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1. Plurigenera

Let X be a smooth projective variety over an algebraically closed field k. The crucial
invariant of X we will repeatedly refer to is its canonical bundle

ωX := ∧dimXΩ1
X .

Definition 1.1. The plurigenera of X are the non-negative integers

Pm(X) = h0(X,ω⊗mX ) := dimkH
0(X,ω⊗mX ), ∀ m ≥ 0.
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Example 1.2 (Projective space). If X = Pn, then ωX = OPn(−n−1), and so Pm(X) =
0 for all m ≥ 0.

Example 1.3 (Curves). If X = C, a smooth projective curve if genus g, then by
definition P1(X) = g. Moreover:

• If C = P1, i.e. g = 0, then ωC = OP1(−2), and so Pm(C) = 0 for all m ≥ 0.

• If C is elliptic, i.e. g = 1, then ωC ' OC , and in particular Pm(C) = 1 for all m ≥ 0.

• If g ≥ 2, then
deg ω⊗mC = m(2g − 2) > 2g − 1, ∀ m ≥ 2,

so H1(C, ω⊗mC ) = 0, and so by Riemann-Roch

Pm(C) = m(2g − 2)− g + 1 = (2m− 1)(g − 1), ∀ m ≥ 2.

Example 1.4 (Hypersurfaces). Let X ⊂ Pn be a smooth hypersurface of degree d. If
OX(1) is the restriction of OPn(1), we have

ωX ' OX(d− n− 1).

• If d ≤ n, then Pm(X) = 0 for all m ≥ 0.

• If d = n+ 1, then ωX ' OX , and in particular Pm(X) = 1 for all m ≥ 0.

• If d ≥ n+ 2, then ωX is a very ample line bundle. Using Serre Vanishing and the basic
properties of the Hilbert polynomial of X, we have

Pm(X) = χ(X,ω⊗mX ) =
d(d− n− 1)

(n− 1)!
·mn−1 +O(mn−2) for m� 0.

Recall also that if n ≥ 3, then

H i(X,OX) = 0, ∀ 0 < i < n− 1.

Exercise 1.5. Recall that for a smooth complete intersection X ⊂ PN of hypersufaces of
degrees d1, . . . , dk, we have

ωX ' OX(d1 + · · ·+ dk − n− 1).

Use this in order to do calculations similar to the case of hypersurfaces.

Exercise 1.6. If X and Y are smooth projective varieties, show that

Pm(X × Y ) = Pm(X) · Pm(Y ).

Example 1.7 (Abelian varieties.). Let X be an abelian variety. Then TX is trivial,
and in particular ωX ' OX . Thus this is another example where

Pm(X) = 1, ∀ m ≥ 0.

However, note that unlike in the case of hypersurfaces

H i(X,OX) '
i∧
H1(X,OX) 6= 0, ∀ i ≥ 0.
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Definition 1.8 (Calabi-Yau’s). (1) We will call a weak Calabi-Yau variety a smooth
projective variety X with ωX ' OX . If in addition

H i(X,OX) = 0, ∀ 0 < i < dimX,

we will say thatX is Calabi-Yau. (Usually, even this is not enough for the proper definition:
one should also require, over C, that X be simply connected, but we will ignore this here.)

Thus a hypersurface of degree d = n + 1 in Pn is Calabi-Yau, while an abelian
variety is weak Calabi-Yau, but not Calabi-Yau.

(2) A K3 surface is a Calabi-Yau variety X of dimension 2. In other words, ωX ' OX ,
and H1(X,OX) = 0.

Example 1.9. According to the examples above, a hypersurface of degree 4 (a quartic
surface) in P3 is a K3 surface. So is a complete intersection of type (2, 3), i.e. of a general
quadric and a cubic in P4, and one of type (2, 2, 2), i.e. of three general quadrics in P5.
For simple numerical reasons, there are no other complete intersection K3 surfaces (check
this!).

2. Kodaira dimension

Definition and first examples. Let X be a smooth projective variety, and let L be a
line bundle on X. For each m ≥ 0 such that h0(X,L⊗m) 6= 0, the linear system |L⊗m|
induces a rational map from X to a projective space, and more precisely a morphism

ϕm : X −Bm → PNm , Nm = h0(X,L⊗m)− 1,

where Bm = Bs(L⊗m) is its base locus. We denote by ϕm(X) the closure of the image of
ϕm in PNm .

Definition 2.1. (1) The Iitaka dimension of L is

κ(X,L) = max
m≥1

dimϕm(X)

if ϕm(X) 6= ∅ for some m. We set κ(X,L) = −∞ otherwise (i.e. when h0(X,L⊗m) = 0 for
all m ≥ 0). Note that

κ(X,L) ∈ {−∞, 0, 1, . . . , dimX}.

(2) The line bundle L is called big if κ(X,L) = dimX.

(3) The Kodaira dimension of X is κ(X) := κ(X,ωX). Moreover, X is called of general
type if κ(X) = dimX, i.e. if ωX is big.

Example 2.2. If L is ample, then it is big. Indeed, for m � 0 we have that L is very
ample, and so ϕm is an embedding.

We could give concrete examples right away, but instead I will first give another
interpretation, and then use the previous section. This is the original definition given by
Iitaka; we will show the equivalence later.
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Proposition 2.3. In the setting above, let κ = κ(X,L). Then there exist constants a, b >
0 such that

a ·mκ ≤ h0(X,L⊗m) ≤ b ·mκ,

for sufficiently large and divisible m.

In other words, the rough interpretation for the Kodaira dimension is that

Pm(X) ∼ mκ(X)

for m sufficiently large and divisible.

Example 2.4. κ(Pn) = −∞.

Example 2.5. Example 1.3 gives us the following classification of smooth projective
curves C of genus g in terms of Kodaira dimension:

• κ(C) = −∞ ⇐⇒ g = 0, i.e. if C ' P1.

• κ(C) = 0 ⇐⇒ g = 1, i.e. if C is elliptic.

• κ(C) = 1 ⇐⇒ g ≥ 2. These are the curves of general type.

Example 2.6. If X is a (weak) Calabi-Yau variety (like a K3 surface, an abelian variety,
or a hypersurface of degree n+ 1 in Pn), then κ(X) = 0.

Example 2.7. Example 1.4 gives us the Kodaira dimension of a hypersurface X ⊂ Pn

of degree d.

• d ≤ n ⇐⇒ κ(X) = −∞.

• d = n+ 1 ⇐⇒ κ(X) = 0

• d ≥ n+ 2 ⇐⇒ κ(X) = n− 1 = dimX.

Exercise 2.8. If X and Y are smooth projective varieties, then

κ(X × Y ) = κ(X) + κ(Y ).

Example 2.9. The exercise above shows that one can produce examples of varieties of
any allowed Kodaira dimension. Let’s see this for surfaces: say E is an elliptic curve, and
C is a curve of genus g ≥ 2, and D is any curve. Then:

• κ(P1 ×D) = −∞.

• κ(E × E) = 0.

• κ(E × C) = 1.

• κ(C × C) = 2.

This can easily be extended to arbitrary dimension.

Equivalent interpretations. We come back to the alternative interpretation of the
Iitaka dimension that was used above. Let’s be a bit more precise about what integers m
appear in the definition and in Proposition 2.3.
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If L is a line bundle on X, we consider

N(L) := {m ∈ N | H0(X,L⊗m) 6= 0}.
This is the semigroup of L; indeed, it is a semigroup with respect to addition, because of
the existence of multiplication maps

(1) H0(X,L⊗k)⊗H0(X,L⊗l) −→ H0(X,L⊗k+l).

We can consider
e(L) := gcd {m | m ∈ N(L)} ≥ 1.

All sufficiently large elements of N(L) are multiples of e(L), and all sufficiently large
multiples of e(L) are in N(L). The number e(L) is the largest with this property, and is
called the exponent of L.

In any case, both in the definition, and in Proposition 2.3, the only relevant integers
m are those in N(L); by sufficiently large and divisible we mean sufficiently large multiples
of e(L). We can consider an even more important definition:

Definition 2.10. The section ring of L is the ring

R(L) :=
⊕
m≥0

H0(X,L⊗m).

This is a graded integral k-algebra due to the multiplication maps in (16).

For instance, the canonical ring of X is R(X) := R(ωX). One of the most famous
recent results in birational geometry, due to Birkar-Cascini-Hacon-McKernan says that
R(X) is finitely generated. This is not true for arbitrary L.

Proof of Proposition 2.3. 1 The lower bound is a quite direct calculation; check it as an
exercise! The more interesting part is the upper bound, and we concentrate on this.

We have dimϕm(X) = κ(L), for all m ∈ N(L) sufficiently large. Let’s first assume
that L is big, i.e. κ(L) = dimX. Consider an ample line bundle A in X such that

H0(X,A⊗ L−1) 6= 0.

(Note that this is always possible, since by Serre’s theorem L−1 twisted by any large
power of an ample line bundle is globally generated.) This gives the following sequence of
inequalities, for some constant C > 0.

h0(X,L⊗m) ≤ h0(X,A⊗m) ≤ C ·mdimX = C ·mκ(L),

where the second inequality is given by the Hilbert polynomial of A.

Assume now that κ(L) < dimX; we reduce this case to the equality case. To this
end, pick H1, . . . , Hp general very ample divisors on X, with p = dimX − κ(L), and
denote X ′ = H1 ∩ · · · ∩Hp. It is a standard fact that each Hi dominates ϕm(X), i.e. its
image is dense. (Idea: one can reduce to the case when the map is defined everywhere,
by considering the closure of the graph; if H didn’t map surjectively, then it would not
meet a general fiber of the map, which is positive dimensional because κ(L) < dimX. But

1Thanks to Valentino for indicating a reference that contains a simple argument.
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very ample divisors have to meet a general positive dimensional subvariety of a family
sweeping X. We will understand this type of argument better once we study positivity in
more detail.) We can do this in such a way that X ′ dominates ϕm(X) for all sufficiently
large m2, and of course dimX ′ = κ(L). The argument given in the equality case then
gives

h0(X ′, L⊗m|X′ ) ≤ C ·mdimX′ = C ·mκ(L).

At this stage we are done, since we in fact have that the restriction map

H0(X,L⊗m) −→ H0(X ′, L⊗m|X′ )

is injective for all m ∈ N(L) sufficiently large. Indeed, by the definition of the map
induced by L⊗m, the sections in H0(X,L⊗m) correspond to the hyperplanes in PNm . If
the restriction map in question weren’t injective, it would mean that there is a hyperplane
in PNm containing the image of X ′. But this image is ϕm(X), a contradiction. �

It is not too hard to obtain another interpretation of the Iitaka dimension that is
sometimes useful. I will skip the proof, since we will not use it below.

Proposition 2.11. If κ(L) ≥ 0, and Q
(
R(L)

)
is the quotient field of R(L), then

κ(L) = trdegk Q
(
R(L)

)
− 1.

3. Projective bundles

Let X be a noetherian scheme, and E a locally free sheaf of rank r on X. Then the
symmetric algebra of E is

S(E) :=
⊕
m≥0

SmE,

a sheaf of graded OX-algebras, generated over S0E ' OX by its degree 1 part.

Definition 3.1. The projective bundle of one-dimensional quotients of E is the scheme
over X:

π : P(E) := Proj
(
S(E)

)
−→ X.

A point in P(E) is the data of a point x ∈ X and a one-dimensional quotient of
the κ(x)-vector space E(x) = Ex/mxEx. Therefore we have π−1(x) = Pr−1

κ(x). If E has rank

1, then obviously P(E) ' X. Recall that, as with each Proj construction, P(E) comes
endowed with an invertible sheaf OP(E)(1), which restricts to OPr−1(1) on each fiber.

Proposition 3.2. Let X be a noetherian scheme, and E a locally free sheaf of rank r ≥ 2
on X. Then the following properties of P = P(E) hold:

(i) There is a canonical isomorphism of graded OX-algebras

S(E) '
⊕
m≥0

π∗OP(m).

2For this we need to be over an uncountable field, since we have to do this for countably many m.
Note however that we can assume this: if you take the base change XK = X ×k K for any field extension
k ⊂ K, these numerical invariants are preserved, and so it suffices to prove the statement for XK .
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In particular, π∗OP(m) ' SmE for all m (which means 0 for m < 0).

(ii) Riπ∗OP(m) = 0 for all m and all 0 < i < r − 1; moreover

Rr−1π∗OP(m) '
(
π∗OP(−m− r)

)∨ ⊗ det E∨,

and in particular Rr−1π∗OP(m) = 0 for m > −r.

(iii) There is a natural short exact sequence

0 −→ Ω1
P/X ⊗OP(1) −→ π∗E −→ OP(1) −→ 0.

(The quotient π∗E → OP(1) on the right is called the tautological quotient.) Conse-
quently, if X is say a smooth variety over a field, the canonical bundle of P(E) is given
by the formula

ωP ' π∗(detE ⊗ ωX)⊗OP(−r).

(iv) Pic(P) ' Pic(X)× Z.

(v) If F is another locally free sheaf of rank r on X, then P(E) ' P(F ) as schemes over
X if and only if there is an invertible sheaf L on X such that F ' E ⊗ L. If this holds,
then OP(F )(1) ' OP(E)(1)⊗ π∗L.

Proof. I will explain the essential ideas; it is straightforward to fill in the details. The key
observation is the following: if V is a free module of rank r over a ring A, and P(V ) ' Pr−1

A

is its projectivization, then H0(P(V ),OP(V )(1)) ' V , and more generally

H0
(
P(V ),OP(V )(m)

)
' SmV, ∀ m ≥ 0.

This is a reflection of the standard identification

(2) S(V ) =
⊕
m≥0

SmV ' A[X0, . . . , Xr−1] '
⊕
m≥0

H0
(
P(V ),OP(V )(m)

)
.

Recall now that for each U = Spec A ⊆ X, we have that

π−1(U) ' Pr−1
A ' P(E(U)).

Thus (i) is simply a relative version of (2).

Part (ii) can be proved in an elementary fashion as well, but how about we practice
our knowledge of cohomology and base change? Since the fibers of π are all projective
spaces of the same dimension, π is a flat morphism, and for each x ∈ X, OP(m) restricts
to OPr−1

κ(x)
(m) on π−1(x). Therefore the dimension of the cohomology along the fibers is

constant, and so by cohomology and base change, the natural homomorphisms

ϕi,x : Riπ∗OP(m)⊗ κ(x) −→ H i
(
Pr−1
κ(x),OPr−1

κ(x)
(m)

)
are isomorphisms, for all i and all x ∈ X. Thus (ii) is just a consequence of the standard
facts about the cohomology of line bundles on projective space (with the exception of the
actual formula for Rr−1π∗OP(m), which I leave as an exercise).

For (iii), note that over U = Spec A ⊆ X, if V = E(U), we have a natural surjective
evaluation map

H0
(
P(V ),OP(V )(1)

)
⊗OP(V ) −→ OP(V )(1) −→ 0,
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since O(1) is globally generated. By the discussion above, this can be rewritten as

V ⊗Oπ−1(U) −→ Oπ−1(U)(1) −→ 0,

which by gluing over a cover with such open sets U gives the natural quotient π∗E →
OP(1). Recall furthermore that we know the kernel of the evaluation map; indeed, for any
ring A, and any free A-module V of rank r, we have the Euler sequence

0 −→ Ω1
P(V )/A(1) −→ V ⊗OP(V ) −→ OP(V )(1) −→ 0.

Again by gluing, this gives the full result in (iii). The statement about the canonical
bundle is obtained by passing to determinants in the short exact sequence.

Parts (iv) and (v) are left as an exercise. �

Corollary 3.3. Let X be a smooth projective variety, and E a locally free sheaf of rank
r ≥ 2. Then Pm(P(E)) = 0 for all m ≥ 1, and in particular κ(P(E)) = −∞.

Proof. By Proposition 3.2(iii) and the projection formula, we have that

Pm(P(E)) = h0
(
X, (detE ⊗ ωX)⊗m ⊗ π∗OP(−rm)

)
.

But we have seen in Proposition 3.2(i) that π∗OP(−k) = 0 for k ≥ 1. �

Definition 3.4. A ruled surface is a projective bundle π : P(E) → C, where C is a
smooth projective curve over an algebraically closed field, and E is a locally free sheaf of
rank 2 on C. (The definition is often stated differently, namely as a surjective morphism
π : X → C with fibers isomorphic to P1, but it is standard to see that it is equivalent to
the one given here.)

Ruled surfaces provide us with new examples of smooth projective surfaces of Ko-
daira dimension −∞ (and same for projective bundles in arbitrary dimension).

4. Intersection numbers and Riemann-Roch-type theorems

I will explain the theory in some detail for smooth projective surfaces, and then
briefly mention results and references in higher dimension and when singularities are
allowed.

Surfaces. Let X be a smooth projective surface over k = k. We cannot talk about
the degree of a divisor any more, but we can talk about the intersection number of two
divisors. Since we are dealing with smooth surfaces, we will switch back and forth between
Weil and Cartier divisors whenever convenient.

To begin with, the intuition is that when C and D are smooth irreducible curves
intersecting transversely at k points on X, then C ·D = k. We say that C and D intersect
transversely at x ∈ X if their local equations f and g at x generate mx ⊂ OX,x.

Theorem 4.1. One can define on X a unique bilinear pairing

Div(X)×Div(X) −→ Z, (C,D) 7→ C ·D
such that:
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(i) If C and D are smooth curves meeting transversely, then

C ·D = #(C ∩D).

(ii) The pairing is symmetric, i.e. C ·D = D · C.

(iii) The pairing is additive, i.e. (C1 + C2) ·D = C1 ·D + C2 ·D.

(iv) The pairing depends only on linear equivalence classes, i.e. if C1 ∼ C2, then

C1 ·D = C2 ·D.

Recalling that we identify Pic(X) with Div(X)/∼ , the group of divisors modulo
linear equivalence, the theorem gives an intersection pairing

Pic(X)× Pic(X) −→ Z.

Proof. • Uniqueness: Fix H an ample divisor on X. Let C and D be any two divisors.
We can then fix an m > 0 such that mH, C + mH and D + mH are all very ample.3

By Bertini’s theorem, there exist C ′ ∈ |C + mH| smooth, D′ ∈ |D + mH| smooth and
transversal to C ′, E ′ ∈ |mH| smooth and transversal to D′, and F ′ ∈ |mH| smooth and
transversal to C ′ and E ′. Using properties (i)–(iv), we then have

C ·D = (C +mH) · (D +mH)− C · (mH)−D · (mH)− (mH) · (mH) =

= C ′ ·D′ − (C ′ − E ′) · F ′ − (D′ − F ′) · E ′ − E ′ · F ′ =
= C ′ ·D′−C ′ ·F ′−D′ ·E ′−E ′ ·F ′ = #(C ′∩D′)−#(C ′∩F ′)−#(D′∩E ′) + #(E ′∩F ′).
This shows that if such a pairing exists, the answer is uniquely determined by properties
(i)–(iv).

• Existence: To define a pairing with these properties, we first note the following:

Claim: If C is a smooth irreducible curve, and D is any other curve on X intersecting C
transversely, then

#(C ∩D) = deg OC(D).

Here OC(D) is the line bundle OX(D)|C on C. To see this, we start with the short exact
sequence

0 −→ OX(−D) −→ OX −→ OD −→ 0

on X, and twist is by OC to get

0 −→ OC(−D) −→ OC −→ OC∩D −→ 0.

