Math 104-006

Chapter 8.4: Rational Functions



Outline For Today

e Method of Partial Fractions
e Rational Substitutions



Rational Functions

A rational function is one of the form:
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First Step

If the degree of the numerator is greater than
the degree of the denominator use long
division to get

Zn:a,x‘ : id,x'
ITnO . CiXi | |?nO
> bx = > b



First Step

Or equivalently

N(x) “R(x)
D(X) = Q) D(X)

deg( R) < deg( D)



Example

A
Lets findjx _X+1dx
X—2

First we need to do long division with remainder.



x3 + 2x2 + 4x + 7 r 15
x-2|x* + Ox3 + Ox2 - x + 1
- X* = X+
2x3  + 0Ox?
- 2x3 = 4x?
4x?> - X
4x>  — 8X
x + 1
- Ix — 14

15



Example Continued

So

dx X2+ 2X° +AX+ T +——dx

X —x+1 j 15
X—2
1 2

ZX +3x +2X°+7x+15In|x-2]+C



Now You Try One

What is j2X4+X3_4X2+4dx?
2X+1

A) ix =22 +2x+1In|x+1[+C D)X —3x*+x+3In|2x+1]+C

B) ;X —3X +2x+3I|x+3[+C  E) ;X +X"—x+3In|2x+1]+C

C) 1x*—x*+x+2In|2x+1]+C  F) None of the Above



Now You Try One

What is j2X4+X3_4X2+4dx?
2X+1

A) ix =22 +2x+1In|x+1[+C D)X —3x*+x+3In|2x+1]+C

B) ;X —3X +2x+3I|x+3[+C  E) ;X +X"—x+3In|2x+1]+C

C) 1x*—x*+x+2In|2x+1[+C| F) None of the Above



Factorization

It can be shown that any polynomial can be
factored into linear factors and quadratic

factors.
That is factors of the form
ax+b and
ax’ +bx +c  where b2—4ac<0



Second Step

We now want to write our ration as the sum of
terms of the form

A .. Ax+B

(ax+hb)" (ax*+bx+c)"




Case 1

* D(x)=(a;x+b,)(a,x+b,)... (ax+b,)

e Then

RK) A A A

D(x) ax+b ax+b, ~ ax+b



Example

4dx
X> —4X

e Lets find I

* First we see x3-4x = x(x-2)(x+2)

* So...



Example Continued

J‘ 4dx J‘ 4dx

x> —4X X(X —2)(X + 2)

A B C

- -[x'x—2'x+2

* So...



Example Continued

4 A B C

X(X—2)(X+2) X X—2 X+2

e And hence

4 = A(X°—4)+B(X° +2x)+C(x° —2x)
= (A+B+C)x*+(2B—-2C)x—4A

e which means...



Example Continued

4 = —4A
Ox = (2B-2C)x
0x* = (A+B+C)x°

And hence

A = gt
B = C
1+2B = 0



I

So

And hence

4dx

X° —4x

Example Continued

A = -1
B = ©
2
e
2
1 1 1
j——+ + ax
X 2(x=2) 2(x+2)
1 1

—In|[x|+=In|x-2|+=In|x+2|+C
2 2



Now you try one

What is X+3 ?
_[ > dx
X" +3X+ 2
A) -In[x+2|+2In|x+1[+C D) -In|x+2[+2In|x+3]+C
B) 2In|x+2[+3In[x+1[+C E) In|x+2|+In|x+1|+C

C) -2In[x+2|+In|x+1|+C F) None of the Above



Now you try one

X+3 ?

What is J‘

—In|x+2|+2In|x+1|+C

—In|x+2[+2In|x+1|+C

—2In|x+2|+In|x+1|+C

dx

X° +3X+ 2

D) —In|x+2|+2In|x+3|+C
E) In|x+2|+In|x+1]+C

F) None of the Above



Case 2
* D(x)=(a;x+by)?(a,x+b,)?.. (ax+b )™
* Then

R(X) A Mo Aus

—= = —— 4 +..+
(x) ax+b  (ax+b)”  (ax+h)™

A ar A2

+ L H oy i
_a2x+b2 (a,x+h,) (a,x+h,) _

Aln Az,n Arn,n _

+.+ —— 4 .t =
a,x+b, (ax+h,) (a x+hb,)




Example

e Lets find J' 16dx

(x—2)*(x+2)
* We want
16dx A B C
_f : = J | -~ ax
(X=2)"(x+2) X—2 (X=2)° X+2
* So...



16

Example Continued

(x=2)"(x

2)

e And hence

16 =

A(x* —4)

e which means...

A

B

C

x—2 (x=2)% X

B(X

2)

C(x—2)°

2



Example Continued
If x = 2 then

16 = 0A+B(2+2)+0C
soB=4
If x=-2 then

16 = 0A+0B+16C

so C=1



Example Continued

If x =0 then
16

—4A+2B+4C
—4A+8+4

SoA=-1



Example Continued

Hence
16dx 1 4 1
j 2 = j— + >+ dX
(X—2)"(X+2) X—2 (X=2)° (x+2)
I [x=2|+In[x+2]-——+C

X—2



Case 3

* D(x) =(aox2 + b + ¢,) (ax? + byx + ¢;)...(a X+ b x + )

e then

R(X)  Ax+B i A X+ B, e A Xx+B

D(x) aXx +bx+c,  ax +bhx+c, a X +h X+C



Example

e Lets find J' dX
(X°=2x+2)(x-1)

* We need to first break the integral up.



Now you try one
1 AX + B C

(X° —2x+2)(x-1) T X242 x-1

A) A=-1B=1C=2 D) A=-1B=1C=1
B) A=1B=-1C=1 F) A=1B=1C=2

C) A=-2B=2C=1 F) None of the Above



Now you try one
1 AX + B C

(X° —2x+2)(x-1) T X242 x-1

A) A=-1B=1C=2 D) A=-1B=1C=1
B) A=1B=-1C=1 F) A=1B=1C=2

C) A=-2B=2C=1 F) None of the Above



Example Continued

_|_

+2)(x-1)

J‘ —X+1 1
Xi—2x+2 Xx-1

- —Eln\x2—2x+2\+ln\x—1\+C

2

ax



Completing The Square

e X’+ax+b=(x+c)’+d

e x2+ax+b=x2+2cx+c?+d
e So a=2c and a/2-=c

and c?+d=(a/2)?+d=Db



Now you try one

What i 1 ?
at is j 2 dx
X“+4X+5
A) arcsin(x+2)+C D) arctan(x—2)+C
B) arctan(x+2)+C E) arcsin(x—2)+C

C) arctan(x+1)+C F) None of the Above



Now you try one

What i 1 ?
at is j 2 dx
X“+4X+5
A) arcsin(x+2)+C D) arctan(x—2)+C
B) arctan(x+2)+C E) arcsin(x—2)+C

C) arctan(x+1)+C F) None of the Above



Rational Substitution

e |f Y/g(X) occurs in the integral where g(x) is a
polynomial then sometimes using

u=1/9(x)

i =g(x) e get nu"du=g'(x)dx



Example

e Lets find J- X—2
X+1

dx

dx = 2udu

* So...



Example Continued

[ “Zax = [—Y (2udu)
X+1 ‘U tZ—l
= -22u du
‘U +1
= [2-— 22 du
. us+1

= 2u-—2arctan(u)+C

= 2JX—-2-2arctan(~/x—2)+C



