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Chapter 12.1: Sequences




Outline For Today

Sequences
Limits of Sequences
Bounded Sequences




Sequence

A sequence is a list of numbers:

{a;, a,, a5, ... }  which can also be writen as

tat or {a},




Sequence Example

| < (2 45 B
The sequence \ 5 o5 105"

J




Limit of a Sequence

* Asequence{@.} , has a limit L and we write

* lima, =L or a, >L as n—oowo

N—00

if for every € > 0 there is an integer N such that

n>N then |a -Lke¢




Limit of a Sequence Continued

e If asequence{a, }._, has a finite limit then
we say

« {a,} _, is convergent

o0

-, Is divergent

* Otherwise we say {a




Limit of a Sequence and a Function

ff(n) = a, for all natural numbers n
and

lim £ (x) =L

X—00

then

lima, =L

N—o0




Limit of a Sequence

esay lima, =

N—o0

f for every positive number M there is an
integer N such that

henevern>N  then a ,>M




Properties of Limits

It {a}, and {b } , are convergent

sequences and c is a constant then

lim(a. +b.)=lima_ +limb,

N—>0o0 N—o0 N—>o0

lim(a, —b )=Ilima, —limb,

N—>o0 N—>0o0 N—>o0

limca, =c-lima, limc=c

N—>o0 N—>o0 N—o0




Properties of Limits Continued

lim(a, -b )=Ilima, -limb_

N—>o0 N—o0 N—o0

lim a_ _
lim %/ = noe |f limb_ =0
N—>o0 II N—>o0
n—>OO

lim anp =[lima_ ]°if p>0 a >0




Example

Iiml+Ilm4i
N—o0 N—o0 1

1




Example

Is{-1,1,-1,1,...} divergent or convergent?




Squeeze Theorem

a, < b, <c forall natural numbers n > n,
and

lima, =limc, =L

N—00 N—o0

limb, =L

X—>00




Continuous Function Theorem

f f(x) is continuous at Land lima, =L then

N—o0

lim f(a )= f(L)

N—0o0




Exponents

Iimr"=0 iff -1<r<1

N—o0

Dtherwise {r"}=, is divergent




Increasing and Decreasing Sequences

A sequence {a_} is increasing if
a0<a1<a2<..-

A sequence {a_} is decreasing if
a0>a1>a2>..-

A sequence {a_} is monotonic if it is either
increasing or decreasing




Bounded Sequences

A sequence {a_} is bounded above if there is a
number M such that foralln >0, a . <M

A sequence {a_} is bounded below if there is a
number M such that foralln >0, a,=2 M

A sequence {a_} is a bounded sequence if it is
either bounded above or bounded below




Completeness Axiom

e Every increasing sequence which is bounded
from above has a least upper bound

* Every decreasing sequence which is bounded
from below has a greatest lower bound

* Every bounded, monotonic sequence is
convergent.