Here C∩D denotes the scheme theoretic intersection, and OC(−D) can be identified with
its ideal in C. But since the intersection is transversal, we indeed have

#(C ∩D) = deg (C ∩D) = deg OC(D).

For the definition, the first step is the following:

3By Serre, we can find a p such that C + pH is basepoint free, and same for D. We can also find an r
such that rH is very ample. But now recall (or take as an exercise) that very ample plus basepoint free
is very ample.
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Claim: If C and D are very ample divisors, then C ·D exists and is well defined.

To this end, by Bertini we can consider C ′ ∈ |C| and D′ ∈ |D| smooth and with
transverse intersection, so that

C ·D := C ′ ·D′ = #(C ′ ∩D′).
Now take another smooth D′′ ∈ |D|, transversal to C ′. By the previous Claim, we have

#(C ′ ∩D′) = deg OC′(D′) = deg OC′(D′′) = #(C ′′ ∩D′′).
The same argument holds by replacing C ′ with a C ′′. Moreover, using properties of line
bundles on curves, it is clear that (i)–(iv) hold in this setting.

To define a pairing in general, fix again all of the notation and choices in the Unique-
ness section. Define

C ·D = C ′ ·D′ − C ′ · F ′ −D′ · E ′ − E ′ · F ′.
Each individual term on the right hand side exists and is well defined by the previous
Claim. We finally have to check that the whole expression is well defined. Recall that we
had C ∼ C ′−E ′ and D ∼ D′−F ′, so let’s replace them by similarly chosen C ∼ C ′′−E ′′
and D ∼ D′′ − F ′′. We have that

C ′ + E ′′ ∼ C ′′ + E ′

are very ample, and so by the Claim above we have

C ′ ·D′ + E ′′ ·D′ = C ′′ ·D′ + E ′ ·D′.
We then do the same thing symmetrically for the D’s and F ’s, which altogether gives the
invariance of the right hand side. �

Note that the definition depends on moving curves into transverse position. A pos-
teriori however, for those that do not have common components, we can calculate without
doing this.

Proposition 4.2. Let C,D ⊂ X be curves without common irreducible components. Then

C ·D =
∑

p∈C∩D

(C ·D)p

where (C ·D)p := dimkOX,p/(f, g) is the intersection multiplicity of C and D at p.

Proof. As before, we have an exact sequence

0 −→ OC(−D) −→ OC −→ OC∩D −→ 0.

Now at each p ∈ C ∩D we have

(OC∩D)p ' OX,p/(f, g),

and so
h0OC∩D =

∑
p∈C∩D

(C ·D)p.

But from the exact sequence and the additivity of the Euler characteristic, we have

h0OC∩D = χ(OC∩D) = χ(OC)− χ(OC(−D)).



Notes for 483-3 11

The expression on the right hand side depends only on the linear equivalence class of D,
and so we can replace D as in the theorem above by the difference of two smooth curves
having transverse intersection, and we can easily conclude that this number is equal to
C ·D. �

There is however an important case that is not covered by the above: if D ∈ Div(X),
we can also consider the self-intersection D2 := D · D. We cannot use the Proposition
above even if D is smooth, but in that case we do know that

D2 = deg OD(D) = deg ND/X .

Example 4.3. If X = P2 and C,D ∈ Div(P2), then if L is a line we know that there
exist m,n ∈ Z such that C ∼ mL and D ∼ nL. This means that

C ·D = mn · L2 = mn.

(Note that L is linearly equivalent to another line L′ meeting it in one point, and so
L2 = #(L ∩ L′) = 1.) This fully describes the intersection pairing on P2.

Example 4.4. Let X = P1 ×P1. Then recall that

Pic(X) ' Z× Z ' Z · f1 × Z · f2,
where f1 and f2 are the classes of fibers with respect to the two projections. Then, by
counting intersection points, we have

f 2
1 = f 2

2 = 0 and f1 · f2 = 1.

The intersection pairing is then described as follows: if C and D are of types (m,n) and
(p, q) respectively, then

C ·D = (mf1 + nf2) · (pf1 + qf2) = mq + np.

Example 4.5. Let X̃ be the blow up of a smooth surface X at a point x ∈ X, with
exceptional divisor E. Identifying E with P1, we have seen before that

NE/X ' OE(E) ' OP1(−1).

By what we remarked above, this means that E2 = −1. Note that this negative self-
intersection means that “E doesn’t move”: we cannot find another E ′ linearly (or numer-
ically) equivalent to E which is different from E, as otherwise by general properties the
self-intersection would have to be non-negative.

Proposition 4.6 (Genus formula). If C is a smooth curve of genus g on a smooth
projective surface X, then

C · (C +KX) = 2g − 2.

Proof. Recall that the adjunction formula says that

ωC '
(
ωX ⊗OX(C)

)
|C .

We simply pass to degrees, to get

2g − 2 = deg OC(C +KX) = C · (C +KX).

�
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Example 4.7. In the example above, regarding the blow-up of X at a point, we have
E ' P1 and E2 = −1. By the genus formula, we get E ·KX = −1.

Example 4.8. If C is a smooth projective curve of degree d in P2, we have that C ' dL,
where L ⊂ P2 is a line. Also, KP2 ' −3L. By the genus formula, we obtain

g(C) = 1 +
C2 + C ·KP2

2
= 1 +

d2 − 3d

2
=

(d− 1)(d− 2)

2
,

the standard genus formula for plane curves.

Theorem 4.9 (Riemann-Roch for surfaces). Let D be a divisor on a smooth projective
surface X. Then

χ(OX(D)) =
D · (D −KX)

2
+ χ(OS).

Proof. As in the proof of the existence of the intersection pairing, we can write D ∼
D′−F ′, with D′ and F ′ smooth curves, and use this since both sides depend only on the
linear equivalence class of D. We have

0 −→ OX(D′ − F ′) −→ OX(D′) −→ OF ′(D′) −→ 0,

from which we deduce

χ(OX(D)) = χ(OX(D′))− χ(OF ′(D′)).

On the other hand, from the short exact sequence

0 −→ OX −→ OX(D′) −→ OD′(D′) −→ 0

we get

χ(OX(D′)) = χ(OD′(D′)) + χ(OX),

and therefore we obtain

(3) χ(OX(D)) = χ(OD′(D′))− χ(OF ′(D′)) + χ(OX).

We can now use Riemann-Roch on curves, followed by the self-intersection and genus
formula for D′ ⊂ X, to deduce that

χ(OD′(D′)) = degOD′(D′)− g(D′) + 1 =

= D′
2 −

(
1 +

D′2 +D′ ·KX

2

)
+ 1 =

D′2 −D′ ·KX

2
.

Similarly, we obtain

χ(OF ′(D′)) = degOF ′(D′)− g(F ′) + 1 = D′ · F ′ − F ′2 + F ′ ·KX

2
.

Putting all of this together in (3) and doing a small calculation, we get what we want. �

Remark 4.10. There are other versions of the Riemann-Roch theorem that are very
useful. One of them is the formula

χ(OX) =
1

12

(
K2
X + c2(TX)

)
,
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where c2(TX) is the second Chern class of the tangent bundle. Riemann-Roch can then
be written equivalently as

χ(OX(D)) =
D · (D −KX)

2
+

1

12

(
K2
X + c2(TX)

)
.

This is a special case of the Hirzebruch-Riemann-Roch theorem (see also below). Moreover,
over C one has Noether’s formula:

χ(OX) =
1

12

(
K2
X + χtop(X)

)
,

where

χtop(X) =
∑
i

(−1)ibi(X), bi(X) = dimRH
i(X,R)

is the topological Euler characteristic. Note that the Gauss-Bonet theorem says that
χtop(X) = c2(TX), so this is really a special case of Hirzebruch-Riemann-Roch.

Arbitrary dimension. Consider in general a projective (or just proper) variety X of
dimension n. For Cartier divisors D1, . . . , Dn on X one defines an intersection product

D1 · . . . ·Dn ∈ Z.

This is required to satisfy the following properties:

(i) If the Di are effective and only meet transversely at smooth points of X, then

D1 · . . . ·Dn = #(D1 ∩ . . . ∩Dn).

(ii) It is symmetric and multilinear in any combination of entries.

(iii) It depends only on the linear equivalence classes of the Di.

One framework for defining these numbers is that of general intersection theory over
arbitrary fields as in Fulton’s book [Fu]. Another is a rather elementary approach using
numerical polynomials, developed by Snapper and Kleiman, and explained in detail in
Kollár’s book [Ko] Appendix VI.2. Another approach, over C, is topological: to each Di

one can associate the first Chern class

c1(OX(Di)) ∈ H2(X,Z).

The intersection number is then the cup product

D1 · . . . ·Dn := c1(OX(D1)) · . . . · c1(OX(Dn)) ∈ H2n(X,Z) ' Z.

Details on this approach are explained in Lazarsfeld’s book [La] 1.1.C. When X is smooth,
these cohomology classes can also be represented by (1, 1) forms ωi, and then

D1 · . . . ·Dn =

∫
X

ω1 ∧ · · · ∧ ωn.

Note finally that for a Cartier divisor D we can talk in particular about its self-intersection
number Dn.
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Now given Cartier divisors D1, . . . , Dk, and V ⊆ X a closed irreducible subvariety
of dimension k, one can define an intersection number

D1 · . . . ·Dk · V ∈ Z.

Once we have intersection numbers of the type D1 · . . . ·Dn as above, then just like in the
case of surfaces one can compute this seemingly more general D1 · . . . ·Dk · V by choosing
D′i ∼ Di with support not containing V , restricting them to V , and then intersecting
them on V .

Theorem 4.11 (Asymptotic Riemann-Roch). Let X be a projective variety of di-
mension n, F a coherent sheaf, and D a divisor on X. Then χ

(
X,F ⊗ OX(mD)

)
is a

polynomial of degree at most n in m, satisfying

χ
(
X,F ⊗OX(mD)

)
= rk(F) · D

n

n!
·mn +O(mn−1).

In particular

χ
(
X,OX(mD)

)
=
Dn

n!
·mn +O(mn−1).

Corollary 4.12. In the setting of the theorem above, provided that we have

hi
(
X,F ⊗OX(mD)

)
= O(mn−1) for all i > 0,

then

h0
(
X,F ⊗OX(mD)

)
= rk(F) · D

n

n!
·mn +O(mn−1) for m� 0.

This holds for instance for D ample, when Serre’s theorem says that all higher
cohomology groups are 0 for m� 0. It also holds in this weaker form however even when
D is nef (see below). As for the proof of Theorem 4.11, this can be done in a rather
elementary fashion according to the approach of Snapper-Kleiman (see for instance [Ko]
VI.2.14). It is however also a consequence of the celebrated Hirzebruch-Riemann-Roch
theorem, which states that

χ
(
X,F ⊗OX(mD)

)
=
(
ch(F ⊗OX(mD)) · Td(X)

)
n
,

where ch(·) denotes the Chern character, and Td(·) the Todd class, while (·)n denotes the
component of top degree n = dimX. It is immediate to see from the definitions that this
leads to the formula in Theorem 4.11.

Numerical equivalence. In this section we consider X to be a proper variety (or scheme)
over a field.

Definition 4.13. (1) Two Cartier divisors D1 and D2 on X are numerically equivalent,
denoted D1 ≡ D2, if for every irreducible curve C ⊂ X we have

D1 · C = D2 · C.

We have a similar definition for line bundles. A Cartier divisor D is numerically trivial if
D ≡ 0.
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(2) We denote Num(X) ⊂ Div(X) the subgroup of the group of Cartier divisors Div (X)
consisting of numerically trivial divisors. The Néron-Severi group of X is the quotient

N1(X) := Div(X)/Num(X),

i.e. the group of numerical equivalence classes of divisors on X. Note that by definition
the intersection form descends to

N1(X)× . . .×N1(X) −→ Z.

Example 4.14. By the definition of the intersection form, if D1 ∼ D2, then D1 ≡ D2,
i.e. linear equivalence implies numerical equivalence. However, note for instance that if
D1 and D2 are different fibers of a mapping f : X → C with C a smooth projective curve
of genus g(C) ≥ 1, then D1 ≡ D2, but D1 6∼ D2. (More generally, there is a notion of
algebraic equivalence, which interpolates between linear and numerical equivalence; see
for instance [Ha] Exercise V.1.7. Such different fibers are in algebraically equivalent.)

As expected, numerical equivalence preserves all intersection numbers, and not just
those with curves.

Lemma 4.15. Let X be a proper variety, and D1 ≡ D′1, . . . , Dk ≡ D′k Cartier divisors
on X. If V is any k-dimensional subvariety of X, then

D1 · . . . ·Dk · V = D′1 · . . . ·D′k · V.

Proof. It is enough to show that if D1 ≡ 0, then D1 · . . . · Dk · V = 0. Indeed, this will
show that if D1 ≡ D′1, then

D1 ·D2 · . . . ·Dk · V = D′1 ·D2 · . . . ·Dk · V,

and we can then proceed by induction on k. But note now that by general intersection
theory (either algebraic, or topological), D2 · . . . ·Dk ·V is represented by a 1-dimensional
class on X (linear combination of classes of curves). Therefore the first assertion is clear
by definition. �

Theorem 4.16. The Néron-Severi group N1(X) is a free abelian group of finite rank.
(This rank is called the Picard or base number of X, and is denoted ρ(X).)

Proof. This is true in general, but here I only mention the argument over C, which is
immediate using topology. Indeed, we have a group homomorphism

Pic(X) −→ H2(X,Z), L 7→ c1(L),

and so for any Cartier divisor D on X we get a class

[D] = c1(OX(D)) ∈ H2(X,Z).

Note that by definition if [D] = 0, then D ≡ 0; in other words Hom(X) ⊂ Num(X), where
Hom(X) is the subgroup of divisors with [D] = 0 (cohomologically trivial). It follows that
N1(X) is a quotient of Div(X)/Hom(X). But this latter group is a subgroup of H2(X,Z),
and so finitely generated, since X is a compact analytic variety. The fact that N1(X) is
torsion-free is immediate from its definition. �
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5. Nef and big line bundles

First, recall one of the famous ampleness criteria; it will be the guiding statement
for what follows next.

Theorem 5.1 (Nakai-Moishezon ampleness criterion). Let X be a proper variety
over a field, and L a line bundle on X. Then L is ample if and only if LdimV · V > 0 for
any subvariety V ⊆ X.

Proof. Assume first that L is ample, so that there is an m > 0 such that L⊗m is very ample.
We know then that L⊗m|V is very ample on V as well, and so it provides an embedding in

projective space in which

deg V = (mL|V )dimV = mdimV · (LdimV
|V ) = mdimV · (LdimV · V ).

But the degree is obviously a positive integer.

Assume now that LdimV · V > 0 for all V , and say n = dimX. The result is clear
for n = 1, and we assume by induction that we know it for all varieties of dimension at
most n− 1.

Claim 1: We have
H0(X,L⊗m) 6= 0 for m� 0.

To prove this, note first that asymptotic Riemann-Roch gives

χ(X,L⊗m) =
Ln

n!
·mn +O(mn−1),

and recall that by assumption Ln > 0. Write now, as we did when we defined intersection
numbers:

L ' OX(D − E),

with D and E very ample divisors on X. We can consider two short exact sequences:

0 −→ L⊗m(−E)
·D−→ L⊗m+1 −→ L⊗m+1

|D −→ 0

and
0 −→ L⊗m(−E)

·E−→ L⊗m −→ L⊗m|E −→ 0.

Note that by induction L|D and L|E are ample, and so L⊗m+1
|D and L⊗m|E have vanishing

higher cohomology for m� 0. If we take i ≥ 2, using both sequences we obtain

H i(X,L⊗m) ' H i(X,L⊗m(−E)) ' H i(X,L⊗m+1)

for m � 0, and so the higher cohomology for i ≥ 2 stabilizes. This implies that there
exists a constant C such that

χ(X,L⊗m) = h0(X,L⊗m)− h1(X,L⊗m) + C

for m� 0. But we saw above that χ(X,L⊗m) grows like a polynomial of degree n in m,
with positive leading coefficient, so the claim follows (and in fact L⊗m eventually has lots
of sections).

Since L is ample if and only if L⊗m is ample, given the claim we just proved we can
assume from now on that L = OX(D) with D effective.
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Claim 2: L⊗m is globally generated for m� 0.

Note first that this is obvious away from D, where L is trivial. So the claim is that
no point of D is a base point of L⊗m for m� 0. To show this, we can consider the short
exact sequence

0 −→ L⊗m−1
·D−→ L⊗m −→ L⊗m|D −→ 0.

We again know by induction that L|D is ample, and therefore by Serre’s theorem L⊗m|D
is globally generated and H1(D,L⊗m|D ) = 0 for m � 0. This second fact implies that the

induced map
H1(X,L⊗m−1) −→ H1(X,L⊗m)

is surjective for m � 0. It then has to eventually stabilize to an isomorphism, as these
spaces are finite dimensional. But then the restriction maps

H0(X,L⊗m) −→ H0(D,L⊗m|D )

must be surjective for m � 0, and since L⊗m|D is globally generated, it follows that L⊗m

cannot have base points along D. This concludes the proof of the claim.

Again by possibly replacing L by L⊗m, we now want to prove ampleness for a globally
generated line bundle L with the property that LdimV · V > 0 for all subvarieties V . We
now in fact only need this when V is a curve; the statement is a consequence of the
following Lemma. �

Lemma 5.2. A globally generated line bundle L is ample ⇐⇒ L · C > 0 for every
irreducible curve C ⊂ X ⇐⇒ the morphism ϕL : X → Pn is finite.

Proof. We have that L ' ϕ∗LOPn(1), and so if f is finite then L is ample. Also, if L is
ample, we saw at the beginning of the previous proof that L · C > 0 for all curves C.
Finally, assume that f has some fibers that are positive dimensional, and let C be an
irreducible curve contained in one such. Since L is a pullback, is restricts to the trivial
line bundle on every fiber, and in particular L|C ' OC . This contradicts the hypothesis
L · C > 0. �

Corollary 5.3. If D1 ≡ D2 are numerically equivalent Cartier divisors on X, then D1 is
ample if and only if D2 is ample.

Exercise 5.4. Let π : X̃ = Blx(X)→ X be the blow-up of a smooth projective variety at
a point x ∈ X. Let H be a very ample divisor on X, and E the exceptional divisor on X̃.
Then 2π∗H −E is an ample divisor. (You can start first with the case X = P2, and then
generalize the argument.)

Exercise 5.5. Let f : X → Y be a finite surjective morphism of projective varieties, and
let L be a line bundle on Y . Then L is ample if and only if f ∗L is ample.

Definition 5.6 (Q-divisors). A Q-divisor on a scheme X is a linear combination D =∑
aiDi, with ai ∈ Q and Di Cartier divisors. In other words, it is an element of the group

Div(X)Q := Div(X)⊗Z Q.
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Since intersection numbers are defined for each of the Di, they are also defined for
D, and therefore the intersection pairing extends to DivQ(X). We can therefore talk about
numerical equivalence for Q-divisors, and extend the Néron-Severi group to N1(X)Q.

We say that a Q-divisor D is ample if there exists r ∈ Z such that rD is an ample
Cartier divisor. It is immediate that the Nakai-Moishezon criterion extends to Q-divisors.

Nef line bundles. We will now study a semi-positivity notion.

