
E-320: Teaching Math with a Historical Perspective Oliver Knill, 2012

Lecture 4: Worksheets

The Ulam Spiral

Fill in the primes into the Ulam spiral.
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Infinitely many primes

Euclid’s proof starts with the assumption that there are only finitely many primes. Enumerate
them p1, ...., pk. We can now form the number n = p1p2 · · ·pk + 1. This number is not divisible
by any of the primes because it leaves rest 1. Since the number n can not be divisible by any
prime, it must be a prime itself, but larger than any pj. This contradicts that the list of primes
was complete.

2. Arbitrary large gaps of primes

For every n, there exist consecutive primes which differ by at least n.

Show that all integers n! + 2, . . . , n! + n are composite.

2. Wilson’s theorem

n is a prime if and only if (n− 1)! + 1 is divisible by n.

The proof of the theorem has two directions:

If n is a prime, then the equation xy = 1 mod n with different x, y has exactly one pair of solution.
For x2 = 1, there is only the solution 1,−1.
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Wilson’s theorem in the case p = 17. We find all pairs which multiply to 1 Like 2 ∗ 9 = 18, 3 ∗ 6 =
18, 4 ∗ 13 = 52, 8 ∗ 15 = 120 which all leave rest 1 when dividing by 17. Only the numbers
1 and −1 do not pair. The product (n − 1)! multiplies all the numbers together and gives



(−1) · 1(2 ∗ 9)(3 ∗ 6)(4 ∗ 13)(5 ∗ 7)(8 ∗ 15)(10 ∗ 12)(11 ∗ 14) = −1.

Problem 1) Verify the proof either in the case p = 13 or p = 29.
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If n = pq is not a prime and larger than 4, then (n− 1)! is divisible by n because it is a multiple
of p and q.

Problem 2) Verify this in the concrete case of n = 15. Why is

15! = 1 ∗ 2 ∗ 3 ∗ 4 ∗ 5 ∗ 6 ∗ 7 ∗ 8 ∗ 9 ∗ 10 ∗ 11 ∗ 12 ∗ 13 ∗ 14

a multiple of 15?

Fermat’s little theorem

We look at the proof of Fermat’s theorem which states that

ap − a is divisible by p for all prime p.

The binomial formula is

(a + b)n = an +
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)
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In the case b = 1 it means

(a+ 1)n = an +
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4. The steps

1. Check that Fermat’s theorem is true for a = 0 and a = 1.

2. Verify that the induction step from a to a+ 1 is equivalent to show that

(a + 1)p − ap − 1

is divisible by p if p is a prime.

3. Verify that (a+ 1)p − ap − 1 is divisible by p if all all binomial coefficients
(

p

m

)

=
p!

m!(p−m)!
=

p · (p− 1)... · (p−m+ 1)

m · (m− 1) · ... · 1

are divisible by p.

4. Verify that p·(p−1)...·(p−m+1)
m·(m−1)·...·1

divisible by p if p is prime.

This is illustrated by the Pascal triangle. For rows which are prime, the interior entries are all
divisible by the row number. For example, for p = 5, the middle entries 5, 10, 10, 5 are all divisible
by 5.

1

1

1

1

1

1

1

1

1

1

1

2

3

4

5

6

7

8

9

1

3

6

10

15

21

28

36

1

4

10

20

35

56

84

1

5

15

35

70

126

1

6

21

56

126

1

7

28

84

1

8

36

1

9 1


