Tangent plane at P : find V§ = {a, §, ¢} and plane
az + by -+ ez = d, (get d by plugging in P).
Vf = (e, b} gives tangent line az + by = d.

Estimate f{3.001,4.9999) by computing the gradient {a, b} of
S at (3,5) and get
L(3.001,4.9999) = £(3,5) + a-0.001 -- b- 0.0001.
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ODE: equation for function f involving derivatives . . .
PDE: cquation for function f involving partial Double integral [ [ f(x,y) dzdy interpretation:
derivatives. Example: f; = f,,f + f* signed volume under the graph of f. It is volume if f > 0.

Fubini; for rectangular regions only:
Heat equation: u; = e .ﬁ. .n_ f (=, y}dzdy = hﬁ h Sz, y)dydz
‘Wave equation: uy; = 1.y . . N
Laplace equation . + 1, =0
Transport equation %, = .
Burgers equation u, + utt; = e,

Polar integration:
- N ; . include an integration factor r.
Ladientog bemendiodl 0 ol e Proof: (s,t) = (rces(t), rsin(t),0), [ x 7| =r.

n 7 By parts: [udv =uv — fvdu

: tf D Saee At
gﬁ@e@ﬂ LHOZ0H! e SEe Proof: integrate uv’ + v’ = (uv)'
B sn.s o Example: [ xcos{z)dz = zsin(z) — [ 1-sin(z)dz = zsin(z) +

Directional derivative is max in
gradient direction. Proof '
Dsf = V[ -8 = |V f[cos(a)

For 1 = V£/|V |,

Daf =V

Tips for 2D integrals: make a picture, consider other coor-

dinates and change order of integration.
Second derivative test: discriminant & &

D = forfy, — 2, and A = f;, determine: Helpful identities:
D>0,A>0= min, D> 0,4 < (0= max, cost(E) +sin(t) =1
D < 0= saddle, D = 0 not know. cos?{t) = (1 + cos(2¢))/2

sin®(t} = (I — cos(2¢))/2

Chain rule £ f(7(t)) = VF(F()) - 7'(z). Implicit differentia- . . .
- t)) = I . Y
tion f(z, 9(z)) = 0 implies ¢'(z) = —fu/fy- Know integration by parts, substitution, basic integrals!

Oliver Knill, October 30, 2016,



_ Partial Differential equations

M Uy = Uy, heat equation

—1 Uy — Uzr = 0 wave equation

1 u; — 4 = 0 transport equation
1 Uz + 1y, = 0 Laplace equation
1 U + ul = U, Burgers equation
| Uy = Uy Clairaut theorem

[ Linearization |

L(z, ) = f{zo,10) + folzo, 10)(x — za) + f,{&o, 1) (¥ — po) linear approximation

use L{z,¥) to estimate f(z,¥) near f(xp, %a). The result is f(zo, wo)+e(z—z0)+b(y—10)
tangent line: az - by = d with @ = fo(zo, Y0}, b = fil®o, o), d = axo + by

tangent plane: ax +by+ez=dwithe=fo,b=f,e=f,d=am+ by + ¢z
estimate f(z,y) by L(z,v) near (%o, v0)

estimate f(z,¥, 2z} by L(z, y, 2) near {zo, yo, z0)

dupeud

_ Gradient and Tangent spaces _

] Vf{z,y) = {fs, fy), gradient in two dimensions

1 ¥ f(z,9,2) = {fz, £y .}, pradient in three dimensions

—1 V¥ f{xo, Yo, #a) is orthogonal to the level surface f{z,y, z) = ¢ containing (xo, 1o, z0)
- | = {a, b, ¢} defines tangent plane ax + by + cz = d, where d = azy + byo + 29

[ Chain rule _
3 %\Aﬂsu = Vf(7(2)) - 7{f) chain rule

— f(z,y) = ¢ defines y = g(z), and g, = —f./ f, implicit differentiation

- f(z,v,2) = c defines z = g(z,y), and g = — [/ f. implicit differentiation

[ Directional Derivative

Dyf =V f - v directional derivative, where ¥ 1s a unit vector
directional derivative is maximal in the ¥ = V [/]V f| direction
f(z, ) increases in the V f/|V f| direction

Y /|V f| direction of steepest ascent

—V [/|Vf]| direction of steepest descent

partial derivatives are special directional derivatives

the length of |V f| is the steepness in the V f/|V f] direction

dutueuy

[ Extrema

/ ¥V f(z,v) = {0, 0}, critical point or stationary point

[ D = fopfy, — f2, discriminant

[ f(zo, %) = flz,%) in a neighborhood of (zp, %0): local maximum

— S (o, %) £ f(z,¥) in 2 neighborhood of (g, yo): local minimum

1 test: D >0, fzr < 0 local max,D > 0, f,- > 0 local min, D < 0 saddle

_ Lagrange equations

|/ V(= ¥} =AVg(z, v} 9(z.y) =¢

— Vi(z,y,2) = AVg(z, v, 2),0(z,9,2) = ¢

— Q\ﬁﬁ.. Yy Nv = \JQ%AH_ Y. Nv + tQ}HH« Y, Nu. .QAH. k'Y Nv =0y ?Ann. n Nu =
(. Strategy: eliminate A or A, u first.

[ Global Extrema

Extremal value theorem of Bolzano: continuous f on closed bounded region attains

max.
(%0, o) is a global maximum of f(x,y), if f(z,y) < f(zo, 1) for all (z,y).
To find it, compare all local extrema inside the “domain as well as extrema on the

boundary. For unbounded regions, investigate =,y go to infinity.

Uun

_ Double Integrals . _

I I f(z, ¥} dydz double integral
I In f(z, ¥} dzdy is the signed volume bound by graph(f) and cy-plane
I2 12 flz,y) dyde integral over rectangle

J2 125 f(z,9) dydz type I region

;.o a@w F{z,y) dedy type I region

S f2 £, v) dydz = 2 18 £z, v) dedy Fubini (for nan&muma.ma

J Jr 1 dzdy area of region R=Volume under constant function f =1

pou ool

_ Integrals in polar Coordinates

[ I Jg f(rcos(8), rsin(8))[7] drdf polar coordinates

[ Surface area

— J Jo |7 % 7| dudv, where #(u, v} is a parametrization over R.
1 ie x 7 = g(2)y/1 + g'(2)? A 78, 2) = {9(2) cos(F), g(z) sin(8), 2).
[ T oL+ f2 4 f2 dody if 7z, ¥} = (z, 3, f(z, 1))

Q. Knill, October 80, 2016




