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1. SINGLE-VARIABLE RECAP

Let 7 : R — S be a parametrization of a surface S C R? by a region R C R?,
(x,y, z) = F(u,v).
Theorem 1.1 (Change of variables). The area form of S is dA = |7, X 7 |dudv.

Corollary 1.2 (Polar coordinates). Parametrize by polar coordinates 7(r,6) =
(rcos@,rsin®). Then

7 = {cos 8, sin ), (1)

79 = (—rsin@,rcosf), so (plugging in 0’s for the z-coordinates) (2)

7 X 79 = (0,0,r), and (3)
|Fo X 7p| =1 (4)

Therefore, the area form is dA = dxdy = rdrdf.

Corollary 1.3 (Surface area). If a surface is parametrized by ¥(u,v) for (u,v) €
R C R?, then Area(S) = [¢1dA = [, |Fy x 7y |dudv.

Example 1.4 (Unit sphere). Find the area of the unit sphere, S2.
Parametrize S by 7(6,¢) = (cosfsin p,sinfsing, cosg) for 0 < § < 27 and
0 < ¢ <m. Then

79 = (—sin @ sin p, cosfsin ¢, 0), (5)

7, = (cos f cos ¢, sin # cos cos @, —sin @), so (6)

7 X 7, = (—cos@sin? ¢, sin O sin? , — sin ¢ cos p), and (7)
|Tg X 1| = sin . (8)

Putting everything together,

™ 2 ™
Area(S?) = // 1dA = / / sin pdfdy = 27r/ sin pdp = 4m. 9)
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