
Math 104-006

Chapter 8.4: Rational Functions



Outline For Today

• Method of Partial Fractions

• Rational Substitutions



Rational Functions

A rational function is one of the form:
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First Step
If the degree of the numerator is greater than 

the degree of the denominator use long 
division to get 
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First Step
Or equivalently
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Example

Lets find                             
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dx
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First we need to do long division with remainder.



x3 +   2x2 +     4x      +    7                   r  15   
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Example Continued

So                            
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Now You Try One

What is                                                 ?
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Factorization

• It can be shown that any polynomial can be 
factored into linear factors and quadratic 
factors. 

• That is factors of the form 

• ax + b           and 

• ax2 +bx +c    where b2 – 4ac < 0 



Second Step
We now want to write our ration as the sum of 

terms of the form

n

ii

i

bxa

A

)( 
or

n

iii

ii

cxbxa

BxA

)( 2 





Case 1

• D(x) = (a1x + b1) (a2x + b2)... (anx + bn)

• Then 
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Example

• Lets find 

• First we see x3-4x = x(x-2)(x+2)

• So...
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Example Continued
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Example Continued
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Example Continued
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Example Continued
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Now you try one

What is                                                 ?
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Case 2
• D(x) = (a1x + b1)r1 (a2x + b2)r2... (anx + bn)rn

• Then 
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Example

• Lets find 

• We want

• So...
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Example Continued
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Example Continued
If x = 2 then 

so B = 4

If x= -2 then

so C=1
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Example Continued

If x = 0 then

So A = -1 
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Example Continued

Hence
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Case 3

• D(x) =(a0x2 + b0x + c0) (a1x2 + b1x + c1)...(anx2 + bnx + cn)

• then
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Example

• Lets find

• We need to first break the integral up.  
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Now you try one
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Example Continued
So
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Completing The Square

• x2 + ax + b = ( x + c)2 + d

• x2 + ax + b = x2 + 2cx+c2 + d

• So     a=2c    and     a/2 = c

and      c2 + d = (a/2)2 +d= b



Now you try one
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Rational Substitution

• If              occurs in the integral where g(x) is a 
polynomial then sometimes using 

we get 
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Example

• Lets find

• So... 
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Example Continued
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