Definition 5.7. Let X be a projective (or proper) scheme, and D a Cartier divisor (or a
Q-divisor) on X. Then D is nef if D · C ≥ 0 for every irreducible curve C ⊆ X. We can
of course make the same definition for line bundles.

The definition is numerical, and therefore we can actually talk about nef classes in
N1(X) or N1(X)Q.

Example 5.8. (1) Ample divisors are nef by Nakai-Moishezon.

(2) More generally, semiample (i.e. such that a multiple is basepoint-free) divisors are nef.

(3) Any effective divisor on a homogeneous variety is nef (as we can translate it so it does
not contain any given curve).

Exercise 5.9. Let f : X → Y be a proper and surjective morphism, and L a line bundle
on Y . Then L is nef if and only if f ∗L is nef.

Note however that Nakai-Moishezon suggests a stronger notion of semi-positivity.
This is in fact equivalent to nefness by the following important result of Kleiman:

Theorem 5.10. Let X be a proper variety (or scheme), and D a Q-divisor on X. Then
D is nef if and only if

DdimV · V ≥ 0

for every irreducible subvariety V ⊆ X.

Proof. I will only prove the statement in the projective case.4 One implication is clear.
Assume now that D is nef. We do induction on n = dimX; the case n = 1 is clear, and
we assume that we know the statement for all proper varieties of dimension at most n−1.
Thus we know inductively that

DdimV · V ≥ 0, ∀ V ⊂ X of dimension ≤ n− 1,

and so we only need to show that Dn ≥ 0.

To this end, fix an ample divisor H on X, and consider the polynomial in t ∈ R:

P (t) := (D + tH)n =
n∑
k=0

(
n

k

)
· tn−k · (Dk ·Hn−k).

4One can easily reduce to this case using Chow’s Lemma, which says that if X is a proper scheme,
then there exists a projective scheme Y and a surjective morphism f : Y → X which is an isomorphism
over a dense open set in X.
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Note that we can formally do this, even though we haven’t talked about R-divisors in
detail; P takes values in R. Assuming that P (0) < 0, we want to obtain a contradiction.

By the inductive hypothesis, for k < n we have Dk · Hn−k ≥ 0, since Hn−k is
represented by an effective cycle class of dimension k. Thus the coefficients of tn−k in P (t)
are non-negative for all k < n. This implies that P ′(t) > 0 for all t ≥ 0, and so P is
increasing for t > −ε for some positive ε. Since in addition we are assuming P (0) < 0, it
follows that P has only one real root a > 0.

We now show that D + tH is ample for any rational number t > a. Using Nakai-
Moishezon, we need to check that

(D + tH)dimV · V > 0, ∀ V ⊆ X.

If V = X, then this simply says that

P (t) > P (a) = 0 for t > a.

If V ( X, then in the term by term expansion of (D+ tH)dimV ·V we have as above that
Dk ·HdimV−k · V ≥ 0 for k > 0, while HdimV · V > 0 since H is ample. The claim follows.

Finally, write

P (t) = Q(t) +R(t), Q(t) = D · (D + tH)n−1, R(t) = tH · (D + tH)n−1.

We know that if t > a, then D + tH is ample, and so Q(t) ≥ 0 since (D + tH)n−1 is
represented by an effective class of dimension 1. By continuity we have that Q(a) ≥ 0.
On the other hand, let’s note that R(a) > 0, which gives our contradiction since then
P (a) > 0 as well. Indeed, yet again by the same argument as above, all the terms involving
both D and H are non-negative, while Hn > 0. �

One of the most important interpretations of this theorem is that nef divisors are
limits of ample ones. More precisely:

Corollary 5.11. Let X be a projective scheme, and D and H Q-divisors on X. Then:

(1) If D is nef and H is ample, then D + εH is ample for all ε ∈ Q>0.

(2) If D + εH is ample for all ε ∈ Q>0, then D is nef.

Proof. For (1) we apply Nakai-Moishezon; for every V ⊆ X we have

(D + εH)dimV · V =
dimV∑
k=0

(
dimV

k

)
· εk · (DdimV−k ·Hk · V ).

Since H is ample, Hk · V is represented by an effective class of dimension dimV − k on
V , and therefore the nefness of D implies by Kleiman’s theorem above that all the terms
are non-negative. Moreover, HdimV · V > 0, and so the full intersection number is > 0.

For (2), consider any irreducible curve C in X. Since D+ εH is ample for all ε > 0,
we know that

(D + εH) · C > 0, ∀ε > 0.

Passing to the limit as ε→ 0, we obtain D · C ≥ 0. �
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Let me finish by indicating that the notion of nefness is crucial in the birational
classification of algebraic varieties. Start by recalling that Castelnuovo’s contractibility
criterion for surfaces says that if a smooth projective surface X contains a (−1)-curve E,
then there exists a smooth projective surface Y and a birational morphism f : X → Y
which contracts precisely E (the map is in fact the blow-up of a point on Y ). This leads
to the following:

Definition 5.12. A smooth projective surface X is minimal if it contains no (−1)-curves.

According to Castelnuovo’s criterion, starting with any smooth projective surface,
one can always arrive at a minimal one after contracting a finite number of (−1)-curves.

Proposition 5.13. Let X be a smooth projective surface with κ(X) ≥ 0. Then X is
minimal if and only if KX is nef.

Proof. We have seen that a (−1)-curve is a rational curve E such that E2 = −1, and
consequently KX · E = −1. Therefore it is clear that if KX is nef, then such a curve
cannot exist.

Assume now that X is minimal. Since κ(X) ≥ 0, we can find an effective divisor

D =
∑

aiCi ∈ |mKX |, some m > 0,

with ai > 0 and Ci irreducible curves. If KX were not nef, then there would exist C ⊂ X
irreducible curve such that KX · C < 0, and so then clearly C = Ci for some i. We then
have

0 > D · C ≥ ai · (Ci · C)

and so C2 < 0. But now the adjunction formula says

2pa(C)− 2 = C2 +KX · C
and the left hand side is at least −2, while both numbers on the right hand side are
negative. This implies immediately that C is a (−1)-curve. �

Remark 5.14. In dimension at least 3, this is taken to be the definition of minimality in a
birational equivalence class: a variety with κ(X) ≥ 0 is minimal if KX is nef. However, in
this case it soon becomes clear that one cannot stay inside the world of smooth varieties;
in fact X should be allowed to be a projective normal variety with KX Q-Cartier, and
having terminal singularities. Whether such varieties exist in every birational equivalence
class is the one of the main topics of the minimal model program.

Big line bundles. Recall that on a smooth projective variety X over a field we have have
defined the Iitaka dimension κ(L) of a line bundle. The definition and general properties
in fact work unchanged if X is only assumed to be normal (and otherwise one obtains a
definition by considering the pullback to the normalization). Recall that we have given
the following

Definition 5.15. A line bundle L on X is called big if κ(L) = dimX. Equivalently, there
exists a constant C > 0 such that

h0(X,L⊗m) ≥ C ·mdimX for m� 0.
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We can make the same definition for a Cartier divisor D, by considering L = OX(D).
(Moreover, since the definition depends only on sufficiently large and divisible multiples,5

we can similarly define bigness if D is a Q-divisor.)

Example 5.16. (1) An ample divisor is big. More generally, if A is an ample divisor and
E is an effective divisor, then A + E is big. Indeed, note that the number of sections
of OX(m(A + E)) is larger than that of OX(mA), and so the statement follows from
asymptotic Riemann-Roch.

(2) If f : X → Y is a generically finite surjective morphism of proper schemes, and L
is a big line bundle on Y , then f ∗L is big on X. The most important instance is when
f is birational and L is ample; for this reason bigness is sometimes called the birational
version of ampleness.

For the proof, note that we have

H0(X, f ∗L⊗m) ' H0(Y, f∗f
∗L⊗m) ' H0(Y, L⊗m ⊗ f∗OX),

where for the second equality we applied the projection formula. But since f is surjective,
we have an inclusion OY ↪→ f∗OX , and therefore

H0(Y, L⊗m) ⊂ H0(X, f ∗L⊗m), for all m.

Note also that dimX = dimY , since f is generically finite. This immediately implies
what we want.

Lemma 5.17. Let L be a big line bundle on X, and M any other line bundle. Then

H0(X,L⊗m ⊗M) 6= 0

for m sufficiently large and divisible.

Proof. As usual, write M ' OX(D − E) with D and E very ample divisors. It obviously
suffices to replace M by M(−D), i.e. by OX(−E). Consider now the exact sequence

H0(X,L⊗m ⊗OX(−E)) −→ H0(X,L⊗m) −→ H0(E,L⊗m|E ).

We know that there exists C > 0 such that h0(X,L⊗m) > C · mn for m � 0, where
n = dimX. On the other hand, since E is a divisor h0(E,L⊗m|E ) grows at most like mn−1,

and so for m sufficiently large we get the conclusion. �

The following is Kodaira’s important characterization of big divisors; colloquially,
it says that “big is ample plus effective”.

Proposition 5.18 (Kodaira’s Lemma). If D is a big divisor, then for any ample divisor
A, there exists m > 0 and an effective divisor E such that mD ∼ A + E. Conversely, if
there exists an ample divisor A, an effective divisor E, and m > 0 such that

mD ≡ A+ E,

then D is big.

5One in fact needs to check the easy fact that a Cartier divisor D is big if and only if mD is big for
any positive integer m, which will be clear in a moment.
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Proof. As A is ample, there exists some a � 0 such that aD ∼ E1 and (a + 1)A ∼ E2,
with E1 and E2 effective divisors. We apply Lemma 5.17 with M = OX(−E2) to obtain
that there exists m > 0 and an effective divisor F such that

mD ∼ E2 + F ' A+ E1 + F.

We conclude by taking E = E1 + F .

If mD ≡ A + E, then B = mD − E is numerically equivalent to an ample divisor,
and hence ample. We then obviously have

κ(D) ≥ κ(B) = dimX.

�

Corollary 5.19. Bigness is also a numerical property: if D1 ≡ D2, then D1 is big if and
only if D2 is big.

Exercise 5.20. (1) If L is a big line bundle on X, then show that there is a proper closed
subset Z ⊂ X such that L|V is big for every subvariety V of X such that V ( Z.

(2) Give an example of a big line bundle L and a subvariety V ⊂ X such that L|V is not
big.

Nef and big divisors. The combination of these two notions is particularly powerful,
and unlike bigness by itself, it can be characterized by a simple numerical condition. Note
that the pullback of an ample divisor by a birational (or generically finite) morphism is
big and nef.

Theorem 5.21. Let X be a projective variety of dimension n, and D and E nef Q-divisors
on X. If Dn > n · (Dn−1 · E), then D − E is big.

Proof. Note first that the inequality in the hypothesis still holds if we replace D and E
by D + εA and E + εA, where A is an ample divisor and 0 < ε � 1. These are both
ample, so after passing then to large multiples, we can assume that both D and E are
very ample integral divisors.

Fix now m > 0, and a divisor Em ∈ |mE|. Consider the short exact sequence

0 −→ OX(m(D − E))
·Em−→ OX(mD) −→ OEm(mD) −→ 0.

Since D is very ample, we know that h0(X,OX(mD)) grows like Dn/n! ·mn, and so to
conclude it suffices to prove that

h0(Em,OEm(mD)) ≤ n · D
n−1 · E
n!

·mn +O(mn−1).

We are allowed to choose Em as we like, and so we can take Em = B1 + · · · + Bm, with
Bi ∈ |E| general members. A simple argument then shows that it suffices to have

h0(Bi,OBi(mD)) ≤ n · D
n−1 · E
n!

·mn−1 +O(mn−2)

for all i. But this is true, with equality, by Riemann-Roch. �
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Corollary 5.22. Let X be a projective variety of dimension n, and D a nef Q-divisor on
X. Then D is big if and only if Dn > 0.

Proof. If Dn > 0, then Theorem 5.21 applies with E = 0. Conversely, assume that D is
nef and big. By bigness there exists m > 0, H a very ample divisor, and E an effective
divisor, such that

mD ∼ H + E.

Now Kleiman’s theorem implies that Dn−1 · E ≥ 0, and so

m ·Dn = (H + E) ·Dn−1 ≥ H ·Dn−1.

We can however choose H general enough so that D|H is big (using for instance Exercise
5.20), and so reasoning inductively on dimension we get H ·Dn−1 = Dn−1

|H > 0. �

6. Birational classification of surfaces

The following result is crucial in treating birational isomorphism classes of smooth
projective surfaces over algebraically closed fields. Its proof is a classical application of
Zariski’s Main Theorem; see [Ha] V.5 for a detailed discussion. Unless otherwise specified,
blow-up means blow-up at one point.

Theorem 6.1. A birational morphism of smooth projective surfaces factors as a finite
sequence of blow-ups. A birational map between smooth projective surfaces factors as a
finite sequence of blow-ups followed by a finite sequence of blow-downs; more precisely, if
X1 and X2 are birational, then there exists a smooth projective surface Y and morphisms
f1 : Y → X1 and f2 : Y → X2 that are both finite compositions of blow-ups.

One thing this tells us is that in order to understand the behavior of various invari-
ants under birational transformations, it is enough to know it for blow-ups. Let’s do a few
basic calculations.

Proposition 6.2. Let X be a smooth projective surface, and x ∈ X, and let π : X̃ → X
be the blow-up of X at x, with exceptional divisor E. Then:

(1) ωX̃ ' π∗ωX ⊗OX̃(E).

(2) π∗OX̃(mE) ' OX for all m ≥ 0.

(3) Pm(X̃) = Pm(X) for all m ≥ 0, and in particular κ(X̃) = κ(X).

Proof. (1) Since π is an isomorphism outside of E, the line bundles ωX̃ and π∗ωX can
only differ by something supported on E; in divisor language we have

KX̃ − π
∗KX = aE

for some a ∈ Z. We can now intersect both sides with E. On the right hand side we obtain
−a. On the left hand side, we have KX̃ ·E = −1, as we computed from the genus formula,
and π∗KX · E = 0, since π∗ωX is trivial along E. We obtain that a = 1.
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(2) We proved last quarter using the theorem on formal functions that π∗OX̃ ' OX (and
Riπ∗OX̃ = 0 for i > 0). This is the case m = 0; the others follow inductively from the
short exact sequences

0 −→ OX̃((m− 1)E)
·E−→ OX̃(mE) −→ OE(mE) −→ 0.

Indeed, we know that OE(E) ' OP1(−1), and so since E is contracted to a point,

π∗OE(mE) ' H0(P1,OP1(−m)) = 0.

This implies that π∗OX̃((m− 1)E) ' π∗OX̃(mE) for all m ≥ 1.

(3) Using (1) and the projection formula, for every m ≥ 0 we have that

H0(X̃, ω⊗m
X̃

) ' H0
(
X,ω⊗mX ⊗ π∗OX̃(mE)

)
.

But now by (2) we have that π∗OX̃(mE) ' OX , which gives us an isomorphism between
the spaces of pluricanonical sections on the two surfaces. �

In combination with Theorem 6.1, we obtain the following:

Corollary 6.3. If X1 and X2 are birational smooth projective surfaces, then κ(X1) =
κ(X2).

Remark 6.4. Note that the formulas π∗OX̃ ' OX and Riπ∗OX̃ = 0 for i > 0, together
with the Leray spectral sequence, imply the invariance under blow-ups of other important
quantities:

H i(X̃,OX̃) ' H i(X,OX), ∀i ≥ 0.

In particular, χ(OX̃) = χ(OX), and pa(X̃) = pa(X).

The results above imply that if we want to classify surfaces according to Kodaira
dimension, it is enough to focus on minimal models, i.e. those that do not contain (−1)-
curves. Recall that, by Proposition 5.13, for κ(X) ≥ 0 this is equivalent to ωX being
nef.

Example 6.5. Among the surfaces we’ve discussed until now, P2 is minimal since all
curves are very ample, while abelian surfaces and K3 surfaces are minimal since ωX ' OX .
Surfaces of degree at least 5 in P3 (i.e. those that are hypersurfaces of general type) are
minimal since ωX is ample.

Let’s see that almost all ruled surfaces are minimal as well. The first claim is that
every ruled surface π : X → C with C a curve of genus g(C) ≥ 1 is minimal. Indeed,
assume that E is a rational curve in X; the induced map E → C cannot be surjective
since g(E) < g(C) (a consquence of the Riemann-Hurwitz formula), and so π(E) is a
point. This means that E is a fiber of π, and so E2 = 0. Note that if we fix C, then all
of these minimal models are birational to C × P1. One can show that these are all the
minimal models in this birational class.

Ruled surfaces over P1 are treated in the next example.

Example 6.6. Now consider a rational ruled surface π : X → P1. (Note that these are
all birational to P2.) We know that X = P(E) for some rank 2 vector bundle E on P1.
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Proposition 6.7. Every rank 2 vector bundle on P1 is decomposable, i.e. a direct sum of
two line bundles.6 In particular, every ruled surface over P1 is isomorphic to

Fn := P
(
OP1 ⊕OP1(n)

)
, for some n ≥ 0.

These are sometimes called Hirzebruch surfaces.

Proof. Let E be a rank 2 vector bundle on P1. Recall that

degE := deg(detE) = deg(∧2E).

If L is a line bundle, we then have

deg(E ⊗ L) = deg
(
∧2 (E ⊗ L)

)
= deg(∧2E ⊗ L⊗2) = degE + 2 degL.

Thus by twisting with an appropriate L = OP1(m), we can assume that d = degE is
either 0 or −1. The Riemann-Roch theorem for vector bundles on curves says

χ(E) = degE + rkE · (1− g),

so in this particular case we have

h0(C,E) = h1(C,E) + degE + 2 ≥ 1.

It follows that E has nontrivial sections, and so there is some k ≥ 0 and a short exact
sequence

0 −→ OP1(k) −→ E −→ OP1(d− k) −→ 0.

Thus E is written as an extension of line bundles. These are parametrized by the group

Ext1
(
OP1(d− k),OP1(k)

)
' H1

(
P1,OP1(2k − d)

)
= 0,

and therefore the extension is split. We get that after twisting by OP1(−k) our vector
bundle is of the form given in the statement. But recall that P(E) ' P(E ⊗M) for any
line bundle M . �

Exercise 6.8. With the notation above, show the following statements:

(1) Fn ' Fm if and only if n = m.

(2) Fn has a section over the base P1 with self-intersection −n.

(3) Fn is minimal if and only if n 6= 1.

(4) F1 ' Blp(P
2) for some p ∈ P2.

It can be shown that every minimal rational surface is either P2 or one of the Fn
with n 6= 1. Thus overall for surfaces with κ(X) = −∞, minimal models are not unique,
but they are completely classified. On the other hand, one can show the following result:

Theorem 6.9. Let X1 and X2 be non-ruled minimal surfaces. Then every birational map
from X1 to X2 is an isomorphism. In particular, every non-ruled minimal surface admits
a unique minimal model.

6This is in fact true for vector bundles of arbitrary rank on P1, and is called Grothendieck’s theorem.
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The main theorem in the birational classification of surfaces is the following list of
minimal models. I will only state it in characteristic 0; small modifications have to be
made when char k = p > 0. We use the following standard notation:

pg(X) = P1(X) = h0(X,ωX) and q(X) = h1(X,OX) = h1(X,ωX).

