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Problem 1) (10 points)

T || F The speed of the curve 7(t) = (cos(t), sin(t), 3t) is (—sin(t), cos(t), 3).

Solution:
This is the velocity. The speed is the length of this vector and would be /10.

Every smooth function of three variables f(x,y, z) satisfies the partial dif-
ferential equation fuy. + fyzo = 2f2ay.

Solution:
By Clairot’s theorem.

T F If fo(z,y) = fy(x,y) for all z,y, then f(z,y) is a constant.

Solution:

The transport equation f, = f, is a PDE with solutions like for example f(z,y) =z +y.
Any function which stays invariant by replacing x with y is a solution: like f(z,y) =
sin(zy) + 2°y°.

T F (1,1) is a local maximum of the function f(x,y) = 2%y — x + cos(y).

Solution:
(1,1) is not even a critical point.

If f is a smooth function of two variables, then the number of critical points
of f inside the unit disc is finite.

Solution:
Take f(z,y) = 2* for example. Every point on the y axes {x = 0} is a critical point.

The value of the function f(x,y) = sin(—z + 2y) at (0.001, —0.002) can by
linear approximation be estimated as —0.003.

Solution:
The correct approximation would be f(0,0) 4+ 0.001(—1) — 0.002(2) = —0.005.



If (1,1) is a critical point for the function f(z,y) then (1,1) is also a critical
point for the function g(z,y) = f(z?, y?).

Solution:

IfVf(L1) = (f(1,1), fy(la 1)) = (0,0) then also Vg(1,1) = (f.(1,1)2z, fy(la 1)2y) =
(0,0). Note that the statement would not be true, if we would replace (1,1) say with
(2,2) (as in the practice exam).

If the velocity vector 7 /(t) of the planar curve 7(t) is orthogonal to the
vector 7(t) for all times ¢, then the curve is a circle.

Solution:
d/dt(r(t) - 7(t)) = 7(t) - 7 (¢t).

If the double integral [ [ f(z,y) dzdy is zero for a continuous function
T F f(z,y) and R is the interior of the unit disc, then f(x,y) = 0 for at least
one point x,y.

Solution:
Assume the conclusion were false, then either f(z,y) > 0 everywhere on the disc, or
f(z,y) < 0 everywhere on the disc. In both cases, the double integral would not vanish.

T F The surface area is given by the formula [ [, 7, X 7, dudv.

Solution:
Take absolute values |7, X 7.

T F The gradient of f(x,y) is normal to the level curves of f.

Solution:
This is a basic and important fact.

If (xg,yo) is a maximum of f(z,y) under the constraint g(x,y) = g(xo, vo),
T F then (zg,90) is a maximum of g(x,y) under the constraint f(x,y) =

f (o, yo).




Solution:

Assume you have a situation f, g, where this is true and where the constraint is g = 0,
produce a new situation f,h = —g, where the first statement is still true but where the
extrema of A under the constraint of f is a minimum.

If i is a unit vector tangent at (x,y, z) to the level surface of f(z,y, z) then
the directional derivative satisfies D, f(z,y, z) = 0.

Solution:

The directional derivative measures the rate of change of f in the direction of u. On a
level surface, in the direction of the surface, the function does not change (because f is
constant by definition on the surface).

In polar coordinates (r, ¢), the integral [ [)'1 drdf is half the area of the
unit disc.

Solution:
The factor r is missing.

T || F The function u(x,t) = 2%/2 + ¢ satisfies the heat equation u; = .

Solution:
Just differentiate.

The vector 7, — 7, is tangent to the surface parameterized by (u,v) =
(x(u, v), y(u, v), 2(u, v)).

Solution:
Both vectors 7, and 7, are tangent to the surface. So also their difference.

T F Fubini’s theorem assures that [y [ f(z,y) dydx = [y [¥ f(2,y) dady.

Solution:
Fubini is the corresponding statement, when the bounds of integration are constants, that
is if you integrate over a rectangle.



If (1,1,1) is a maximum of f under the constraints g(z,y, z) = ¢, h(z,y,2) =
T F d, and the Lagrange multipliers satisfy A = 0, u = 0, then (1,1, 1) is a critical
point of f.

Solution:
Look at the Lagrange equations. If A = = 0, then V f = (0,0,0).

If (0,0) is a critical point of f(z,y) and the discriminant D is zero but
f22(0,0) > 0 then (0,0) can not be a local maximum.

Solution:
If f,.(0,0) > 0 then on the x-axes the function g(z) = f(x,0) has a local minimum. This
means that there are points close to (0,0) where the value of f is larger.

Let (z9,y0) be a saddle point of f(z,y). For any unit vector i, there are
points arbitrarily close to (xg,yo) for which V f is parallel to .

Solution:

Just look at the level curves near a saddle point. The gradient vectors are orthogonal
to the level curves which are hyperbola. You see that they point in any direction except
4 directions. To see this better, take a pen and draw a circle around the saddle point
between two of your knuckles on your fist. At each point of the circle, now draw the
direction of steapest increase (this is the gradient direction).



Problem 2) (10 points)

Match the parametric surfaces S = 7(R) with the corresponding surface integral [ [q dS =
I Jr |Tw X 7| dudv. No justifications are needed.

IT

II1 vV

Enter LILIITLIV here | Surface integral
[ T P x 7| dudv = fol fol 1+ 4u? + 4v? dvdu

J SR |Tu x 7] dudv = fol fol V3 dvdu

[ fr [P X 7| dudv = [Z7 [T sin(v),/1 + cos(v)? dvdu

[ [ |Fu x 7| dudv = [§™ [§ sin(v) dvdu

Solution:
Enter LILIITIV here | Surface integral
II1 J Jg P X 7| dudv = [ Jo V1 +4u? 4+ 402 dvdu
11 I [ |7 X 7| dudv = [y [ /3 dvdu
1A% [ fr [P X 7| dudv = 27 [T sin(v)\/l + cos(v)? dvdu
I [ [g |Fu X 7| dudv = 5™ [T sin(v) dvdu

Problem 3) (10 points)




a) Use the technique of linear approximation to estimate f(log(2) + 0.001,0.006) for f(x,y) =
e?*~Y. (Here, log means the natural logarithm).
b) Find the equation ax + by = d for the tangent line which goes through the point (log(2),0).

