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1 Groups
Theorem 1.1 (Lagrange). Let G be a finite group and let H be a subgroup
of G. Then |H| divides |G)|.

Theorem 1.2. If H is a subgroup of G then for all a,b € G |aH| = |bH|
and either aH = bH or aH NbH = 0 (i.e. the cosets partition the group)

Theorem 1.3 (Cayley’s Theorem). Every finite group G is isomorphic to a
subgroup of a permutation group. If G has order n then it is isomorphic to
a subgroup of the symmetric group S,.

Theorem 1.4. Let (S,0) be a G-Set (i.e. o is a G-action on S). If s inS
and Hg is the stabilizer of s while Oy C S is the orbit of S then there is a
bijection

p:G/H — Oy
defined by aH — as. Further ¢(gC) = gop(C) for every coset C and g € G.

Corollary 1.5 (Counting Theorem). Let (S,0) be a G-Set. If s € S then
we have
(order G) = (order of stabilizer of s)(order of orbit of s)

|G| = |H,||Os]
or equivalently |Os| = [G : Hy]
Corollary 1.6. |S| = 0;|O;| where each orbit O; occurs exactly once.

Theorem 1.7. Conjugation is a group action

Lemma 1.8. Let |G| = p°. Then the center of G has order > 1
1.1 Sylow’s Theorems

Theorem 1.9 (1st Sylow Theorem). Let G be a finite group of order n
(|G| =n) and let p be a prime such that

e n=7p°-m

e p does not divide m
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then there is an element of G of order p°.
Corollary 1.10. IF p divides |G| then G contains an element of order p.

Theorem 1.11 (2nd Sylow Theorem). Let K be a subgroup of G with order
divisible by p. Let H be a p-Sylow subgroup of G. Then there is a conjugacy
subgroup of H' = gHg™ ' such that K N H' is a Sylow p-subgroup of K

Lemma 1.12. Let (S,0) be a G-Set and let s € S. Let s’ be in the ordit of
s, say s =aos. Then

Gy =aGea!
Where G4, Gy are the stabilizers of s,s’ respectively.

Corollary 1.13. The Sylow p-subgroups of a group are all conjugate and
every conjugate of a Sylow p-subgroup is a Sylow p-subgroup.

Theorem 1.14 (3rd Sylow Theorem). Let |G| = n = p®m where p does not
divide m. Let s be the number of p-Sylow subgroups of G. Then s divides m
and s = ap + 1 for some integer a.

1.2 Abelian Groups

Theorem 1.15. Let A be an abelian group. Then {a € A : (3In € Z)na = 0}
is a subgroup of A, called the Torsion Subgroup of A

Recall that we say F' = (v, -+ ,v,) if every element of F' can be expressed
as a linear combination (over Z) of vy, ..., v, in a unique way. We can think
of {v1,--- ,v,} as a “basis” for F over Z.

Theorem 1.16. Let F be a free abelian group of rank r and let G be a
subgroup of F of rank s < r (but s > 0). Then G is a free abelian group
of rank s < r. Further F has a set of generators (uy,---u,) such that G is
generated by

U1 = anur + apux + -+ aUr
Vg = AUz + -+ +  QopUy
Vg = AssUs + -+ AUy

for some a;; such that all a;; are positive
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Theorem 1.17. Let F be a finitely generated abelian group with a basis
(uy, -+ ,u.y. Let v =byuy + -+ bou, with ged(by, -+ ,b.) = 1. Then there
erists vy, - - v, such that F = (v,va,...,v,)

Theorem 1.18. Let F' be a finitely generated abelian group and let G be a
subgroup of F. Then there are elements vy, ...v, € F such that

F=(v,...,v.)
G = <h11}1, RN hsl)r>
where hy,...h, are all positive and h; divides h; 1.

Theorem 1.19 (Unique Decomposition of Finitely Generated Abelian Groups).
Every finitely generated abelian group A can be expressed as the direct sum
of cyclic groups

A=7"SL/(h) B L[ (hs)...Z]/(h;)
where h; divides h;1. Further, this decomposition is unique.

Theorem 1.20. Let A be a finite Abelian group with |A| = pi'ps? ... po~.
Further let P; be the collection of all elements of A of order a power of P;.
Then

A=P oPd---®F,

Corollary 1.21. Let e = p{*p5*>...p%". Then

Z)(e) =Z/(p}') © - DL/ (py")

Lemma 1.22. Let G be any group. Suppose x,y € G and xy = yx and the
order of x is relatively prime to the order of y. Then (x,y) = (zy)

2 Vector Spaces

Theorem 2.1. Let V be a finite dimensional vector space over a field F and
let (,) be a bilinear form on V. If B is a basis for V then there is a matriz
A such that (v, w) = v Awg where vg, wg are the matirxy representations of
v, w with respect to the basis B
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Theorem 2.2. Let V be a finite dimensional vector space over a field F' and
let B is a basis for V.. Then the map (v, w) = vl Awp is a bilinear form for
every matirt A (where v, wp are as in the previous theorem)

Lets now deal with Real Vector Spaces

Theorem 2.3. Let A be the matriz associated to a bilinear form (,) on V
relative to a basis B. Then those matrixes which represent the same form
relative to different basis are those matrizes of the form

QAQ'
for some QQ € GL,(F).

Lemma 2.4. If you change basis by an orthogonal change of base (i.e. the
change of base matriz is orthogonal) then the dot product is preserved.

