Math 104-006

Chapter 12.9: Representations of
Functions as Power Series



Outline For Today

* Expressing Functions as Power Series
e Differentiating Power Series
* Integrating Power Series



Geometric Series
e Recall that the series

z ar" —ad4ar+ari+ar> +...
Nn=0

converges if and only if |r| <1

If |r|<1 N ar" = 5
nzz(; e



* Lets find a power series representative of
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Example

n

. i (—=1)" _n converges if [x/2]|< 1 or |x|<2
2n+1

Nn=0

* The series diverges if |x/2|=1 or |x|=2.



Try An Example

X2

What is a power series representation of o1
1+4X

2n+2
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CR s F) None of the above



Try An Example

X2

What is a power series representation of 1
1+4X

s X2n+2
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B) > -nn X B e e

22n

CR s F) None of the above



An Example Continued

What is the interval of convergence of
i (_1)n 22n X2n+2 ?

A) (-4, 4) D) (-2,2)
B) (-1/4,1/4) E) [-1/2,1/2]

C) (-1/2,1/2) F) None of the above



An Example Continued

What is the interval of convergence of

O

Z (_1)n 22n X2n+2 ?

n=0

A) (-4, 4) D) (-2,2)

B) (-1/4,1/4) E) [-1/2,1/2]

- F) None of the above



Differentiate and Integrate

* If the power series 2_¢.(x—2a)" has a radius of
convergence of R

 Then the function defined by
f(x)= Zc (x—a)" =¢, +C(X—a)+c,(x—a)’ +..

iS dlfferentlable (and therefore continuous) on
(a-R, a+R)



Differentiate and Integrate

e Further

o (i) £ = nc,(x—a)"® =c, +20,(x—a)+3c,(x—a)* +..

n+1

e (ii) jf(x)dx:C+iC“(X_a)

(x—a)°
=C e {(Xx=a)4+C 7\ o
n+1 of o 2

* And the radius of convergence of both is R



Differentiate and Integrate

* We can write these two equations as
0 Al  Shesee y s 2
* (i) d—[ch(x—a) }zZ—[cn(x—a) ]zchn(x—a) !
X n=0 n=0 dX n=1

00 n+1

* (ii) I[icn(X—a)“}dh I[Cn(X—a)n}iX:C+iCn(X_a)

—0 N



Example

* Lets find a power series representative of

—In|1— x|
1
S [ 1 [T "¢ A dx
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Example

e To determine the value of C notice that if

e x=0 then —In|1—Xx|=0 andso
2 3
O=—In|1—-X|=C +0+ 2 :O e o
AR
* Hence —In|1—x| = X+ e e

 \WWhen the series converges.



Example Continued

* The radius of convergence is 1 because the
radius of convergence of 14+ X+ X + ...

IS 1.

Notice though that the interval of convergence is
[_111)

Whereas the interval of convergence of

1+ X+ X% +... is (-1, 1).



Example

* Lets find a power series representative of
arctan(x)

arctan(x) = I > dX
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Example Continued

e Butarctan(0)=0so C=0and

2n+1

arctan(x) = i (-1)"

X
s 2n+1

* We also have though that arctan(1) = ©/4 so

1701
e =

zl4=1



Try An Example

1
What is a power series representation of A—x)> ?

A) szn D) nZ:;(n +1)x"
B) > >; E) nZ:,(n—l)xn

C) 2_nx F) None of the above



Try An Example

1
What is a power series representation of A—x)2 ?

A B D) Znewx

B) i x 2" E) ni‘:(;(n—l)xn

C) 2_nx F) None of the above