Theorem 6.10. Let X be a minimal surface. Then one of the following holds:

(1) If κ(X) = −∞, then X is P2, a rational ruled surface different from F1, or a ruled
surface over a curve of genus at least 1.

(2) If κ(X) = 0, then X belongs to one of the following four classes:

• pg(X) = 0 and q(X) = 0; in this case 2KX ∼ 0, and we say that X is an Enriques
surface.
• pg(X) = 0 and q(X) = 1; in this case S is a bielliptic surface: S ' E × F/G,

where E and F are elliptic curves, and G is a finite group of translations of E
acting on F such that F/G ' P1.
• pg(X) = 1 and q(X) = 0; in this case KX ∼ 0, and X is a K3 surface.
• pg(X) = 1 and q(X) = 2; in this case X is an abelian surface.

(3) If κ(X) = 1, then there exists a smooth projective curve C and a surjective morphism
p : X → C, such that the general fiber of p is an elliptic curve. Such a surface is called
an elliptic surface.7

(4) If κ(X) = 2, then X is by definition a surface of general type.

Note. Much of the general material in this section can be found in [Ha] Ch.V. The more
refined results, including the main classification theorem, are the subject of Beauville’s
book [Be]. The proof of (2) and some of (1) in Theorem 6.9 is the crux of the matter, and
takes a good part of [Be].

Example 6.11 (Enriques surfaces). We have not seen Enriques surfaces before, so
let’s establish their existence. First I recall the following general fact:

Proposition 6.12. If X be a variety, then there exists a one-to-one correspondence be-
tween étale double covers π : X̃ → X and 2-torsion line bundles L, i.e. L 6= OX such that
L⊗2 ' OX . This is characterized by

π∗OX̃ ' OX ⊕ L
−1 and π∗L ' OX̃ .

Proof. I will only sketch the proof, and let you fill in the details. Think of L as a vector
bundle of rank 1 rather than an invertible sheaf, and consider its total space p : L→ X. Fix
an isomorphism α : L⊗2 ' OX , so that in vector bundle language we have an isomorphism

α : L⊗ L −→ X ×C

sitting over the identity on X. We now consider

X̃ = {(x, u) | α(x, u⊗ u) = (x, 1)} ⊂ L,
7Note however that many other types of surfaces, of different Kodaira dimension, can be elliptic

surfaces.
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i.e. via α we put over each x ∈ X the two roots of unity in C. The projection p induces
a morphism π : X̃ → X, which is everywhere 2 : 1. Also, the mapping

X̃ −→ X̃ ×X L = π∗L, (x, u) 7→ (x, (u, u))

gives a global section of π∗L that does not vanish anywhere. But the existence of such a
section equivalent to saying that π∗L ' OX̃ .

On the other hand, if we start with π : X̃ → X as in the statement, the Z2-action
on π∗OX̃ decomposes it into eigenbundles, and L−1 is the nontrivial one. �

Proposition 6.13. Let X be an Enriques surface, and π : X̃ → X the étale double cover
corresponding to ωX (recall that ω⊗2X ' OX). Then X̃ is a K3 surface. Conversely, any
quotient of a K3 surface by a fixed-point-free involution is an Enriques surface.

Proof. For the first implication, by Proposition 6.12 we have π∗ωX ' OX̃ . On the other
hand, π is étale, and so π∗ωX ' ωX̃ . It follows that ωX̃ ' OX̃ . Note also that since π is
étale of degree 2, we have

2− q(X̃) = χ(OX̃) = 2 · χ(OX) = 2

and so q(X̃) = 0. These are the two requirements in the definition of a K3 surface.

Assume now that π is an étale double cover and X̃ is K3. We have

π∗ωX ' ωX̃ ' OX̃
and so by the projection formula

ωX ⊗ π∗OX̃ ' π∗OX̃ .

But now by Proposition 6.12 we have π∗OX̃ ' OX ⊕ω
−1
X . It follows that ω⊗2X ' OX (pass

to determinants), and that pg(X) = 0. Note also as above that χ(OX) = χ(OX̃)/2 = 1,
and so q(X) = 0. Therefore X is Enriques. �

Here is a concrete example. Consider quadrics

Q1, Q2, Q3 ∈ k[X0, X1, X2] and Q′1, Q
′
2, Q

′
3 ∈ k[X3, X4, X5],

and using these build the quadrics

Pi = Qi(X0, X1, X2) +Q′i(X3, X4, X5) ∈ k[X0, . . . , X5], i = 1, 2, 3.

Assuming that the Qi and Q′i are generic, we get three smooth quadrics in P5. Taking
the complete intersection

X = Z(P1) ∩ Z(P2) ∩ Z(P3) ⊂ P5

we have a complete intersection of type X2,2,2, and so X is a K3 surface. We now construct
a fixed-point-free involution i on X; according to Proposition 6.13, we will then have that
X/i is an Enriques surface.

To this end, consider first the involution

σ : P5 −→ P5, (x0 : · · · : x5) 7→ (x0 : x1 : x2 : −x3 : −x4 : −x5).
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Clearly σ(X) = X, and so we have an induced involution i : X → X. Now the fixed locus
of σ is

F (σ) = Y1 ∪ Y2, Y1 = (x0 = x1 = x2 = 0) and Y2 = (x3 = x4 = x5 = 0).

But as the Qi are generic, they do not have any points in common on Y1, and similarly
for the Q′i on Y2 (check!). It follows that i has no fixed points.

Remark 6.14. It can be shown that the generic Enriques surface is isomorphic to one as
in the example above.

Example 6.15 (Elliptic surfaces). Let’s also sketch the proof of part (3) in Theorem
6.9, i.e. the fact that minimal surfaces of Kodaira dimension 1 are elliptic surfaces. We
begin with some preliminaries; the surfaces will always be smooth and projective.

Lemma 6.16. If X is a minimal surface with κ(X) = 0, 1, then K2
X = 0.

Proof. Since X is minimal, KX is nef, and therefore K2
X ≥ 0. But if we had K2

X > 0, then
by Corollary 5.22 KX would be big, which is equivalent to κ(X) = 2. �

Lemma 6.17. Let X be a minimal surface with K2
X = 0, and assume that Pm(X) ≥ 2

for some m, so that we can write

|mKX | = |M |+ F

with F the fixed part and M the moving part. Then

KX · F = KX ·M = F 2 = F ·M = M2 = 0.

Proof. The hypothesis implies that KX ·M + KX · F = 0. But KX is nef, and so both
summands are non-negative. It follows that

KX ·M = KX · F = 0.

Now M does not have fixed components, and so M2 ≥ 0 and M · F ≥ 0. Using that
M ·KX = M2 +M ·F and F ·KX = M ·F +F 2, we easily obtain the other identities. �

Now start with X minimal with κ(X) = 1. This last condition implies that there
exists an m > 0 such that Pm(X) ≥ 2, i.e. |mKX | is a positive dimensional linear system.
Take its decomposition into the moving part and fixed part

mKX = M + F.

A priori the moving part gives a rational map ϕM : X → PN . By Lemma 6.16 and
Lemma 6.17 we have however that M2 = 0, which implies that ϕM is really a morphism
(otherwise different divisors in M would intersect in the finite base locus, giving M2 > 0).
The hypothesis also implies that we can take ϕM(X) to be a curve, say B.

We now consider the Stein factorization p : X → C of the induced ϕM : X → B, so
that p has connected fibers and C is a normal and hence smooth curve. Denote by E the
general fiber of p. Note that

M ' ϕ∗MOPN (1) ' p∗OC(1),
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and so M is linearly equivalent to a sum of general fibers of p. By Lemma 6.17 we have
that KX ·M = 0. On the other hand, since KX is nef we have that KX · E ≥ 0. Putting
all of this together, it follows that KX · E = 0.

Note however that since E is a fiber, we also have that E2 = 0. But the genus
formula says that 2g(E)− 2 = E2 +KX · E, so we conclude that g(E) = 1.

Subadditivity of Kodaira dimension. Note that in all the examples that we had
until now, whenever there is a fibration f : X → C from a smooth projective surface to
a smooth projective curve, we have the formula κ(X) = κ(F ) + κ(C), where F is the
general fiber of f . For instance, if κ(X) = −∞, we have ruled surfaces and so the fiber
also has κ(F ) = −∞. In the case of κ(X) = 1, we have that κ(F ) = 0.

However, it turns out that there are many examples where equality does not hold.
In those cases one always has κ(X) > κ(F ) + κ(C), so overall the following inequality
holds:

κ(X) ≥ κ(F ) + κ(C).

Here are some examples where equality doesn’t hold:

Example 6.18. Some K3 surfaces can be written as fibrations f : X → P1, where the
general fiber is an elliptic curve.

In fact, assume that there is a smooth elliptic curve C ⊂ X inside a K3 surface.
Then by the genus formula we obtain C2 = 0. Note also that Riemann-Roch gives us

h0(X,OX(C))− h1(X,OX(C)) + h2(X,OX(C)) = 2.

On the other hand, since ωX ' OX , Serre duality immediately implies that h2(X,OX(C)) =
0, while h1(X,OX(C)) = h1(X,OX(−C)). But this last group is also 0, as it can be seen
by passing to cohomology in the exact sequence

0 −→ OX(−C) −→ OX −→ OC −→ 0.

It follows that h0(X,OX(C)) = 2, and so the linear system |C| is a pencil inducing a
rational map f : X → P1. As C2 = 0, it follows (as in the proof of the fact that surfaces
with κ(X) = 1 are elliptic) that f is in fact a morphism; its fibers are the members of the
pencil, and so the general one is a smooth elliptic curve.

Here is a concrete example when one can find such elliptic curves on a K3. Take X to
be a smooth quartic surface in P3 containing a line L. (Exercise: show that such quartics
exist.) Take H to be a hyperplane section of X containing L, and then consider the linear
system |H − L| on X. There is a 1-dimensional family of planes in P3 containing L, and
so this is a pencil. Now by Bézout H is a curve of degree 4, living inside a hyperplane in
P3, i.e. a P2. But it contains the line L, which must then be a component, so there is a
residual component C of degree 3. One can easily check that |H − L| is a basepoint-free
linear system (exercise), and so the general such C is smooth; it is then a smooth cubic
in P2, so an elliptic curve.

Example 6.19. There exist examples of surfaces of Kodaira dimension 1 such that the
base of the elliptic fibration has genus 0 or 1.
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Example 6.20. There exist surfaces of general type with q(X) = 1; these takes a little
work, but for instance one with pg(X) = 1 is the minimal resolution of a C1 × C2/G,
where C1 and C2 are smooth projective curves of genus 2 and 3 respectively, and G is a
finite group acting on them, with C1/G ' P1 and C2/G elliptic. All such surfaces can be
written (via the Albanese map) as fibrations f : X → E, where E is an elliptic curve and
the general fiber is a curve of genus at least 2.

7. Iitaka’s conjecture

Considerations as those above, and further work in higher dimensions, led Iitaka
to formulate a famous conjecture that was one of the main reasons for the development
of the minimal model program. In this section we work with varieties defined over an
algebraically closed field k of characteristic 0.

Conjecture 7.1 (Iitaka’s Cn,m conjecture). Let f : X → Y be a surjective morphism
with connected fibers (fiber space) between two smooth projective varieties, and denote by
F the generic fiber of f . Then

κ(X) ≥ κ(F ) + κ(Y ).

Remark 7.2. This is clear when X is of general type, since dimX = dimF + dimY .

The conjecture is known for surfaces, as we will discuss below, but is very hard
in general. Very roughly speaking it is known in arbitrary dimension only when Y is of
general type, or when F is of general type or has semiample canonical bundle.

Let’s note however that if we replace κ(Y ) by dimY , then the inequality is known
to go in the other direction. This is a consequence of the more general:

Theorem 7.3 (Easy addition formula). Let f : X → Y be a fiber space between
normal projective varieties, with general fiber F , and let L be a line bundle on X. Then

κ(X,L) ≤ κ(F,L|F ) + dimY.

To prove Easy Addition, as well as other results later, the following technical state-
ment is very useful.

Lemma 7.4. Let f : X → Y be a fibration with general fiber F , and N a line bundle on
X. Then there exists a big line bundle L on Y and an integer m > 0 with f ∗L ↪→ N⊗m if
and only if

κ(X,N) = κ(F,N|F ) + dimY.

I will prove this later, but for now let’s see how it gives the theorem.

Proof of Theorem 7.3. If κ(X,L) = −∞ there is nothing to prove. Assuming that
κ(X,L) ≥ 0, there exists some m > 0 such that H0(X,L⊗m) 6= 0. Fix now a very ample
line bundle A on Y . Since L⊗m has nontrivial sections, we have a sequence of inclusions

f ∗A ↪→ L⊗m ⊗ f ∗A ↪→ (L⊗ f ∗A)⊗m.
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(For the second inclusion we use the fact that, since A is very ample, f ∗A has sections as
well.) We can now apply Lemma 7.4 to N = L⊗ f ∗A to conclude that

κ(X,L⊗ f ∗A) = κ(F,L|F ) + dimY.

But since f ∗A is effective, we clearly have

κ(X,L⊗ f ∗A) ≥ κ(X,L).

Corollary 7.5. Under the hypotheses of Conjecture 7.1, we have

κ(X) ≤ κ(F ) + dimY.

In particular, if κ(X) ≥ 0, then κ(F ) ≥ 0.

Proof. This is a consequence of Theorem 7.3 applied to L = ωX , and the following exercise.
�

Exercise 7.6. Let f : X → Y be a fiber space between smooth projective varieties. Then
for every smooth fiber F of f , we have

ωF ' ωX |F .

Intuitive approach to the conjecture. Let f : X → Y be a fiber space between
smooth projective varieties. Denote

Fm := f∗
(
ω⊗mX/Y

)
, m ≥ 1.

Since f is generically flat, at a general point of y we can apply the Base Change theorem
and deduce that Fm is a (torsion-free, more on this later) coherent sheaf on Y of rank

rk(Fm) = Pm(F ) = h0(F, ω⊗mF ).

By the projection formula we have

f∗ω
⊗m
X ' Fm ⊗ ω⊗mY ,

and so

Pm(X) = h0(Y,Fm ⊗ ω⊗mY ), ∀ m ≥ 1.

As we will see later, one of the key properties all fiber spaces is that they come with nat-
urally attached positivity properties, reflected precisely in the canonically defined sheaves
Fm. It is not quite true that they are globally generated, but these properties go roughly
in this direction; let’s assume now for intuition that we were actually able to prove that
Fm are globally generated. We can then apply Exercise 7.7 below to deduce that there
exists a sheaf inclusion ⊕

rk(Fm)

ω⊗mY ↪→ Fm ⊗ ω⊗mY .

Putting everything together, we would conclude that

Pm(X) ≥ Pm(F ) · Pm(Y ),

which after taking logarithm would imply the inequality in Conjecture 7.1.
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Exercise 7.7. Let F be a globally generated coherent sheaf of generic rank r on a variety
X. Then there exists an sheaf inclusion

O⊕rX ↪→ F .

Calabi-Yau fibers. Some of you are particularly interested in Calabi-Yau varieties, or
families thereof, and so let’s see how the previous discussion simplifies further if we assume
ωF ' OF for the general fiber of F . We have in particular rk(Fm) = 1 for all m ≥ 1, and
one only needs to show that κ(X) ≥ κ(F ).

Let’s note that in this case it is enough to show that H0(Y,Fm) 6= 0 for some m.
Indeed, this would imply that

ω⊗mY ↪→ Fm ⊗ ω⊗mY ,

and so Pm(X) ≥ Pm(Y ). But then this would in fact happen for all multiples of m. To
see this, let’s simplify the discussion by assuming that m = 1. This means that

h0(X,ωX/Y ) = h0(Y, f∗ωX/Y ) 6= 0.

This basically says that “KX ≥ KY ”. By taking powers of a non-zero section on X, we
obtain that

h0(X,ω⊗kX/Y ) = h0(Y,Fk) 6= 0, ∀ k ≥ 1.

The actual proof indeed goes via producing nontrivial sections, but not directly for Fm.
Also, note that in the previous subsection I could have actually said generically globally
generated, and the argument would be the same; but in the case when rk(Fm) = 1, this
means precisely the existence of a non-trivial section, so this is really a special case of
what we discussed above.

Iitaka’s conjecture for surfaces. Let f : X → C be a fiber space with X a smooth
projective surface and C a smooth projective curve. To check Iitaka’s conjecture, we can
safely assume that

g(C) ≥ 1 and g(F ) ≥ 1.

In this case we can also assume that X is a minimal surface, since the all rational curves
must then live in the fibers of f , and the Kodaira dimension is a birational invariant.

The problem can be approached without using the classification of surfaces, but
this is part of a more general program of which we’ll discuss a bit later. But even using
classification, let’s note that the elementary results we know are not enough in the case
κ(X) = 0.

First the other cases: we saw that κ(X) = 2 is clear. Since besides P2 in the κ(X) =
−∞ case we only have ruled surfaces, this case is also clear (again, rational curves cannot
dominate curves of higher genus). Now a minimal surface with κ(X) = 1 has a, possibly
different, fibration g : X → B, with general fiber E an elliptic curve. Now compare E
with the fibration f : X → C. If g(C) ≥ 2, then E cannot dominate C, and so it must
be a fiber of f as well. It follows that then that f and g must coincide, so f is also an
elliptic fibration and we are done. If g(C) ≤ 1, then we are done anyway.

Thus the only case that is not clear is κ(X) = 0. One must show that g(C) = 1 and
g(F ) = 1, but there is nothing in the classification list that tells us yet that this is the
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case. The key point is the following completely nontrivial result, first observed by Ueno
in this case, and then generalized by Fujita, Kawamata, Viehweg, etc. in various ways to
higher dimension, which we will discuss later:

Theorem 7.8. If f : X → C is a fiber space as above, then deg f∗ωX/C ≥ 0.

This is a concrete instance of the fact alluded to earlier that every family comes
with some inherent positivity. Let’s apply this: assume for instance that ωX ' OX , like
in the K3 or abelian case. Since f∗OX ' OC by the fiber space assumption, we have that

deg f∗ωX/C = degω−1C = 2− 2g(C) ≥ 0,

and so g(C) ≤ 1. On the other hand ωX |F ' ωF ⊗OF (−F ). But F 2 = 0 since F is a fiber,
and so we get that degωF = 0, which means that F is an elliptic curve. (Or simply apply
Exercise 7.6 directly.)

In the Enriques or bielliptic case the canonical is not trivial, but only torsion. The
exact same argument shows in any case that F must be an elliptic curve. As for C, one
can argue by taking a base change C ′ → C of the base which makes the canonical of X
trivial, or apply directly as above an important generalization of Theorem 7.8 which says
that in fact

deg f∗
(
ω⊗mX/C

)
≥ 0, ∀ m ≥ 1.

We will come back to this result in a more general context. To address positivity results of
this sort, one of the most important tools are vanishing theorems for cohomology groups,
and we will study this next.

8. Vanishing theorems

In this section we deal only with varieties defined over C. The results can be shown
to hold for all algebraically closed fields in characteristic 0, but are known to fail as stated
in positive characteristic. We start with perhaps the best known vanishing theorem.

Theorem 8.1 (Kodaira Vanishing). Let X be a smooth complex projective variety of
dimension n, and let L be an ample line bundle on X. Then

H i(X,ωX ⊗ L) = 0 for all i > 0.

Equivalently,
H i(X,L−1) = 0 for all i < n.

