field
Complex Numbers

A complex number is an ordered pair (a, b) where a and b are real
numbers.

Here an ordered pair means that (a, b) # (b, a) if a # b.

Suppose x = (a, b) and y = (¢, d) are complex numbers. Then we
say x =y ifand only if a=cand b=d

We define
x+y=(a+c,b+d)

x -y = (ac — bd, ad + bc)




The Complex Field

Complex Numbers Are A Field

The complex numbers with this addition and multiplication are a
field.




The Complex Field
Complex Numbers Are A Field

For any real numbers a and b we have

(a,0) + (b,0) = (a+ b,0)

(3,0) - (b,0) = (a- b,0)

In particular this means that if we identify (a,0) with a then the
field of real numbers is a subfield of the complex numbers.



The Complex Field
/

Definition
Let i = (0,1)
i2=—1

If a and b are real numbers then (a,b) =a+b-i




The Complex Field

Complex Conjugate

Definition

If a and b are real numbers and z = a + bi then the complex
number Z = a — bi is called the complex conjugate of z.

The numbers a and b are also called the real part and the
imaginary part of z respectively. We sometimes write

a=Re(z), b=1Im(2)




The Complex Field
Complex Conjugate Results

Z .
z+Z =2Re(z) and z — Z = 2iIm(z)
z-z

is real and positive unless z = 0.




The Complex Field

Absolute Value

Definition

If z is a complex number its absolute value, |z| is the non-negative
square root of zz (|z| = (zz)/?

Note that the absolute value is well define because zZ is always
non-negative and we have shown that there is always a unique
positive square root of any non-negative number.

If x is real then X = x and |x| = Vx2. So |x| = x if x > 0 and
|x| = —x if x < 0.




The Complex Field
Absolute Value Results

(a) |z| >0 unlessz=0. [0 =0
(b)
(c)
(d) [Re(2)] < |2|
(e) |z+w| <|z[ +|w|

2| = [2|

|zw| = |z[|w]

@




The Complex Field

Schwarz Inequality

Definition

If x1,x2,...,x, are complex numbers we write

n
atxt =) %
j=1

Theorem (Schwarz Inequality)

If a1,...,a, and by, ..., b, are complex numbers then
n n n
12 2 12
1> aib? <) a*> (bl
j=1 j=1 j=1




Misc. Results

Misc. Theorem

Theorem
Let

20z"+a1z" '+ ... +a,=0

be a polynomial equation with real coefficients. If the complex
number z = a+ bi is a root of this equation then so is its complex
conjugate z = a — bi
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