Lemma 2.5. The matrizes which represent the dot product under some basis
are those of the form PP for P € GL,(R).

Lemma 2.6. A bilinear form is symmetric if and only if the matriz associ-
ated to it is symmetric.

Lemma 2.7. Let B be an orthonormal basis for V relative to (,). Then the
matriz associated to (,) under B is the identity matriz.

Theorem 2.8 (Gram-Schmidt). Let (,) be a positive definite symmetric bi-
linear form on a finite dimensional vector space V. Then there is an or-
thonormal basis for V

Theorem 2.9. The following are equivalent
o A represents the dot product
e There is a P € GL,(R) such that A= PP?
o A is symmetric and positive definite.

Theorem 2.10. Let V, (,) be a Euclidean space (where |v| = /(v,v)). Then
we have the Schwartz inequality| (v, w)| < |v| - |w]
v+ w| < fo] + |w]
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Lemma 2.11. Let V be a vector space and let {,) be a bilinear form on V.
If W C V is a subspace then (,) restricts to a bilinear form (,)|lw on W.
Further if (,) is positive definite or symmetric so is (,)|w

Lemma 2.12. Let (,) be a non-identically zero symmetric bilinear form on
V. Then there is a v € V such that (v,v) # 0.

Theorem 2.13. Let (,) be a symmetric bilinear form on 'V (a finite dimen-
sional vector space). If W C V is a subspace such that {,)|w, the bilinear
form restricted to W, is non-degenerate, then

V=WaeWwt

Theorem 2.14. Let (,) be a symmetric bilinear form on V (a finite dimen-
sional vector space). Then there is an orthogonal basis for V.

Theorem 2.15 (Sylvester’s Law). The signature of a symmetric bilinear
form on a finite dimensional vector space is independent of the basis.

Theorem 2.16. Let (wy,...,w,) be an orthonormal basis for W C V' (rela-
tive to a bilinear form (,)). Then the orthogonal projection my (v) of v onto
W is the vector

mw(v) = (v, w)wy + -+ + (v, w,)w,

Corollary 2.17. Let (vq,...,v,) be an orthonormal basis for V (relative to
a bilinear form (,)). Then

(Vo € Vo = (v,v1)vy + -+ (v, 0,), Up
2.1 Hermitian Forms

Theorem 2.18. Let V' be a finite dimensional complex vector space and
let (,) be a hermitian form on V. If B is a basis for V then there is a
hermitian matriz A such that (v, w) = vyAwg where vg,wy are the matire
representations of v, w with respect to the basis B

Theorem 2.19. Let V be a finite dimensional complex vector space and let
B is a basis for V. Then the map (v,w) = v5Awg is a hermitian form for
every hermitian matirz A (where vg,wp are as in the previous theorem)
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Lemma 2.20. If A, B are complex n X n matrixes then

(A+ B)" = A"+ B*

(AB)" = B*A"
(A*)—l — (A—l)*
A=A

Theorem 2.21. Let A be the matriz associated to a hermitian form (,) on
V' relative to a basis B. Then those matrizes which represent the same form
relative to different basis are those matrizes of the form

QAQ"
for some @ € GL,(C).
Lemma 2.22. The unitary matrizes form a group.

Lemma 2.23. A change of base preserves the standard hermitian dot product
if and only if the change of base is unitary.
Theorem 2.24 (Spectral Theorem).

(a) Let T' be a hermitian operator on a hermitian vector space V. Then there
s an orthonormal basis for V' consisting of eigenvectors of T

(b) Let M be a hermitian matriz. Then there are unitary matrizes such that
PMP* is a real diagonal matriz

Corollary 2.25. The eigenvalues of a hermitian operator are real.
Lemma 2.26. If M is normal and P is unitary then M’ = PM P* is normal.

Theorem 2.27 (Spectral Theorem for Normal Operators). A complex matrix
M is normal if and only if there is a unitary matriz P such that PM P* is
diagonal.
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3 Rings
Theorem 3.1 (Substitution Principle). Let ¢ : R — R’ be a ring homomor-
phism

(a) Given an element a € R’ there is a unique homomorphism ® : R[x] —
R’ which agrees with the map @ on constant polynomials and sends
T — .

(b) Given elements ay,--- ,«, € R’ there is a unique ring homomorphism
O : Rl[xy,...,x,) such that O|gr = ¢ and Dz;] = «;.

Lemma 3.2. For every ring R there is a unique ring homomorphism Z — R.
Lemma 3.3. If R is a ring and a € R then {ra :r € R} = (a) is an ideal.
Theorem 3.4. A ring R is a field if and only if it has exactly two ideals.

Corollary 3.5. Let F be a field and R a non-zero ring. Then every homo-
morphism ¢ : F' — R is injective.

Lemma 3.6. Fvery ideal in Z is principle.

Theorem 3.7. Let g(x) be a monic polynomial in R[z] and let a be an
element of R such that g(o) = 0. Then x — « divides g(z).

Theorem 3.8. If F' is a field then every ideal of Fx] is principle.

Corollary 3.9. Let F be a field and let f,g € F[z] which are both non-zero.
Then there is a unique monic d(x) € F|x] called the greatest common divisor
of f, g such that

(a) d generates the ideal (f,g) of Fx] generated by f,g.
(b) d divides f and g
(¢) If h is any diwvisor of f and g then h divides d.

(d) There are p,q € F[x] such that d = pf + qg