Kodaira Vanishing is the special case p = n of the following result about all bundles
of holomorphic forms.

Theorem 8.2 (Nakano Vanishing). Let X be a smooth complex projective variety of
dimension n, and L an ample line bundle on X. Then

Hq(X,Ωp
X ⊗ L) = 0 for p+ q > n,

or equivalently
Hq(X,Ωp

X ⊗ L
−1) = 0 for p+ q < n.
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In these notes I will prove these theorems using a method first introduced by Kollár,
based on what are called injectivity theorems. The approach to the proof is due to Esnault-
Viehweg; a lot about this can be found in their book [EV].

Definition 8.3 (Forms with log-poles). Let X be a smooth variety, and D a smooth
effective divisor on X. The sheaf of 1-forms on X with log-poles along D is

Ω1
X(log D) = Ω1

X <
df

f
>, f local equation for D.

Concretely, if z1, . . . , zn are local coordinates on X, chosen such that D = (zn = 0), then
Ω1
X(log D) is locally generated by dz1, . . . , dzn−1,

dzn
zn

. This is a free system of generators,

so Ω1
X(log D) is locally free of rank n. For any integer p, we define

Ωp
X(log D) :=

p∧(
Ω1
X(log D)

)
.

Lemma 8.4. There are short exact sequences:

(i) 0 −→ Ωp
X −→ Ωp

X(log D) −→ Ωp−1
D −→ 0.

(ii) 0 −→ Ωp
X(log D)(−D) −→ Ωp

X −→ Ωp
D −→ 0.

Proof. I will sketch the proof for p = 1; in general it is only notationally more complicated.
The comprehensive source for this is [EV] Section 2.

Choose local analytic coordinates z1, . . . , zn so that D = (zn = 0). For (i), the map
on the right is the residue map along D

resD : Ω1
X(log D) −→ OD

given by

f1dz1 + . . .+ fn−1dzn−1 + fn
dzn
zn
7→ fn|D,

where f1, . . . , fn are local functions on X. The right hand side is 0 if one can write
f = zn · g for an arbitrary regular function g. Therefore we can see the kernel as being
locally generated by dz1, . . . , dzn, hence isomorphic to Ω1

X .

For (ii), the map on the right is given by restriction of forms. Since locally D = (zn =
0), the kernel of the restriction map Ω1

X → Ω1
D is locally generated by zndz1, . . . , zndzn−1, dzn.

But these obviously generate the subsheaf Ω1
X(log D)(−D) ⊂ Ω1

X(log D). �

Cyclic covers. I will state here a useful technical result needed in order to “take m-th
roots” of divisors B ∈ |mD| with m ≥ 2. For a thorough survey and other useful covering
constructions see [La] 4.1.B and [EV] Section 3.

Proposition 8.5. Let X be a variety over an algebraically closed field k, and let L be a
line bundle on X. Let 0 6= s ∈ H0(X,L⊗m) for some m ≥ 1, with D = Z(s) ∈ |mL|.
Then there exists a finite flat morphism f : Y → X of degree m, where Y is a scheme
over k such that if L′ = f ∗L, there is a section

s′ ∈ H0(Y, L′) satisfying (s′)
m

= f ∗s.

Moreover:
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• if X and D are smooth, then so are Y and D′ = Z(s′).

• the divisor D′ maps isomorphically onto D.

• there is a canonical isomorphism f∗OY ' OX ⊕ L−1 ⊕ · · · ⊕ L−(m−1).

• for every p ≥ 1, one has

f∗Ω
p
Y ' Ωp

X ⊕
m−1⊕
i=1

Ωp
X(log D)⊗ L−i.

Proof. Let’s first do this construction locally: assume that X = Spec A, and think of s as
a function s ∈ A. Then, introducing a new variable t, one can simply define

Y = Spec
A[t]

(tm − s)
⊂ X ×A1.

The natural morphism from A to this new ring (or the projection onto the first factor
of X ×A1) induces a map f : Y → X, which is clearly finite. If X and D are smooth,
we can more specifically assume that X has a coordinate system x1, . . . , xn such that
s = x1. Then Y has a coordinate system y1, . . . , yn with t = y1, so that the map f can be
described as

(4) (y1, y2, . . . , yn) 7→ (ym1 , y2, . . . , yn).

It follows that Y is smooth as well, and we also see that f is ramified exactly over
D = (x1 = 0), where it is in fact maximally ramified. Note moreover that D′ = (y1 = 0)
maps isomorphically onto D.

Note furthermore that the ring B = A[t]/(tm − s), which can be identified with the
sheaf f∗OY , admits a decomposition

(5) B =
m−1⊕
i=0

A · ti,

and we know that tm = s ∈ A. Now the group µm of m-th roots of unity acts on B (so on
Y ) as follows: if µ is a primitive m-th root, then µ acts on t by µ · t. It is clear that the
eigenspace associated to µi is precisely the summand A · ti in the decomposition above.

This is the local version. Now start with global X and D, where D is a divisor
associated to a section s of L⊗m. Choose an affine open cover of X on which L can be
trivialized, and for each open Ui ⊂ X in this cover, think of sUi as a function si on Ui.
The construction above can be performed to get

fi : Yi = Spec
OX(Ui)[ti]

(tmi − si)
−→ Ui.

If Ui and Uj are open sets in the cover, the line bundle comes with transition functions
gij ∈ O∗X(Ui ∩ Uj); the transition functions of L⊗m are therefore gmij , so the si satisfy

si = gmij · sj.
We can now glue Yi and Yj over Ui ∩ Uj by using the rule

(6) ti = gij · tj,



36 Mihnea Popa

which is compatible with the formula above since tmi = si. We get a variety Y , due to the
fact that the gluing behaves well on triple overlaps because of the cocyle condition

gij · gjk · gki = 1

satisfied by the transition functions. The gij are also the transition functions of the line
bundle L′ = f ∗L, and so (6) implies that the ti glue to give a global section t ∈ H0(Y, L′).
Obviously tm = f ∗s. Since f is a finite morphism, if X is projective then Y is projective as
well. Also, the considerations in the local case apply to say that if X and D are smooth,
then Y is also smooth.

Finally, we need to establish the decomposition formulas for push-forwards of bun-
dles of holomorphic forms. Using an open cover as above, recall that over Uj the sheaf
f∗OY can be described as the Ai-algebra

Bj := Spec
Aj[tj]

(tmj − sj)
=

m−1⊕
i=0

Aj · tij,

where the decomposition into a direct sum of free rank 1 Aj-modules on the right hand
side corresponds to the eigenspaces of the µm-action. Each of these glue to a line bundle;
note that since the tij transform according to the formula

tij = gijk · tik,

it follows that this line bundle is that given by the transition functions g−ijk , i.e. L−i. This
proves the formula for f∗OY .

Let’s conclude by proving the formula for f∗Ω
1
Y ; that for arbitrary p is left as an

exercise. On one of the open sets Uj of our cover, consider a local coordinate system
x1 . . . , xn on X such that D = (x1 = 0) as above, so that Ω1

X(log D) is generated
by dx1/x1, dx2, . . . , dxn. Consider also a coordinate system y1, . . . , yn on Y so that the
mapping is given by (4), and tj corresponds to y1. Over Uj we have

f∗Ω
1
Y (Uj) '

n⊕
k=1

Bj · dyk '
n⊕
k=1

m−1⊕
i=0

Aj · yi1dyk.

Note now that for k ≥ 2 we have yi1dyk = yi1dxk. For k = 1, the formula x1 = ym1 implies
that dx1 = m · ym−11 dy1, and in particular dx1/x1 = m · dy1/y1. We conclude that

yi1dy1 =
1

m
yi+1
1

dx1
x1

.

The eigenspaces of f∗Ω
1
Y (Uj) under the action of µm are obtained by putting together the

terms which contain the same power of y1, and one easily checks that they correspond to
the summands in the statement. �

We will use Proposition 8.5 and some basic information coming from Hodge theory
in order to prove the following “injectivity theorem”, originally due to Kollár, which turns
out to be stronger than Kodaira vanishing.
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Theorem 8.6. Let X be a smooth projective variety, L a line bundle on X, and a non-
trivial section s ∈ H0(X,L⊗m) such that D = Z(s) is a smooth divisor. Then, for each j,
the map

Hj(X,ωX ⊗ L) −→ Hj(X,ωX ⊗ L⊗m+1)

induced by multiplication by s is injective.

Proof. We use the construction and notation of Proposition 8.5. Since f is finite, we obtain
isomorphisms

Hj(Y,OY ) ' Hj(X,OX)⊕
m−1⊕
i=1

Hj(X,L−i)

and

Hj(Y,Ωp
Y ) ' Hj(X,Ωp

X)⊕
m−1⊕
i=1

Hj(X,Ωp
X(log D)⊗ L−i).

We consider now the exterior derivative

d : OY −→ Ω1
Y ,

which is a C-linear sheaf homomorphism. This induces for each i a homomorphism on
cohomology

d : Hj(Y,OY ) −→ Hj(Y,Ω1
Y ).

But Hodge theory tells us that this homomorphism is always zero; this is a special case
of the degeneration at E1 of the Hodge-to-de Rham spectral sequence. In more elemen-
tary terms, the reason is that these two spaces are isomorphic to the spaces H0,j(Y )
and H1,j(Y ) of forms of the corresponding types. But each element in H0,j(Y ) can be
represented by a harmonic form, and all such forms are d-closed.

Note that d is compatible with the decompositions above (exercise; see also the proof
of Lemma 8.7 below), and so it induces maps

d : Hj(X,L−1) −→ Hj(X,Ω1
X(log D)⊗ L−1)

which are also identically zero. Now recall from Lemma 8.4 that we have a residue mapping
Ω1
X(log D)→ OD. Tensoring it with L−1 and passing to cohomology, we finally get that

the induced homomorphism

Hj(X,L−1) −→ Hj(D,L−1|D )

is zero as well. But Lemma 8.7 below tells us that up to scalar this is the same as the
homomorphism induced from the short exact sequence

0 −→ L−1(−D) −→ L−1 −→ L−1|D −→ 0.

Looking at the long exact sequence on cohomology, it follows that the induced homomor-
phisms

Hj(X,L−1(−D)) −→ Hj(X,L−1)

are all surjective. Recalling that L⊗m ' OX(D), Serre duality implies the statement we
want. �
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Lemma 8.7. The homomorphism

Hj(X,L−1) −→ Hj(D,L−1|D )

above, obtained using the residue map, is the same as the natural homomorphism induced
by restriction, after multiplication by m.

Proof. We in fact prove the pre-cohomology statement that the mapping

L−1 −→ Ω1
X(log D)⊗ L−1 −→ L−1|D

obtained by composing d on the eigensheaves corresponding to µ with the residue map
along D is equal to the restriction map up to a factor of m. We are then allowed to work
in local coordinates, and we use the notation in the proof of Proposition 8.5.

In local coordinates on an open set U , the summand L−1 of f∗OY is generated by
elements of the form fy1, with f ∈ OX(U). Note that

d(fy1) = dfy1 + fdy1 = y1

(
df +

f

m
· dx1
x1

)
,

which is a section of Ω1
X(log D)⊗L−1 over U . Its residue along (x1 = 0) is equal to y1 · fm

restricted to (x1 = 0), which after multiplication by m coincides with the restriction of
fy1. �

Proof of Theorem 9 using Theorem 8.6. Let L be an ample line bundle. Then there
exists m� 0 such that L is very ample and

H1(X,ωX ⊗ L⊗m+1) = 0.

But the linear system |mL| contains a smooth divisor, so we can apply Theorem 8.6 to
deduce that H1(X,ωX ⊗ L) embeds in this space.

Kollár vanishing. Theorem 8.6 also leads to important generalization of Kodaira Van-
ishing to higher direct images of canonical bundles; the point is to use the more general
case when L is not necessarily ample.

Theorem 8.8 (Kollár Vanishing). Let f : X → Y be a morphism from a smooth
projective variety X to a projective variety Y , and let L be an ample line bundle on Y .
Then

Hj(Y,Rif∗ωX ⊗ L) = 0, for all i and all j > 0.

Proof. Let m be a sufficiently large integer such that L⊗m is very ample. If B ∈ |mL| is a
general element and D = f ∗B, then by Bertini’s theorem D is a smooth hypersurface on
X. We apply Theorem 8.6 to the (semiample) line bundle f ∗L and to the divisor D on
X, to conclude that the natural maps

(7) Hj(X,ωX ⊗ f ∗L)
·D−→ Hj(X,ωX ⊗ f ∗L⊗m+1)

are injective for all j. Let’s denote

fD : D −→ B
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the restriction of f to D. By induction on dimension, we can assume that

Hj(Y,RifD∗ωD ⊗ L|B) = 0, for all i and all j > 0.

Note now that by the adjunction formula ωD ' (ωX ⊗ OX(D))|D. On the other hand
OX(D) ' f ∗L⊗m, so

ωD ' ωX |D ⊗ g∗L⊗m|B .

It follows that we have a short exact sequence

0 −→ ωX ⊗ f ∗L −→ ωX ⊗ f ∗L⊗m+1 −→ ωD ⊗ f ∗DL|B −→ 0.

Pushing this sequence forward, we obtain a long exact sequence

· · · −→ Rif∗ωX ⊗ L
·B−→ Rif∗ωX ⊗ L⊗m+1 −→ RifD∗ωD ⊗ L|B −→ · · ·

We can however choose the divisor B sufficiently general, such that the mapping

Rif∗ωX ⊗ L
·B−→ Rif∗ωX ⊗ L⊗m+1

is in fact injective; this follows from Lemma 8.9 below. In this case the long exact sequence
above reduces to a collection of short exact sequences

0 −→ Rif∗ωX ⊗ L
·B−→ Rif∗ωX ⊗ L⊗m+1 −→ RifD∗ωD ⊗ L|B −→ 0

We can also choose m large enough so that the higher cohomology of all Rif∗ωX ⊗L⊗m+1

vanishes. Combined with the inductive assumption about the right-most sheaf, this im-
plied first of all that

Hj(Y,Rif∗ωX ⊗ L) = 0, ∀ j ≥ 2.

For the final case j = 1 we need to use the Leray spectral sequence

Ep,q
2 = Hp(Y,Rqf∗ωX ⊗ L) =⇒ Hp+q(X,ωX ⊗ f ∗L).

We have already shown that Ep,q
2 = 0 for p ≥ 2 and all q, which implies that the spectral

sequence degenerates at E2. This means in particular that for all i we have an injection

E1,i
2 = H1(Y,Rif∗ωX ⊗ L) ↪→ H i+1(X,ωX ⊗ f ∗L).

On the other hand, by (7) this last group injects into H i+1(X,ωX ⊗ f ∗L⊗m+1). But the
composition of these two injections also factors as in the following commutative diagram

H1(Y,Rif∗ωX ⊗ L) //

��

H i+1(X,ωX ⊗ f ∗L)

��
H1(Y,Rif∗ωX ⊗ L⊗m+1) // H i+1(X,ωX ⊗ f ∗L⊗m+1)

where the bottom left term is 0 for m� 0 by Serre Vanishing. We finally conclude that

H1(Y,Rif∗ωX ⊗ L) = 0

as well. �

Lemma 8.9. Let F be a coherent sheaf and L a very ample line bundle on a projective
variety X. If s ∈ H0(X,L) is a general section, then the induced morphism

F ·s−→ F ⊗ L
is injective.
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Proof. Exercise. �

9. Castelnuovo-Mumford regularity

An effective link between vanishing and global generation is provided by the theory
of Castelnuovo-Mumford regularity. This is usually defined with respect to OP(1) on a
projective space, but we can consider a slightly more general class of line bundles.

Definition 9.1. Let X be a projective variety, and L an ample and globally generated
line bundle on X. A coherent sheaf F on X is called m-regular with respect to L if

H i(X,F ⊗ L⊗m−i) = 0 ∀ i > 0.

Theorem 9.2 (Castelnuovo-Mumford Lemma). Let X be a projective variety, and L
an ample and globally generated line bundle on X. Let F be a coherent sheaf on X which
is m-regular with respect to L, and let k ≥ 0. Then:

(i) F is (m+ k)-regular with respect to L.

(ii) F ⊗ L⊗m+k is globally generated.

(iii) The multiplication map

H0(X,F ⊗ L⊗m)⊗H0(X,L⊗k) −→ H0(X,F ⊗ L⊗m+k)

is surjective.

Proof. Note first that it is enough to prove only (i) and (iii). Indeed, if we know (iii) for
all k, we can combine it with the fact that by Serre’s theorem F ⊗ L⊗m+k is globally
generated for k � 0. But we have a commutative diagram

H0(X,F ⊗ L⊗m)⊗H0(X,L⊗k)⊗OX //

��

H0(X,F ⊗ L⊗m+k)⊗OX

��
H0(X,F ⊗ L⊗m)⊗ L⊗k // F ⊗ L⊗m+k

where the vertical and bottom horizontal maps are obtained from the evaluation of global
sections of the sheaves in question. It follows that for k � 0 the composition of the top
horizontal and left vertical maps is surjective. Therefore the bottom horizontal map is
surjective, which means precisely that F ⊗ L⊗m is globally generated. Also, because of
the inductive nature of (i), it is in fact enough to prove (i) and (iii) for k = 1.

Denote V = H0(X,L), and say dimV = n. Since L is globally generated, we have
a surjective map

V ⊗OX
ev−→ L.

Thinking of this as a nowehere-vanishing section of the vector bundle V ∨ ⊗ L, we can
associate to it a Koszul complex

0 −→
n∧
V ⊗ L⊗−n −→ · · · −→

2∧
V ⊗ L⊗−2 −→ V ⊗ L⊗−1 −→ OX −→ 0.
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Note that this is an exact complex, and the kernels (= cokernels) of the maps in the
complex are all locally free. Indeed, recall that on projective space P = P(V ) we have
the Euler sequence

0 −→ Ω1
P −→ V ⊗OP(−1) −→ OP −→ 0,

and so the kernel of the map V ⊗L⊗−1 → OX is the vector bundle f ∗Ω1
P, with f : X → P

the morphism induced by L. Then it is not hard to see that the other kernels in the Koszul
complex are isomorphic to f ∗Ωi

P.

Twisting the Koszul complex by F(m+ 1), we then get another exact complex

0 −→
n∧
V⊗F⊗Lm+1−n −→ · · · −→

2∧
V⊗F⊗Lm−1 −→ V⊗F⊗L⊗m −→ F⊗Lm+1 −→ 0.

Since F is m-regular, we have that

(8) H i(X,
i+1∧

V ⊗F ⊗ L⊗m−i) = 0, ∀ i > 0.

Chasing cohomology inductively from left to right in the exact sequence, applying the
vanishing in (8) at each step, we finally obtain surjectivity at the H0-level on the right,
i.e. that of the map

V ⊗H0(X,F ⊗ L⊗m) −→ H0(X,F ⊗ L⊗m+1)

which is exactly (iii) for k = 1. To prove (i), we twist the Koszul complex by F ⊗ L⊗m
instead of F ⊗ L⊗m+1. Using again the vanishing in (8), twisting successively further by
L⊗−i and chasing trough the sequence, we always obtain precisely the vanishing we need
at the right-most term (exercise!). �

Exercise 9.3. A coherent sheaf F on Pn is m-regular (with respect to OPn(1)) if and
only if it admits a resolution of the form

· · · −→
⊕
O(−m− 2) −→

⊕
O(−m− 1) −→

⊕
O(−m) −→ F −→ 0.

