Math 104-006

Chapter 8.2: Trigonometric Integrals



Outline For Today

ntegration of sin™(x)cos"(x)
ntegration of sec™(x)tan"(x)
ntegration of sin(mx)sin(nx)
ntegration of sin(mx)cos(nx)
ntegration of cos(mx)cos(nx)



Integrate sinZ“*1(x)cos™(x)

Use sin?(x) = 1-cos?(x) to get

j sin?*!(x) cos™ (X)dx = j cos™ (X)(L—cos? (x))* sin(x)dx



Integrating sinZ<*1(x)cos™(x) Continued

Then use u = cos(x)
du = -sin(x) dx

To get

j cos™ (X)(L—cos? (x))* sin(x)dx = — j u™(1-u?)*du



Lets Do An Example

Lets find [ sin*() cos” (X)X
j cos?(x)sin’(x)dx = j cos? (x)(L—cos? (X)) sin(x)dx

so if we let u = cos(x)
du=-sin(x)dx
j cos? (X)(L—cos?(x))sin(x)dx = - j u?(1-u?)du
= ~u’/3+u°/5+C
= —cos(x)’/3+cos(x)’/5+C



Integrate sin™(x)cos2**1(x)

Use cos?(x) = 1-sin?(x) to get

j sin™ () cos?*(x)dx = j sin™ (x)(L—sin?(x))* cos(x)dx



Integrating sin™(x)cos2**1(x) Continued

Then use u = sin(x)
du = cos(x) dx

To get

j sin™ (x)(L—sin?(x))* cos(xX)dx = j u™(1-u?)*du



Now You Try One

What is j sin®(x)dx ?

A) —cos(x)+§cos3(x)—0035(x)+C D) sin(x)+%sin3(x)—sin5(x)+c
B) sin(x)+§sin3(x)—sin5(x)+C E) sin(x)+%sin3(x)—%sin5(x)+c

C) cos(x)—cos’(x)+cos’(x)+C  F) cos(x)+ % cos®(X) — g cos’ (x) +C



Now You Try One

What is j sin®(x)dx ?

B) sin(x)+§sin3(x)—sin5(x)+c E) sin(x)+%sin3(x)—%sin5(x)+c

C) cos(x)—cos’(x)+cos’(x)+C  F) Cos(x)+§cos3(x)—gcos5(x)+C



Integrate sin?™(x)cos2"(x)

Use the identities

cos?(x) = 1/2(1+cos(2x))
sin?(x) = 1/2(1-cos(2x))
sin(x)cos(x) = 1/2(sin(2x))



Another Example

What is jsinz(x) cos’ (x)dx ?

A) %[2x—sin(2x)]+C D) %[2x—cos(2x)]+C

B) 3—12[4x—sin(4x)]+C E) %[x+sin(2x)]+c

C) 3—12[4x+cos(4x)]+C F) %[2x+cos(2x)]+C



Another Example

What is j sin?(x) cos?(x)dx ?

A) %[2x—sin(2x)]+C D) %[2x—cos(2x)]+C

B o o

C) 3—12[4x+cos(4x)]+C F) %[2x+cos(2x)]+C




Integrate secZ**2(x)tan™(x)

Use sec?(x) = 1+tan?(x) to get

j sec?“"2(x) tan™ (x)dx = j tan™ (x)(L—tan?(x))* sec? (x)dx



Integrating secZ<*2(x)tan™(x) Continued

Then use u = tan(x)
du = sec? (x) dx

To get

j tan™ (x)(L—tan®(x))* sec? (x)dx = j u™(1-u?)*du



Integrate sec™(x)tanZ+1(x)

Use tan?(x) = sec?(x)-1 to get

j sec™ (x) tan“"(x)dx = j sec™ (x)(sec®(x) —1)* sec(x) tan(x)dx



Integrating sec™(x)tan2k*1(x) Continued

Then use u = sec(x)
du = sec(x)tan(x) dx

To get

j sec™ (x)(sec? (x) —1) sec(x) tan(x)dx = j u™(u? -1)*du



Another Example

What is I tan®(x)sec* (x)dx ?

A) %sec3(x)+%sec5(x)+c D) tan® (x) sec® (x) +C
1 1 3 1. 5
B) > sec (x)+4sec (x)+C E) e (x)—gtan (x)+C

3 1. s 1, 4 1. -
C) §tan (x)—gtan (X)+C F) §tan (x)+gtan (x)+C



Another Example

What is _[ tan’(x)sec* (x)dx ?

A) %SGCB(XH%S@CS(X)JFC D)  tan®(x)sec’(x)+C

B) >sec (x)+jrsec (x)+C E) Lsec (x)——tan (x)+C

(- S [ GIOONEOCS
C) S tan (x)—gtan (x) +C




The Other Cases Are Less Clear

To find jtan(x)dx Use u = cos(x)
du = -sin(x)dx

To get _f tan(x)dx

sin(x)

dx

J

cos(X)

I_Tldu

—Inju|+C

In

In

1\+C
u

sec(x) | +C



Integral of sec(x)

This requires a trick:

_fsec(x) sec(X) + tan(x) dx
sec(X)+ tan(x)
.[secz(x)4—sec(x)tan(x)cb(
sec(X) + tan(x)

_f sec(Xx)dx




Integral of sec(x) Continued

We then use u = sec(x) + tan(x)
du = sec?(x)+tan(x)dx
to get :
2
jsec (X) +sec(x) tan(x) 4 — I 1 "

sec(X) + tan(x) U
= Inju|+C

= In|sec(x) +tan(x) | +C




Integral of sec3(x)

First we integrate by parts with:
u = sec(x)
du=sec(x)tan(x) v=tan(x)

j sec’ (x)dx

dv=sec?(x)dx

sec(x) tan(x) — j tan® (x)sec(x)dx
sec(x) tan(x) — j (sec®(x) —1)sec(x)dx

sec(x) tan(x) — j sec’ (X)dx + j sec(x)dx



Integral of sec3(x) Continued

So
2 j sec’ (x)dXx

sec(x) tan(x) + j sec(x)dx
sec(x) tan(x) + In [ sec(x) + tan(x) | +C

and we therefore get:

j sec’ (x)dx

% (sec(x) tan(x) + In | sec(x) +tan(x) ) + C



Other Trig Identities

Sin(A)-cos(B) = %[sin(A— B) +sin(A+ B)]
sin(A)-sin(B) = %[cos(A— B) —cos(A+ B)]

cos(A)-cos(B) = %[COS(A— B) + cos(A+ B)]



Other Trig Identities Continued

We can use these identities to get:

j sin(mx) - cos(nx)dx = j %[sin(mx— nX) -+ sin(mx -+ nx)Jdx
j sin(mx) - sin(nx)dx = j % [cos(mx — nx) — cos(mx + nx)]dx

j cos(mx) - cos(nx)dx = j % [cos(mX — nX) + cos(mX+ nx)Jdx



Yet Another Example

What is j sin(2x) cos(x)dx ?

A) %COS(3X) —cos()+C D) %COS(3X) +%cos(x) +C

B) —%sin(Bx)—%sin(x)JrC E) %COS(3X)—%COS(X)—I—C

C) —%cos(?,x)—%cos(x)qtc F) —c0s(3x) —sin(x) +C



Yet Another Example

What is j sin(2x) cos(x)dx ?

A) %cos(3x) —cos(x) +C D) %COS(CSX) +%cos(x) He

B) —%sin(Bx)—%sin(x)JrC E) %COS(BX)—%COS(X)+C
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