Solution:

a) L(z,y) = f(xo,y0) + fo(zo,y0)(x — 0) + fy(0, Y0) (¥ — Yo)
f(zo,0) = e?lo8? = 4

fe(w0,0) = 8

fy(l'o,yo) =—4

L(xz,y) =4+0.001-8 —4-0.006 =|3.984|.

b) We have a = 8 and b = —4 and get d = 8log(2) so that the line has the equation
8r — 4y = 8log(2) |

Problem 4) (10 points)

a) Show that for any differentiable function g(z), the function u(z,y) = g(x? + y?) satisfies the
partial differential equation yu, = zu,.

b) Assuming ¢'(5) # 0, let u be the function defined in a). Find the unit vector ¢ in the
direction of maximal increase at the point (x,y) = (2,1).

Solution:

a) Just differentiate:

yu, = yg' (2% + y*)22 = 2xyg' (2° + y°)

zuy, = xg' (2 + y?)2y = 2yxg'(2? + y?)

These two expressions are the same.

b) The direction of maximal increase points into the direction of the gradient of w which
is Vu(r,y) = (¢'(2? +y*)27, ¢' (2% + y*)2y).

At the point (z,y) = (2,1) we have (¢'(5)4,¢'(5)2). If we normalize that, we obtain

7= (4,2)/v20|

Problem 5) (10 points)

+ = 4+ % = 1 for which the distance to the origin is

141
Ty

Find the point on the surface g(x,y, z) =
a local minimum.



Solution:
This is a Lagrange problem. One wants to minimize f(x,y,z) = z* + y? + 2% under the
constraint g(z,y, z) = 1. The Lagrange equations are

—1

-1

-8
1 1 8
Sht4s =1
x Y y4

The first two equations show z = y, the first and third equations show 8/z% = 1/x3 or
z = 2z. Plugging this into the last equation gives 2/x+8/(2x) = lorz = 6,y = 6,z = 12.
(x,y,2) = (6,6,12) |
The global picture is interesting: consider the points (x,y,z) = (1,—1/n,8/n), where n
is a large integer, One can check that these points ly on the surface g(z,y,z) = 1. Their
distance to the origin decreases to 1 if n goes to infinity. So the point (6,6, 12), while a
local minimum is not a global minimum.

Problem 6) (10 points)

Find all extrema of the function f(z,y) = 2®+14* — 3z — 12y + 20 on the plane and characterize
them. Do you find a absolute maximum or absolute minimum amoung them?

Solution:
The critical points satisfy Vf(x,y) = (0,0) or (322 — 3,3y? — 12) = (0,0). There are
4 critical points (x,y) = (£1,+£2). The discriminant is D = f,, f,, — fxzy = 36xy and

point | D | fu | classification | value
(-1-2) | 72 | -6 | maximum 38

(-1,2) |-72 | -6 | saddle 6
(1,-2) | -72 | 6 | saddle 34
(1,2) |72 |6 | minimum 2

Note that there are no global (= absolute) maxima nor global minima because the function
takes arbitrarily large and small values. For y = 0 the function is g(z) = f(x,0) =
23 — 3x + 20 which satisfies lim, .1, g(x) = +o0.

Problem 7) (10 points)




Find

1 1
/ / 2™ dxdy .
0 Jy

Hint. Sketch the region and check the order of integration.

Solution:
Integrate f(x,y) = z%e™ over the region, where 0 <y < 1land y <z < 1.

Switch the order of integration: [y [ #2e® dydx = |(e —1)/2|.

Problem 8) (10 points)

Integrate the function f(x,y,z) = 2% over the region {z? +¢*> + 22 <1 }.

Solutlon
oL pt cos? () sin(¢) dpded = 2m(1/5)(2/3) = |47/15|,

Problem 9) (10 points)

Find the surface area of the surface z = /2% + y?+1 that lies above the unit disk {z*+y? <1 }
in the x-y plane.

Solution:
Write the surface in cylindrical coordinates r(u,v) = (wcos[v],usin[v],u + 1). Then
7 X 70| = V2u, so that we have

1 r2om
/ / V2u dvdu = 27v/2/2 .
0 Jo

Problem 10) (10 points)

Let 7(t) be the space curve 7(t) = (2, sin(37t), cos(5nt)).

a) Calculate the velocity, the acceleration and the speed of 7(¢) at time ¢ = 1.

b) Write down the length of the curve from ¢ = 1 to ¢ = 10 as an integral. You don’t have to
evaluate the integral.

c¢) The curve t +— 7(t) = (£,1 —t,1 — ¢) lies in a plane. What is the equation of this plane?



Solution:
a) U(t) = (t) = (2t, 37 cos(3nt), —bm sin(Hnt)).
(1) = ( —3m,0)

(t) = ( ) = (2 —97? sin(3mt), —2572 cos(5t)).
(1 ) (2 0,2572). |v(1)] = V4 + 92
) /i \/4152 + 972 cos?(3nt) + 2572 sin?(57t).

c)t=0:P=(0,1,1),t=1:Q =(1,0,0),t =2: R = (8 —1,—7) are points on the
Plane. PQ = (1,-1,-1), PR = (8, —2,—8). Their cross product is (6,0,6). The plane
Isx+z=1

o