The main statement we will extract from Theorem 9.2 is the following:

Corollary 9.4. If F is 0-regular with respect to L, then F is globally generated.

Corollary 9.5. (i) Let X be a smooth projective complex variety of dimension n, and L
an ample and globally generated line bundle on X. Then

ωX ⊗ L⊗m

is globally generated for all m ≥ n+ 1.

(ii) More generally, if f : X → Y is a morphism from a smooth projective complex variety
X to a projective variety Y of dimension n, then

Rif∗ωX ⊗ L⊗m

is globally generated for all i and all m ≥ n+ 1.

Proof. Kodaira vanishing (for (i)) and Kollár Vanishing (for (ii)) imply that ωX ⊗ L⊗m,
and Rif∗ωX ⊗L⊗m respectively, are 0-regular with respect to L. We then apply Corollary
9.4. �
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Remark 9.6 (Fujita’s Conjecture). T. Fujita has formulated one of the most appealing
conjectures in higher dimensional geometry, saying that if L is an ample line bundle on
a smooth projective variety of dimension n, then ωX ⊗ L⊗m is globally generated for
m ≥ n+ 1, and very ample for m ≥ n+ 2.8

The Corollary above shows that this is true (over C) when L is ample and globally
generated. The general case is much more complicated: the global generation statement
is known in dimension two (Reider), three (Ein-Lazarsfeld) and four (Kawamata), and in
general if the bound n+ 1 is replaced by

(
n+1
2

)
(Angehrn-Siu). Almost nothing is known

about very ampleness in dimension three or more.

10. Log-resolutions, birational transformations, Kawamata-Viehweg

We now discuss briefly a few results from Hironaka’s package of resolution of sin-
gularities, and put them to a first use by proving a useful generalization of Kodaira
Vanishing.

Definition 10.1. Let X be a smooth variety. An effective divisor D =
∑

iDi on X
has simple normal crossings if each Di is smooth and around each point of X there is a
coordinate system x1, . . . , xn such that locally D is given by

x1 · . . . · xk = 0 for some k ≤ n.

More generally, a Q-divisor
∑

i diDi has simple normal crossings support if
∑

iDi has
simple normal crossings.

Definition 10.2 (Log-resolution). (i) Say X is a smooth variety and D =
∑

i diDi

an effective Q-divisor on X. A log-resolution of D is a projective birational morphism
f : Y → X with Y smooth, such that if E is the exceptional divisor of f (the sum of the
divisors contracted by f), then

f−1(D) ∪ E
is a divisor with simple normal crossings support.

(ii) More generally, let X be an arbitrary variety and D =
∑

i diDi a Weil Q-divisor on
X. A log-resolution of the pair (X,D) is a projective birational morphism f : Y → X
with Y smooth, such that if E is the exceptional divisor of f , then

f−1(D) ∪ E

is a divisor with simple normal crossings support.

The following is Hironaka’s celebrated theorem:

Theorem 10.3 (Hironaka resolution). Over a field of characteristic 0, every pair
(X,D) as in (ii) above has a log-resolution.

8On a smooth projective curve of genus g, this is the statement that a line bundle is globally generated
if it has degree at least 2g, and very ample if it has degree at least 2g + 1.
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This implies in particular that every variety (over a field of characteristic 0) has a
resolution of singularities, i.e. a projective birational morphism from a smooth variety. As
for how this is approached, Hironaka in fact showed the following more general statement:

Theorem 10.4 (Hironaka principalization). Let X be a smooth variety, and I an
ideal sheaf on X. Then there exists a birational morphism f : Y → X obtained as a
composition of blow-ups along smooth centers contained in Supp(OX/I), such that f ∗I is
locally a principal ideal.9

To deduce Theorem 10.3 from this, one roughly proceeds as follows: first embed
X into a smooth variety Z. (In general this may only work locally, but let’s assume for
simplicity that it can be done; for instance one can always use a projective space for
quasi-projective varieties.) We can then consider a birational morphism f : W → Z
which principalizes IX , as in Theorem 10.4. Since f is a composition of smooth blow-ups,
it follows that at some point in the process X is contained in a center of one of the blow-
ups. But since f−1(X) is a divisor on W , it means that when this happens, the center
must in fact be X itself. This in particular means that one can resolve the singularities
of X, after which one can replace D by its proper transform plus the exceptional locus
on the smooth model. We can then assume that X is smooth, and then again apply the
principalization theorem for ID on X.

In this course we will mostly apply Theorem 10.3 when X is smooth. In this case
D is Q-Cartier, and the theorem is simply saying that after a birational modification we
can arrange that (the proper transform of ) D has simple normal crossing support, and
intersects the exceptional locus of the modification transversely.

Example 10.5. (i) Let D = (y2 = x2 + x3) ⊂ A2 be an irreducible nodal curve in the
plane. Then the blow-up f : Bl0A

2 → A2 is a log-resolution of the pair (A2, D). Note that
D itself is normal crossings in a neighborhood of the node, but it is a singular irreducible
divisor, so the simple normal crossings condition is not satisfied.

(ii) Let D = (y2 = x3) ⊂ A2 be an irreducible cuspidal curve in the plane. This time the
branches of D at the cusp do not intersect transversely, and f : Bl0A

2 → A2 is not a
log-resolution any more. In fact one needs to blow up two more times in order to achieve
simple normal crossings. I will draw the picture on the board, but see also [Ha] V.3.9.1.

Vanishing for higher direct images. I will take for granted the following local van-
ishing statement, which is a fundamental result on birational morphisms:10

Theorem 10.6. Let f : Y → X be a birational morphism between smooth varieties. Then

Rif∗OY = 0 for i > 0.

This is well-known (but nontrivial) in characteristic 0, showing it first for a blow-up
along a smooth subvariety (using the theorem on formal functions), and then using the

9This means that around each point there exists a coordinate system x1, . . . , xn such that f∗I is given
by a single monomial in the x′is.

10This result could be phrased as saying that smooth varieties have rational singularities.
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fact that f can be dominated by another birational morphism which is a composition
of blow-ups with smooth centers; this last thing of course uses the statement of the
principalization theorem. If resolution were known in characteristic p > 0, the argument
would go through; at the moment this is not the case. However, the statement above was
recently proved, with different methods, by Chatzistamatiou-Rülling.

Corollary 10.7. Let f : X → Y be a birational morphism between smooth varieties.
Then

f∗ωY ' ωX and Rif∗ωY = 0 for i > 0.

Proof. Recall that in addition to Theorem 10.6 we also have the basic statement that
f∗OY ' OX . This is something I can only quote here, but now one uses the relative
version of Serre Duality due to Grothendieck. In this case it says that

Rf∗ωY ' RHom(Rf∗OY , ωX)

in the derived category of sheaves on X. But due to the vanishing in Theorem 10.6, on the
right hand side we in fact have Rf∗OY ' OX and so the above implies the more familiar
statement

Rif∗ωY ' Exti(OX , ωX) ∀ i ≥ 0.

But this last sheaf is obviously 0 for i > 0, and ωX for i = 0. �

Exercise 10.8. Use Theorem 10.6 to show that the Hodge numbers h0,i = hi(X,OX)
are birational invariants for all i. Give examples to show that other Hodge numbers are
birational invariants.

Kawamata-Viehweg vanishing. We can now establish the following useful generaliza-
tion of Kodaira Vanishing; since a few of the details will only be sketched, note that I
am following the argument in [La] 4.3, which goes along the lines of Kawamata’s original
approach.

Theorem 10.9 (Kawamata-Viehweg Vanishing). Let X be a smooth complex pro-
jective variety of dimension n, and let L be a big and nef line bundle on X. Then

H i(X,ωX ⊗ L) = 0 for all i > 0.

More generally, the same conclusion holds if L is a line bundle on X such that

L ∼Q A+D,

with A a big and nef Q-divisor, and D =
∑

i aiDi a Q-divisor with simple normal crossings
support satisfying 0 ≤ ai < 1 for all i.

Proof. I will divide the proof into a few steps; in the first three steps we will assume that
L is a big and nef line bundle, and D = 0, while the last deals with the general case.

The line bundle case. Note to begin with that since L is big, in general there exist an
m > 0, an ample line bundle A, and an effective divisor E, such that

(9) L⊗m ' A⊗OX(E).
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Step 1. We first show that if A is an ample line bundle, and E ⊂ X is a reduced simple
normal crossings divisor on X, then

H i
(
X,ωX ⊗ A⊗OX(E)

)
= 0 for all i > 0.

Let’s assume first that E is a smooth divisor. Twisting the defining sequence for E
by ωX ⊗ A, we have a short exact sequence

0 −→ ωX ⊗ A −→ ωX ⊗ A⊗OX(E) −→ ωE ⊗ A|E −→ 0

where for the last term we used the adjunction formula

ωE ' (ωX ⊗OX(E))|E.

The statement follows then immediately by passing to cohomology and using Kodaira
Vanishing for the left and right terms in the short exact sequence.

In general we have E = E1 + · · ·+Ek, where Ej are smooth divisors with transverse
intersections. The statement can be easily proved by induction on k, using exact sequences
of the form

0 −→ ωX ⊗ A⊗OX(E1 + · · ·+ Ej−1) −→ ωX ⊗ A⊗OX(E1 + · · ·+ Ej) −→

−→ ωEj ⊗ A|Ej ⊗OEj(E1 + · · ·+ Ej−1) −→ 0

Step 2. In this step we show that we can reduce the general statement to the case where
in (9) we have that E has simple normal crossings support. Starting with an arbitrary E,
we consider µ : Y → X a log-resolution of E, so that µ∗E+F has simple normal crossings
support, where F is the exceptional divisor of µ.

Assuming that we proved that

(10) H i(Y, ωY ⊗ µ∗L) = 0 for all i > 0,

this implies the vanishing we want on X, as µ∗ωY ' ωX and Riµ∗ωY = 0 for i > 0, by
Theorem 10.7.

Let’s now write

µ∗E =
∑
j

ajEj,

with the convention that aj ≥ 0, so that we may assume that the sum contains all the
exceptional divisors of µ among the Ej. Note that we have

µ∗L⊗m ' µ∗A⊗OY (
∑
j

ajEj).

To conclude, one appeals to a version of the Negativity Lemma, stating that for some
k � 0, there exist bj ≥ 0 such that

µ∗A⊗k ⊗OY (−
∑
j

bjEj)
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is ample, where the sum runs over the exceptional divisors of µ (and so with the same
convention as above we can assume that it runs over all Ej).

11 But now we can write

µ∗L⊗mk '
(
µ∗A⊗k ⊗OY (−

∑
j

bjFj)
)
⊗OY

(∑
j

(kaj + bj)Fj
)
,

which is of the form required at the beginning of this reduction step.

Step 3. In this last step we conclude the proof assuming that E in (9) has simple normal
crossings support, which is the outcome of Step 2. Write

E =
t∑
i=1

eiEi, ei > 0,

and define e = e1 · . . . · et and e′i = e/ei. Now by Kawamata’s covering construction, see
Proposition 10.10 below, there exists a finite cover f : Y → X with Y smooth projective,
and a simple normal crossings divisor E ′ =

∑t
i=1E

′
i on Y , such that

f ∗Ei = me′iE
′
i for all i = 1, . . . , k.

Given (9), we consequently have

f ∗L⊗m ' f ∗A⊗OY (meE ′).

Using additive notation somewhat abusively, we can rewrite this as

mf ∗L ∼ f ∗A+meE ′.

This implies the equivalence

me(f ∗L− E ′) ∼ f ∗A+m(e′ − 1)f ∗L,

and note that the right hand side is a divisor A′ such that A′′ = A′/me is also Cartier.
But A′ is ample: indeed, f ∗A is ample since f is finite, while f ∗L is nef since L is so. We
finally obtain the isomorphism

f ∗L ' A′′ ⊗OY (E ′),

with A′′ ample, and E ′ a reduced simple normal crossings divisor.

We are now in a position to apply Step 1, by which we have

H i(Y, ωY ⊗ f ∗L) = 0 for all i > 0.

As ωX is a direct summand of f∗ωY via the trace map, we obtained the desired vanishing
using the projection formula.

Step 4. This step deals with the general Q-divisor case: recall that we are assuming that
D =

∑k
i=1 aiDi is a divisor with simple normal crossings support, with 0 < ai < 1.

The strategy is to prove the statement by induction on k. The case k = 0 is the
line bundle case proved above. Assume now that k > 0, and let’s write a1 = p

q
. Note that

0 < p ≤ q−1. Just as in Step 3, one considers a Kawamata cover associated to the divisor

11This can be treated more generally, but note that according to Hironaka’s theorem it is enough
to choose the log-resolution to be a composition of blow-ups with smooth centers, and then check the
property for one such blow-up; I will leave this last statement as an exercise; cf. also Exercise ??.
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D1; concretely, there exists a finite morphism f : Y → X, with Y smooth projective, such
that on Y the divisor D1 becomes divisible by d. In other words, we have

L′ := f ∗L ∼Q A′ + cD′1 +
k∑
i=2

aiD
′
i,

where A′ = f ∗A and D′i = f ∗Di, still satisfying the fact that
∑
D′i has simple normal

crossings.

By induction we can now assume that the line bundle L′ ⊗OY (−cD′1) satisfies

H i (Y, ωY ⊗ L′ ⊗OY (−cD′1)) = 0 for all i > 0.

On the other hand, just as in Proposition 8.5, it is standard that in the covering construc-
tion above we have that f∗ (L′ ⊗OY (−cD′1)⊗ ωY ) contains ωX ⊗L as a direct summand,
which gives the vanishing we want. �

Here is the more refined covering construction that was used in the proof above. I
will not include the proof here, but a very good treatment is given in [La] 4.1.B.

Proposition 10.10 (Kawamata covers). Let X be a smooth variety, and D =
∑t

i=1Di

be a simple normal crossings divisor on X. Given positive integers m1, . . . ,mk, there exists
a finite flat morphism f : Y → X with Y smooth, and a simple normal crossings divisor
D′ =

∑t
i=1D

′
i on Y , such that

f ∗Di = miD
′
i for all i = 1, . . . , k.

Finally, similarly to the proof of Theorem 8.8 and the proof above, one can also
prove the following more general statement, also due to Kollár:

Theorem 10.11. Let f : X → Y be a morphism from a smooth projective variety X to
a projective variety Y , and let L be a line bundle on X such that

L ∼Q f ∗N +D,

with N a nef and big Q-Cartier Q-divisor on Y , and D =
∑

i diDi a Q-divisor with
simple normal crossings support satisfying 0 ≤ di < 1 for all i. Then

Hj
(
Y,Rif∗(ωX ⊗ L)

)
= 0, for all i and all j > 0.

11. Vanishing for direct images of pluricanonical bundles

I will now explain a vanishing theorem that will allow us to give algebraic proofs
of the positivity results for direct images of pluricanonical bundles that we are after.
It is inspired by the following observation, which shows that Kodaira vanishing can be
extended to powers of the canonical bundle. All the varieties considered in this section
are over the complex numbers.

Proposition 11.1. Let X be a smooth projective variety, L an ample line bundle on X,
and k ≥ 1 an integer. Then

H i(X,ω⊗kX ⊗ L
k(n+1)−n) = 0, ∀ i > 0.
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Proof. For clarity, I’ll use additive notation. We write

kKX + (k(n+ 1)− n)L = KX + (k − 1) (KX + (n+ 1)L) + L.

Recall that Fujita’s conjecture predicts that KX + (n + 1)L is globally generated; the
weaker statement that it is nef is however already known as part of Mori’s proof of the
Cone and Rationality theorem. It follows that

(k − 1) (KX + (n+ 1)L) + L

is an ample line bundle, and therefore Kodaira Vanishing applies. �

The following is a partial extension to direct images that Schnell and I have obtained
recently. Note that the case k = 1 is a weaker form of Kollár’s vanishing theorem, in which
one can assume that L is only ample, and which works for all Rif∗ωX . We conjecture that
the result holds when L is only assumed to be ample.

Theorem 11.2. Let f : X → Y be a morphism of projective varieties, with X smooth and
Y of dimension n. If L is an ample and globally generated line bundle on Y , and k > 0
is an integer, then

H i(Y, f∗ω
⊗k
X ⊗ L

⊗l) = 0 for all i > 0 and l ≥ k(n+ 1)− n.

Proof. We will first show that we can reduce to the case when the image of the adjunction
morphism

(11) f ∗f∗ω
⊗k
X → ω⊗kX .

is a line bundle. A priori the image is b⊗ ω⊗kX , where b is the relative base ideal of ω⊗kX .
(Note that on the general fiber F the adjunction morphism is simply the evaluation map
H0(F, ω⊗kF )⊗OF → ω⊗kF .) We consider a log-resolution

µ : X̃ −→ X

of the ideal sheaf b. Since X̃ and X are smooth, we have that

µ∗ω
⊗k
X̃
' ω⊗kX ,

and so we can replace X by X̃ and f by f ◦ µ without changing the conclusion. Going
back to the original notation, we can thus assume that the image sheaf of the adjunction
morphism (11) is of the form ω⊗kX ⊗OX(−E) for a divisor E with simple normal crossings
support.

Since L is ample, there is a smallest integer m ≥ 0 such that f∗ω
⊗k
X ⊗ L⊗m is

globally generated. Then f ∗f∗ω
⊗k
X ⊗ f ∗L⊗m is globally generated as well, and so using the

adjunction morphism (11) we can write

ω⊗kX ⊗ f
∗L⊗m ' OX(D + E),

with D smooth and D + E a divisor with simple normal crossings support. In divisor
notation, we obtain

(12) KX ∼Q
1

k
D +

1

k
E − m

k
f ∗L.
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For any integer l ≥ 0, using (12) we can then write the following equivalence:

kKX −
⌊
k − 1

k
E

⌋
+ lf ∗L = KX + (k − 1)KX −

⌊
k − 1

k
E

⌋
+ lf ∗L

(13) ∼Q KX + ∆ +

(
l − k − 1

k
·m
)
f ∗L,

where

∆ =
k − 1

k
D +

k − 1

k
E −

⌊
k − 1

k
E

⌋
is a boundary divisor (meaning ∆ =

∑
i di∆i with 0 < di < 1) with simple normal

crossings support.

Observe now that for every effective Cartier divisor E ′ � E we have

(14) f∗
(
ω⊗kX ⊗OX(−E ′)

)
' f∗ω

⊗k
X .

Indeed, it is enough to have this for E itself; but this is the base locus of ω⊗kX relative to
f , so by construction we have that the adjunction morphism factors as

f ∗f∗ω
⊗k
X → ω⊗kX ⊗OX(−E) ↪→ ω⊗kX .

The claimed isomorphism follows by noting that the composition

f∗ω
⊗k
X −→ f∗

(
ω⊗kX ⊗OX(−E)

)
−→ f∗ω

⊗k
X

of the push-forward maps is the identity. Using (14) and the projection formula, we obtain
that

f∗

(
ω⊗kX

(
−
⌊
k − 1

k
E

⌋)
⊗ f ∗L⊗l

)
' f∗ω

⊗k
X ⊗ L

⊗l.

On the other hand, because of (13), the left hand side can also be written as

f∗OX
(
KX + ∆ +

(
l − k − 1

k
·m
)
f ∗L

)
,

to which one can apply Kollár vanishing in the form of Theorem 10.11 if the number in
the parenthesis is positive. In other words,

H i(Y, f∗ω
⊗k
X ⊗ L

⊗l) = 0 for all i > 0 and l >
k − 1

k
·m.

