
Ch. 7 Integrals over Paths and Surfaces 

7.1 The Path Integral 

1. The path integral of scalar function f(x,y,z) along a path c(t), where a ≤ t ≤ b is 

defined by 
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2. Arc length: If f = 1, then the definition of the path integral reduces to that for the 

arc length of the path. 

7.2 Line Integrals 

The line integral of a given continuous vector field F along a path c(t), where a ≤ t ≤ b, is defined by 
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7.3 Parameterized Surfaces 

1. A parametrized surface is a map 

 :		" → 		ℝ% 

Written as 

ϕ�u, v� = �
�), *�, ��), *�, ��), *��. 
2. Tangent vectors to the surface are given by 

T, = - -) = -
-)	 . + -�-) 0 + -�-) 1 

T2 = - -* = -
-*	 . + -�-* 0 + -�-* 1 

With a normal vector given by 

3 = T, × T5	 
3. A surface is called regular if T, × T5 ≠ 0. Then the tangent plane at a point �x9, �9, �9� on the surface is given by 

�x − x9, � − �9, � − �9� ∙ ; = 0, 
where the normal vector n is evaluated at the point ϕ�u9, *9� = �
9, �9, �9�. 



4. Important parametrization. 

a. Circle of radius r 

x = r cos @ ,			� = A sin @ ,				0 ≤ @ ≤ 2	E 

b. Hyperbola xF + �F = 1 

x = cosh � , � = sinh � 
c. Sphere of radius ρ 

x = ρ cos @ sin , � = I sin @ sin , z = ρ cos ,0 ≤ @ < 2	E, 0 ≤  < E 

d. A surface z = g�x, y� 
x = u, y = v, z = g�u, v� 

5. Normal to a graph 

If z = f�x, y�, the normal to the graph is N− OPOQ , − OPOR , 1S. Note that if we let g = z − f�x, y�, then the normal to the surface is  3 = ∇g. 

7.4 Area of a Surface 

1. Area of a parametrized surface: 

A�S� = ��W|XY × X5|W	)	*Z  
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2. Sphere. xF + �F + �F = ^F, the scalar surface element is given by: 

dS = RF sin 		 	@ 

3. Graph. z = g�x, y� can be parametrized by  

x = u, y = v, z = g�u, v� 
4. Surface area of a graph 

A�S� = 	�� a[b-c-
dF + b-c-
dF + 1e	)	*Z  

5. Surfaces of Revolution 

a. Revolve y = f�x�, where a ≤ x ≤ b, about the x-axis: 



A�S� = 2	E� f|��
�|g1 + ����
��Fh	
�
�  

b. Revolve	y = f�x�, where a ≤ x ≤ b, about the y-axis: 

A�S� = 	2	E� f|
|g1 + ����
��Fh	
�
�  

7.5 Integrals of Scalar Functions over Surfaces 

1. Scalar Surface Integral 

���	ij = ����
�), *�, ��), *�, ��), *��W|XY × X5|W	)	*Z  

2. Graph. For z = g�x, y� with ϕ�u, v� = �), *, c�), *��, 
T, = . + -c-) 	1	; 		X5 = 0 + -c-* 	1 

T, × X5 = ll	
m n o1 0 -c-)0 1 -c-*l

l = 	− -c-) . − -c-* 0 + 1	 
3. Scalar Surface Element Formulas 

a. Parametrized Surface 

dS = W|T, × X5|W	)	* 

b. Graph 

dS = a[	p-c-
q
F + p-c-�q

F + 1e	
	� 

c. Plane. If S is a plane,  

dS = dxdycosθ = 	
	�; ∙ 1  

     where cos @ = ; ∙ 1, and n is the upward pointing unit normal vector to the 

surface. 

d. Sphere xF + �F + �F = ^F: 
dS = RF sin 	 	@ 



7.6 Surface Integrals of Vector Functions 

1. The formula for the surface integral of a vector field F over a parametrized surface 

is given by: 

��s ∙ 	tj = ��� ∙ �XY × X5�	)	*Z 	 
2. Vector Surface Element for a Sphere of Radius R: 

du = �xv + yw + zx�R	sinϕ	dϕdθ 

3. Graphs. If S is a graph, z = g�x, y�, the default orientation is the upward normal.  

dS = p−∂g∂x 	. − -c-� 	0 + 1	q 	
	� 

��s ∙ 	tj =	�� b�z p−-c-
q + �F p−-c-
q + �%d 	
	�.Z  

 

Good Luck,  

Mandy 


