                                           Homework # 5 Solutions 

1. a1)1 = 1
      a2) 1+1/4= 1.25

      a3) 1 + 1/(4+1/1) = 1.2

      a4) 1+ 1/(4+1/(1+1/4)) = 1+1/(4+4/5)= 1+ 5/24= 1.208333

      b) similar
      c) We’ll see in a moment…

2. a) By the standard technique when dealing with continued fractions, 1+ 1/(4+1/x) = x. Doing a bit of algebra, we obtain the following equation 4x^2 - 4x-1=0. Using our trusted quadratic formula gives the following (positive) answer: x= (1+ sqrt(2))/2= 1.207106

b) Similar computation reveals that the only positive answer is (3+sqrt(21))/6= 1.263762. So b is bigger, but a is prettier.

3. This was a tricky one in that you needed a slightly clever idea. Without a loss of generality, assume that n>m and consider |qn – qm| = ∑n i= m+1 1/i!. It is clear that i! ≥ 2i-1 so 1/i! ≤ 1/2i-1. Therefore, we know that ∑n i= m+1 1/i! ≤ ∑n i= m+11/2i-1 ≤
 ∑∞ i= m+11/2i-1.  By the geometric series formula (which you should look up if you are not familiar with it). ∑∞ i= m+11/2i-1=1/2m-1. Now for any N such that n>m>N, |qn – qm|≤
      1/2m-1 ≤ 1/2N-1. But this sequence goes to zero as N-> ∞, and so it can be made as    small as we wish by picking sufficiently large N. Therefore this sequence is a Cauchy sequence. 
      4. This is the series representation for e-1 =  1.71828183
      5.   A small divergence…..

                       Quick Write Up about Limits (and Cauchy Sequences)            


A sequence {xn} is said to converge to a limit L if for every ε, there exists an N such that n> N implies that | xn-L| < ε. We denote this by saying that limn->∞ xn =L.

Intuitively, this means that if we want to say that a sequence has some limit, we should be able to observe some N when it gets within some fixed distance of our limit and never again gets further away from L. It is an easy result to show that in the specific case of sequences of real numbers, being a convergent sequence is equivalent to being a Cauchy sequence. In other words, these are two sides to the same coin and we can use the definition that is most convenient. It is generally the case that one uses the Cauchy definition when one cannot “guess” the value of the limit or when knowing the limit is not helpful such as in problem 3. It seems to me that for problem 5, one should use the definition highlighted above.

Lemma: If limn->∞ xn = x, limn->∞ yn = y, then we can conclude that limn->∞ xn + yn = x + y. The non-trivial statement here is not the value of the limit, but the fact that the limits exist at all. To prove this, we need to make use of a relationship of real numbers known as the “triangle inequality”. 

Triangle inequality:  | x+y| ≤ | x| + |y| 

Just think about this for a while and it will become obvious. Yet, this simple observation (and generalizations) is the most widely used in analysis. 
Proof of Lemma: We need to show that for every ε, there exists an N such that n> N implies that | xn + yn –(x+y) | < ε. 
| xn xn + yn –(x+y) | = | xn –x + yn –y | by the triangle inequality, this is ≤ | xn –x | + | yn –y | but by the fact that these sequences converge we know that 
there exists an N1 such that n> N1  implies that | xn –x | < ε/2. Similarly, there exists an N2 such that n> N2  implies that | yn –y | < ε/2. Letting N= max(N1,N2) implies that  | xn + yn –(x+y) | ≤ | xn –x | + | yn –y | < ε/2 + ε/2 = ε. 

You have to be a tad cleverer, but use roughly the same ideas, to get the corresponding result for the products of two Cauchy Sequences. 

This lemma is exactly the sort of result we need for problem 5 because if we define two Cauchy sequences to be equivalent if their limit is the same then the problem is straightforward.  Let  xn ~ yn because  limn->∞ yn =limn->∞ xn = L   and gn~ qn because limn->∞ gn =limn->∞ qn= Q. Then by the above lemma, we know that limn->∞ xn - gn  =  limn->∞ yn - qn = L- Q. Therefore, xn - gn ~  yn - qn . 

6. And now we become “cleverer” and get the result for the products.  We need to estimate | xn yn –(xy) |. We “add zero” (a standard trick in analysis) to get that
| xn yn –xy |=| (xn yn– xny) + (xny –xy) | . Which by our triangle inequality is just ≤ | (xn yn– xny) | + |(xny –xy) |  which equals   |  xn | |  yn– y | +  | y | |xn–x |. The variable y is just a specific number in this story, but we need the following lemma to deal with the xn.
Lemma: If xn is a Cauchy (convergent) sequence, then there exists some real number M such that | xn | ≤ M. 
Proof: (DX) I’ll leave this as a diagnostic exercise. If you understand the definition of a Cauchy sequence, you should have little trouble thinking this out. 
To use the lemma, we note that we can pick  N1 such that | xn –x | < ε/(2y) whenever n> N1 and ,N2  such that | yn –y | < ε/(2M) whenever n> N2. Letting N= max(N1,N2) implies that  | xnyn –xy | ≤ y| xn –x | + M| yn –y | < ε/2 + ε/2 = ε. This implies the equivalence relation that we want.