Using the Castelnuovo-Mumford Lemma (see Corollary 9.4), we conclude that f∗ω
⊗k
X ⊗L⊗l

is globally generated for l > k−1
k
·m + n. But m was chosen minimal with this property,

which means that we must have

k − 1

k
·m+ n+ 1 ≥ m,

which translates into m ≤ k(n+1). Consequently, vanishing holds for all l ≥ k(n+1)−n.

�
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Corollary 11.3. Let f : X → Y be a morphism of projective varieties, with X smooth
and Y of dimension n. If L is an ample and globally generated line bundle on Y , and
k ≥ 1 an integer, then

f∗ω
⊗k
X ⊗ L

⊗l

is 0-regular, and therefore globally generated, for l ≥ k(n+ 1).

Proof. Just like the corollaries of Kodaira and Kollár vanishing in the section on Castelnuovo-
Mumford regularity, this follows immediately from Theorem 11.2, since vanishing holds
after subtracting up to n copies of L. �

12. Positivity for vector bundles and torsion-free sheaves

Positivity for vector bundles. The natural extensions of the standard positivity prop-
erties for line bundles are the following:

Definition 12.1. Let X be a projective scheme, and E a vector bundle on X. Then E
is called nef, or ample, if OP(1) is a nef, or ample, line bundle on P = P(E).

Here I will only give a glimpse of some useful properties of ample and nef vector
bundles. For a complete treatment, see [La] Ch.6.

Exercise 12.2. If E and F are ample (nef) vector bundles on X, then E ⊕ F is ample
is ample (nef).

Lemma 12.3. Let E be an ample (nef) vector bundle on a projective scheme X over a
field of characteristic zero. Then:

(i) If E → G is a quotient vector bundle, then G is ample (nef).

(ii) SkE is ample (nef) for all k ≥ 1.

(iii) E⊗k is ample (nef) for any k ≥ 1. Consequently, ∧kE is ample (nef) for any k ≥ 1,
and so detE is an ample (nef) line bundle.

Proof. (i) This holds in arbitrary characteristic. Since our projective bundles parametrize
one-dimensional quotients, the surjection E → G corresponds to an inclusion P(G) ⊆
P(E), such that the restriction of OP(E)(1) is OP(G)(1). The assertion is then clear.

(ii) We first show that SmE is ample for m � 0. Since the ampleness of E means by
definition the ampleness of OP(1) on π : P = P(E) → X, and since π∗OP(m) ' SmE,
an argument completely similar to Serre’s theorem implies that for any coherent sheaf F
on X there exists some positive integer m0 = m0(F) such that

SmE ⊗F is globally generated for m ≥ m0.

In particular, we can take F = A−1, where A is an ample line bundle on X. We deduce
that there is a surjection ⊕

A −→ SmE −→ 0

and hence by part (i) SmE is ample, for every m ≥ m0.
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Now fix an arbitrary k ≥ 1. According to Exercise 12.4 below, for each ` ≥ 1, there
exists a finite map

ϕ : P(SkE) −→ P(Sk`E) with OP(SkE)(1) ' ϕ∗OP(Sk`E)(1).

We’ve seen above that the line bundle on the right hand side is ample for ` � 0, so
OP(SkE)(1) is ample as well, being its pullback by a finite map. With a little care, the
analogous nefness result is a simple application of what we just proved about ampleness,
combined with the fact that nef divisors are limits of ample Q-divisors.

(iii) Since all the other linear algebra constructions are quotients of tensor products, it
is enough to show that E⊗k is ample (nef) for k ≥ 1. More generally, we show that if
E and F are ample (nef) vector bundles, then so is E ⊗ F . But note that E ⊗ F is a
direct summand of S2(E⊕F ), and so the result follows combining Exercise 12.2 and part
(ii). �

Exercise 12.4. Let E be a vector bundle on a projective scheme X over a field of char-
acteristic zero, and let k, ` ≥ 1 be two integers. Then there exists a finite (onto its image)
morphism

ϕ : P(SkE) −→ P(Sk`E)

compatible with O(1), i.e. such that ϕ∗OP(Sk`E)(1) ' OP(SkE)(1). (Hint: think of a Veronese-
type construction.)

Exercise 12.5. A vector bundle E on X is nef if and only if for every ample line bundle
H on X and every integer α > 0, there exists an integer β > 0 such that SαβE ⊗
H⊗β is globally generated.

Lemma 12.6. Let E be a locally free sheaf on a smooth projective variety X. If there
exists a line bundle L on X such that E⊗m ⊗ L is globally generated for every m ≥ 1,
then E is nef.

Proof. Denoting P = P(E), we have the natural projection π : P→ X, and recall that

π∗OP(m) ' SmE, ∀ m ≥ 0.

Since symmetric powers are quotients of tensor powers, the hypothesis implies that SmE⊗
L is globally generated for m ≥ 1. Using the isomorphisms above, and the fact that
OP(m) is globally generated on the fibers, the adjunction mapping gives a surjective
homomorphism

π∗SmE ⊗ π∗L −→ OP(m)⊗ π∗L.
It follows that OP(m) ⊗ π∗L is a globally generated line bundle for all m ≥ 1. This in
turn implies that OP(1) is nef by Exercise ??. �

Motivation: positivity for families of curves. A first motivation for understanding
the positivity properties of direct images of relative pluricanonical bundles comes from
looking at morphisms where the fibers have dimension 1, so in particular the general one is
a smooth projective curve. In this case, the problem is intimately related to the existence
and projectivity of the moduli space of stable curves. The discussion here is just in order
to explain the picture; I will not define the terminology or give details.
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Fix a genus g ≥ 1, and recall that there exists a quasi-projective variety Mg which
is a coarse moduli space for isomorphism classes of smooth projective curves of genus g.
It admits a projective compactification M g, which parametrizes isomorphism classes of
stable curves. If g = 1, the dimension of Mg is 1, otherwise it is equal to 3g − 3. One
important (and unfortunate) feature of Mg and M g is that they are only coarse moduli
spaces; what captures the properties of families of curves somewhat more accurately, but
at the same time are more technical objects, are the Deligne-Mumford stacks Mg and
Mg, whose associated coarse moduli spaces are Mg and M g.

Over M g sits the universal curve

π : Cg −→M g,

whose fiber over a point in M g is precisely the curve parametrized by that point. These
spaces are not smooth, but their singularities are mild enough that we can still talk about
ωCg/Mg

, whose restriction to each fiber is the dualizing sheaf ωC of the stable curve C.
We can then consider

Hm := π∗ω
⊗m
Cg/Mg

, ∀ m ≥ 1.

These are vector bundles on M g, since π is flat and the dimension of the space of sections
H0(C, ω⊗mC ) depends only on g and not on C. For m = 1, this is the celebrated Hodge
bundle, of rank g. Here are some important theorems about these bundles:

• Hm is nef for all m ≥ 1; in particular so is detHm.

• detHm is ample for m� 0.

Finally, let f : X → Y be a surjective morphism of, say, smooth projective varieties
such that its general fiber is a smooth projective curve of genus g. Let’s assume for
simplicity that f is flat, so that all fibers are 1-dimensional; by a process called stable
reduction, after a finite base change we can even assume that all fibers are stable curves,
so let’s say that this is the case.

In other words, we consider a flat family f : X → Y of stable curves of genus g.
Let’s assume that it comes by base change from the moduli space, i.e. that there exists a
morphism ϕ : Y →M g and a fiber diagram

X //

f

��

Cg

π
��

Y
ϕ // M g

(This is strictly the case only after a finite cover, which is a reflection of the fact that M g

is not a fine moduli space; note however that are end goal, which is positivity in a loose
sense, behaves well with respect to finite maps.) As the construction is canonical, relative
dualizing sheaves for families are compatible with base change. We conclude that

Fm = f∗ω
⊗m
X/Y ' ϕ∗Hm and detFm ' ϕ∗ detHm.

Thus the basic properties of the moduli space imply positivity for families; if follows from
the above that for stable families of curves f as above:
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• Fm is a nef vector bundle, and detFm is a nef line bundle.

• if f is a finite mophism, then detFm is ample for m� 0.

• if f is a generically finite morphism (i.e. the general fiber is isomorphic only to at most
finitely many other fibers of f), then detFm is a nef and big line bundle for m� 0.

• more generally, for arbitrary f , we have that κ(Y, detFm) ≥ dimϕ(Y ) (the “variation”
of the family in moduli).

It is worth noting however that beyond the intuitive picture, in general things go
mostly the other way: one tries to prove positivity results for Fm for every (stable) family
by other means precisely in order to deduce the projectivity of moduli spaces, according
to a strategy introduced by Kollár and Viehweg.

Viehweg’s fiber product trick. Let f : X → Y be a projective surjective morphism of
smooth quasi-projective varieties. Denote

f s : Xs = X ×Y X ×Y · · · ×Y X −→ X

the s-fold fiber product induced by f .

Exercise 12.7. (i) With the notation above, show that there is a unique irreducible com-
ponent of Xs which dominates Y .

(ii) Let π : X = Bly(Y ) → Y be the blow-up of Y at a point. Show that X ×Y X is
reducible (so that X2 6= X ×Y X).

(iii) If f : X → Y is a smooth morphism, then Xs is irreducible and smooth, and the
morphism f s : Xs → Y is smooth as well. If Xy is the fiber of f over y ∈ Y , then one has

(f s)−1(Xy) ' Xy × · · · ×Xy,

the usual s-fold product.

In general, denote by X(s) a resolution of singularities of the irreducible component
in the exercise above. There is an induced morphism

f (s) : X(s) −→ Y.

Since any two resolutions are dominated by a third, and for a birational morphism between
g : W → Z of smooth varieties we have g∗ω

⊗m
W ' ω⊗mZ , we have that the sheaf

f (s)
∗ ω⊗m

X(s)/Y

is independent of the resolution. We first state the crucial result we need in a special
situation, and then more generally.

Proposition 12.8. If f is a smooth morphism, then

f s∗ω
⊗m
Xs/Y '

(
f∗ω

⊗m
X/Y

)⊗s
.

(Note that Xs is already smooth by Exercise 12.7(iii).)
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Proposition 12.9. If f is arbitrary, there is an inclusion(
f (s)
∗ ω⊗m

X(s)/Y

)∨∨
↪→
((
f∗ω

⊗m
X/Y

)⊗s)∨∨
which is generically an isomorphism. More precisely, it is an isomorphism over the locus
where f is smooth, and more generally where f is semistable.

I have not discussed this last notion yet; I may say a few words about it later. Also,
the Propositions above are formal consequences of general duality theory, which requires
a long discussion in a direction different from the main purpose of this course. I will take
the statements for granted for now.

Remark 12.10. Note that in general it is not the case that f
(s)
∗ ω⊗m

X(s)/Y
'
(
f∗ω

⊗m
X/Y

)⊗s
ev-

erywhere on Y . One can show however that, after performing a process called semistable
reduction, there is a closed subset Z ⊂ Y of codimension at least 2 such that this isomor-
phism holds over U = Y − Z. The main technical point is to show that Xs has rational
singularities over this open set U (over which the morphism is semistable).

Positivity for direct images of relative pluricanonical bundles. I will start with
the case of smooth morphisms, which is easiest to explain, and where the (semi)positivity
of direct images holds in a strong form. We will later prove a generalization of this state-
ment due to Viehweg, which holds for arbitrary morphisms, but where the conclusion is
necessarily weaker; the proofs are similar, and we will obtain them here as relatively quick
applications of Corollary 11.3.

Theorem 12.11. Let f : X → Y be a smooth morphism of smooth projective varieties.
Then

Fm = f∗ω
⊗m
X/Y

is a nef vector bundle for all m ≥ 0.

Proof. Since f is smooth, and in particular flat, by the Cohomology and Base Change
theorem the fact that Fm is a vector bundle is equivalent to saying that the plurigenera
Pm(F ) of the fibers of f are constant. But this is a well-known theorem of Siu, the
“deformation invariance of plurigenera” (proved with analytic methods); see also [La]
11.5 for an algebraic proof in the case of varieties of general type.

To prove nefness, consider the line bundle

A := ωY ⊗ L⊗n+1,

where n = dimY and L is an ample and globally generated line bundle on Y . According
to Lemma 12.6, it suffices to show that F⊗sm ⊗ A⊗m is globally generated for all s ≥ 1.
Note first that we know the result for Fm itself; indeed, we have

Fm ⊗ A⊗m ' f∗ω
⊗m
X ⊗ L⊗m(n+1),

and one can apply Corollary 11.3.

To prove the statement for arbitrary s, one uses Viehweg’s trick based on the con-
struction explained in the previous subsection; we will make F⊗sm look like Fm itself, so
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that we can again apply the argument above, but after changing the domain X. To this
end consider the s-fold fiber product induced by f ,

f s : Xs := X ×Y X ×Y · · · ×Y X −→ X,

and the induced
f (s) : X(s) −→ X,

where X(s) is the unique component of Xs which dominates X. Since f is smooth, by
Proposition 12.8 we have an isomorphism

f (s)
∗ ω⊗m

X(s)/Y
'
(
f∗ω

⊗m
X/Y

)⊗s
= F⊗sm .

But the left hand side of the isomorphism is again a direct image of a relative pluricanon-
ical bundle, and so we can apply Corollary 11.3 to conclude that F⊗sm ⊗ A⊗m is globally
generated. �

Remark 12.12 (Base of dimension one). Recall that in a previous section we saw that
Iitaka’s conjecture for surfaces would follow if we knew that for a morphism f : S → C
from a surface to a curve one had

deg f∗ω
⊗m
S/C ≥ 0, ∀ m ≥ 1.

More generally, let f : X → C be a fiber space with X a smooth projective variety of
arbitrary dimension, and C a smooth projective curve. If f is smooth, Theorem 12.11 says
that Fm = f∗ω

⊗m
X/C is a nef vector bundle on C, which in particular implies that detFm is

nef as well by Lemma 12.3. This last assertion is equivalent to

deg Fm ≥ 0, ∀ m ≥ 1,

as the degree of Fm is equal to that of its determinant. We will see that the same statement
holds even if f is not necessarily assumed to be smooth, but this requires more work. (Note
that since C is a curve, Fm is automatically locally free for any morphism f , since it is
torsion-free; more on this in the next subsection.)

Torsion-free, reflexive, and weakly positive sheaves. Let X be an integral scheme
of finite type. For an OX-module F , we denote by F∨ the sheaf dual of F , i.e.

F∨ := Hom(F ,OX).

Definition 12.13. An OX-module F is torsion-free if Fx is a torsion-free OX,x-module
for all x ∈ X. Equivalently, the natural mapping

ϕ : F −→ F∨∨

is injective. Moreover, F is called reflexive if ϕ is an isomorphism, so that F ' F∨∨.
Exercise 12.14. If f : X → Y is a surjective morphism of varieties, and F is a torsion-
free sheaf on X, then f∗F is torsion-free on Y .

Exercise 12.15. A coherent sheaf F on X is called a k-th syzygy sheaf if locally around
each point there exists an exact sequence

0 −→ F −→ Ek −→ . . . −→ E1 −→ G −→ 0

with Ej free for all j. Show that 1-st syzygy sheaf is equivalent to torsion-free, and 2-nd
syzygy sheaf is equivalent to reflexive.
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Lemma 12.16. If F is a coherent sheaf, then:

(i) F∨ is torsion-free.

(ii) If F is torsion-free, then F∨ is reflexive.

(iii) F∨∨ is reflexive (and is called the reflexive hull of F).

Proof. The fact that F is coherent is equivalent to F locally being a quotient

O⊕rX −→ F .
Dualizing this we obtain a local inclusion of F∨ in a free sheaf, so (i) follows. Note that
(iii) follows from (i) and (ii), so it is enough to show (ii). To this end, note that dualizing
the natural map F → F∨∨ and then composing it with the similar map for F∨ leads to
a composition

F∨∨∨ → F∨ → F∨∨∨

which can be easily seen to be the identity. It follows that the last map is surjective; it is
however also injective, since F∨ is torsion-free. �

Proposition 12.17. If F is a coherent sheaf on a smooth variety X, denote by S(F) the
closet subset of X where F is not locally free. Then, if F is a k-th syzygy sheaf, then

codimXS(F) > k.

In particular:

(i) If F is torsion-free, then codimXS(F) ≥ 2. In particular, if X is a smooth curve, then
torsion-free is equivalent to locally free.

(ii) If F is reflexive, then codimXS(F) ≥ 3. In particular, if X is a smooth surface, then
reflexive is equivalent to locally free.

Proof. It is enough to show this locally. Fix a point x ∈ X, and denote A = OX,x and
M = Fx, so that M is a finitely generated A-module that sits in an exact sequence

0 −→M −→ A⊕rk −→ · · · −→ A⊕r1 −→ N −→ 0,

with N another finitely generated A-module. Denoting by n the dimension of X, we have
that dimA = n, and so the Auslander-Buchsbaum syzygy theorem gives

(15) pd Fx + depth Fx = n.

Now a module over a local ring is free if and only if its projective dimension is 0, and so
by definition we have

S(F) = {x ∈ X | pd Fx ≥ 1}.
In other words, using (15), we have that x ∈ S(F) if and only if depth Fx ≤ n− 1. Using
the standard interpretation of depth in terms of Ext groups, we obtain

S(F) =
n⋃
i=1

Supp Exti(F ,OX).

In other words, our point x is in S(F) if

0 6= ExtiA(M,A) ' Exti+kA (N,A)
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for some 1 ≤ i ≤ n. This means that locally there exists some other coherent sheaf G such
that

S(F) =
n⋃

j=k+1

Supp Extj(G,OX).

But another well-known application of the Auslander-Buchsbaum theorem says that for
any coherent sheaf G on a smooth variety, one has

codimXSupp Extj(G,OX) ≥ j ∀ j ≥ 0.

�

Exercise 12.18. Check the last assertion in the proof above.

Lemma 12.19. A coherent sheaf F on a smooth variety X is reflexive if and only if it is
torsion-free and the following property holds: for every open set U ⊆ X and every closed
subset Z ⊆ U of codimension at least 2, the restriction map

F(U) −→ F(U − Z)

is an isomorphism.

Proof. Assume first that F is reflexive. By definition F is then the dual of another coherent
sheaf, namely of F∨. The more general statement is that G∨ satisfies the two required
properties for any coherent sheaf G. The fact that G∨ is torsion-free is Lemma 12.16(i).
On the other hand, the fact that G∨(U) ' G∨(U −Z) follows immediately from the same
statement for OX , which is the basic fact that regular functions extend over codimension
two subsets on smooth (or just normal) varieties.

To prove the opposite implication, note that F and F∨∨ are isomorphic outside of
the singularity set S(F). Since F is torsion-free, Proposition 12.17 implies that S(F ) has
codimension at least 2 (in every open set in X). The other hypothesis then implies that
F ' F∨∨. �

Lemma 12.20. If F is a torsion-free sheaf on X, then there exists a birational modi-
fication f : X ′ → X such that if T is the torsion sheaf of f ∗F , then f ∗F/T is locally
free.

Weak positivity for torsion-free sheaves. In this section we work over the complex
numbers. We will prove a fundamental result of Viehweg on the weak positivity of direct
images of relative pluricanonical bundles.

