Math 131: Final Exam

(1) Let X be a compact Hausdorff space and let ~ be an equivalence relation on X. Show that the quotient
space X/ ~ is Hausdorff if and only if the subset {(z,y) € X x X : x ~ y} is closed in X x X.

(2) Let S? = {(z,y,2) € R® : 22 + y?> + 22 = 1} be the 2-sphere and S® = {(w,z,y,2) € R* : w? + 2% +
y? + 22 = 1} be the 3-sphere. Show that S? is not homeomorphic to S3.

(3) Let G be a topological group, and let ¢ € G be the identity element. Show that the fundamental group
71(G, e) is abelian.

(4) Let T? = St x St = {(21,22) € C x C: |z1] = |22] = 1} be a torus. Define an equivalence relation ~
on T2 so that (21, 22) ~ (21,7}) if and only if (21,22) = (21, 2}) or (21,22) = (=21, %), and let X be
2

the quotient space T?/ ~. Show that the fundamental group of X is not abelian.