Notation: Since this will appear repeatedly, it is convenient to introduce the following
notation: if F is a coherent sheaf on X and k is an integer, then

ŜkF :=
(
SkF

)∨∨
.

Note that if F is torsion-free SkF injects into ŜkF , while
(
F⊗k

)∨∨
surjects onto ŜkF .

Definition 12.21. Let X be a smooth quasi-projective variety. A torsion-free coherent
sheaf F on X is weakly positive over an open set U ⊆ X if for every integer α > 0 and
every ample line bundle H on X, there exists an integer β > 0 such that

ŜαβF ⊗H⊗β
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is generated by global sections at each point of U . It is simply called weakly positive if
such an open set U exists.

Example 12.22 (Line bundles). Let’s see what weak positivity means in the case of line
bundles on projective varieties. Note that a line bundle L is generically globally generated
iff H0(X,L) 6= 0. Using additive notation, we obtain that a line bundle M is weakly
positive iff in the notation of the Definition above we have that

αβM + βH is effective.

Dividing by β and letting α→∞, we see that this is equivalent to M being in the closure
of the cone of effective divisors. i.e. with M being pseudoeffective.

Example 12.23 (Nef vector bundles). If E is a nef vector bundle on a smooth projec-
tive variety X, then E is weakly positive. Indeed, fix an ample line bundle H on X, and
a positive integer α. If π : P = P(E)→ X is the associated projective bundle, note first
that OP(α) ⊗ π∗H is an ample line bundle on P; indeed, both OP(α) and π∗H are nef,
so have non-negative intersection with all curves. On the other hand, OP(α) is relatively
ample, and so has positive intersection with curves in the fibers of π (“vertical” curves),
while π∗H has positive intersection with curves that are not contracted by π (“horizontal”
curves). It follows that OP(αβ) ⊗ π∗H⊗β is globally generated for β � 0. On the other
hand, by the projection formula we have that

π∗
(
OP(αβ)⊗ π∗H⊗β

)
' SαβE ⊗H⊗β.

It is not hard to deduce from here that SαβE⊗H⊗β itself is globally generated for β � 0
(see also Exercise 12.5). It follows that E is weakly positive over X.

Given the example above, the following result is an extension of Theorem 12.11 to
morphisms that are not necessarily smooth.

Theorem 12.24 (Viehweg). Let f : X → Y be a surjective morphism of projective
varieties. Then, for every m ≥ 0, the sheaf f∗ω

⊗m
X/Y is weakly positive.

Proof. Recall the notation in the section on Viehweg’s fiber product trick. If we denote by
X(s) a resolution of singularities of the irreducible component of the s-fold fiber product
of X over Y , there is an induced morphism

f (s) : X(s) −→ Y.

Given that a torsion-free sheaf by definition injects into its double-dual, by Proposition
12.9 for every s ≥ 1 there is an inclusion

ϕ : f (s)
∗ ω⊗m

X(s)/Y
↪→
((
f∗ω

⊗m
X/Y

)⊗s)∨∨
which is generically an isomorphism. (Proposition 12.8 says that it is for instance an
isomorphism on the locus in Y over which f is smooth.)

Let H be an ample line bundle on Y , and α > 0 an integer. Since H is ample, there
exists some k > 0 such that H⊗k is very ample, and Corollary 11.3 implies that

f (s)
∗ ω⊗m

X(s)/Y
⊗ A⊗m
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is globally generated, where n = dimY and

A = ωY ⊗H⊗k(n+1).

But the generic isomorphism ϕ above implies then that((
f∗ω

⊗m
X/Y

)⊗s)∨∨ ⊗ A⊗m
is generated by global sections over the locus where ϕ is an isomorphism. Since H is
ample, there is also an integer a such that H⊗b⊗ω⊗−mY is globally generated for all b ≥ a.
Taking tensor product, we conclude that((

f∗ω
⊗m
X/Y

)⊗s)∨∨ ⊗H⊗β
is generically globally generated for β ≥ a + mk(n + 1). The key point is that this β is
independent of s, while the open set U on which generation by global section happens can
also be chosen to be independent of s, since it contains the locus over which f is smooth.

Finally, note that
((
f∗ω

⊗m
X/Y

)⊗s)∨∨
surjects onto Ŝsf∗ω

⊗m
X/Y , and so by taking s = αβ with

β satisfying the bound above we obtain that

Ŝαβf∗ω
⊗m
X/Y ⊗H

⊗β

is generated by global sections over U , which is what we wanted to show. �

Remark 12.25. The proof above gives something a bit stronger than the statement,
namely an “effective” version of weak positivity. Indeed, once we fix the very ample line
bundle H⊗k, then we have the effectively constructed A⊗m that can be taken to verify the
definition of weak positivity.

13. Multiplication maps

Let X be a projective scheme, and L a line bundle on X. For each m,n ≥ 0 we have
multiplication maps on global sections

(16) H0(X,L⊗m)⊗H0(X,L⊗n) −→ H0(X,L⊗m+n).

In particular, for each m ≥ 0 there is a natural map

H0(X,L)⊗m −→ H0(X,L⊗m).

Since the product of sections does not depend on the order of multiplication, it is clear
that this map factors through the symmetric algebra, meaning that the natural map to
consider is in fact

(17) SmH0(X,L) −→ H0(X,L⊗m).

Example 13.1. If X = Pn and L = OPn(d), then the map in (17) is given by multipli-
cation of polynomials, and is in fact an isomorphism: both sides coincide with the space
of homogeneous polynomials of degree md in n+ 1 variables.

Exercise 13.2. If bk denotes the base ideal of the linear system |kL|, then show that

bm · bn ⊆ bm+n.
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Exercise 13.3. Let L be an ample line bundle. Then there exists m0 ∈ N such that the
multiplication maps in (16) are surjective for all m,n ≥ m0.

Consider now a projective morphism f : X → Y of quasi-projective varieties, and
let L be a line bundle on X. On any fiber F , the restriction LF induces multiplication
maps as in (17), namely

SmH0(F,LF ) −→ H0(F,L⊗mF ).

Denote by U ⊆ Y the open set over which f is flat, and by Vk ⊆ Y the open set over which
h0(F,L⊗kF ) is constant. By Cohomology and Base Change, it follows that if F is the fiber
over a point y ∈ U ∩ Vk, then (f∗L

⊗k)(y) ' H0(F,L⊗kF ). Consequently, over U ∩ V1 ∩ Vm
we obtain relative multiplication maps of locally free sheaves

ϕm : Smf∗L −→ f∗L
⊗m.

Note that both sheaves are torsion-free, and so by Proposition 12.17 they are locally free
outside of a closed set of codimension at least 2. By Cohomology and Base Change it
follows that the morphism ϕm can be defined outside of such a small closed set. Using the
property of reflexive hulls in Lemma 12.19, we obtain that it extends uniquely over all of
Y to

ϕ̂m : Ŝmf∗L −→
(
f∗L

⊗m)∨∨.
Such maps will be crucial in what follows.

14. Iitaka’s conjecture for a base of general type

In this section we will show that Theorem 12.24 can be used to prove Iitaka’s con-
jecture on the subaddititvity of the Kodaira dimension when the base is of general type.
The result and the proof presented here are both due to Viehweg (as is most of this part
of the course). Let’s start with a few preliminary results.

Lemma 14.1. Let f : X → Y be a surjective projective morphism with connected fibers
between smooth varieties, and let L be a line bundle on X. Then for any p ≥ 1 there exists
an effective divisor B on X such that codimY f(B) ≥ 2 and(

f∗L
⊗k)∨∨ ' f∗

(
L⊗k(kB)

)
, ∀ k ≤ p.

Proof. Let U be the maximal open set on which f∗L
⊗k is locally free for all k ≤ p, and

denote V = f−1(U). Since all of these push-forward sheaves are torsion-free, we know
that Y − U has codimension at least 2 in Y , and therefore(

f∗L
⊗k)∨∨ ' i∗

(
(f∗L

⊗k)|U
)
' i∗fV ∗(L

⊗k
|V ) ' f∗

(
j∗L

⊗k
|V
)
,

where the maps are summarized in the following diagram, the horizontal maps being the
natural inclusions:

V
j //

fV
��

X

f
��

U
i // Y.
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Denote D = X − V . If the codimension of D is again at least 2, since L⊗k is locally free
we have that j∗L

⊗k
|V ' L⊗k, so we can take B = 0. If D is a divisor, then

j∗L
⊗k
|V ' L⊗k(∗D) :=

⋃
m≥0

L(mD),

i.e. the quasi-coherent sheaf of sections of L⊗k with poles of arbitrary order along D.
(Locally over some Spec A, this is isomorphic to the localization Af , where f is a lo-
cal equation of D.) Note then that for each k we have an ascending chain of coherent
subsheaves

· · · ⊆ f∗L
⊗k(mD) ⊆ f∗L

⊗k((m+ 1)D) ⊆ · · · ⊆
(
f∗L

⊗k)∨∨.
Since

(
f∗L

⊗k)∨∨ is a coherent sheaf as well, it follows that each such chain must stabilize,
and at some m0 where it does we have

f∗L
⊗k(mD) '

(
f∗L

⊗k)∨∨, ∀ m ≥ m0.

Finally, as we are only looking at finitely many k, choosing B to be a sufficiently large
multiple of D implies the slightly more precise version in the statement. �

Lemma 14.2. Let f : X → Y be a morphism of smooth varieties. Then there exists a
proper birational morphism τ : Y ′ → Y with Y ′ smooth, and a resolution of singularities
X ′ of the main component of X ×Y Y ′, such that the induced morphism f ′ : X ′ → Y ′

has the property that every divisor B′ in X ′ with codim f ′(B′) ≥ 2 is contained in the
exceptional locus of τ ′ : X ′ → X.

Proof. The main point is the “flattening” theorem due to Hironaka and Gruson-Raynaud,
whose proof goes beyond the scope of this course: one can find a proper birational
morphism τ : Y ′ → Y with Y ′ smooth such that the induced morphism f̃ : X̃ =
(X ×Y Y ′)main → Y ′ is flat. Denoting by µ : X ′ → X̃ a resolution of singularities,

since f̃ is flat it follows that if B′ is contracted by f ′, then it must already be exceptional
for µ, so also for τ ′. �

Theorem 14.3. Let f : X → Y be a surjective morphism with connected fibers between
smooth projective varieties, and denote by F the general fiber of f . Then:

(i) If L is an ample line bundle on Y , and k > 0, then

κ
(
X,ω⊗kX/Y ⊗ f

∗L
)

= κ(F ) + dimY.

(ii) If Y is of general type, then

κ(X) = κ(F ) + dimY,

i.e. Iitaka’s conjecture holds.

Proof. We first consider the following technical point: according to Lemma 14.2, there
exists a smooth birational modification τ : Y ′ → Y , and a resolution X ′ of X ×Y Y ′,
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giving a commutative diagram

X ′

f ′

��

τ ′ // X

f
��

Y ′
τ // Y

with the property that every effective divisor B on X ′ such that codim f ′(B) ≥ 2 lies in
the exceptional locus of τ ′. Note that for such a divisor B we have

τ ′∗ω
⊗k
X′ (kB) ' ω⊗kX , ∀ k ≥ 0.

Fix now an ample line bundle L on Y , and consider the big line bundle L′ = τ ∗L
on Y ′. By Theorem 12.24 we have that for any k > 0 (which we can assume to be such
that f ′∗ω

⊗k
X′/Y ′ 6= 0) there exists b > 0 such that

Ŝ2bf ′∗ω
⊗k
X′/Y ′ ⊗ L

′⊗b

is generically globally generated. On the other hand, by Lemma 14.1 there exists an
effective divisor B on X ′, exceptional for f ′, such that(

f ′∗ω
⊗p
X′/Y ′

)∨∨ ' f ′∗
(
ω⊗pX′/Y ′(pB)

)
, ∀ p ≤ 2kb.

By the material in Section 13, we know however that there exists a non-trivial morphism
induced by relative multiplication maps,

Ŝ2bf ′∗ω
⊗k
X′/Y ′ −→

(
f ′∗ω

⊗2kb
X′/Y ′

)∨∨
,

and so choosing a generic section of our generically globally generated sheaf we obtain
that

f ′∗
(
ω⊗2kbX′/Y ′(2kbB)

)
⊗ L′⊗b

has a non-zero section. Using the projection formula, we obtain an inclusion

f ′
∗
L′
⊗b
↪→
(
ωX′/Y ′(B)

)⊗2kb ⊗ f ′∗L′⊗2b.
According to Lemma 7.4, we obtain that

κ
((
ωX′/Y ′(B)

)⊗k ⊗ f ′∗L′) = κ(F ′) + dimY ′ = κ(F ) + dimY,

where F ′ is the general fiber of f ′. For the second equality, note on one hand that F ′ and
F are birational, while on the other hand since B is contracted by f ′, it does not meet
F ′, and therefore the restriction of ωX′/Y ′(B) to F ′ is ωF ′ .

To deduce (i) note that, as we have observed that τ ′∗ω
⊗k
X′ (kB) ' ω⊗kX , we have

τ ′∗

((
ωX′/Y ′(B)

)⊗k ⊗ f ′∗L′) ' ω⊗kX/Y ⊗ f
∗L.

To deduce (ii), since Y ′ is of general type recall that by Kodaira’s Lemma there exists an
inclusion L′ ↪→ ω⊗rY ′ for some r > 0. This implies that

κ(X) = κ(X ′, ωX′(B)) ≥ κ
((
ωX′/Y ′(B)

)⊗r ⊗ f ′∗L′) ,
which is equal to κ(F ) + dimY by the above. �
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15. Variation of families of varieties

Let f : X → Y be a fiber space between smooth projective varieties over C, and let
η be the generic point of Y . We use the notation Xη for the generic fiber of f , and Xη

the generic geometric fiber, i.e.

Xη ' Xη ×k(η) k(η).

Definition 15.1 (Variation). The variation of f , denoted Var(f), is the smallest integer
` such that there exists an algebraically closed subfield

K ⊆ K(Y ) = k(η) with trdegCK = `,

and a smooth projective variety T defined over K, such that

T ×K K(Y ) ∼ Xη.

(Here ∼ means birational.) Note that

0 ≤ Var(f) ≤ dimY,

and if Var(f) = dimY we say that f has maximal variation; this last condition means
that any smooth fiber of f can be birational to at most countably many other fibers.

The study of arbitrary families is sometimes reduced to that of families of maximal
variation by means of the following useful result. Doing this properly requires quite a bit
of extra preparation, so I will only quote it here.

Proposition 15.2. Let f : X → Y be a fiber space of smooth projective varieties. Then
there exists another fiber space f

′′
: X

′′ → Y
′′

of smooth projective varieties, with

Var(f) = Var(f
′′
) = dimY

′′
and Xη ' X

′′

η′′
×
k(η
′′
)
k(η),

and another smooth projective variety Y ′ with a generically finite map τ : Y ′ → Y , and a
map ρ : Y ′ → Y

′′
such that X ×Y Y ′ and X

′′ ×Y ′′ Y ′ are birationally isomorphic over Y ′

(meaning that the birational isomorphism respects the projections onto Y ′).

Denoting by X ′ a common resolution of X ×Y Y ′ and X
′′ ×Y ′′ Y ′ in the Proposition

above, we obtain a commutative diagram

X

f

��

X ′

f ′

��

τ ′oo ρ′ // X
′′

f
′′

��

Y Y ′
τoo ρ // Y

′′

Example 15.3. An isotrivial family has variation equal to 0. More generally, one has
Var(f) = 0 if and only if f is birationally isotrivial, i.e. there exists a generically finite
cover τ : Y ′ → Y such that the fiber product X ×Y Y ′ is birational to Y ′ × F , where F
is the general fiber of f . Indeed, in this case Y

′′
in the Proposition above is just a point.
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Example 15.4. Say f : X → Y is a family of stable curves with general member a
smooth curve of genus g ≥ 2, induced by pullback from the moduli space Mg via a
morphism ϕ : Y →Mg. Then

Var(f) = dimϕ(Y ).

In particular, f has maximal variation if and only if ϕ is a generically finite onto its image.
Given our previous discussion of positivity coming from the moduli space of curves, in
this case we have that

det f∗ω
⊗m
X/Y

is a big and nef line bundle for m� 0. We will focus on this property even when there is
no moduli space involved.

The example above, and other similar consideration involving other parameter spaces
(like period domains), suggests that when the familiy has non-trivial variation there is
extra positivity in the sheaves f∗ω

⊗m
X/Y , which may lead to even better bounds for κ(X)

than what is predicted by Iitaka’s conjecture. This was formalized by Viehweg:

Conjecture 15.5 (Viehweg’s C+
n,m conjecture). Let f : X → Y be a fiber space

between smooth projective varieties, with κ(Y ) ≥ 0, and denote by F the generic fiber of
f . Then

κ(X) ≥ κ(F ) + max{κ(Y ),Var(f)}.

Example 15.6. Let f : S → E be a surjective morphism from a smooth projective
surface to an elliptic curve, with general fiber F satisfying g(F ) ≥ 2. There are two main
possibilities, according to the two possible values 0 and 1 for Var(f):

(i) f is isotrivial, meaning a product E × F at least after a finite cover of E. In this case
it is not hard to show that κ(S) = 1 = κ(F ) +κ(E), so in particular S also has an elliptic
fibration. (Note that in the case of families of smooth projective curves isotrivial and
birationally isotrivial is essentially the same thing, since such curves do not have other
smooth birational models.)

(ii) f is not isotrivial. In this case one can check that f cannot also have an elliptic
fibration, and since in any case κ(S) ≥ 1, it means that S must be of general type. (As
mentioned in Example 6.20, surfaces of general type with q(S) = 1 do exist.) Note that
in this case

κ(S) = κ(F ) + Var(f) > κ(F ) + κ(E).

Conjecture 15.5 is clear when X is of general type, as Var(f) cannot go beyond the
dimension of Y . Also, it is equivalent to the usual Cn,m conjecture when Y is of general
type, and we have seen that this is known to be true. The most important known result
that goes beyond Cn,m is Kollár’s proof of the conjecture when the fibers are of general
type.

Theorem 15.7 (Kollár). The C+
n,m conjecture holds when F is of general type.
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The rest of the notes (when I eventually post them) will be devoted to proving this
result, following a strategy due to Viehweg. This involves algebraic techniques; Kollár’s
original approach was somewhat more analytic in nature. The statement follows in fact
from two separate statements that are both important on their own.

First, Viehweg in fact showed that the C+
n,m conjecture is a consequence of an even

stronger conjecture regarding direct images of relative pluricanonical bundles.

Conjecture 15.8 (Viehweg’s Qn,m conjecture). Let f : X → Y be a fiber space
between smooth projective varieties, such that Var(f) = dimY . Then det f∗ω

⊗m
X/Y is a big

line bundle on Y for some m > 0.

Theorem 15.9 (Viehweg). The Qn,m conjecture implies the C+
n,m conjecture.

On the other hand Kollár showed that theQn,m conjecture holds in a slightly stronger
form for fiber spaces with fibers of general type. This implies Theorem 15.7.

Theorem 15.10 (Kollár). Let f : X → Y be a fiber space between smooth projective
varieties, whose general fiber is of general type. If Var(f) = dimY , then for sufficiently
large and divisible m, det f∗ω

⊗m
X/Y is a big line bundle on Y .
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